Washington University in St. Louis

Washington University Open Scholarship

Arts & Sciences Electronic Theses and .
Dissertations Arts & Sciences

12-20-2023

Market Making in Limit Order Books with Latency and Running
Inventory Control

Chang Liu
Washington University in St. Louis

Follow this and additional works at: https://openscholarship.wustl.edu/art_sci_etds

Recommended Citation

Liu, Chang, "Market Making in Limit Order Books with Latency and Running Inventory Control" (2023). Arts
& Sciences Electronic Theses and Dissertations. 3212.
https://openscholarship.wustl.edu/art_sci_etds/3212

This Dissertation is brought to you for free and open access by the Arts & Sciences at Washington University Open
Scholarship. It has been accepted for inclusion in Arts & Sciences Electronic Theses and Dissertations by an
authorized administrator of Washington University Open Scholarship. For more information, please contact
digital@wumail.wustl.edu.


https://openscholarship.wustl.edu/
https://openscholarship.wustl.edu/art_sci_etds
https://openscholarship.wustl.edu/art_sci_etds
https://openscholarship.wustl.edu/art_sci
https://openscholarship.wustl.edu/art_sci_etds?utm_source=openscholarship.wustl.edu%2Fart_sci_etds%2F3212&utm_medium=PDF&utm_campaign=PDFCoverPages
https://openscholarship.wustl.edu/art_sci_etds/3212?utm_source=openscholarship.wustl.edu%2Fart_sci_etds%2F3212&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:digital@wumail.wustl.edu

WASHINGTON UNIVERSITY IN ST. LOUIS

Department of Statistics and Data Science

Dissertation Examination Committee:
José E. Figueroa-Lopez, Chair
Jonathan Chévez-Casillas
Jimin Ding
Renato Feres
Mladen Victor Wickerhauser

Market Making in Limit Order Books with Latency and Running Inventory Control
by
Chang Liu

A dissertation presented to
Washington University in St. Louis
in partial fulfillment of the
requirements for the degree
of Doctor of Philosophy

Dec 2023
St. Louis, Missouri



©) 2023, Chang Liu



Table of Contents

List of Figures . . . . . . . . . . . ..

List of Tables . . . . . . . .

Acknowledgments . . . . . ...

Abstract . . . . .,

Chapter 1: Introduction . . . . . . . .. .. ... ... L.

1.1

1.2
1.3

Limit Order Book and Market Making . . . . . ... .. ... ... ...
1.1.1  Limit Order Book . . . . . . . . .. ... ...
1.1.2  Market Making . . . . ... .. ... ...
Latency in Algorithmic Trading . . . . . . . . . . .. ... ... .....
Reinforcement Learning in Market Making . . . . . . . .. .. ... ...
1.3.1 Overview of Reinforcement Learning . . . . ... ... ... ...
1.3.2  Reinforcement Learning on Market Marking . . . . . .. ... ..

Chapter 2: Market Making with Latency . . . .. ... .. ... .....

2.1

2.2

2.3

24

Model Setup and Assumptions . . . . . . . . ... ...
2.1.1 Market Making with Latency . . . ... .. ... ... ......
2.1.2 State and Action Spaces and System Dynamics . . .. ... ...
Characterization of the Optimal Market Making Strategy . . . . . . . ..
2.2.1 Value of the Order . . . . . . ... . ... ... ... .......
2.2.2 Value Functions . . . . . . . .. .. o
Variations in the Market Making Model: Special Cases Analysis . . . . .
2.3.1 Simplified Model with Latency . . . . . . .. .. .. .. ... ...
2.3.2 Market Making without Latency . . . . .. ... ... ... ...
2.3.3 Simplified Market Making without Latency . . . . . . . . .. ...
Implementation and Empirical Performance . . . . ... ... ... ...
2.4.1 Parameter Estimation . . . . . ... ... 00
2.4.2 Inventory and Optimal Spread Process . . . . . .. .. ... ...
243 Results. . . . . .o
2.4.4 Computational Challenge . . . ... ... ... ... ... ....

i

v

vi

viii

”

= =1 ~1 O Ul = = =

[\



Chapter 3: Reinforcement Learning in Market Making with Latency .

3.1

Simulation Study . . . . . . ..o
3.1.1 RL Settings . . . . . . . . L
3.1.2 Simulation Results . . . . . . . . . . ...

Chapter 4: Market Making with Running Inventory Penalty . . . . . .

4.1
4.2

4.3

Model Setup . . . . . . . ..
Analytical Optimal Control . . . . . . ... ... .. .. ... .... ...
4.2.1 Optimal Strategy Under a Martingale Fundamental Price Process
4.2.2  Optimal Strategy with a General Adapted Fundamental Price Pro-

CESS o o v e e
Properties of the Optimal Placement Strategies . . . . . .. .. ... ..
4.3.1 Sensitivity to Simultaneous Arrival Probability . . . . . . . . . ..
4.3.2 Sensitivity to Inventory Level . . . . . . . ... ...
4.3.3 Sensitivity to Terminal Inventory Penalty . . . . . . . . ... . ..

Chapter 5: Conclusion and Future Work . . . ... ... ... .. ... ..

References . . . . . . .

Appendix A Proofs and Simulation Configuration of Chapter 2

Al
A2

Proof of Proposition 2.2.1 . . . . . . .. ... oo
Proof of Theorem 2.2.2 . . . . . . . . . . . . . . ... ...

A.3 Proof of Proposition 2.3.1 . . . . . . ... ...
A.4 Proof of Theorem 2.3.2 . . . . . . . . . . . . ...

A5

Parameters under 0.20 seconds Latency . . . . .. ... ... ... ...

Appendix B Proofs of Chapter 4 . . . . . . .. ... ... ... ... ...

B.1
B.2
B.3
B.4
B.5
B.6

Proof of Proposition 4.2.1 and Theorem 4.2.4 . . . ... ... ... ...
Proof of Lemma 4.2.2 . . . . . . . ...
Proof of Proposition 4.2.5 . . . . . . .. ...
Proof of Corollary 4.3.1 . . . . . . . . .. ...
Proof of Corollary 4.3.2 . . . . . . . . .. ...
Proof of Corollary 4.3.3 . . . . . . . . . . . ..

1l

72
73
78

80
80
36
87

112

114

118
118
121
125
128
131



List of Figures

Figure 1.1:
Figure 1.2:

Figure 1.3:

Figure 2.1:

Figure 4.1:

Figure 4.2:

Figure 4.3:

Matching mechanism in LOB when a new LO is placed. . . . .. .. 3
Matching mechanism in LOB when a sell MO is submitted. . . . . . 4
The agent—environment interaction in a discrete time MDP. . . . . . 10

Average demand vs. estimated linear demand during a 1-second trad-
ing interval on January 2, 2019, for AAPL. A7 = 0.02 seconds and At
=1second. . . . . . . ... 58

Paths of oy, for different values of running inventory penalty ¢ under
symmetric market conditions. The agent acts every one second from 0
to 19800 seconds. Plots are generated with the following parameters:
A = 0.0005, pF =100, pif = 5, ug, = 500, pls = 1x10%, us = 5x10%,
=7, =02and m, (1,1) =01 . ... ... 90

Optimal bid-ask spread for different values of running inventory penalty
¢ under symmetric market conditions. The agent’s actions are exe-
cuted every second, spanning from 0 to 19800 seconds. The plots
are generated based on specific parameters ensuring the fulfillment of
Conditions (4.21)-(4.23) and (4.26). Specifically, we set A = 0.0005,
pE =100, pf =5, pk = 500, puh = 1x 10% ph = 5 x 10
T =m, =0.2. 7(1,1) ranges from O to 7. . . . . . ... 100
Optimal spreads in the last 500-seconds with various inventory levels

for different values of ¢. The agent’s actions are executed every second,
spanning from 0 to 19800 seconds. The plots are generated based

on specific parameters ensuring the fulfillment of Conditions (4.21)-
(4.23) and (4.26). Specifically, we set A = 0.0005, u* = 100, u;,t =5,

pg, =500, ps =1 x 104, ps, =5 x 104, mf =, =02, 7(1,1) =

and A, =0for k=0,...,N. . .. ... .o 103

v



Figure 4.4:

Figure 4.5:

Optimal trading strategies in the final 100 seconds: impact of inven-
tory, terminal inventory penalty A, and running inventory penalty ¢.
The agent’s actions are executed every second, spanning from 0 to
19800 seconds. The plots are generated based on specific parameters
ensuring the fulfillment of Conditions (4.21)-(4.23) and (4.26). Specif-
ically, u¥ = 100, piif = 5, p = 500, ps = 1 x 104, p5 = 5 x 10%,
o =m, =02 w(1,1)=0and Aty =0for k=0,...,N. ... ...
Optimal trading strategies in the final 100 seconds when 7, (1,1) > 0
for different values of ¢. The agent’s actions are executed every second,
spanning from 0 to 19800 seconds. A ranges from 0 to 1. The plots
are generated based on specific parameters ensuring the fulfillment of
Conditions (4.21)-(4.23) and (4.26). Specifically, pg = 100, pF = 5,
pig, = 500, ps = 1x10%, ps = 5x10%, m} =7, = 0.2. «(1,1) = 0.05
and Aty =0for k=0,...,N. . . . .. .. ... ... ... ...

107



List of Tables

Table 2.1:

Table 2.2:

Table 2.3:

Table 2.4:

Table 2.5:

Table 2.6:

Table 2.7:

Table 2.8:

Table 2.9:

Table 2.10:

Default values of the parameters in simulation in Section 2.4.

Average rate (per second) of price changes over 252 trading days in
2019. . . oL

Average arrival probability of market orders over 252 trading days in
2019. A7 = 0.02 seconds and At = 1 second. . . ... ... .. ...

Average values of [L{ic p} over 252 trading days for 2019 AAPL. At =
0.02 seconds and At = 1second. . . . .. ... ... ... ......

Parameter values for ¢ and p in simulation for 2019 AAPL. A7 = 0.02
seconds and At = 1second. . . . . . . . ... ... L.

Average arrival probability of market orders during half-hour intervals
at different times of day averaged over 252 trading days in 2019 for
AAPL. A7 = 0.02 seconds and At = 1second. . ... ... .....

Terminal P&L for AAPL stock in 2019 across different trading times.
The model parameters are: I = —11, I = 11, I;, = 0, ATt =
0.02 seconds, At =1second and A=0.01. . . . ... ... ......

Terminal P&L for AAPL stock in 2019 across different trading times.
The model parameters are: I = —11, I = 11, [;,, = 0, A7 =
0.20 seconds, At =1 second and A=0.01. . . . . ... . ... ....

Terminal P&L for AAPL stock in 2019 across different trading times.
The model parameters are: I = —11, I = 11, I;, = 0, ATt =
0.02 seconds, At =1second and A=0.1. . ... ... ... .....

Terminal P&L for AAPL stock in 2019 across different trading times.

The model parameters are: [ = —11, I = 11, I,, = 0, At =
0.02 seconds, At =1secondand A=1. . .. .. ... ... .....

vi

o4

95

95

57

60



Table 2.11:

Table 2.12:

Table 3.1:
Table 3.2:

Table 3.3:

Table A.1:

Table A.2:

Table A.3:

Terminal P&L for AAPL stock in 2019 across different trading times
when placing new LOs only at all time intervals. The model parame-
ters are: I = —11, I =11, I, = 0, A7 = 0.02 seconds, At = 1 second
and A=0.1. . . . ..

Terminal P&L for AAPL Stock in 2019 across different trading times
when LOs can only be filled at full quantity. The model parameters
are: | =—11, 1 =11, I, = 0, A7 = 0.02 seconds, At = 1 second and
A=0.01. . . .

Default values of the parameters in simulation in Section 3.1.

Default parameters for RL algorithms in Section 3.1. . . . . . . . ..

Mean and standard deviation of objective values Wy + Splp — A2

(given in units of 10*), and average terminal inventory (given in unit
of 1 share). A=0.0005. . . . ... .. ... ... ...

Average arrival probability of market orders over 252 trading days in
2019. A7 = 0.20 seconds and At = 1second. . . .. ... ... ...

Average values of /:L?:C’p} over 252 trading days for 2019 AAPL. At =
0.20 seconds and At = 1second. . . . .. .. .. .. ... ......

Parameter values for ¢ and p in simulation for 2019 AAPL. A7 = 0.20
seconds and At = 1second. . . . . . . .. ... ... ... .. ... .

Vil

68

69

73

78

79

131

131



Acknowledgments

I would like to express my sincere gratitude and appreciation to my advisor, José E.
Figueroa-Lépez, for his exceptional mentorship, guidance, and unwavering support through-
out the entirety of this research project. His profound knowledge in the field of statistics,
coupled with his commitment to academic excellence, has significantly shaped the direc-
tion and quality of this thesis. His insightful feedback, attention to detail, and rigorous
approach to research have been invaluable in refining my analytical skills and expanding
my understanding of statistical methodologies. I am truly grateful for his dedication,
patience, and belief in my capabilities, which have continuously motivated and inspired

me to strive for excellence.

Furthermore, I would like to extend my heartfelt thanks to Jonathan Chavez Casillas
from University of Rhode Island for his collaboration and contribution to this thesis.
His expertise and willingness to share his knowledge have greatly enriched the research

process, leading to valuable insights and innovative approaches.

In addition, I want to express my deepest gratitude to my friends and peers, Jiayi Fu,
Cezareo Rodriguez and Chuyi Yu, for their unwavering support, intellectual discussions,
and encouragement throughout this journey. Their diverse perspectives and constructive

feedback have played a crucial role in shaping my ideas and refining my arguments.

I would like to acknowledge and extend my appreciation to my loving wife, Yiying Cheng,
for her unwavering belief in me, endless encouragement, and understanding during the

highs and lows of this research endeavor. Her presence, love, and support have provided

viil



me with the necessary strength and motivation to overcome challenges and pursue my

academic goals.

Last but certainly not least, I want to express my profound gratitude to my parents,
Zhisheng Liu and Yanxia Wang, for their unconditional love, unwavering support, and
lifelong encouragement. Their sacrifices, belief in my abilities, and unwavering confidence
in me have been a constant source of inspiration and motivation. I am eternally grateful
for their relentless support, guidance, and the values they instilled in me, which have

shaped me into the person I am today.

Chang Liu

Washington University in St. Louis
Dec 2023

1X



ABSTRACT OF THE DISSERTATION
Market Making in Limit Order Books with Latency and Running Inventory Control
by
Chang Liu
Doctor of Philosophy in Statistics
Washington University in St. Louis, 2023

Professor José E. Figueroa-Lopez, Chair

In this thesis, we delve into the intricate optimization challenges of market making, the
concurrent provision of buy and sell prices in financial assets. The focus is particularly on
the complexities inherent in high-frequency trading scenarios, addressing optimal market

making in the presence of latency and incorporating a running inventory penalty.

The initial exploration involves the formulation of a stochastic control model that aptly
captures the actions of an electronic market maker navigating a trading environment
influenced by latency. The main objective of the market maker lies in the maximization
of expected terminal wealth. To systematically address and resolve this control problem,
we recast it into a finite-horizon Markov Decision Process, subsequently amenable to

numerical solutions.

A complementary avenue is explored by employing model-free Reinforcement Learning
algorithms to tackle the intricacies of market making in the presence of latency. This
approach signifies a departure from traditional model-centric methods, harnessing the

power of RL to adapt and optimize market-making strategies.

We finally propose an extension of the approach introduced in [12]. This extension
introduces a penalty mechanism linked to the running inventory across the entire trading

horizon. The incorporation of this running inventory penalty framework significantly



enhances the market maker’s risk management capabilities. By doing so, it establishes
a more resilient and effective framework for the evaluation of diverse trading strategies.
This augmentation is crucial for mitigating the market maker’s exposure to inventory

risk, thereby contributing to the robustness of the overall market-making process.
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Chapter 1

Introduction

1.1 Limit Order Book and Market Making

1.1.1 Limit Order Book

The financial markets are complex and dynamic ecosystems where various participants
engage in buying and selling securities. One crucial aspect of these markets is the trading
mechanism, which determines how orders are executed and securities are priced. Over
the years, technological advancements and the evolution of electronic trading platforms
have revolutionized the way securities are traded, leading to the emergence of new trading

strategies and instruments.

One such innovation that has gained significant importance in modern financial markets
is the Limit Order Book (LOB). The LOB is a critical component of electronic trading
platforms and serves as a transparent marketplace where market participants can submit
and execute their buy and sell orders. It provides a comprehensive view of the supply

and demand dynamics for a particular security at any given point in time.

The LOB consists of two main types of orders: limit orders (LOs) and market orders

(MOs). A LO is an order to buy or sell a security at a specified price or better. It



remains in the LOB until it is executed, canceled, or expires. On the other hand, a MO
is an order to buy or sell a security at the prevailing market price, executing immediately

against the best available prices in the LOB.

More specifically, LOs contain critical information such as a specified price, associated
volume, and a directional cue indicating either a buy or sell stance on the underlying
asset. Once an LO is entered, it takes residence in the LOB, where it abides until
encountering one of two outcomes: cancellation or fulfillment against a subsequent MO.
The cancellation or execution of an LO may be comprehensive, involving the removal of

the entire order volume, or partial, allowing a residual portion to linger within the LOB.

In instances where a subsequent LO is introduced at an identical price point, concurrent
existence within the LOB ensues, governed by the matching rules intrinsic to the ex-
change. The order of execution adheres to these rules, which we expound upon hereafter,
embodying a price-time priority schema. This schema engenders a queue formation for
LOs at each price level, with execution sequence determined by their position in this

queue—a precept colloquially recognized as the First-In-First-Out (FIFO) rule.

In the coexistence of diverse LO types (buy and sell) within the LOB, two distinctive
price levels emerge. The highest price among all buy LOs designates the best bid, while
the lowest price among all sell LOs designates the best ask. The structure of the LOB is
hierarchical, with buy orders sorted in descending order of price and sell orders sorted in
ascending order of price. This allows market participants to easily observe the best bid
and best ask in the LOB. Collectively, these levels delineate the bid-ask spread, defined
as the difference between the best bid and ask prices, represents the transaction cost for
market participants and serves as an important measure of liquidity. The arithmetic mean

of the best bid and best ask defines the midprice of the asset. The proposed graphical



representation in Figure 1.1 ! illuminates the state of the LOB at a specific temporal
juncture, followed by its transformation subsequent to the introduction of a singular LO.

Best Bid Best Ask New LO at back of queue

\ \

Volume
Volume
Volume

Price Price Price

Figure 1.1: Matching mechanism in LOB when a new LO is placed.

In Figure 1.1, the graphical representation delineates critical aspects of the LOB. Blue
bars symbolize buy LOs, and red bars represent sell LOs. In the left panel, the highest
price among all buy LOs and the lowest price among all sell LOs are denoted as the best
bid and best ask, respectively. This snapshot captures the prevailing market conditions
before any subsequent changes. Moving to the middle panel, a pivotal event unfolds as a
new LO is introduced at a price where orders already exist, positioning it at the back of
the queue. This scenario mirrors the dynamics of the LOB when new orders are placed
amid existing ones. The right panel extends this narrative by showcasing an adjustment in
volume at this specific price, highlighting the malleability of the LOB. It’s noteworthy that
analogous modifications could arise from order cancellations, underscoring the dynamic

nature of the LOB over time, even in the absence of actual trades.

A MO also contains a specified volume and an indicator signaling either the intent to buy
or sell the asset. Upon submission, an MO undergoes a matching process against resting
LOs of the opposing buy/sell type within the LOB. The price at which the transaction
occurs is contingent upon the cumulative price levels of all filled LOs, extending up to

the volume specified in the MO.

'Figure 1.1 and 1.2 are adapted from [23].



Figure 1.2 illustrates the sequential filling of an MO against several LOs, providing a
depiction of how the MQO’s volume, along with the volumes and prices of the individual
LOs, collectively determine the overarching transaction price of the trade. The left panel
provides a snapshot of the LOB immediately preceding the submission of a MO. In
the middle panel, a sell MO is introduced with a volume surpassing that of the best
bid, necessitating the MO to traverse through the order book, a phenomenon commonly
referred to as “walking the book”, until it finds the next best available price. The right
panel illustrates the aftermath of this MO execution, showing the depletion of volume at

the relevant prices due to the filled LOs.

MO volume larger than best bid volume LOs are lifted from the book

Volume
Volume
Volume

Price Price Price

Figure 1.2: Matching mechanism in LOB when a sell MO is submitted.

For a comprehensive exploration of LOB dynamics, readers are encouraged to delve into
the following: [3,5,9, 13, 15,21,22, 35,42, 46]. These studies contribute to a nuanced
understanding of LOB behaviors, spanning empirical analyses, order flow dynamics, and
statistical approaches. For a more detailed examination of the operational intricacies of
LOBs within financial markets, including advanced order types, additional insights can

be gleaned from the works of [15,27].



1.1.2 Market Making

Market making has undergone significant development over the years, evolving into a cru-
cial aspect of financial markets. Market making, at its core, involves providing liquidity
to financial markets by continuously quoting bid and ask prices for securities. It serves to
bridge the gap between buyers and sellers, facilitating smooth transactions and enhancing
market efficiency. The practice of market making has witnessed substantial progress and
refinement through both theoretical research and practical implementation. Its founda-
tions can be traced back to the early work of [31]. Their influential paper introduced
a theoretical framework for analyzing market making activities and their impact on the
bid-ask spread, while also showing that the bid-ask spreads from the market makers were
influenced by factors such as inventory costs, adverse selection risk, and competition. In
subsequent studies, for example, in [26], the dynamics of bid-ask spreads generated by
the market makers were further explored as well as the impact of asymmetric information

on market making.

As technology advanced, electronic trading platforms emerged, revolutionizing market
making practices. The development of automated trading systems and algorithmic trad-
ing algorithms played a pivotal role in enhancing market liquidity and execution efficiency.
The rise of high-frequency trading (HFT) brought further advancements in market mak-
ing. Following the theory developed by [31], [4] proposed a novel model for market making
in an LOB where an agent simultaneously places buy and sell LOs and attempts to max-
imize profits. They introduced the idea of optimal inventory control models, aiming to
maximize profitability while mitigating risk. Their research contributed to the under-
standing of how market makers could optimize their positions and adapt to changing

market conditions. [30] and [10] explored the impact of HFT on market liquidity and



price discovery, finding that HF'T contributes to more efficient price formation and im-
proved liquidity provision. In addition, the impact of MOs on the LOB and the associated
adverse selection risk have been examined by [16]. Risk measures for HF'T were inves-
tigated by [14]. Another relevant study by [29] explored a market making model that
incorporated both LOs and MOs. For a comprehensive exploration of algorithmic and

high-frequency trading, readers can refer to Cartea’s book on the subject (cf. [15]).

1.2 Latency in Algorithmic Trading

The evolution of electronic trading platforms also brought new challenges and opportu-
nities for market makers. One of the critical factors that emerged as a significant concern
is latency, which, broadly, refers to “the time delay between an exchange sending mar-
ket data to a trader, the trader processing information and deciding to trade, and the
exchange receiving the order from the trader” (see [18]). Latency is inherent to elec-
tronic trading systems and can arise at various stages of the trading process, including
data transmission, order routing, and order execution. Indeed, the role of latency in

algorithmic trading and HFT has gained significant attention in the literature.

The impact of latency on trading strategies has been extensively explored in the context
of optimal execution in the literature. [39] focused on quantifying the cost of latency in the
context of HFT. They introduced a theoretical model that aimed to measure the impact
of latency on the trading performance. By analyzing the optimal execution problem, they
assessed the frictions arising from latency and its implications for trading strategies. [47]
examined the role of low-latency trading algorithms in their study on reducing transaction
costs. [17] addressed the optimal trade-off between missing trades and the costs associated

with walking the order book in the presence of latency in the marketplace. [18] focused



specifically on liquidity taking orders in the foreign exchange market by examining how
traders can adjust the limit price of marketable order to target a fill ratio. [40] and [11]
explored impulse control problems in the case of deterministic delay, while [19] examined
an impulse control problem involving stochastic latency, where the trader has control

over the timing and price limits of marketable LLOs submitted to the exchange.

While optimal execution and market making are closely related (see [27]), latency in
market making has only recently received attention in the academic literature. [24] in-
vestigated the optimal strategy for a market maker providing liquidity to the LOB of
large-tick assets. They considered a scenario where latency is fixed and deterministic

throughout the trading period.

1.3 Reinforcement Learning in Market Making

1.3.1 Overview of Reinforcement Learning

Reinforcement learning (RL), a foundational concept within the domain of machine learn-
ing, draws inspiration from the human learning process. The RL paradigm centers on
a trial-and-error framework where an agent interacts with an environment, discerns the
ramifications of its actions, and adapts its behaviors based on received rewards. This
learning approach, akin to human learning by exploration and feedback, aims to deter-

mine optimal actions that yield maximal cumulative rewards.

RL models, a powerful tool in machine learning, have been instrumental in various appli-
cations across diverse domains. Originating from the intersection of computational learn-

ing models and behavioral psychology, RL has exhibited significant potential for solving



complex problems, ranging from optimizing decision-making processes in dynamic envi-
ronments to mastering strategic game play in artificial intelligence and robotics. RL’s
core principle involves learning a mapping from states to actions that maximize expected

rewards, thereby optimizing decision-making strategies within a given context [48].

The fusion of RL with deep learning (DL) techniques has propelled significant advance-
ments in recent years. This integration has facilitated the creation of more sophisticated
and efficient learning models. While initially utilized in areas such as credit assignment
and control problems [48], RL has since transcended these boundaries. For instance, RL
has been pivotal in the domain of robotics, enabling the training of robotic agents to
perform intricate tasks and navigate real world environments [33]. In recommendation
systems, RL algorithms have significantly enhanced personalization and user engagement
by optimizing content delivery based on user interactions [2]. Moreover, RL techniques
have been pivotal in advancing natural language processing, fostering the development
of conversational Al agents with enhanced dialogue generation and understanding capa-
bilities [50]. Within the healthcare domain, RL models have contributed to optimizing
treatment plans, clinical decision-making, and healthcare resource management [53]. Tts
adaptive nature and capacity to learn complex behaviors through interaction with en-
vironments make it a compelling tool for addressing intricate problems across different

sectors.

Continuing our journey into the RL, we pivot to the core framework known as Markov
Decision Process, which is instrumental in unraveling the complex interplay between an

agent and its environment.



Markov Decision Process

Markov Decision Processes (MDPs) offer a fundamental framework for learning and
decision-making within dynamic environments, encompassing the interactions between
an agent and its surrounding environment [41]. Here, an agent, as the decision-maker, in-
teracts with an external environment, engaging in a continual cycle of actions, responses,
and the consequent acquisition of rewards. The dynamics entail the agent’s actions trig-
gering reactions from the environment, presenting new scenarios and influencing future
states [7]. The goal of the agent within this structure is to make decisions that maximize
the cumulative reward obtained over time, encapsulating the essence of learning from the
interaction with the environment [48]. This section builds upon these established works
to explore the mechanisms and implications of MDPs in the realm of decision-making

and learning algorithms.

Precisely, according to [48], a MDP is defined as a tuple (S, A4, P, R,7), where

S denotes the set of states;

A represents the set of actions;

P:S x Ax S |0,1] characterizes the state transition probabilities;

R :S x A+~ R indicates the reward function;

v € [0, 1] stands for the discount factor.

The agent and environment interact at discrete time steps, denoted as t = 0,1,2,....
As shown in Figure 1.3, at each time step ¢, the agent observes the current state of the

environment S; € S and, using this information, chooses an action A; € A. Subsequently,



:l Agent ||
state reward action

St R, At
. Rr+l (
< S.. | Environment ]4—

Figure 1.3: The agent—environment interaction in a discrete time MDP.

one time step later, the agent obtains a reward R;1 = R(S;, A;) € R contingent upon
the action A; and find itself in a subsequent state Sy, 1. This iterative process generates a
sequence (So, Ag, R1, ..., S, Ay, Riy1, .. .), which may extend infinitely. The environment
encompasses all variables beyond the agent’s direct influence. It’s noteworthy that the
action A; typically does not uniquely determine the next state S;y 1, as the transition
matrix can exhibit stochastic characteristics. Notably, the next state S;;; depends solely
on the current state S; and action A;, rendering it conditionally independent of past
states and actions. This intrinsic property of the state transitions in a MDP aligns with

the Markov property, providing a rationale for its nomenclature.

In a finite MDP, the sets of states, actions, and rewards (S, A and R) all consist of
a finite number of elements. In this scenario, the random variables R; and S; exhibit
well-defined discrete probability distributions that depend solely on the preceding state
and action. Specifically, for specific values of these random variables, s € S and r € R,
there exists a probability of those values occurring at time ¢, given specific values of the

preceding state and action:

p(s',r]s,a)=P(S; =5 R =r]|S_1=s,4_1=a),
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for all s';s € S, r € R and a € A. The function p: S x R x § x A — [0, 1] defines the

dynamics of the MDP, and specifies a probability distribution for each s and a, that is,

ZZp(s’,’r | s,a) =1, for all s € S,a € A.

s'eSreR

Let the sequence of rewards received after time step ¢ be denoted by Ry 1, R0, Rii3, .. ..
The agent’s objective is to maximize the expected return. The return, donated Gy, is

formally expressed as follows

o0

Gi:= Ryt + 7R+ .. = > Y Rewpin, (1.1)

k=0

where 7y is a parameter, 0 < v < 1, called the discount rate, which determines the present

value of future rewards. G; in Eq. (1.1) is also referred to as the discounted return.

A policy of a MDP serves as the decision-making strategy of an agent. It’s a mapping
that guides the agent’s choices based on the observed state of the environment. Policies
can be stochastic 7 : A x § — [0, 1], if the agent is following policy 7 at time ¢, then
m(a | s) is the probability that A; = a if S; = s; or deterministic 7 : § + A, which

directly specifies a particular action for each state.

For a given policy 7w and a state s, the state value function serves as a pivotal metric,
denoting the expected return when starting from state s and adhering to policy 7. It is

expressed as follows:

ve(s) == EL[Gy | Sy = s,

where s € S.

11



Similarly, the action value function for a specific policy m, extends the evaluation to
encompass the expected return starting from state s upon executing action a and subse-

quently following policy 7. Its formulation is:
qr(s,a) =E;[Gy | S¢ = s, Ay = al,

where s € §,a € A.

The objective of a MDP is to find a policy that maximizes the expected return:

max E.[G].

The optimal policy, donated by 7*, is a policy that maximizes the expected return, i.e.,
7*(s) = arg max E,[Gy].

Note that while an optimal policy always exists, it may not be unique.

An essential concept in MDP is the comparison of policies. A policy 7 is deemed at least

as effective as another policy 7', if and only if, for all states s € S,

U (8) > v ().

All optimal policies converge to a shared optimal state-value function, denoted as
v4(8) = max v, (s),
s

for all s € S.
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Optimal policies also share the same optimal action-value function, and is denoted as

q«(8,a) := max q,(s,a),

for all s € S and a € A. Furthermore, an optimal policy, can be determined by selecting

the action that maximizes the optimal action value function:

7(s) = arg max ¢.(s, a).

It is evident that the value function serves as a crucial tool figuring out the best strategies.
This concept enables the agent to assess the desirability of different states and actions,
guiding the learning process towards strategic decision-making that maximizes cumulative

rewards.

Dynamic Programming

While not conventionally classified as a RL technique, dynamic programming (DP), as
outlined in [6], holds significant theoretical relevance in the RL paradigm and is therefore
discussed here. DP methods are instrumental in the direct resolution of MDPs when the
underlying dynamics, such as transition probability functions and reward functions, are

known.

The state value function, a core component in MDP analysis, can be recursively expressed

through the Bellman equation:

Ux(8) = Ex[Ri1 + y0r(Seq1) | St = s, (1.2)
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where s € §. This recursive formulation delineates the expected return for a given state
s under policy m. The equation considers the immediate reward R;,; and the discounted

value of the subsequent state S;,;.

Furthermore, for the optimal value function v*, the Bellman optimality equation takes
the form:

v4(8) = méix E[Riy1 + Yvi(Sti1) | St = s, Ar = al,

where s € S,a € A. This equation extends the recursive logic to the optimal context,
where the state value function represents the maximum expected return under the optimal

policy.

Similarly, Bellman optimality equation for ¢* is
q*(sa CL) = ]E[Rt—i-l + ’Ymaa’dx Q*(St—i—h CL,) | St =S, At = (l]7

for all s,s' € S,a € A.

DP methods offer a foundational framework for solving MDPs by breaking down com-
plex problems through recursive transformations of Bellman equations. Among these,
Value Iteration stands out as a well-explored DP algorithm [48]. This, alongside Policy
Iteration, forms part of the broader family of Generalized Policy Iteration (GPI) ap-
proaches. Initiating with arbitrary policy values, Value Iteration systematically performs
recursive backward updates based on the Bellman optimality equation until convergence
is achieved. Notably, the convergence conditions align with those ensuring the existence

of the optimal state value function wv,.

Despite their theoretical significance, DP methods encounter limited practical applicabil-

ity due to the rarity of perfect knowledge regarding the model and their computational
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infeasibility when dealing with extensive state spaces. Their computational cost proves
prohibitive, hindering their use in practice. Nevertheless, DP retains profound theoretical
importance, as many RL methods approximate the Bellman optimality equation without
a complete understanding of underlying process dynamics. Instead, these RL methods
rely solely on data acquired through sampling, highlighting the enduring theoretical rel-

evance of DP in the broader landscape of RL research.

Value-Based Methods

Value-based methods, aiming to discover the optimal policy, often resort to approximat-
ing the optimal state-action value function ¢.(s,a). In this realm, Temporal-Difference
(TD) methods play a vital role, leveraging bootstrapping from the current value function

estimate.

A prominent TD control algorithm is Q-learning [51], known for its simplicity and

effectiveness. Its one-step variant, defined by the following update rule:
q(Se, Ay) < q(Sy, Ay) + Oé[RtH + Y max q(Siy1,a) — q(St, At)}a (1.3)

where ¢(Sy, Ay) is the estimated state—action value, « is the learning rate, R, ; is the
immediate reward, 7 is the discount factor, and S; and Sy, are the current and next

states, respectively.

Another noteworthy TD algorithm is SARSA (State-Action-Reward-State-Action) [43],

where the update rule becomes:

C](St, At) — CZ(Su At) + O‘[Rtﬂ + 7(]<St+1a At+1) - Q(Sta At)]- (1-4)
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Here, A;, 1 is the action taken in the next state. TD methods, being sample-based and
computationally more feasible, are crucial in practice, especially when dealing with large

state spaces.

In both SARSA and Q-learning, the algorithms are updated based on the temporal
difference between the predicted value of a state-action pair and the actual observed
value. This difference, multiplied by a learning rate, is used to adjust the estimate of the

state-action value. The key distinction lies in how these methods handle the update.

e QQ-learning (Off-policy): Q-learning is an off-policy TD control algorithm. It up-
dates its Q-values based on the maximum estimated Q-value for the next state,
regardless of the action actually taken. This characteristic allows Q-learning to

learn an optimal policy while following a different, exploratory policy.

e SARSA (On-policy): SARSA, on the other hand, is an on-policy TD control algo-
rithm. It updates its Q-values based on the actual action taken in the next state.
This means that SARSA takes into account the policy it follows during exploration,
making it more cautious and ensuring that the learned policy is the one being fol-

lowed.

Alternative RL algorithms, such as Policy-Based Methods, take a distinct approach by
directly parametrizing the policy 7y with a parameter #. One of the most significant
advancements in this category is the Policy Gradient (PG) methods [49]. Another note-
worthy approach is the Actor-Critic Methods (AC), strategically marrying the strengths
of actor-only (policy-based) and critic-only (value-based) methods. Algorithms falling un-
der this umbrella include Proximal Policy Optimization (PPO) [44] and the Deterministic
Policy Gradient (DPG) algorithm [45], etc. For a more comprehensive understanding,

interested readers are encouraged to delve into the references provided above.
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Value Function Approximation

The conventional approach to representing value functions, v(s) or ¢(s, a), employs tab-
ular structures where each state or state-action pair corresponds to a cell in the table.
However, this method becomes computationally infeasible when dealing with continu-
ous state spaces or a large number of states. Navigating all states or state-action pairs
for value function updates becomes impractical with limited computational resources.
Therefore, a scalable representation that offers an approximate yet effective solution is
imperative. Value function approximation (VFA) is one such approach that aims to

generalize learnings across states, enabling efficient learning in complex environments.

A widely used technique in VFA is tile coding [48]|, a method that discretizes the
continuous state space into a set of overlapping tiles. Each tile corresponds to a binary
feature, indicating whether a state falls within its boundaries. This method provides a
structured representation of the state space, enabling the generalization of learned values
across similar states. Tile coding is particularly advantageous in scenarios where state

transitions are smooth, and it significantly reduces the dimensionality of the state space.

Here’s how tile coding works:

1. Partitioning the State Space:

e Divide the continuous state space into a set of tiles or grids.

e Create multiple tilings with different offsets.
2. Binary Feature Activation:

e For each tile, create a binary feature indicating whether the current state falls

within that tile.
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e Repeat this process for each tiling.
3. Overlapping Tilings:

e Ensure that the tilings overlap to capture nuances in the state space.

e Adjust tile offsets to create different but partially overlapping representations.
4. Feature Vector:

e Combine the binary features from all tilings to create a feature vector that

represents the state.

In the context of TD methods, specifically SARSA, the incorporation of VFA becomes
crucial. The classic SARSA update rule is given by Eq. (1.4), while the tile-coded SARSA
update rule involves updating the weights associated with the features (tiles) in the Q-
function approximation. The update is based on the TD error, which is the difference

between the observed reward and the predicted Q-value.

The update rule for the weights associated with the features is defined as follows:

w; — w; + adx;. (1.5)

Here, w; is the weight associated with the i-th feature (tile), « is the learning rate, § is
the TD error, z; is the binary feature (0 or 1) indicating whether the state belongs to the

i-th tile.

In the SARSA update rule, the TD error § is given by

0 = Rit1 +7¢(Ses1, Aer1, W) — q(Si, Ay, w). (1.6)
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In this expression, q(Siy1, A1, W) and q(S, Ay, w) represent the Q-values for the next
and current state-action pairs, respectively. These Q-values are the result of the linear

combination of weights and features:

Q(St+1> A, W) = Z wixi(st-&-l? At+1)>

Sta Ata szxz Stht

Here, the weights w are implicitly present in the computation of Q-values through the

feature vectors, and the update rule adjusts these weights based on the TD error.

In Q-learning with VFA, the goal is to estimate the Q-values of state-action pairs using
a function approximator. The update rule for Q-learning with VFA and tile coding is
similar to SARSA, as shown in Eq. (1.5). The TD error § for Q-learning with VFA is
expressed as

0= Ry1 + Vmgxq(StH, a,w) — q(Sy, Ay, W). (1.7)

Here, max, q(Si+1, a, w) represents the maximum Q-value over all possible actions in the

next state. The Q-values are calculated using the weights and feature vectors as follows

Q(St—i-h a, W) - Z wixi(St—i-h a

Similar to SARSA, the weights are adjusted based on the TD error, and tile coding

facilitates a concise representation of the state space.
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Exploration vs. Exploitation

The exploration-exploitation dilemma is a pivotal challenge faced by agents striving to
maximize cumulative rewards. These two strategies, exploration and exploitation, encap-

sulate the agent’s approach to decision-making within its environment.

Exploration refers to the agent’s strategy of trying new actions or visiting new states
that it has not yet extensively explored. The goal of exploration is to gather informa-
tion about the environment, discover unknown aspects, and potentially find actions that
lead to higher rewards. Exploration is inherently risky because the agent is venturing
into unknown territory, and there’s a chance that the chosen actions may lead to lower

immediate rewards.

On the flip side, exploitation involves the agent selecting actions that are believed to
yield the highest immediate reward based on the current knowledge. This strategy aims to
capitalize on known actions or states to achieve the highest short-term gains. Exploitation
is less risky than exploration since it relies on familiar territory, yet it carries the potential
downside of settling for suboptimal long-term performance if the environment undergoes

changes.

The delicate Exploration-Exploitation Dilemma arises in dynamic environments, where
the agent must strike a balance between these two strategies. Early on, exploration
takes precedence as the agent must traverse a breadth of actions and states to build a
foundational understanding of the environment. Later in the learning process, a shift
toward exploitation occurs, emphasizing the maximization of rewards based on acquired
knowledge. However, too much reliance on exploitation without occasional exploration

might lead to a suboptimal policy.
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One widely used algorithm embodying this trade-off is the epsilon-greedy algorithm
[48]. This approach introduces randomness by selecting a random action with a small
probability €, promoting exploration. With probability 1 — e, it exploits the current

knowledge by selecting the action with the highest estimated value.

In conclusion, the exploration-exploitation balance is a nuanced challenge in RL. Effective
strategies must judiciously manage the tension between exploration and exploitation,

adapting to the learning task’s characteristics and the dynamic nature of the environment.

1.3.2 Reinforcement Learning on Market Marking

RL has emerged as a promising tool in the field of market making, revolutionizing trading
strategies and reshaping the landscape of financial markets. Over the past few decades,
RL has undergone a remarkable evolution, evolving from theoretical concepts to practical
applications in various domains, including finance and trading. The application of RL
in market making traces back to the late 20th century. A pivotal contribution to RL-
based market making strategies was made by [20], presenting arguably the first model-free
RL approach to optimal market making. In this seminal work, the agent dynamically
sets bid/ask prices based on its inventory level, order imbalance, and market quality
measures. Grounded in the Glosten-Milgrom information-based model, the approach
considers distinct market participants: a monopolistic market maker, informed traders,
and uninformed traders. The market maker, by adjusting bid/ask prices, implicitly tracks
the underlying stock’s true value through a stochastic process not directly accessible to

it.

Building upon this foundation, [32] improved the RIL-based market making approach by

incorporating order flow dynamics modeled as an input—output hidden Markov model.
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This introduced a more intricate, though noninformation-based, model by integrating
the order book dynamics into consideration. Their approach involved running an RL
algorithm based on likelihood ratios within the resulting partially observable environment.
[37] extended the work of [20] by introducing a risk-sensitive RL approach, drawing on
Mihatsch—Neuneier one-step temporal difference learning algorithms [38]. Their study
emphasized the significance of employing a Boltzmann softmax action-selection rule for
successful risk-averse market making, demonstrating that it leads to substantial profits

while keeping inventory levels low.

The early incorporation of RL into market making revealed its potential in capturing com-
plex market patterns. This technology empowered agents to learn from historical data,
continuously refining their strategies to adeptly navigate the complexities of financial
markets. RL-based market making systems demonstrated notable adaptability, showcas-
ing the ability to learn from evolving market conditions and maintaining robustness in

the face of uncertainty.

[36] proposed a straightforward tabular Q-learning-based approach, employing the con-
stant absolute risk aversion (CARA) utility. The study delved into the influence of the
CARA utility, concluding that the RL approach surpassed analytical Absolute Spread
approximations and the zero tick offset benchmark concerning cumulative profit and in-
ventory metrics. [8] crafted an market making agent utilizing temporal-difference RL. The
study explored various state representations and reward function formulations, amalga-
mating the best-performing elements into a single agent exhibiting superior risk-adjusted
performance. Notably, the optimal solution employed a linear combination of tile cod-
ings as a value function approximator and an asymmetrically dampened profit and loss

function as a reward function. These endeavors underline the diverse ways RL can be
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harnessed to enhance market-making strategies, providing valuable insights into optimal

approaches and representations.

Advancements in RL techniques further enhanced the adaptive capabilities of market
making algorithms. The evolution of deep reinforcement learning (DRL) introduced more
sophisticated algorithms, leveraging deep neural networks to process vast amounts of data
and extract complex features for decision-making. [34] engineered an market making agent
grounded in a modified deep recurrent Q network (DRQN). This agent underwent training
in a highly realistic simulator of the LOB and demonstrated its prowess by outperform-
ing the benchmark proposed by [8]. [25] introduced a groundbreaking DRL framework
for market making incorporating signals, emphasizing the interpretability of the learned
controls. The DRL agent derived exhibited remarkable performance surpassing several

benchmark strategies, including the approximations proposed by [28].

The adoption of RL in market making has not been without challenges. The complexity
of financial markets, regulatory constraints, and the need to ensure the stability and
fairness of market operations have presented formidable hurdles. Nonetheless, ongoing
research and developments in RL continue to refine these algorithms, striving to address

these challenges and improve the efficacy of market making strategies.
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Chapter 2

Market Making with Latency

In this chapter, we adopt the frameworks in [12] and [24] to study a stochastic control
model designed to capture the behavior of an electronic market maker navigating a trading
environment in the presence of latency. The market maker’s primary objective is to
maximize her expected terminal wealth. To analyze and solve the control problem, we
will reformulate it as a finite-horizon MDP, which ultimately can be solved numerically. In
other words, the discrete time MDP serves as a framework to facilitate optimal decision-
making at every stage of the trading period. It takes into account various factors such as

market conditions, order book dynamics, latency effects, and inventory management.

2.1 Model Setup and Assumptions

2.1.1 Market Making with Latency

Latency, a characteristic inherent in electronic trading systems, arises due to various fac-
tors, including network communication time, system processing, and the time required
for the order to traverse the trading infrastructure. As a result, the market maker’s trad-
ing decisions, reflected in the submitted LOs, are not immediately reflected in the LOB’s

state. Instead, these LOs are only incorporated after a certain duration, corresponding
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to the latency period. This latency-induced delay introduces an element of uncertainty
and potential mismatch between the market maker’s intended order placement and the
actual placement of them. Market conditions can rapidly evolve during this latency pe-
riod, leading to changes in the order book state, price movements, and the arrival of
other market participants’ orders. Consequently, the market maker faces challenges in
accurately predicting the immediate market environment and optimizing her trading de-
cisions. Understanding and accounting for latency effects are crucial for electronic market

makers.

Given an asset, we assume that the market maker will implement her strategy from time
0 up to a fixed trading time horizon T, performing actions every At time unit on the
LOB, specifically, at times 0 = t; < t; < ... < ty, where ty < T. For simplicity, we

adopt a regular time design:

ty :=k-At, for k=0,1,..., N. (2.1)

Throughout, we set tyy; = T and denote T = {to,t1,...,tn41}. All variables intro-
duced below are defined within the context of a probability space denoted as (2, P, F),
which is equipped with a filtration {F;};e7. This filtration captures the evolving infor-
mation available to the market maker over time. Broadly, F; consists of “all information”

available to the market maker up to time ¢.

As in [24,39], we assume the market maker experiences a constant latency of size At €
[0, At]. Specifically, we assume the action submitted at time ¢, is registered by the LOB
at time

tpy ==t + A7, for k=0,1,...,N. (2.2)
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Of particular importance is the unwinding of the market maker’s terminal inventory using
a MO. As the trading period progresses, the market maker accumulates inventory that
needs to be liquidated before the trading horizon concludes. To achieve this, the market
maker employs a final MO at time ¢y. The unwinding MO instruction arrives at the

exchange at time ty, =ty + AT.

As mentioned above, latency introduces a delay in the registration of ask and bid LOs
into the LOB. Specifically, when a market maker submits an ask or bid LO at time t;, it
experiences a time lag until the order is actually recorded in the LOB, which we assume
occurs at time tx, = tx + A7. Once the market maker’s ask and bid LOs are successfully
registered in the LOB, they are subject to full or partial execution, which can occur in

one of two ways:

(i) If the price of the submitted ask (bid) LO, when it is registered by the LOB, is less
(more) than or equal to the current best bid (ask) price in the market, the LO will

be fully executed instantly at the best bid (ask) price.

(ii) Otherwise, the order will be added to the LOB and may only be executed partially

or in full if a MO matches its limit price at a subsequent time.

Further discussion about the number of filled shares will be provided in the following

subsection.

2.1.2 State and Action Spaces and System Dynamics

At each time t; € [0,7], we denote W;, and S;, the market maker’s wealth and the

fundamental price of the asset, respectively, and let I;, represent the market maker’s
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inventory. Throughout, best ask price is assumed to be S;, + ﬁd‘%, while the best bid

price is assumed to be S, — t‘d‘% In USA markets, tick size is usually 0.01. To control
the running inventory risk, we constrain I;, to lie between a lower bound I and an upper
bound I. We denote the number of outstanding ask and bid orders at time ¢, which are

left unfilled during [tx_1,tx), by quttk and @y, , respectively. We restrict Qr . and

outy b

+

max’

Q;uttk to be non-negative integers less than a constant ) which represents the volume

+

—ax b0 be constant.

of each LLO submitted by the market maker. We assume the volume )
Additionally, the corresponding quotes of the outstanding LOs at time t;, relative to the
fundamental price Sy, , are denoted by (r,r; ). See Egs. (2.13)-(2.14) below for precise
formulas for (quttk : Q;uttk,ﬁ;, 7). We adopt the convention that whenever th; = 00, it
means that there are no outstanding orders at time t;. The state variables of the system
then consist of ®;, = (W,,,S,,, I, Q2 Qouty, ri 7 ), which take values in the state

outt,C )

space

&= {(w,s,i,q", ¢, r"r)weRseR,ieZI<i<T (¢",q) €2,
0<q* < Qf (1) € Z1 Y.

We now proceed to describe the set of admissible actions, denoted as A. At the beginning
of each time period, the market maker observes the LOB status and based on it, considers
multiple possible actions. These actions include cancelling existing LLOs and placing new
bid and ask quotes, cancellation of existing orders without placing new orders, or adopting
a “doing nothing” approach. More precisely, her actions at time t; will be represented
by the pair (L}, L; ), where L} L; € Z, U{co} U {o} (hereafter, Z, = {0,1,2...}).
If L;; takes on a value in Z,, the market maker will cancel any outstanding ask order,
and then proceed to quote a new ask order of volume Q. at the price S;, + L,;. That

max

is, LZ; is the relative price of the asset when compared to the fundamental price Sy, . If
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L;; = 00, the market maker will cancel any outstanding ask orders without placing a new
one, while if ij = 0, the market maker will take no action on the ask side, leaving intact

any outstanding LOs at time ;. Similar notation is used on the bid side.

We now show how the system transitions from time ¢ to tx,q for k =0,1,--- N —1. Let

AS;, = Sy — Sy, and ASy,, = S, ., — Sy, denote the price changes on the intervals

k
[t, ter) and [try,tgy1), respectively. It becomes clear that the fundamental price satisfies
the relation

Stk+1 = Stk + AStk + AStk+- (23)

The cash holding and inventory processes are given as

Wtk+1 = Wtk + mejk Qfmjk - Pfillt_k Qfm;k + mejH Qfij - Pfill;}c+ inll_ ) (2'4)

ot

[tk+1 =1y, — Qfm;; + inll;v - Qfij + inzzjﬂv (2.5)

where me;; and Q) s respectively denote the execution price and the number of filled
shares of any outstanding ask LO on the interval [ty tx, ), while Pfi”f;+ and inllim denote
the execution price and the number of filled shares of ask LOs on the interval [ty , txi1).
Analogously, me;k, Q it me;ﬁ, Q iy, represent the corresponding quantities on the
bid side. From the explanation at the end of Subsection 2.1.1 and recalling that r;: and
are the prices of any outstanding ask and bid LO at time t, respectively, it is clear

Ttk
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that the execution prices are determined as follows:

.

Sy, £ Tf}i, if Ti € Zy,
metik = (2.6)
0, if ri = 00,
\
(
+ P
]l{iAStk,ZLtik} [Stk + AStk] + ]l{iAStk<Li} [Stk + Ltk} , if Ltk €ly,
Pfill?;+ =\ S 77, if L =o, (2.7)
0, if L = oo.
\

To describe the number of filled shares, it is important to separately consider the cases
Li € Zy U{oo} and Li = 0. To model the number of filled shares from an outstanding
LO during a given time period, we adopt a more realistic version of the stochastic linear
model of [12]. Broadly, the number of filled shares will depend on whether there are
any MO arriving during that interval and the distance between the quoted price and the
fundamental price. More specifically, for the ask side, the number of filled shares during

[u,v) from a LO of size g placed at level S, + r is given by

Liigrc(p —7)+ N, (2.8)

where z; = max(x,0), a A b = min{a, b}, and ¢, p are F,-measurable r.v.’s, L+ € F,
is 1 if there are any buy MOs arriving during [u,v) and 0, otherwise. The so-called
reservation price p is understood as the maximum price, relative to S,, achievable by all
buy MOs placed during the time interval [u, v). Meanwhile, the demand slope ¢ measures
the rate of increase in the number of filled shares of the ask LO as its ask price approaches

the fundamental price S, within the same interval [u,v).
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+

outs, denotes the volume of any

Following the prescription above and recalling that @)

outstanding LO at time ¢, and QF, _ is the volume of submitted LOs, for Lfk € 7Z,, we

max

have

o + [+ + +
inllf; = ]lfmkictk [ptk - Ttk]+ A Qouttk7 (2.9)

. + + + + +
Qfm?;+ o ]l{iAstkzLi}Qmax + ]l{mstk<Li}]lfmkiCtk+ Pip, = Lol N Qs (210)
+ + + +
where ¢, p, € Fip s G, 5Py, € Fyus and

]lfill;: = ]l{At least one buy MO arrives during [t,tk+)}>
]lfill; - ]l{At least one sell MO arrives during [tg, tx+)}s
]lfillk++ = ]l{At least one buy MO arrives during [txy,tk41)}>

]lfill];_ - IL{At least one sell MO arrives during [tg4,tg4+1)}-
The precise conditions on the variables above are given in Assumption 2.1.1 below.

We now consider the case Li = 0 (“doing nothing”). Note that this means that any
outstanding LOs at time ¢, remain untouched at time ¢;,. In that situation, Pfill?: =
k

P

prk | = Sy, £ rtik and the updated cash holding and inventory at time 5,1, W3, and

Iy, only depend on the total demand @ ;= + @y over the whole interval [tx, ty41)
k k+
out of Q=, . Then, it makes more sense to model such a demand jointly. That is, when

outtk

+ _
L;, = o, we set

2! o T ~t [t + +
Qfmf; = inlli + sz-ug;# = ]lfz'ukictk [ptk - Ttk:|+ A Qouttk' (2.11)
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where

]lfill,j = ]l{At least one buy MO arrives during [tg,tk41)}>

(2.12)

]lfi[[; = ]l{At least one sell MO arrives during [tg, tg41)}>

o~
and ¢, Py, € Fiyy,-

We can now specify the number of outstanding shares for ask and bid orders at time ¢51,

for k=0,1,...,N — 1,

+ : +
— in”i+, lf Ltk € Z+,

max
+ = + A . +
outty .y * \ outy, inllia if Ltk =0, (213)
07 lf L?}i = OO’

\

+

and setting as initial value Qgy,

:= 0. Finally, the ask and bid outstanding quote pair

+

T4, 1s determined as

s LE 7 (ASy, + ASy,,), if Lf € Zy, .10

Tt
’r’tik F (AS,, +AS,,, ), if Li = o,

and initial value rtio = 0.

Next, we outline the system dynamics from time ¢y to ¢y, when the market maker does

not post new quotes and only unwinds her inventory position using a MO at time ¢y
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(though, this will be executed until time ¢y + A7). Specifically, we have

Wiy, =Wy + P filt, Q Fit P Filly, Q Filly
= WtN + (StN + r:]—\r)<]]'f’bll}t] : C?—N [pg—N - Tth| N QouttN)

— (Six = o) (L~ oy [Py = T )4 A Qourr,):

StN+ - StN ‘l— AStN,
Ly = Doy = Qpagy + Qi

= ItN - ]lflll+ CtN [ptN - 7nt]\]i| A Qoutt + ]lfillx, ’ C;N [p;N - rl;v:|+ A Q;uttN .
We now turn our attention to the assumptions on the variables involved in the demand
formulas (these are similar to those given in [12]).

Assumption 2.1.1. For k=0,1,..., N, we have
1. ﬂfillz: € Fy,, and ]lfi”fi’ ifill,f € Fi,,, are such that

Wi = P(]lflli =1|F,), 7Ttk+ = P(]lleli =1|F,), 7Ttk = P(]lfizz,f =1|F,),

(2.15)

for some deterministic probabilities Wi, WiJr,

and ﬁtik ;
2. Ly, ]lfillk++> and (15—, ]lfm,;) are independent, conditional on Fy, ;

3. (cii,pi) are Jy, , -measurable, while (ci+,pi+) and (éi,ﬁi) are Fy, ., -measurable;

4. The conditional distribution of (ci,pi) given (Fy,, ]lfillzt) is a function of only the

indicator 1 ;= that does not depend on k;
k

5. The conditional distribution of (ci+,pi+) given (F,., ]lfl-llkiJr) is a function of only

the indicator 1= that does not depend on k;
ket
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6. The conditional distribution of (éi,ﬁi) given (Fy, ifm}ﬁ:) is a function of only the

indicator ffilli that does not depend on k;
k

7. (¢, pi) and (c; ,py,) are conditionally independent given (Fy,, ]lfill;r, ]lfi”;). Simi-

larly, (CQL , p:;Jr) and (c;, , ,py,, ) are conditionally independent given (Fy, llmea ]lfill}:+),
8. Ly and (T gz ¢, py,) are conditional independent given F,.

Remark 2.1.1. Assumptions 2.1.1.4-2.1.1.6 above mean that there exist cdfs FAiT :R? x
{0,1} — [0, 1], FZtT,At "R? x {0,1} — [0,1], and F5, : R* x {0,1} — [0,1] such that, for

allk=0,1,...,N,

P(Ci < xaptik <yl ]:tm]lfz'ug) = FXT(%% ]lfillki>’
P(Ci+ < x7pi+ <y Firs ]lfizz,f+) = FE,M(%% ]lfill,i_)v (2.16)

P(éi < x»ﬁtik <y|F, ﬂfm,f) = FAit(%% ]lfizz,f+)~

Next, we establish the assumptions on the fundamental price. Below, we use the short-

hand notation AS[u,v) := S, — S, for any times u < v

Assumption 2.1.2. For k=0,1,..., N, we have

1. The fundamental price {S;}; is a martingale:

E[S, | Ful = Su, forall w<wv;

2. AS[tg, tgy] and (]lfmf,ci,pi,]lfillf+,ci+,pi+) are conditional independent given

‘Ftk;

3. AS|tg,try1] and (ifillki, G, Pr.) are conditional independent given Jy, ;
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4. AS[tpy, tgs1] and (ILfma, ci+,pi+) are conditional independent given Fy, , ;
5. AS[ty, tiy] is independent of Fy, .

6. AS[ty, ter] 2 Sar.

2.2 Characterization of the Optimal Market Making

Strategy

Given the framework established in Section 2.1, we will proceed to reformulate the optimal
market making problem as a MDP with an immediate reward structure, which is explicitly
identified. In turn, this characterization will allow us to numerically find the optimal

strategy for the market maker.

The objective of the market maker is to maximize her expected terminal wealth at the
end of the trading period by performing an admissible action at the start of each time
interval. The market maker’s terminal Profit and Loss (P&L) is denoted as W, and it is

determined by the state of the market just before ¢y, represented by (Wi, Sy, Liy.,

+ -+

outey, Q;“ttm’ e rt_jw). In our setting, the terminal P&L will be computed as

W =Wy, + Siy Jiy, — M}

tN+7

(2.17)

where Wy . and I; are the market maker’s cash holding and inventory at time ¢y, Sty
is the fundamental price of the asset at ., and A is a positive inventory penalization
constant. Our choice of the P&L function agrees with what is common in the literature
(see [1,12,14]). The last two terms in Eq. (2.17) can be expressed as (S¢y, — My, )iy,

where the term S;, . — Al can be understood as the average price per share that the
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market maker is expected to receive when liquidating her inventory I;, . through a MO,
assuming a linear instantaneous price impact. For instance, if ;. > 0, the market maker
will place a sell MO, resulting in the execution of trades at prices that may gradually
“eat” into the bid side of the LOB. The same logic applies when ;. < 0. Thus, the
term (S;,, —Alyy, )¢y, can be understood as the cash flow received by the market maker
when liquidating her inventory, taking into account the impact on the LOB due to the

execution of a MO.

We now describe the market maker’s optimization problem. Let V,, denote the value
function starting from the 0™ period, defined as the maximum expected terminal P&L
at the end of the trading period under all Markovian admissible policies, given the initial

state. Specifically,

Vio 1= sup EW [ Fil, (2.18)

(Ltio,...,LfN)er,N
where we say that (Lf;, . .,LtiN) € Aoy if, for any £ = 0,1,..., N, Li € o(dy,) and
L; takes values in Z; U {oo} U {o} (recall ®;, := (W, S, [tk,quttk,Q;uttk,r;;,r,;)).

Similarly, V;, will represent the value function starting from the k" period, for k =

1,2,..., N, N+. In this sense,

’

‘/tN-&- = WtN+ +StN+[tN+ _)\[EN+’
while for £k =0,1,... N,
V, = sup EW | F.], (2.19)

k
(Li 77L?:N)€Ak,N
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where we say that (Lf,.

..,LfN) € Ay n if, for any j = k,..., N, L?; € o(®y;) and L;J';

takes values in Z, U {oo} U {o}.

Having formulated the market making problem, we can formally write the Bellman equa-
tion that governs the value functions. By applying standard arguments, we obtain the

following expressions:

;

Win, + Sixs Do, — AIZ

tNg?

k= N+,

V,, = E Vi, | Finl s k=N, (2.20)

k

sup  E[V,, |F], k=0,...,N-1,

| (L L, ) eA

where above we say (L;, L; ) € Ay, if L € o(®,,) and L € Z, U {oo} U{o}.

2.2.1 Value of the Order

In this section, we introduce the concept of order value, which holds significant importance
in our analysis of the optimal market making problem as a MDP. The order value serves
as a fundamental metric that guides our exploration and understanding of optimal market

making strategies.

Broadly, the “(intrinsic) value” of a LO is defined as its executed price relative to the
fundamental value of the asset at the time of execution, times the number of LO shares
that are executed or filled. More specifically, when Li € Z,, there are two active orders
during the time interval [ty, tx.1): any outstanding LO left from the previous interval and

the new LO which registers in the LOB at time ¢;.. The value of the first LO is then
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given by

VOli(k) = (ri FAS,) - []lfmgci (pi — T’i)Jr AQE ], (2.21)

outtk

while the value of the second order is

VOzi(k) = ]l{iAstk<Ltik} : (Li FAS, F AS,:H) : []lfillki+ci+(pi+ - Ltik)Jr N Qiax]

+ ]l{:tASthLi} H(FAS,) - -

(2.22)

When Ltik = 0 (“doing nothing”), there is in fact only one LO during the whole interval
[tk, tkr1) and its value is

outtk

In the case that Li = oo (cancelling any outstanding LO and not submitting any new

LO), we have only one LO during [ty, ;) and its value is the same as VO5 (k).

We provide an explanation of equations (2.21)-(2.23) for the ask side, noting that the
bid side follows a similar reasoning. Eq. (2.21) computes the value of an outstanding LO
during the latency period. The execution price of this ask order is determined by its limit
price, S, + 7’;,:, which relative to the fundamental price Sy, at time #;, takes the form
St + r;: — S, = r;lt — AS,,. Multiplying this quantity by the number of filled shares,
as defined in Eq. (2.9), yields the expression in Eq. (2.21). Eq. (2.22) refers to value
of LO for the non-latency period when Li € Z.. Order value can assume two distinct
values, depending on the price change, AS;,, experienced during the latency period. If

the price change during latency is less than the ask spread L,;? the ask LO enters the

_l’_

book with an execution price of Sy, + Ly, , which relative to the fundamental price at time

ki1, S,y 18 equal to Sy, + Lz; — St = Lz; — ASy, — ASy,, , which multiplied by the
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number of filled shares, results in the first term of (2.22). However, if the price change
during the latency period is greater than or equal to the ask spread L;;, the ask order

is executed immediately after being registered in the LOB at a price of Sy, ,, with the

full quantity Qf,,, yielding the second term in Eq. (2.22). When L; = o, the market

max’
maker takes no action, and the maximum number of filled shares during the whole period
[tk,ter1) is constrained by Qoutt and the execution price relative to S;,, is given by

Sy, + 18 — Spuy = 1 — AS,, — AS,,, . Multiplying these two quantities results in the

expression (2.23).

The expectations of the above intrinsic values will play an important role in the formu-

lation of the problem as a MDP. Specifically, with the state variables
th = ([tk7 OUttk7Q0Uttk 7";;, Ttk) k = O, 1, e ,N, (224)

for any = = (i,q",q7,rt,r7) € X, where

Xo={(i,q ¢, r",r7 ) i€ I<i<I(¢",¢)€Z:,0<q" < Qo (rT,r7) € Zi},
(2.25)

we define
Htﬂ;(m, r=,¢%) :=E[VO{ (k) | Xy, = 2], (2.26)
i (AT AL ) = E[VO; (k) | Xy, =z, (2.27)
HE(At,r*,¢%) = E[VOE(k) | X, = ). (2.28)

The following proposition shows that conditioning on X, is equivalent to conditioning

on the entire filtration F, .
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Proposition 2.2.1. Under Assumptions 2.1.1 and 2.1.2, for any Ltik € o(Xy,) and

k=0,1,...,N, we have

E[VOi (k) | Fu,] = E[VOi (k) | X,,] = Hi: (A, 7y, Q;,

outt,C )7

E[VO; (k) | F,] =E[VO3 (k) | X;,] = Hj

trt

E[VO3 (k) | F,] = E[VO5 (k) | X,,] = HE(At,rE,QE,, ).

outtk

(AT, At, Li),

Furthermore, the following explicit formulas hold:

Ht::(AT? T, (]) = WihiTﬂ, r, Q)7
Ht::Jr (AT? At? l) = Ti+hiT,At(17 l’ IZE&X)]E[U :F SAT)"F]’

Hf;(At, r.q) = ﬁiﬁit(l, r,q),

where, using the cdfs in Eq. (2.16), for j € {0,1},r e R,,q € Z,,

hE (1) = / [y — )y A g FE (dz, dy, ),

hiT,At(-i? T, Q) = /[l’(y - T)-i— A Q] FZET,At(dI7 dy7]>7

h(j.r.q) = /[ﬂs(y — 1)y A g Fxy(de, dy, ).
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2.2.2 Value Functions

The following result shows that the value function defined in Eq. (2.19) corresponds to

that of a MDP with a one-period reward during [t, tx+1) given by

H?;(AT, r,.¢%) + Htjl; (AT, At 1E),  if 1+ € Z,,
HE, (r=,05,0%) = HE(AL P, ¢%), if1E = o (2.33)

H?;(AT, ¥, q%), if [+ = o0.

This total value serves as a measure of the market maker’s performance and guides
the decision-making process by quantifying the immediate rewards associated with each

possible action at time .

Theorem 2.2.2. Let Xy, = (L4, Qqut, - Qout,, - T1)+Tr,) Wwith dynamics determined by
Eqgs. (2.5), (2.13), and (2.14). Then, under Assumptions 2.1.1 and 2.1.2, we have

Vine = Wiy, + Seni Len, — )\Ifm,
and, for k=0,1,2,..., N,

V;fk = Wtk + Stk[tk + gk<th), (234)

where, for x = (i,q%,q,rT,r7) € X, as defined in Eq. (2.25),
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(H;]“V (A7, 7t q") + H, (AT, r7,q7)

gr(x) == — AE[(i — Qfij + inll;N)Q | Xey =2], k=N,
max Gz, 17,17), k=0,1,...,N —1,
\ (I+,l7)eZyU{co}U{o}
(2.35)
and
Gi(x, 1",17) = Elgrn1(Xopy) | Xy = 2, L, =17, L, =17] 2,36
+ H;T:ttk (7“+, l+> qu) + HC:Cttk (T77 lia q7>
In particular, the optimal strategies are given by
(L7 L") = argmax  Gi(Xy,,l7,07). (2.37)

(I+,1-)eZ 4 U{oo}U{o}

Theorem 2.2.2 provides a reduction in the computational complexity of the value function
by reducing the number of state variables from seven to five, specifically (i,q%, ¢, 7%, r7),
in the backward recursion outlined in (2.35). By examining Eq. (2.34), we observe that

the value function V;, can be decomposed into three distinct components:

1. W, represents the current wealth of the market maker,

k
2. Sy, 1, denotes the value of the inventory marked to the market at the mid-price,
3. gx(Xy,) captures the additional value resulting from following the optimal strategy,

which is contingent upon the market maker’s outstanding orders and inventory.

The backward recursion and maximization problem presented in Eq. (2.35) and (2.36)

establish a trade-off between the value of orders, encompassing both outstanding orders
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and newly placed orders, in the current period, and the anticipated extra value g1 in

the subsequent period.

Remark 2.2.1. In Theorem 2.2.2, we don’t impose any constrains on the set of admissible
placements Ay, which, in particular, may result in inventories I, exceeding the boundaries

(I,1). However, we can restrict Ay, to guarantee the desired boundaries. Recall that

Ly, =1y — Qfmjk + sz'zz;k - Qfm;;+ + sz'ujﬂa

and Qfm:_;,Qﬁ”i+ < QE,... Then, if I, >1— Q.. we fit Ly = oo (no more buying)

max’

and I, < I+ Qn. we fix L = oo (no more selling). Then, in (2.35), we take

max’

(It,17) € A(x), where
A(x) = {(17,17) :1* € Zy U{oo} U{o} if i € [L+ Qe T — Qi

=00 ifi <14 Qpay andl” =00 ifi>1—Qf.}.

2.3 Variations in the Market Making Model: Special

Cases Analysis

For ease of simplicity, we introduce some notation related to (Ci, cf;, pi, pf;, 6?;, ﬁi)

For a,b € {0, 1,2},

P = E[(c5)"(05)" | Fops Ly = 1],
= B OR P, =1 .

ﬁiipb = E[(éi)a(ﬁi)b | Ek’ ifill,f = 1}‘
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2.3.1 Simplified Model with Latency

In this section, a simplified model is presented, which makes the assumption that p* —r*

and p* — [* are always positive, and that the number of filled shares will not exceed the

bounds Q= or Q=

max out*

Under these assumptions, the value of LO given in Eq. (2.21) can be written as
VOli(k:) = (Ti FAS,) - ]lfmfctik (pi — ri), (2.39)
while the value of the second order defined in Eq. (2.22) becomes

VOF(k) =1 (£ASq <1E) " (LE FAS,, FAS,,,) - [1 fmacti (P, — Li)]

(2.40)
+ ]l{:I:ASthLtik} ’ <:FAStk+> : r:‘rzlax'
When L; = o, Eq. (2.23) simplifies to
VOF (k) := (ris F ASy, F ASy, ) - 1y (B, — 7is)- (2.41)

In the case that L = oo, the LO value is the same as VO (k) given in Eq. (2.39).
Hi (A7,1%,¢%), Hj;

tk+

(AT, At,1*) and ITI?;(At, rE, ¢*%) are defined similarly as Eqgs. (2.26)-
(2.28).
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Proposition 2.3.1. Under Assumptions 2.1.1 and 2.1.2, and the simplified conditions

mentioned above, for k=0,1,..., N,

Hf;(AT, r) = Wi’f’i(ug; — ,uciri), (2.42)
Ht::+ (AT7 Ata l) - ﬂ-?;;r (:U’(::l;+ - Mét+li)E[(li + SAT>+]? (243)
HE(At,r) = mir* (i — ir®). (2.44)

Without QZ,, in state space, we introduce the notation X’ to refer to the tuple (I,rt,r7).

Specifically, for £ = 0,1, ..., N, we define

Xt/k = (Itk,?";;,r,;).

Remark 2.3.1. Similar to Proposition 2.2.1, we can show that for the simplified model

defined above, conditioning on X;, is same as conditioning on JF, .

We can compute an approximate optimal placing strategy using Theorem 2.2.2. First,

we compute gn(2'), for 2’ in a constrained finite domain U’. Recall Eq. (2.35) and the
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simplified model assumptions mentioned above, we have

gn(2') = H:;V(AT, rt) + H; (At,r7)
— AE[(i - Ly, ol (f, =)+ Ly, e, — )P | X, =2
= H/ (Ar,r*)+ H; (A7, r7)
— AE [iz + ]lfm; : (C?N)z(p:rN - 7"+)2 + ]lfill;, ) (Ct_N)Q(pt_N - T_)z
=20 Dygpe - (e pf, —coyr™) + 20 Ly - (e pry, — 1)
-2 ﬂfizz;(Cij:rN - C;VTJF) ) ﬂfm];(ct_Npt_N - Ct_NT_) | Xt/N = 37/]
= 1wy (il — i) (g — 1)

— N[+ (s — 257 + (7)) i (s — 2u, 1+ (r7)?)
= 2im] (pdy — ")+ 2imy, (pey — B )

= 2w (il — 1) - (e — e )]

For the recursive step in Eq. (2.35), for 2’ € ¥/, we have

gn-1(a') = (z,z)ezinu%i{o}u{o} Gy-a(@,17,17)
- (l,l)EZ?b%i{o}U{o} {E[QN(Xt/N) | Xewoy = LZFN* =1 Ly = l_}
+ HjcttN,l (r* ") + Ho,, (17, M)},
where
Hffvil(AT, r¥) + Htﬂ]:\f,l(ATv At 1F), iflIFeZ,,
Hyy,  (F505) = HE (At,r#), i1 — o, (2.45)
Hi  (AT,r¥), if ¥ = oo.
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2.3.2 Market Making without Latency

This section is devoted to a specific scenario within our proposed model, where the market
making activity takes place without any latency. This scenario assumes that the market
maker has immediate access to all available information and can execute trades without
any delay. We start by presenting the system dynamics, a structure similar to that

described in Section 2.1.2.

System Dynamics

Now, we present the system dynamics (W, S, I,QF ., Q.. ,,r*,r7) from time t; to tg; for
k=0,1,---, N, under the assumption of zero latency. To allow for a slight abuse of
notation, let AS;, . =S, ., — S, denote the price change on the interval [th, ter1). Tt is

clear that the fundamental price follows the relationship
Stk+1 = Stk —+ AStk+- (246)
The cash holding and inventory processes are defined as follows:

Wtk+1 =W, + sz‘zsz inujk+ - sz‘u;k+ inzz— ) (2-47)

tk“r

Ly, = Iy, — inu;;+ + inll;;+7 (2.48)

where Pfi”j and () filt respectively denote the execution price and the number of filled
k+ b+

shares of ask LOs during [ty,tx11). Analogously, Pfill,:+7 Qﬁ”;+ are the corresponding
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quantities on the bid side. These quantities follow

;

S, £ LE, if LE € Z,
Pragg =\ Sy, 155, it Lif = o, (2.49)
0, if L = oo,
;
+ ¢, + + o TE 77
]lfillzzrctk_;r (ptk+ - Ltk)"v‘ A Qiax? lf Ltk € Z+7
QfmiJr = (250)
+ ¢, + + + o T
\ ]lfillki+ctk+ (pthr - Ttk)+ A Qouttka if Ltk = 0,

where

ﬂfill;r = ]l{At least one buy MO arrives during [t, tk4+1)}>

]lfi”I;r = ]l{At least one sell MO arrives during [tg, tg41)}-

In a manner similar to Section 2.2, we make the assumption that 1 fiE, € Fiyi1, and we
introduce the notation 7T?,:H =P(1 g, =1 | Fi.)- Additionally, we define the random

variables ctiH and pi+ in a manner similar to Section 2.2, but now specifically within the

interval [ty, tri1).

Also, the number of outstanding shares for ask and bid orders at time t;,; follow the

relation )
mox ~ Qg 1 L € Zy,

(:)EUttk-i—l - oiuttk - in”ti,w’ if Li = o, (2.51)
0, if Li = 0.

\
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Finally, the ask and bid outstanding quote pair is determined as

+ : + 72
+ _ Ltk :F AStk+7 1f Ltk E ZJ’_, (252>

Tt
+ : + _
r, FAS, , if L =o.

We make analogous assumptions about ¢ and p* to those presented in Assumption 2.1.1.
Note that Assumption 2.3.1, although sharing some notation with a part of Assump-

tion 2.1.1, holds distinct implications in this context.

Assumption 2.3.1. For k=0,1,..., N, we have

+ 4 .
1. (¢, P, ) are Fy, . -measurable;

2. The conditional distribution of (ci+,pi+) given (F,., ]lf,illkiJr) is a function of only

the indicator 1 ;.= that does not depend on k;
ket

3. (i, i) and (c;, , pi,., ) are conditionally independent given (Fy,,, 15+ ]lfill};+).

+
Lot

Furthermore, we introduce assumptions about the fundamental price, mirroring the struc-

ture of Assumption 2.1.2.

Assumption 2.3.2. For k=0,1,..., N, we have

1. The fundamental price Sy, € Fy, s a martingale:

E[Stk+1 ’ ‘Ftk] - Stk;

2. Sy, — Sy, and (]lfi”zi’ ci+,pi+) are conditional independent given Fy, .
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Optimal Market Making Strategy

Given the outlined system dynamics, we will now proceed to reframe the optimal market
making problem without latency as a MDP. Same as Section 2.2, the market maker
takes an admissible action at the beginning of each time interval aiming to maximize her
expected P&L at the termination of the trading interval. It is worth noting that, due to
the absence of latency, the final action of unwinding using MOs occurs at the terminal
time ¢y 1, which differs from the case with latency where the final unwinding inventory

action occurs at time fy .

Denote the market maker’s terminal P&L as W. Assuming at terminal time ¢y, the

. + — + —
state @,y is (Win s Sinirs Linias QOUttNJrl’QOUttN+1’TtN+17TtN+1)' Then, we have

W = WtN+1 —|— StN+1[tN+1 — )\[2

tN4+1)?

(2.53)

where A > 0 is a inventory penalization constant.

Following the notation introduced in Equation (2.24), we can now present the market

maker’s optimization problem. Recall from Eq. (2.18) that

Vig = sup EW | F.l,

(L?(:))thiN)eAU,N

and from Eq. (2.19), for k =1,2,..., N, we have

Vi = sup EW | F,].

k
(Li 77inN )EAIC,N
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Now, in the absence of latency, for K = N 4 1, we have

%N+1 = WtN+1 + StN+1]tN+1 - /\]2

tN41”

With standard arguments, bellman equation for above value functions is given as follows:

Wiss + Soxn T = M2 k=N 11,

Vi, = (2.54)
sup ]E[Vtkﬂl}"tk}, k=0,1,..., N,

(LZ; Ly, )EAR

where above we say (L, L; ) € Ay, if Lf € o(®,,) and Lf € Z, U {oo} U {0}.

Value of the Order

Now, we expand the concept of the order value, as defined in Section 2.2.1, to the current
scenario without latency. In the absence of latency, the expression for Hf]:(AT, ¥, ¢%)
given in Eq. (2.26) is not applicable, and Eq. (2.27) can be simplified. Note that when
there is no latency, Eq. (2.22) simplifies to

VO3 (k) = (L, FAS,,)-[1 Wic; (Pi, — L)+ A Qe (2.55)

max

and Eq. (2.23) becomes

VO (k) = (ris F ASy,) - [ & (5, — 72)+ A Qs |- (2.56)

O“ttk

Then, the definitions of H,?;(At, [*) and f]i(At,ri,qi) mirror those introduced in

Eq. (2.27)-(2.28). HE

acty, (r%,1%, ¢%) are also defined in the same manner as in Eq. (2.33).
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Similar to the Theorem 2.2.2; we have the following result.

Theorem 2.3.2. Let X,, = (I,,,Q% Q;uttk,r,j;,rt_k) with dynamics determined by

outy k Y

Egs. (2.48), (2.51), and (2.52). Then under Assumptions 2.3.1 and 2.3.2, we have

V15N+1 = WtNJrl + StN+1]tN+1 - /\]2

tN+1
and, for k=0,1,2,..., N,

Vi, = Wi, + Si. I, + 96(X4,),
where, for x = (i,q7,q ,rT,r7) € X, as defined in Eq. (2.25),

;

Hy, (r*07,q") + Hogy, (r™,17,47)

max acts

(it,17)eZ U{oo}U{o} k
gk (33') = - )\E[(Z — in”ttv_;,_ =+ inll;N+)2 | XtN =2, L;; = l+, L;C = li] }, k= N,
ax Gr(z,1%,17), k=0,...,N—1,

m
\ (F,17)eZ+U{cc}U{o}

(2.57)

and
Gr(z, 17,17) = Elg1 (X)) | Xop = 2, L =17, Ly =17

+ H'

acttk

(T+7 l+7 q+) + Ha_cttk (r_7 -, q_)-

In particular, the optimal strategies are given by

(L Ly") = argmax  Gp(Xy,, 17, 17).

tk Y
(it,17)eZ 4 U{oo}U{o}
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2.3.3 Simplified Market Making without Latency

In this section, we consider a setting where the market maker is not allowed to take the
actions of “doing nothing” or cancellation. Specifically, the market maker places ask and
bid LOs at the beginning of every second, which is consistent with the setup in [12].
Under this arrangement, there are no outstanding orders or spreads to consider. Hence,

the state variable is just I;, itself, for £ =0,1,..., N.

Using Theorem 2.3.2, we can compute an approximate optimal strategy. We start with
the calculation of gy (i), for i € [I, 1],
gN(i) = (lfflla)x {H;::t l+) + Ha_ct(l_)
—AE [iz + ]lfm;+ ’ (CZFN+)2(pZLN+ - l+)2 + ]lfill;H_ ) (C;NJF)Q(pt_NJr - l_)Q
-2 ]lfiu;Jr : (ijngw - CZZVJJF) +2- ]lfm;,+ : (Ct_N+pwf_N+ - Ct_NJ_)
-2 ]lfill;+ (CZWPZFM - CZFNJJr)ﬂfuzm(C):_NJFP;M — o ) [ Iy = 7/} }

- (l"Hlla)X {l+ tN+<'uCP+ 'u0+l+) + l_’ﬁt_zw('uc_lwr - HC—+Z_)

—A[* + wtfv+ucg (s —2p) 17+ (17)?)
+ Tt (1 2up+l + (1)) = 2imf (pd,, — pd 1)

+2imy (Hop, — ke 1) = 2, (g, — 1 U7) -y, (g, — 1, 1) 3

For the recursive step in Eq. (2.57), we have

=1L

tN—1 :li]}a

gn-1(i) = max {H (M) +H (1) +E[gn(Liy) | Loy, =i, L,

(I+,07)eZyrU{oco}U{o} tN_1

where

+
Hact

(1) = Hj,

tN—1

(At 1F).
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2.4 Implementation and Empirical Performance

In this section, we empirically evaluate the effectiveness of the optimal order placement
strategy formulated based on Theorem 2.2.2. This evaluation is conducted using authen-
tic transaction data sourced from the stock market and corresponding LOB records. We
utilized LOB data of three prominent companies, namely Apple Inc. (AAPL), Ama-
zon.com Inc. (AMZN), and Microsoft Corporation (MSFT), over the course of the year
2019. The dataset encompasses 252 trading days, during which we recorded the activity
of the LOB from 10am to 4pm each day. Our data is composed of two principal com-
ponents: books and orders. The books component provides us with a comprehensive
snapshot of the top 20 best ask and bid prices in the LOB along with their corresponding
volume for each timestamp during the trading hours from 10am to 4pm each day, where
a timestamp denotes every time that there is a change in any of the top levels at either
side of the book. The orders component, on the other hand, records all actions submitted
by market participants in LOB, including LOs, MOs, and cancellations, throughout the

trading day.

We assume that the mid-price {S;}+>¢ follows a compound Poisson process, following
Nt
Si=2S0+0Y D, (2.58)
=0

where {N;}i>0 is a homogeneous Poisson process with price change rate v and § is the
tick size. Additionally, (D;);=12, . denote a sequence of independent and identically dis-
tributed random variables. These random variables take on values of either +1 or -1,

each with a probability of 0.5.
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Table 2.1 presents the fundamental parameter settings for our implementation and per-
formance analysis. Note that the values in Upper/Lower Inventory Boundaries, Out-
standing/New Order Size are presented in units of hundred shares. Also, integer values

in Outstanding/New Order Spread are presented in units of 1 tick.

Table 2.1: Default values of the parameters in simulation in Section 2.4.

Parameter Value(s)

Upper Inventory Boundary I 11
Lower Inventory Boundary /  -11
Outstanding Order Spread r*
Outstanding Order Size Q%

out

0
0
New Order Spread/Action L* 0
)
$

3

1,2, 3
;1,23
1,23

I

W

)
, o( “doing nothing”), oo(“cancellation”)

Y

New Order Size Q=

max

Tick Size ¢ 0.01

2.4.1 Parameter Estimation

Rate of Price Changes v. To estimate the rate at which the price changes, we con-
sidered two steps. First, a preprocessing step, where we trimmed the data to exclude
the first and last 30 minutes of each trading day in order to avoid the high volatility of
the opening and closing periods. Second, we performed a computational step where we
tracked the mid-price, defined as the average of the best ask price and best bid price,
between the trading hours of 10:00am to 3:30pm. To estimate the rate of price changes,
we counted the number of times the mid-price changed over the course of the trading
day and divided this amount by the total number of seconds between 10:00:00am and
3:30:00pm. Table 2.2 provides the mean of these estimated daily mid-price change rates

averaged over all the year.
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Table 2.2: Average rate (per second) of price changes over 252 trading days in 2019.

Stock Upward Rate Downward Rate

AAPL 2.213405 2.215102
AMZN 1.264078 1.267465
MSFT 1.034977 1.034514

Arrival Probability of MOs. We discuss now the estimation of the arrival probability
of MOs, focusing on the case of buy MOs during the latency period. The arrival proba-
bilities for other periods can be computed similarly. We set the latency to 0.02 seconds,

which is consistent with the setup employed in other studies. (see, e.g., [24]).

For computational simplicity, we make the assumption that the arrival probability of MOs

remain constant across all time instances t;. Consequently, we will henceforth denote Wi,

+
trt

~+ + + ~ 4 . . . .-
and 7, as mx,, Ta, a; and Ty, respectively. To determine the arrival probability

s
of at least one buy MO within the latency period for a given trading day, we tally the
number of seconds from 10:00am to 3:30pm during which at least one buy MO appears
within the first 0.02 seconds of each 1-second subinterval. This count is then divided by
19800, which is the total number of seconds between 10:00am and 3:30pm, and repeat
this procedure for every trading day. The mean of these estimated probabilities over 252
trading days is reported in Table 2.3, along with the estimates of the arrival probabilities
for other time periods.

Table 2.3: Average arrival probability of market orders over 252 trading days in 2019.
A7 = 0.02 seconds and At = 1 second.

~+ ~—

Stock Tar Tar TAT,At TAT,At At At

AAPL 0.009769 0.009936 0.258041 0.262947 0.263407 0.268212
AMZN 0.003435 0.003514 0.097630 0.100175 0.099906 0.102493
MSFT 0.007425 0.007499 0.201744 0.204104 0.206397 0.208745
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Demand Function. To estimate the demand function for the ask and bid sides, on both
the latency and non-latency periods, within a 1-second sub-interval, we fit a weighted
linear regression to the empirical demand function obtained from the data. The slope

and intercept of the fitted line are then used to estimate ¢ and p as described below.

For example, consider the ask side during the latency period. We begin by de-
termining the demand during a given interval [ty,tx + A7) for different price levels
P, € {0.005,0.015,0.025, ...} relative to S;,. That is, for a given P}, the demand will
be the number of shares sold during [tx, tx + A7) if the market maker had a LO placed at
level P, at time t;. To this end, when a buy MO (MO,,,) with a volume of Vj;0,, enters
the market at time t,,, € [t, tx + A7), we first record the volume of existing ask LOs with
prices lower than P}, at that precise moment. This recorded volume is denoted as Vio,,.
Next, we compute (Viso,, — Vio,,) V 0, which is the number of shares from the market
maker’s LO that would be executed by this buy MO. This process is repeated for all buy
MOs occurring within the interval [tx, tx + A7). The cumulative quantity, represented as
Yo ((VMOm — V5o,,) V 0), serves as a proxy of the actual demand at the price level P
during this time frame. We use the same procedure to compute the demand function for

the bid side, as well as during non-latency periods.

The above procedure enables us to estimate the actual demand within a A7 subinterval
for a given day. Subsequently, for each price level P, we average the estimated demands
across all seconds during which at least one MO arrives on that particular day, and
obtain the daily average demand D;. Then, we fit a linear model via weighted least
squares estimation. Specifically, we employ the average demand D; at each price level as
the response variable, with the price level P, serving as the predictor variable. We assign

higher weights to price levels closer to the mid-price and lower weights to price levels

26



deeper in the LOB. The slope and intercept of the fitted line are used to estimate ¢ and

cp, from where we estimate the parameters ¢ and p for that day.

This procedure is repeated for all 252 trading days in the year 2019, yielding 252 daily
estimates of ¢ and p. The annual sample averages and second moments of these daily

estimates are presented in Table 2.4.

Table 2.4: Average values of ,&{ic,p} over 252 trading days for 2019 AAPL. A7 = 0.02

seconds and At = 1 second.

AL =4806 [, = 53.54

i =3979 f, =3.972 Hy, =3269 [, =3317
fii, = 113.76  f, = 124.13 fip. = 156.43  fi,, = 176.49
= 955.70 i = 1111.46 o = 236122 fi, = 2941.92

e
i, =1640 i, =16.33 ph =1078 g, =1L11

pt=29.73 p; =32.29

(b) Non-latency period

ar = 48.40 = 53.89
ﬁ; = 3.258 » = 3.305
ﬁj;p = 157.03 ;:L;p = 177.08
A =2394.32  f, = 2979.13
ﬁ;rz =10.71 ﬁ;z =11.03
(c) Whole period

(a) Latency period

121

7
i

Figure 2.1a provides a comparison between the average actual demands D; and the es-
timated linear demand for the latency period on the trading day of January 2nd, 2019.
Analogously, Figure 2.1b shows a comparable analysis, focusing on non-latency periods,

while Figure 2.1c encompasses the entire 1-second interval. These figures show that our

linear demand assumption in Eq. (2.8) is reasonable.
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Figure 2.1: Average demand vs. estimated linear demand during a 1-second trading
interval on January 2, 2019, for AAPL. A7 = 0.02 seconds and At = 1 second.

Value Functions. To compute the optimal strategy, we need to evaluate the func-
tions gi(-) and Gg(-) defined in Eq. (2.35). To this end, we need to evaluate the rel-
evant quantities. We employed a Monte Carlo based approach for the computation of
H;tcttk (r¥, L%, ¢%), as defined in Eq. (2.33). For illustration purpose, we will focus on

the calculation of H;; (A7, 7T, ¢"), noting that the computation of the other involved

quantities follows a similar method. Recall from Eq. (2.26) that

H (Ar,rt q") =E[(r" — AS,,) - []lfmzc;: (ot =) ANg] | Xy, = 2],
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Under the assumption of constant arrival probabilities of MOs and time-invariant distri-
bution for the demand parameters ¢ and p across all time instances t;, we can simplify

H; (Ar,r*,q") as follows:

H+(A7_7 7"+7 q+) =E [(T+ - SAT) ’ []lfillzTcz‘r(pZT - T+)+ N q+]j| : (259)

To obtain these estimates, we conducted 1,000,000 simulation trials for each admissible
combination of (r*,¢") in a finite domain. In our numerical experiments, we take r* €
{0,1,2,3,00} and gt € {0,1,...,5}. For each trial, we generated all the random variables

therein according the following procedure:

e Sa, was simulated according to the price process specified in Eq (2.58). Specifically,
the Poisson rate v was set to 4.428507, which results from the sum of the upward

and downward rates detailed in Table 2.2.

o1 Filr follows a Bernoulli distribution with parameter 7 _ (see Table 2.3 for the

estimate of 7% ).

e ¢, and pL_ were drawn from independent Gamma distributions. We used the
Method of Moments to find the shape and scale parameters so that so recover the
sample moments given in Table 2.4. The values of the estimated gamma parameters

are outlined in Table 2.5.

2.4.2 Inventory and Optimal Spread Process

Utilizing Theorem 2.2.2, we can compute an approximate optimal placing strategy as

illustrated in this subsection. We start with the calculation of gy (z), for x in a constrained
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Table 2.5: Parameter values for ¢ and p in simulation for 2019 AAPL. A7 = 0.02 seconds
and At = 1 second.

Parameter Value Unit
Slope of demand function cf I'(shape = 12.32, scale = 2.411)  share/tick
Slope of demand function ¢y - ['(shape = 15.23, scale = 2.120)  share/tick
Slope of demand function ¢, », T'(shape = 45.38,scale = 1.059)  share/tick
Slope of demand function ¢y, 5, I'(shape = 38.57, scale = 1.388)  share/tick
Slope of demand function ¢%, [(shape = 45.55, scale = 1.062)  share/tick
Slope of demand function ¢y, [(shape = 39.01, scale = 1.381)  share/tick
Reservation price p{_ [(shape = 28.17, scale = 0.141)  tick
Reservation price py - [(shape = 28.20, scale = 0.140)  tick
Reservation price pXT’At [(shape = 106.95, scale = 0.030)  tick
Reservation price py, A, I'(shape = 98.19, scale = 0.033)  tick
Reservation price py, ['(shape = 109.99, scale = 0.029)  tick
Reservation price pjy, [(shape = 100.96, scale = 0.032) tick

finite domain . In our numerical experiments, we take ¥ := {(i,q%,q",r",r7) : i €

{—11,-10,...,11},¢* € {0,1,...,5},r* € {0,1,2,3,00}}. Recall from Eq. (2.35) that

gn(z) = H (A7,r",¢") + H, (AT, ,q7) — AE[(i — Qfij + inllZN)Q | Xy = ).

Here, H; (A7,r",¢") and H; (A7,r~,q") are obtained from our Monte Carlo estimates

as described after Eq. (2.59).

Under the same time-invariant assumptions applied in the derivation of Eq. (2.59),

El(i — Qpuy + Qfm;T)Q | X = ]

= E[(: - ]lfillXTcXT(pz‘r —rf ) AT+ ]lf’illZTCZT(pgT -1 )+ AqT]

We then carried out a Monte Carlo estimation to compute the above quantity with
1,000,000 simulation trials for all x € ¥, generating the random variables 1 fillt s ciT and

pk_ as outlined after Eq. (2.59).
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For the recursive step in Eq. (2.35), for z € ¥, we have

_ = G _ l+ l—
gv-1(7) i+ 1-)ers bfooiuioy N (@, 17,17)
= max  AE[gn(Xey) | Xoy , =, Lf, =1 L;,  =17] (2.60)

(it,17)eZy U{oo}U{o}

+ H

acttN 1 (

+ 7+ — - = -
r 7l 7q ) HacttN (r 7l 7q )}

=1t L

tN—1

To compute E[gn(Xey) | Xiy_, =, L,

N =" }, we rewrite it as

S (@) P(Xyy =2 | Xy, =a, L, =17 L, =1, (2.61)

where the summation in (2.61) is over all 2’ € V. Since the distribution of X, depends

on Xthl,LtiN_l,Qﬁ”;t s Q it and AS;,_,, for each Li, € {0,1,2,3}, we have

tN_1)4 tN—1
that
P(X:, = x| Xiy, =1 L;FN L= =" Ly, = [7)
_ _ + _ + . + g+ _ -
— ZP(QﬁlliﬁNfl - QAT>inuti(N_1)+ = qAT’At,SAt =S | XtN 1= LtN L = LtN L =1 )’

(2.62)
where the summation is over all g, € {0,1,...,5}, qx, o, € {0,1,...,5} and s € {—0.02,

—0.015,...,0.02} such that X;, =2’

To compute the probability in the right-hand side of Eq. (2.62), we resort, once more, to
Monte Carlo, conducting 1,000,000 simulation trials for each admissible combination of
(x,0%,17), where x € ¥ and I+ € {0,1,2,3,0,00}. In each trial, we simulated the number
of filled shares for both the ask and bid sides over three time intervals: latency, nonlatency;,
and the entire 1-second period. The simulation methodology for determining the number
of filled shares aligns with the approach utilized in the computation of the value functions,

as detailed in the paragraph after Eq. (2.59). The parameters used for generating the

61



values of (Ci, ci+7 pi, pi+, 6?2, ﬁi) can be found in Table 2.5. A precautionary measure

was taken to ensure that the number of filled shares during the latency periods did not

exceed the outstanding shares, if such outstanding shares existed.

2.4.3 Results

In this subsection, we assess the performance of the optimal strategy by applying it to
the AAPL stock during the year 2019. To quantify the effectiveness of the strategy,
we execute it against observed market data, which allows us to compute the terminal
cash flow W7 and inventory I for each trading day. Considering the dynamic nature
of the market and the wide variation in the arrival probabilities of MOs throughout
the day, we analyze the terminal P&L value Wy + Splp at different time points. Here,
St represents the average price per share that the market maker would obtain when
liquidating inventory I through a MO at time T, taking into account the state of the
LOB at time T. Therefore, Srlr is the cash flow generated by the liquidation of the
inventory I using a MO at time 7. It is important to note that, due to the high

computational burden (see section 2.4.4), our trading horizon is set to only 1 minute.

Table 2.7 presents the outcomes of our analysis for a specific trading scenario, where [;, =
0, A7 = 0.02 seconds and the inventory penalty parameter A, is 0.01. The “overall mean”
reflects the average terminal P&L value obtained across all 252 trading days for that
particular minute of trading. Observe that the overall means of the terminal P&L values
are all negative across different trading times. This outcome can be attributed to the fact
that the rate of arrival of MOs is time-dependent, which can significantly differ from the
constant value that was estimated and used in the computation of the optimal strategy.

When the actual prevailing arrival rate deviates significantly from our estimations, it is
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expected our placement strategy won'’t be suitable, leading to unfavorable outcomes and
resulting in negative terminal P&L values. As an example, Table 2.6 shows the actual
arrival probabilities of MOs at different time instances tj.

Table 2.6: Average arrival probability of market orders during half-hour intervals at

different times of day averaged over 252 trading days in 2019 for AAPL. A7 = 0.02
seconds and At = 1 second.

~—+ ~—
. /\+ A~ /\+ A~ ~ ~
Time TAr Tar TAT,At TAr,At At TAt

10:00am-10:30am  0.016158 0.016387 0.388880 0.386192 0.395843 0.393124
12:00pm-12:30pm  0.009143 0.009199 0.236026 0.245169 0.241600 0.250398
14:30pm-15:00pm  0.008059 0.008287 0.227097 0.233576 0.231792 0.238209

To improve the suitability of our trading strategy, we implement a pre-screening process
that takes into account the recently observed arrival probabilities of MOs. Specifically,
prior to initiating our trading process and placing LOs, we estimate the arrival proba-
bilities of MOs using the 5-minute window immediately preceding the potential trading
period. Then, we proceed with our optimal strategies, but only if the arrival probabilities
of both, buy and sell MOs, fall within a certain margin of error (MOE) from the average

arrival probabilities displayed in Table 2.3.

The filtered trading days, which are the subset of trading days that passed the pre-
screening process, demonstrate much more favorable results as they consistently yield

positive terminal P&L values.

The “Filtered Days” column in the terminal P&L table provide the count of filtered
trading days corresponding to different margin of error thresholds across various trading
times. To further explore the dynamics of the inventory management, we introduce the
mean of the absolute value of the final trading inventory. This measure provides insights

into the magnitude of the inventory levels at the conclusion of each trading period.
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The findings presented in Table 2.7 show the importance of the pre-screening process in
improving the reliability and profitability of our trading strategy. By incorporating real-
time estimations of MO arrival rates, we are able to adapt to current market conditions

and achieve more favorable outcomes.

Subsequently, we present the outcomes of the terminal P&L values analysis for various
combinations of latency and inventory penalty parameter.
Table 2.7: Terminal P&L for AAPL stock in 2019 across different trading times. The

model parameters are: [ = —11, I = 11, I,, = 0, A7 = 0.02 seconds, At = 1 second and
A =0.01.

Trading Overall MOE Filtered Filtered Filtered Abs.
Time Mean Days Mean Inv. Mean
11:00-0lam  -186105.47 ;ggz 33 ﬁ)ggéég? ;:Z?
12:00-01pm  -61237.04 ;82 éi j‘jﬁjﬁi ;:ii
13:00-01pm  -6357.26 ;82 Alj i;‘igg 122
14:00-01pm  -7089.52 ;8;2 ié 1622585%56 ﬁéf
15:00-01lpm  -93871.98 ;8;2 ﬁ 7;3162.11 323

Latency

In this section, we investigate the impact of latency on the trading outcomes, by con-
sidering additional latency value, namely 0.2s, in addition to the previously discussed
0.02s case. Detailed information regarding the estimated parameters associated with the
latency value 0.2s can be found in the appendix. We present the results of our analysis

in Tables 2.8.
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When considering a latency of 0.2 seconds, we observe that the mean terminal P&L values,
even for the filtered trading days, are consistently negative, indicating the difficulty of
generating profits under such latency conditions. This outcome might be attributed to
the fact that a latency of 0.2 seconds is excessively large for a one-second trading interval.
Consequently, the market maker faces significant challenges in cancelling unfavorable LOs
in a timely manner. The delayed cancellation process exacerbates the impact of adverse

placements, leading to further negative outcomes.

From the numerical results of optimal actions taken, we can see when latency gets larger,
we see more aggressive placements. One of the potential reasons is that the increase in
latency appears to influence the risk perception of market makers. With delays in order
execution, market maker might prefer more aggressive placements to offset potential losses
or capitalize on favorable market movements. Another potential reason is that market
maker who faces higher latency might feel pressured to secure her positions swiftly due
to the risk of market changes during the delay in execution. This pressure could lead to

more assertive order placements.

These findings signal that latency might be an important factor in market making and
display the difficulties associated with trading under prolonged latency periods. The
results demonstrate the adverse effects of increased latency on profitability and emphasize

the importance of minimizing latency to enhance trading performance.

Inventory Penalty Parameter )\

Here, we analyze the P&L obtained when setting the inventory penalty parameter A, to
0.1 and 1. By referring to Table 2.9 and 2.10, we can compare these outcomes with the

results presented in Table 2.7 where A = 0.01.
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Table 2.8: Terminal P&L for AA_PL stock in 2019 across different trading times. The
model parameters are: I = —11, [ =11, I;, = 0, A7 = 0.20 seconds, At = 1 second and
A =0.01.

Trading Overall MOE Filtered Filtered Filtered Abs.
Time Mean Days Mean Inv. Mean
11:00-0lam  -335916.46 ;852 zi 3363540933?3652 gég
12:00-01pm  -149763.88 ;852 ?i __12150225345_406 §j§§
13:00-01pm  -211093.51 ;8;2 383 _8})8072542215 éfjﬁ?
14:00-01pm  -39949.52 éggz éé :gggggi:gi ifff
15:00-01pm  -161078.49 ;852 4113 2188575;6753 ggﬁ

When a higher inventory penalty is applied, the terminal inventory is reduced while
also the terminal P&L values decrease because the market maker aims to minimize her
inventory holdings throughout the trading horizon. While maintaining lower terminal in-
ventory levels mitigates the risk of unwinding the inventory at unfavorable prices through
MOs, it also means that the market maker will likely miss out on potential trading op-

portunities to generate greater profits when favorable market conditions arise.

The trade-off between inventory penalty and potential profit demonstrates the importance
of striking a balance between risk mitigation and capitalizing on advantageous trading
situations. By adjusting the inventory penalty parameter, market maker can tailor her

trading strategies to align with her risk tolerance and profit objectives.
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Table 2.9: Terminal P&L for AA_PL stock in 2019 across different trading times. The
model parameters are: I = —11, [ =11, I;, = 0, A7 = 0.02 seconds, At = 1 second and
A=0.1.

Trading Overall MOE Filtered Filtered Filtered Abs.
Time Mean Days Mean Inv. Mean
11:00-0lam  -260323.13 ;852 ?g 2778256347.602 ;:;2
12:00-01pm  -53448.31 ;8;? éi i;g:gg gjgfﬁ
13:00-0lpm  -3115.83 ;85; ﬁ j§§j§§ ?Zﬁ
14:00-01pm  -59233.03 ;852 ié 16630366(?;?79 égi
15:00-01pm  -29997.14 ;852 ﬁ 466215_402 22.672

Table 2.10: Terminal P&L for AAPL stock in 2019 across different trading times. The
model parameters are: [ = —11, I = 11, I;, = 0, A7 = 0.02 seconds, At = 1 second and
A=1.

Trading ~ Overall .~ Filtered  Filtered  Filtered Abs.
Time Mean Days Mean Inv. Mean
11:00-0lam  -243442.95 ;ggz gg E%ngf éég
12:00-01pm  -61488.19 ;ggz . e 73
13:00-0lpm  -37329.46 ;852 ﬁ _1§i’fé?88 82;
14:00-01pm  -71551.15 ;82 31(1) 1;2;‘7?21 1:(1)(25
15:00-01pm  -33537.46 ;%Z i ;571252 822

“Doing Nothing” Action

We now investigate the significance of the “doing nothing” action in our trading strategy.
Table 2.11 presents the results obtained when the market maker has to place new LOs

at each time interval.
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The results demonstrate that the model that allows the market maker to “do nothing”,
outperforms the model that forces the market maker to place new LOs at the beginning
to each period. This outcome can be attributed to the potential drawbacks associated
with sending new orders, particularly in the presence of latency. When the market price
experiences fluctuations within the latency window, the newly placed orders from the
market maker may inadvertently enter the LOB at undesirable price levels. Also, when
the market maker already has outstanding orders at favorable prices, opting for the
“doing nothing” action can yield better outcomes. By refraining from cancelling the
current position and sending additional orders, the market maker avoids entering the
market at worse prices due to the latency-induced price movements.

Table 2.11: Terminal P&L for AAPL stock in 2019 across different trading times when

placing new LOs only at all time intervals. The model parameters are: I = —11, I = 11,
I;, =0, A7 = 0.02 seconds, At = 1 second and A = 0.1.

Trading Overall MOE Filtered Filtered Filtered Abs.
Time Mean Days Mean Inv. Mean
11:00-0lam  -289923.55 ;852 3‘; ;?gggig g:(l)g
12:00-01pm  -82806.68 ;852 éi '_153113881%636 g:gg
13:00-01pm  -77844.98 ;852 = §2§§§ ;:88
14:00-01pm  -3875.69 ;852 ié 1;?3%53_?6 ijgi
15:00-01pm  -86349.96 ;852 ; 6128:31 2?2

Compared with Gao’s Method

[24] focuses on market making strategies specifically tailored for large-tick assets in the

presence of latency, where only a single unit of filled shares is allowed. In contrast, our
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research extends the scope by enabling partial fills for LOs. In this section, we illustrate

the advantages these partial fulfillments offer in improving the final P&L outcomes.

The results from [24] are presented in Table 2.12; which illustrates a distinct characteristic
where LOs are executed either in full quantity or not at all. This method results in fewer
instances of order fulfillment. Consequently, the recorded terminal inventory exhibits
significant size differences compared to those outlined in Table 2.7. The substantially
larger terminal inventory could plausibly contribute to the markedly negative terminal
P& L. Such negative results may arise due to the necessity for the market maker to unwind
the substantial inventory employing MOs, which could potentially execute at unfavorable
prices.

Table 2.12: Terminal P&L for AAPL Stock in 2019 across different trading times when

LOs can only be filled at full quantity. The model parameters are: I = —11, I = 11,
I;, =0, A7 = 0.02 seconds, At =1 second and A = 0.01.

Trading Overall MOE Filtered Filtered Filtered Abs.

Time Mean Days Mean Inv. Mean
11:00-0lam  -530579.28 ;8;? = i 55
12:00-01pm  -164860.0 ;85; ;)Z fgggiﬁj:ﬁé ggé
13:00-01pm  -95249.34 éggz ﬁ fi??%ﬁ ngf
14:00-01pm  -315684.94 ;852 i(l) '?914?§078 ?j??
15:00-01pm  -56337.55 ;8?; ﬁ -13105%?5;.854 ?12
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2.4.4 Computational Challenge

During our simulation process, we encountered some computational difficulties stemming
from the exhaustive search required in (2.35), particularly when trading over longer time
horizons. To obtain the optimal spreads, we needed to consider all admissible combina-
tions of (i,¢q", ¢, r", 77,17, 17) for each time step. Specifically, inventory levels i ranged
from -11 to 11, while outstanding shares ¢* ranged from {0, 1, 2, 3, 4, 5}. Outstanding
spreads r* could take values from {0, 1, 2, 3, 99}, where 99 represented no outstanding
orders, and new actions [* could take values from {0, 1, 2, 3, 10, 99}, where 10 and 99
denoted “doing nothing” and “canceling the LO (if any)”, respectively. This resulted in
a total of 745,200 possible combinations that we had to search for optimal spreads for
each time step. Even for a modest 1-hour trading window (3600 seconds), this calculation

could take about 40 hours to complete due to limited computational resources.

Consequently, we turned to a sub-optimal solution, opting for a local search with cer-
tain assumptions instead of an exhaustive search. When calculating the function gi(7)
backward in time, we proceed as follows.
()= max Gy (z, 07,1
Jr—1(x) (l+,l*))€(./\/’s k 1( b )

= o AB[0(X0) | Koy =0 (L, Ly ) = 0F.0)] (269

+HY, (rT )+ Hyy (r7 0 q7) )

Here, we introduce the concept of the neighborhood N, which is defined as the “neigh-
bor” of previous sub-optimal spreads. To address the computational difficulties arising
from the exhaustive search required to identify the optimal spreads at each time step,
we assume that the optimal spreads from time ¢; to tx_; for a given inventory level 7,

outstanding ask and bid orders (¢7,¢™), and outstanding ask and bid spreads (r*,r7),
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should not differ significantly. Based on this assumption, we perform a local search for
the optimal spreads at time ¢,_; within the neighborhood of the optimal spreads at time
tr. This approach reduces the computational complexity significantly, allowing us to ob-
tain sub-optimal solutions in a feasible amount of time and with limited computational

resources.

Our proposed approach involves an initial exhaustive search over a specified number
of iterations to determine a set of optimal spreads. Subsequently, we proceed with the
neighborhood search strategy to refine sub-optimal spreads. The optimal balance between
the number of full searches and neighborhood searches, as well as the performance of this

method, could be a subject for future investigation.
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Chapter 3

Reinforcement Learning in Market

Making with Latency

In this chapter, our focus lies on evaluating the efficacy of RL algorithms in addressing
the market making problem with a unique distinction from existing literature. Our model
not only incorporates the crucial element of latency but also allows for partial fills of LOs.
Unlike conventional approaches, our framework acknowledges the possibility of unfilled
LOs that can later be filled. This becomes particularly important when opting for the “do
nothing” action. This nuanced consideration of partial fills and the temporal dynamics
of unfilled orders adds a layer of realism to our model, capturing the intricate nature of
market dynamics and enhancing the representational capacity of the RL algorithms in

the context of latency-infused market making.

3.1 Simulation Study

In this section, we train a market making agent using RL methods in an artificial market
crafted based on the model delineated in Section 2.1.1. Our objective is to assess the
performance of the RL-driven strategy and draw comparisons with the analytical optimal

control outlined in Section 2.2.
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3.1.1 RL Settings

Simulator. We establish a simulated trading environment based on the market-making
with latency model described in Section 2.1.1 to facilitate the training of the RL agent

in making strategic decisions.

Each episode, representing a temporal trading segment, unfolds from ty to the terminal
time 7. The configuration of 7" in Table 3.1 designates each episode as equivalent to 1
minute, aligning with the setup detailed in Section 2.4.3. Within this episode, the RL
agent executes actions on the LOB at discrete time 0 =ty <t; < ... <ty <ty =T.
These action times adhere to a regular interval of dt. Due to the constant latency A7 €
0, dt], the LOB registers the submitted actions only at time t;., as defined in Eq. (2.2).
The starting fundamental price, setting the initial reference point for the market, is
randomly drawn from a uniform distribution. The price process S;, is delineated in
Eq. (2.58). The slopes of the demand functions, reservation prices, and MO arrival

probabilities can be referenced in the provided tables.

Table 3.1: Default values of the parameters in simulation in Section 3.1.

Parameter Value(s) Unit
Terminal time T’ 60 second
Time interval dt 1 second
Latency At 0.02 second
Initial Price Sy uniform(1.4 x 10%,2.2 x 10*)  tick

Price Process Sy, See Eq. (2.58), v = 4.43 tick
Slopes of demand funct1ons ek ar, ciT At> &t . oSee Table 2.5 share/tick
Reservation prices px_, px Ar AL e See Table 2.5 tick

MO arrival probabilities WXT, WXT’ A T, See Table 2.3

State Space. The state space of the environment consists of the following variables:

e Inventory level I, of the RL agent;
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e Remaining time till the end the trading horizon T" — ty;

+

outtk

+

e Ask/bid outstanding order sizes and its quote pairs 7y, .

Refer to Table 2.1 for the potential values that each state variable could take.

Action Space. The RL agent adheres to the strategy outlined in Section 2.1, executing
actions on the LOB at specific times 0 = ty < t; < ... < ty, where ty < T. In
the expansive action space, the RL agent’s choices Lti,c range from 0 to 3, o, and oo
on each side of the market. A choice of 0 to 3 prompts the RL agent to cancel any
existing outstanding LLOs and replace them with new ones at the corresponding quote.
An action of o signifies a moment of inactivity, while oo prompts the cancellation of
existing outstanding L.Os without placing any new ones. This nuanced strategy unfolds

through 36 distinct actions in the RL agent’s action space.

Immediate reward function. We adopt the immediate reward function employed in

[52]’

Tty

Rtk = (Wtk—H - Wtk) + (Stk+1ltk+1 - Stkltk) - [(6_ 2000 ))‘12

tkt1

— (TR, (3.)

where Wy, ., Sy, Iy, are defined in Eq. (2.4), (2.3), (2.5), respectively.

It quantifies alterations in the agent’s cash holdings and inventory value, coupled with
a penalty term on the agent’s inventory level at time t,. This penalty term, initially
negligible, gains prominence as the trading period progresses, reaching its zenith as time

converges towards 7. As in [52], we also opt for a discount rate, v in Eq. (1.1), of 1,
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resulting in an aggregated reward scheme that is formulated as follows:
N
R=> "Ry, =W+ Splp — M.
k=0

Hence, the goal to be maximized by the RL agent aligns with the objective in the control

problem of Section 2.2.

Action-value function approximation. We apply tile coding scheme to the state-
action space, which includes state variables (I, T — ty, quttk s Qouty, » ri, 7 ) and action
variables (L;;,L;k). Continuous state variables, I and ¢, spanning distinct ranges, are
finely divided into intervals. For I;,, ranging from -11 to 11, and ¢, ranging from 0 to
60, a resolution of ﬁ is recommended to capture subtle variations. This resolution is

derived from the reciprocal of the product of the number of intervals per variable in each

tiling (set to 8) and the number of layers of tilings (32).

- : + - + o= T4 T
In contrast, categorical variables, such as Qouttk,Qouttk,rtk,rtk,L L, , are treated as

tr tr
discrete tiles, with each unique value representing a distinct category. This configuration
aims to strike a balance between granularity and computational efficiency, applying a

finer resolution to continuous variables and a category-based approach for discrete ones.

RL algorithms. We train the RL agent employing SARSA and Q-learning, leveraging
tile coding for the approximation of the action-value function. The SARSA and Q-
learning algorithms for the simulation study are delineated in Algorithm 1 and 2. The

default parameters used in the learning algorithms are given in Table 3.2.
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Algorithm 1 SARSA Algorithm with Tile Coding
Input: Initialize action-value function weights: w; = 0 for all tile ¢
Output: Learned policy 7
1: for each episode do

2: Initialize the environment: generate fundamental price Sy,
3: Initialize state S;,: inventory I, = 0, remaining time 7' — ¢, = 7', outstanding
+ +

order sizes () = 0 and outstanding quote pairs r; = 00

outy k

4: Choose action A (e.g., e-greedy)

5: for each step t; of the episode do

6: Take action A

7 Update the environment:

8: Generate slopes of demand functions c_, CXT’ Ap Oy
9: Generate reservation prices px_, piﬂ A DA
10: Generate Price change S;, ., — S,
11: Observe reward R and new state S,y
12: Choose A,y from Sy, using ¢(Spew, @) (e.g., e-greedy)
13: for each tile j that covers the state-action pair (S, A) do
14: wj < wj + a[R 4+ 74(Snew; Anew) — (S, A)]
15: end for
16: S < Shew
17: A+ Anew
18: end for
19: end for
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Algorithm 2 Q-Learning Algorithm with Tile Coding
Input: Initialize action-value function weights: w; = 0 for all tile ¢
Output: Learned policy 7
1: for each episode do

2: Initialize the environment: generate fundamental price Sy,
3: Initialize state S;,: inventory I, = 0, remaining time 7' — ¢, = 7', outstanding
+ +

order sizes () = 0 and outstanding quote pairs r; = 00

outy k

4: Choose action A (e.g., e-greedy)

5: for each step t; of the episode do

6: Take action A

7 Update the environment:

8: Generate slopes of demand functions c_, CXT’ Ap Oy
9: Generate reservation prices px_, piﬂ A DA
10: Generate Price change S;, ., — S,
11: Observe reward R and new state S,y
12: Choose A,y from Sy, using ¢(Spew, @) (e.g., e-greedy)
13: for each tile j that covers the state-action pair (S, A) do
14: wj < wj + a[R 4+ ymax, §(Snew, a) — ¢(S, A)]
15: end for
16: S < Shew
17: A+ Anew
18: end for
19: end for
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Table 3.2: Default parameters for RL algorithms in Section 3.1.

Parameter Value

Number of tilings 32

Tile resolution 8

Learning rate 107°/(Number of tilings)
Discount factor 1
Exploration rate 0.8

3.1.2 Simulation Results

Simulations were performed with different configurations of training and testing episodes,
as detailed in Table 3.3. Specifically, we considered combinations such as 2000 training
episodes and 500 testing episodes, 1000 training episodes and 250 testing episodes, and
120 training episodes with 30 testing episodes. In each testing episode, the objective
value is computed as follows

Wr + Srlr — A2,

serving as the performance criterion. A comparative analysis is then performed, contrast-
ing the performance of RL with that of a random strategy. The random strategy involves

the random selection of actions from the RL action space at each step.

2 the duration of each training and testing

Constrained by computational resources
episode is approximately 5 minutes. This temporal constraint restricts our ability to
obtain outcomes from a more comprehensive set of training and testing episodes. The

comparative results are delineated in Table 3.3, which reveal the superior performance

2The experiments were conducted on a 2019 MacBook Pro with a 2.6 GHz 6-Core Intel Core i7
processor, 16 GB of 2667 MHz DDR4 RAM, and a 512 GB SSD. The operating system used was macOS
Ventura. The program was implemented in Python 3.7 and executed using VS Code. The experiments
were run without parallelization.
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of both RL algorithms over the random strategy. Evidently, an increase in the num-
ber of training episodes of RL algorithms correlates with improved performance. This
improvement is reflected in a larger terminal value and reduced standard deviation, in-
dicating greater robustness. The observed trend also suggests that the RL algorithms
have not reached convergence yet. However, constrained by temporal and computational
limitations, this represents the extent of our current findings. The prospect of conducting
further training and testing episodes stands as a potential avenue for future exploration
in this section.

Table 3.3: Mean and standard deviation of objective values Wr + Sy — AI% (given in
units of 10?), and average terminal inventory (given in unit of 1 share). A = 0.0005.

Reinforcement Learning Random
Train / Test  Algorithm P&L Terminal Inv. P&L Terminal Inv.
120 / 30 Qiﬁiﬁfﬂg '?3‘?6 (<18 5)) 21523 -27.9 (15.9) -10.25
1000 / 250 Q_Séisﬁng jzi 23 85 1?? -26.2 (16.4) -9.96
2000 / 500 Q_Séljrsn‘?ng :8:2 g gg }gi -26.3 (16.6) -11.26
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Chapter 4

Market Making with Running

Inventory Penalty

This chapter builds upon the work presented in [12], which offers a comprehensive anal-
ysis of the optimal policy for a HFM engaged in bid and ask LO placement. The authors
explore the strategic execution of these LOs at predetermined time intervals, aiming to
maximize profitability through efficient round trip transactions, while considering the
terminal inventory penalty. In this chapter, we extend the existing approach proposed
in [12] by incorporating a penalty associated with the running inventory throughout the
entire trading horizon. This novel approach allows for more effective management of the
market maker’s exposure to inventory risk. By integrating this running inventory penalty
framework, we enhance the market maker’s risk management capabilities and establish a

more robust framework for evaluating trading strategies.

4.1 Model Setup

For the sake of completeness and clarity, we include the following notation and details,

which are adapted from [12] and are similar to those in Chapter 2.
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As before, we assume that the market making strategy spans from time 0 to a predeter-
mined time point denoted as T' > 0. Within this timeframe, the market maker strategi-
cally places bid and ask LOs simultaneously on both sides of the LOB for a specific asset.
These LOs are executed at prearranged time intervals 0 =tg < t; < --- <ty < T, which

are defined in Eq. (2.1).

We also let ty; = T, and the set T is defined as {to,t1,...,tn11}. Adopting the
notation established in [12], all variables are defined within the context of a probability

space denoted as (€2, P, F), which is equipped with a filtration {F;}ie7.

As outlined in [12], the dynamics of buy and sell MOs are captured using a framework
based on two Bernoulli processes. With a slight abuse of notation, we define ]ltik+1 to
be the same as ifillf as defined in Eq. (2.12). Specifically, ]l;;Jrl and 1, . are Bernoulli

random variables that indicate the presence or absence of at least one buy or sell MO,

respectively, within the time interval [ty, tx11).

We make the assumption that 1,7 1,

torr Loy, € Ftypy, iImplying that these variables are mea-

surable with respect to the filtration ;. Moreover, we consider the joint probability

distribution of 1,7 and 1

. (. .
feit given F;, ,,, denoted as m, , (j%,77),

-
IP(]].;;+1 :j+7]]_;€+1 :j_ | Ftk+1) = 7Ttk+1(j+,j—),

for j= € {0,1}, where m,,, : {0,1} x {0,1} — [0,1]. This probability distribution m,,,
characterizes the likelihood of specific combinations of buy and sell MOs occurring within

the time interval.
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+

To further explore the characteristics of its distribution, we introduce the notation m;,_

to represent the marginal conditional probabilities. Specifically,

+ . +
Ty = IP(]ltk+1

=1 | ftk+1)‘

Throughout our analysis, we assume that 7722+ , and m, are both strictly positive.

Remark 4.1.1. By definition of marginal probabilities, we have

Tr:];Jrl = Wtk+1(17 1) + 7Ttk+1(]‘7 0)’

Ty = T, (1, 1) +7,,,(0,1).

The following relation between m, ., (1,1) and 7Tt:tk+1 holds for each tyiq:

(7Tt—;+1+ﬂ't_k+1—1)\/0§7Ttk+1(1,1) SW;H/\W;CH. (4.1)

The ask LO is strategically placed at time #; using the available information F;, . at
the price level a;, € F;, . Similarly, the bid LO is placed at time ¢; at a price level
by, € Fi,,,- We reparameterize a;, and b, as follows:

Ay, = Stk + L+ btk- = Stk — L;C

tr

Here, Li> € F;,,, represent the market maker’s spreads, while Sy, € 7, ., denotes the
fundamental price of the asset at time t;. Further details regarding the assumptions
governing the fundamental price process {Si, }x—o.. n+1 Will be provided later in the

analysis.
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It is important to note that the LOs placed at time ¢, may experience full or partial
execution within the time interval [tg, ;1) only if at least one MO arrives during that
specific period. Following [12], the number of filled shares on the bid side during the

interval [ty, tx, 1) is assumed to be determined by

Qurny = Lo G 06, — (Soe =11, )] = 15 e, (0, — Lay)-

The quantity of executed shares on the buy side during the interval [ty, ¢, 1) is influenced
by the positive random variables ¢, and p;, ., both of which belong to the information

set Fi,.,. We will specify their distribution in Assumption 4.1.1.

When no sell MO arrives within the interval [t, tx41), the indicator variable 1;,,, takes
a value of 0, resulting in no executions on the buy side. Here, p;, is defined such that
St — Pt,., represents the lowest price at which all sell MOs arriving during [t, tx+1) can
be executed. In other words, the bid LOs placed by the HFT will not be executed during
[tk tre1) if the price falls below Sy, —p;, . We refer to p; ., as the reservation price for

sellers.

The demand slope ¢; ,  quantifies the rate at which the number of executed shares on the
bid order increases as the bid price b;, approaches the fundamental price S;,. It captures
the sensitivity of the HFM’s bid order to changes in price, reflecting the trading behavior

in response to the proximity to the fundamental value.

Similarly, the number of shares filled by the HFM’s ask LO during [t, tx+1) is expressed

as

+ A g+ + R +
th+1 - ]ltk+1ctk+1 [(Stk +ptk+1) - atk] - 1tk+lctk+1(ptk+1 - Ltk)'
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Next, we state the main assumptions on c,i and p,i.

Assumption 4.1.1 (General Properties of (¢t,p*)). For k=0,..., N, we have

1. (¢*,p¥) are F, ., — measurable,

2. the conditional distribution of (czzﬂ,pzzﬂ,ct_ﬂl,pt_kﬂ) given (]:tk,]lzzﬂ,]lt_kﬂ) does
not depend on k and is nonrandom,
3. (c;:H,p;;H) and (c,;ﬁl,p,;ﬁl) are independent given (Fy,, ]l;;ﬂ, Li,..)-
Next, we introduce some further notation related to (c¢*,p*). For a,b € {0, 1,2},
£ . + + \b +
'uc“pb = E[(Ctk+1>a(ptk+1) | ‘Ftk’ ]ltk+1 = 1]' <4'2)

In order to incorporate the price impact resulting from liquidating a significant net po-
sition using MOs at the end of the trading horizon, we introduce a penalty term in the
objective function that accounts for both the running inventory and the terminal inven-
tory. This penalty term captures the adverse effects on the market caused by the HFM’s

efforts to unwind a substantial position.

The primary objective of the HFM is to maximize the following expression:

N+1

E[Wyp 4 Splp — A2 — I? 4.3

(Lhi)ea Wr o+ Srlr = Al ¢.Z ol (43)
j=k+1

where A represents the set of all F-adapted processes. Specifically, A is a set that includes

all processes whose values at each time are determined by the information available up

to that time, given by the sigma-algebra F; and inventory penalty parameters A\, ¢ > 0.

Within this context, Wr signifies the cash holdings of the market maker, while I denotes
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the inventory maintained by the market maker at the conclusion of the period [0, T].
Additionally, I;; represents the running inventory at time ¢;, where ; is a specific point
within the trading horizon. This running inventory captures the evolving net position

held by the market maker throughout the course of trading.

In Equation (4.3), the term AI? serves as the penalty for the terminal inventory. This
penalty component reflects the price impact or cost associated with liquidating a signifi-

cant net position using MOs at the end of the trading horizon.

Moreover, the term ¢ Z;V:J;il Ifj constitutes the penalty for the running inventory. This
penalty term captures the adverse effects arising from maintaining a running inventory
over the trading horizon. The parameter ¢ scales the running inventory penalty, influenc-
ing the weight assigned to the running inventory component in the overall objective. It is
crucial to recognize that holding inventory can introduce inherent risks and uncertainties.
The market maker is exposed to potential price fluctuations and market movements that
may adversely impact the profitability of her inventory holdings. Therefore, it becomes
imperative for the market maker to diligently assess the trade-off between holding inven-
tory and the associated risks it entails. By striking the right balance between minimizing
inventory and maximizing trading opportunities, the market maker can effectively navi-

gate the trade-offs and make informed decisions that align with her overarching goal of

maximizing expected terminal wealth.

By incorporating both the penalty for terminal inventory and the penalty for running in-
ventory within the objective function, the model appropriately accounts for the potential
price impact of liquidating a large net position at the end of the trading horizon, as well

as the ongoing impact of maintaining a running inventory throughout the trading period.
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Drawing from the established notation employed by [12], the cash holding and inventory

processes, {W;, } and {I;, }, respectively, satisfy the following equations:

_ + -
Wtk-H - Wtk + athtkH - bthtk+1

= Wtk + <Stk + L;I_c)]lz';-‘rlcgl_c-&-l <p21::+1 - L;I_c) - <Stk - Lt_lc)ﬂ;c-klct_k-&-l (pt_le+1 - Lt_k)
(4.4)

and

Itk-H =1y, — Q;—c+l + Q;f+1 (4 5)

e S P
- Itk ﬂtk+1ctk+1 (ptk+1 Ltk) + ]ltlc+lctk+l (ptk+1 Ltk)’

where Wy, = 0 and [, = 0.

4.2 Analytical Optimal Control

At time tg, the value function of the control problem described in Eq. (4.3) is denoted
by V;,. It is defined as the maximum expected value obtained by optimizing the control

variables (L, L™) within the set \A. The value function can be expressed as follows:

N+1
V, = sup E[WT+STIT—AJ%—¢ 3 13}
(L+,L-)eA Pl

By applying the dynamic programming principle, we can establish a recursive relationship
satisfied by the value function. This relationship, known as the Bellman equation, is
given by:

Vi, = sup E[V,,, —oI} | F]. (4.6)

trt1
(L+,L-)eA "
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4.2.1 Optimal Strategy Under a Martingale Fundamental Price

Process

In this subsection, we assume that the fundamental price S;, € F;, of the asset is a

martingale:

E[Sy,, | Fil = Sty k=0,...,N. (4.7)

Furthermore, we assume conditional independence between S ., — S, and

S -
(ﬂtk+17 ﬂtk+1 ) Ctk+1 ) ptk+17 Ctk+1 ) ptk+l)7 glven ‘Ftk'

We begin the analysis by introducing an ansatz for the value function V}, .
‘/f,k =v (tk‘7 Stk7 Wtk) Itk) = Wtk + atkjfk + Stk-[tk + htkltk + Gty (48)

where a : T — R, h: T — R, and ¢ : T — R are deterministic functions defined on the
time grid 7 = {to,t1,...,tn+1}. By plugging the ansatz into the Bellman equation (4.6),

we have the following iterative representation for the value function

Wtk + O‘tk[ti + Stkjtk + htk‘[tk + Gy,

_ 2
= sup E [I/V,gk+1 + Oltk+1]tk+l
(L, L, €A

+ Stk+1[tk+1 + htk+IItk+1 + Gtprr — Cb[ti_,_l | ‘Ftk]'
(4.9)
Since Vp = Wy + Splp — M2, we obtain the terminal conditions ayr = —\, gr = 0, and

hy = 0.

The optimal control can be determined by solving Eq. (4.9) in a backward fashion. The
proposition below provides the expression for the maximizing point (L:;’*, L;”"). A similar

result was obtained in [12] in the absence of the running inventory penalization.
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Proposition 4.2.1 (Optimal Controls). The optimal controls that solve the optimization
problem (4.9) using the ansatz (4.8) and state dynamics (4.4)-(4.5) are given by

tk _ (DA+ @A+ B3)A+
L = AL I, + @A + @A

T
* (4.10)
L))" ==DA; I, — @A, + A,
for k=0,...,N. The coefficients above are specified as
mpE — Btik (atk+1 B ¢) @ ﬁtikhtkﬂ
te ? 17 2 ?
Vi Vi
¥
Uy
(3)"4?1:9 - ﬁ ((athrl - ¢)/v‘j2 - Mj) [Trtjlzcﬂ('ug;’ - z(at’“ﬂ N ¢),u2t2p)
k
4.11
+ 2<atk+1 - (b)ﬂ-tlﬁtl (17 1)“?”2} ( )
(atk+1 - ¢)

+ i (1,1) pis |7, (0, = 2, — O,

2715)@
+ Q(th-u - ¢)7Ttk+1 (17 1)”?/4@2} )
and
. +,-12
T = |:7Ttk+1(17 1)(atk+1 - ¢)Mc :uc}
- 7Tt+k+177-;€+1 ((atk+1 - (b):uzg - :u;r) ((atk+1 - ¢)/J/;2 - ,LL;) ) (412)

_ 2
Btik = 7T:I;+17Ttk+1,uzt ((oth1 — )b — ,uf) — thﬂwtkﬂ(l, (o, — qﬁ)uf (uf) . (4.13)

In the expressions above, a : T — R and h : T — R are specified using the following

backward equations: ar = =X\, hy =0 at T =ty,1 and, for k=0,... N :

Qpy, = Oy g — ¢+ Z ﬂ-ka [((atk+1 - ¢)Mi2 - :ug) (mAfk)Q + 2(atk+1 - ¢>Ng (<1)Afk)i|
o=%

+ 2(atk+1 - ¢)7Ttk+l (17 1):“2_/%_ ((UA;(UAI;)
(4.14)
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and
ht’“ :ht’c“ + Z ﬂ-fk-‘rl {2 ((atk+1 - ¢):ug2 - ,ug) [(I)Afk ((5(3)Afk + (Q)A?k)]
==+

+ 2<atk+1 - d)):ug (6<3)Afk + (%A?k) - 2(atk+l - ¢) (5:ugp)

+ (6“)141(;) (:uip + 5htk+1/~£ - 2<atk+1 - gb):qup) } (415)
- 2(atk+1 - ¢)Wtk+1<17 1)#:;&5 [(I)Az; ((3)147; - (2)147;) - (UA;C ((%Ai + (3)/4:;)
'u;;? WA~ 'uc_p WA+
+E( tk)_E( tk)}

Upon comparing our findings with Proposition 1 in [12], we observe a similarity in the
structure of the optimal controls. However, a notable distinction arises due to the in-
corporation of the running inventory penalty. In our case, the presence of the penalty
parameter ¢ modifies the expression ay, ., to oy, , — ¢. This adjustment allows us to
effectively manage the running inventory by accounting for the penalty at each trading
interval when updating oy, . Consequently, our approach facilitates enhanced control over
the inventory dynamics. Lemma 4.2.2 shows the negativity of oy, . This characteristic of

oy, serves as a crucial element in the subsequent proofs of the following theorems and

k

propositions.

Lemma 4.2.2. The quantity o, defined in Eq. (4.14) is negative for every ty.

In contrast to Lemma 1 presented in [12], we observe that the claim of strict decreasing
behavior of oy, with respect to ¢, does not hold. The monotonic behavior of the modified
oy, , as defined in Eq. (4.14), is contingent upon the value of the parameter ¢, as illustraded
in Figure 4.1. Specifically, when ¢ takes on small values, oy, exhibits a strict decreasing
trend with ¢;. Conversely, for larger values of ¢, a;, demonstrates a strict increasing

pattern with .
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Figure 4.1: Paths of «y, for different values of running inventory penalty ¢ under symmet-
ric market conditions. The agent acts every one second from 0 to 19800 seconds. Plots
are generated with the following parameters: A = 0.0005, y= = 100, u;,t =5, ufp = 500,
pin = 1x 104 ps =5 x 10, 7t = m, =02 and m, (1,1) = 0.1,

Remark 4.2.1. Through the solution of the Bellman Equation (4.9) following the ap-
proach outlined in Proposition 4.2.1, we are able to derive an explicit expression for the
coefficient gy, in the value function given by Eq. (4.8). This computation enables us to

obtain the value of g, for each time step k =0,1,..., N by means of a backward iteration

Process.

Jte = Gty + Z mel [ ((O‘tk-u - ¢):ug2 - 'ui) (<3)14'fk + (5(2)14?k))2
o==%

+ (atk“ - ¢)Mg2p2 - (5htk+1) '“gp

+ (,uip + (5htk+1) :ug - Q(Oétlwl - QS)Mng) ((B)A?k + (5(2)‘4?1@)) ]

- - N\, Ml
- 2(atk+1 - ¢)7Ttk+1(17 1),“2_/% [ ((2>Aj1; + (B)A;Z) ((B)Atk — (Q)Atk) -+ —f _f
He He
[y [
B o) 2 o |
He e
(4.16)

with gr = 0.

The admissibility of the control pair (L;”* L;”), as defined in Proposition 4.2.1, can

tk’

be formally established. This admissibility condition is ensured by the property that
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I, € F,, and by the deterministic nature of the functions mAi, (Q)Ai, (B)Ai. Up to this
point, we have obtained a preliminary solution to the control problem (4.3) that satisfies
the necessary condition specified by the Bellman equation (4.9). However, in order to

establish its optimality, we present a verification theorem that rigorously confirms the

optimality of the control pair (L;;’*, L;k*) as the solution to the original control problem.

Theorem 4.2.3 (Verification Theorem). The optimal value function Vi, for the control

problem (4.3) can be expressed as:
Vtk = U<tka Stk7 Wtw [tk)7
where, fort, € T,
v (ty, s,w,1) = w + ay, i* + si + hy, i + Gy,

The coefficients oy, and hy, are determined according to Proposition 4.2.1, while g, fol-
lows the expression given by Eq. (4.16). The control pair (L;* L") given in Proposition

tk7

4.2.1 represents an optimal control strategy for the control problem (4.3).

The proof of Theorem 4.2.3 closely mirrors the derivation presented in Appendix A.3 of

[12]. Interested readers are encouraged to consult that reference for further details.
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4.2.2 Optimal Strategy with a General Adapted Fundamental

Price Process

In this subsection, we relax the previous assumption of the fundamental price pro-
cess {S, },e7 being a martingale and instead consider a more general adapted pro-
cess. Additionally, we introduce the assumption that, conditional on F;,, the increments

- + -+ + - — '
{St,41 — St b=k and the variables (1, , 1, ., ¢, 5P, Ch s Pty ) are independent.

To facilitate our analysis, we introduce the notations:
Ay, = E[Sthrl — S, | Ek]

and

A =E[A, | Fo ) =E[Sy., — Sy | Bl >k,

Jj+1

The quantity A, represents the HFM’s forecast regarding the change in the asset price
during the interval [ty,r41), based on the available information at time t;, while AZ“

represents the conditional expectation of the future price change in [t;,t;11).

The incorporation of these forecasted price changes significantly enhances the flexibility
of our model, enabling us to capture more realistic and diverse price dynamics. By consid-
ering both the HFM’s immediate forecast A, and the conditional expectations AZ“ over
different time intervals, our framework becomes more comprehensive and adaptable. This
broader perspective allows us to examine a wide range of scenarios and provides a robust

foundation for studying the optimal control problem in a dynamic market environment.

The following theorem presents the optimal control strategy for the control problem (4.3)

when considering a general fundamental price process. It highlights the impact of price
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jump forecasts on the optimal placement spreads, contrasting it with the solution derived

under the assumption of a martingale price process, as illustrated in Eq (4.10).

By relaxing the martingale price assumption, the theorem unveils the adjustments re-
quired in the optimal placement spreads to account for price jump forecasts. These
forecasts introduce additional information that significantly influences the control strat-
egy. Comparing the derived solution under the martingale assumption with the optimal
control obtained in the general case sheds light on the changes in optimal behavior re-
sulting from incorporating price jump forecasts into the model. The theorem provides
valuable insights into the dynamic nature of the optimal control problem, capturing the

impact of non-martingale price dynamics on the decision-making process.

Theorem 4.2.4 (Optimal Control with General Adapted Fundamental Price Process).
The solution to the Bellman equation (4.9) with a general adapted fundamental price

process are given, for k=0,1,..., N, by

T 4% * ﬁ+ ﬁ
fir e fhac () & Mess
Ty, Ve

j=k+1 l=k+1 (4.17)
L =Ly~ e, - (ﬁtk ) Z H GA
k k k i
2fytk 2f)/tk j=l€+1 €=k+1 !

where Li’* 15 the optimal control with a martingale price process as derived in Proposition
4.2.1. ﬁtj; and 7y, are the deterministic sequences consistent with Eq.(4.13)-(4.12), and

the quantity & is defined as:

O —¢ 5
gk =1+ % tk+16tk [ . ((atk+1 - Qb)ﬂgz - /Ji) + Q’Ug
tk §==+ Tt (4 18)
(Olt - ¢) — -
+ QHTWWA(L 1):“?:“0 ﬁttﬁtk
k
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Remark 4.2.2. In the Appendiz B.1, we demonstrate that when the fundamental price
follows a general adapted process, the proposed ansatz for the value function V,, is given
by:

Vi = 0 (ths Stps Wags In) 1= Wiy + 12 + Sy I, + hay Loy + G- (4.19)

Here, o : T — R is a deterministic function, same as the case of the martingale price as-
sumption in (4.14). Additionally, {Etk oer and {gr, Y1, e are dependent on {A,,, AZ‘ Yisk
and adapted to the filtration {F;}er. The specific expressions for h and g can be found
in Egs. (B.17)-(B.18), utilizing the notation provided in (B.2). The proof of the corre-

sponding verification theorem follows a similar approach to the proof of Theorem 4.2.3.

The optimal placement strategies at time ¢, considering a non-martingale dynamics for
the fundamental price process, can be expressed as follows:

ay, = Sy, + L ij =S, — ZZJ*- (4.20)

tr

Here, a;, represents the price for the ask LO, while Zj;‘k represents the price for the bid LO.
Equation (4.17) emphasizes that we can decompose the task of determining the optimal

trading strategy into two subproblems.

First, we compute the recursive expressions (4.11)-(4.15). This computation is performed
“offline” at the onset of each trading day. In other words, all the parameters required to

calculate Ltik’* are predetermined at the beginning of the day.

Second, we address the forecasting problem by determining {AZ“ }i=k,...~ and calculating
Ea* using the expression for L:;’* as given in Eq. (4.17). This step is carried out “online”

at each time point t;. Consequently, under a general adapted fundamental price process,

94



the optimal strategy Z:;* incorporates the perspectives of the HFM regarding changes in

the fundamental based on the information available to her at time ;.

Next proposition provides necessary conditions for a positive bid-ask spread of the HFM’s

optimal placement.

Proposition 4.2.5 (Conditions for a optimal Positive Spread). Under both martingale
and non-martingale price processes, the optimal placement strateqy yields positive spreads
at all times (i.e., a;, > by, for all k = 0,...,N), provided that the following three

conditions hold:

1. The first and second conditional moments of ¢* defined in Eq. (4.2) satisfy

flo = [ = [oy e = s = Ho. (4.21)

2. Buy and sell MOs arrive with the same probability:

(4.22)

+ o —
ﬂ-tk+1 — 7Ttk:+1 :

3. The conditional expectations of (cp)* and (c*p)* defined in Eq. (4.2) satisfy

Moy = Helly s Hia, = Hoshly - (4.23)

The conditions presented as (4.21) and (4.22) establish a symmetric market framework.
Specifically, under the condition (4.21), the mean and variance of the bid demand slope
are identical to those on the ask side. Furthermore, condition (4.22) posits that the

arrival probabilities of buy and sell MOs are equal within each time interval [t;, , tx11).
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Additionally, condition (4.23) assumes that the demand slope and the reservation price

are uncorrelated. These assumptions are supported by empirical evidence.

4.3 Properties of the Optimal Placement Strategies

In this section, we will discuss the behavior of the optimal placement strategies and their
sensitivities to model parameters, such as the arrival rate m, (1, 1), the inventory level I,

and the penalty A on the terminal inventory.

4.3.1 Sensitivity to Simultaneous Arrival Probability

Case m,(1,1) = 0.  We first focus on the case of m,(1,1) = 0, which means that
only one type of MOs, either buy or sell, would arrive during each subinterval [tg, t;1).
Denote the optimal ask and bid price under this condition as Ei;;o and ZZLO, respectively.

Following from Eq.(4.20), @;° and EZLO are given by:

Z+,*,O
tg
_= t t 9
e o=l st 2uf = (ad = k] 2 = (af, — d)uk]
(4.24)
_Z—,*,O
I
o _ g (00, — O o = 200, = Oty (Ao 4 H s
- t —_ Lt — — — 1
t’“ Fope — (@, e o 2lug —(ab,, —Ppal  2ps — (af,, — O]
(4.25)
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where

2
(@) — o))
0 let1 c
= (O =9 +§2%4 (o~ O

hy, = h, + Z H AL,

j=k+1 =k+1
and hy , & are given by Eq. (4.15) and Eq. (4.18) respectively, setting 7, (1,1) = 0

therein.

Remark 4.3.1 (A Weaker Condition For a Positive Spread (ZL'Z;O > E‘ko)) In the case of
m, (1,1) = 0, only the first symmetry condition (4.21) in Proposition 4.2.5 is needed to

guarantee a positive spread:
+ 0 + — 0 _
a;’ — b* 0 L+’*’O L_’*’O Hep — 2(atk+1 _ ¢)MC2P Fep — 2(atk+1 - qb)chP

t — 0.
: 2 (it — (% —ouh) 2 (ur — (o) —Oa)

It follows from a?k < 0 as shown in Lemma 4.2.2.

The inventory level affects prices of the HFM’s LOs through the second terms in

( karl ¢)l‘«c

Eqgs.(4.24)-(4.25) (i.e.

O +1I;, ). This term determines the shadow cost of
Qg1 P2

inventory at time ¢;. The coefficient of I;, can be written as

(af,, — Oz (o}, —9)
pE—(0f,, — s 1—(ah,, —o)uF —af, Var(c,,, | Fy) /ut

Case m, (1,1) # 0. The occurrence of simultaneous arrivals of buy and sell MOs during
a single time step, denoted as m, (1, 1), is generally low in high-frequency trading settings,
such as intervals of 1 second or less. In our empirical analysis presented in a later section,
we have observed that m, (1,1) is approximately 0.05 for a trading period of 1 second.
However, this situation changes when the trading frequency is reduced, such as in the case

of intervals of 5 seconds or longer. In such scenarios, it becomes crucial to account for the
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possibility of joint arrivals. To further explore the behavior of optimal placement under
the conditions outlined in (4.21)-(4.23), along with additional conditions, we present the

following corollary, which provides valuable insights.

Corollary 4.3.1. Under Assumptions (4.21)-(4.22), the optimal spreads are

e invariant to the local drifts {Ay, }r—o.. N

e independent on the inventory level.

Suppose that, in addition to (4.21)-(4.22), the condition (4.23) as well as the following
conditions hold:

= e, 7w =7 m(1,1) =rx(1,1), (4.26)

k

for some constants 7+ € (0,1) and 7(1,1) € (T +7~ —1) VO, 7" An~]. Then,

e the monotonicity of the optimal spreads over time is determined by the value of ¢.
And if m(0,1) = 7(1,0) = 0, the optimal spreads remain constant throughout the

trading horizon, exhibiting a flat behavior.

e the optimal spreads display a decreasing trend, when considering 7w(1,1) at a specific

time point.

Although the HFM’s inventory level and price drift play a role in determining the optimal
bid and ask prices, it is interesting to note that the difference between the optimal ask
and bid prices, also known as the optimal spread, remains unaffected by these factors.
In other words, the spread does not depend on the specific inventory level or price drift

considered.
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The optimal spread exhibits distinct behavior depending on the value of the running
inventory penalty, ¢, as depicted in Figure (4.2). When ¢ is small, resulting in a relatively
mild penalty for maintaining a running inventory, the optimal spread displays a non-
decreasing pattern over time, escalating notably towards the conclusion of the trading
horizon in response to penalties on terminal inventory. A broader spread empowers a
HFM to regulate her inventory by executing more pronounced trades on a specific side
of the LOB. The augmented spread accommodates the increased likelihood of round-trip

transactions between consecutive actions, particularly as m(1, 1) rises.

Conversely, when ¢ attains a large value, signifying a substantial penalty on running
inventory, the optimal spread demonstrates a non-increasing trend with time. Towards
the termination of the trading horizon, it experiences a marked decline. The HFM,
faced with a higher penalty for maintaining inventory positions, opts for a more risk-
averse stance, reflected in the larger the bid-ask spread from the beginning. As discussed
earlier, a wider spread empowers the HFM to exercise greater control over her inventory
level. While the bid-ask spread experiences a significant decrease towards the end of the

trading horizon, it remains notably larger compared to scenarios with a smaller ¢.

4.3.2 Sensitivity to Inventory Level

In this section, we perform a sensitivity analysis to examine the impact of inventory levels

I;, on the optimal prices. Specifically, we consider the scenario where both buy and sell
MOs arrive simultaneously (i.e., 7(1,1) > 0). The following corollary investigates the
relationship between inventory levels and the monotonic behavior of the optimal prices.

It sheds light on how the prices respond to changes in inventory.
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Figure 4.2: Optimal bid-ask spread for different values of running inventory penalty
¢ under symmetric market conditions. The agent’s actions are executed every second,
spanning from 0 to 19800 seconds. The plots are generated based on specific parameters
ensuring the fulfillment of Conditions (4.21)-(4.23) and (4.26). Specifically, we set A =
0.0005, pF = 100, pF = 5, p = 500, ps = 1 x 10%, s = 5 x 104, mf = m = 0.2,
7(1,1) ranges from 0 to 7.

Corollary 4.3.2. The optimal ask price aj,and the bid price g;‘k as defined in Eq. (4.20),

are strictly decreasing with inventory I, .

Corollary 4.3.2 underscores the persistence of the decreasing characteristic in optimal
prices concerning inventory, irrespective of the specific value assigned to ¢. However, the
parameter ¢ does exert influence on the behavior of the ask/bid spread. In instances
where ¢ is negligible or equal to zero, and for a positive inventory level, both bid and ask
prices undergo a decremental adjustment, facilitating the orderly sale of the HFM shares.
Conversely, when the HFM holds a negative inventory, there is an inclination to elevate

bid and ask prices, a strategic move to procure additional shares.

Contrarily, in scenarios where ¢ assumes a relatively larger value, the observed behavior
is inverted. For a positive inventory, bid and ask prices experience an upward adjustment,
aimed at encouraging share sales. Similarly, in the case of a negative inventory, the HFM
opts to lower bid and ask prices, aligning with a strategy focused on accumulating more

shares.
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In Figure 4.3, the dynamics of optimal bid and ask spreads are illustrated over the final
500 seconds within a 5.5-hour trading interval, considering a spectrum of inventory levels
from -1000 to 1000. As in Figure 4.3(a)-(b), when ¢ is small or zero, in accordance with
Eqs. (4.24)-(4.25), both optimal ask and bid spreads consistently hover around . /2 and
oy /2, respectively, for the majority of the trading period. This observation holds true

irrespective of the specific inventory level.

Nevertheless, as the terminal time approaches, the influence of inventory levels on the
optimal bid and ask spread becomes more pronounced. Figure 4.3 reveals two discernible

strategies contingent on varying inventory levels:

e For low inventory levels (e.g., between -250 to 250 shares), both ask and bid spreads
exhibit an increasing trend over time. Consequently, both selling and buying activ-
ities are subdued as the trading period concludes. This approach enables the HFM

to sustain a low inventory level until the closing moments.

e Conversely, in the scenario of highly positive inventory levels (e.g., surpassing 250
shares), the ask spread adopts a decreasing trajectory with time. This pattern
reflects the HFM’s heightened inclination to sell more shares as time progresses.
Similarly, if the inventory level is markedly negative (e.g., falling below -250 shares),

the bid spread decreases over time.

When ¢ assumes a large value, as illustrated in Figure 4.3(c), the following observations,

contrary to the earlier scenario, are noted:

e For low inventory levels (e.g., ranging from -250 to 250 shares), both ask and bid
spreads exhibit a decreasing trend over time. Notably, this decrease is from a

much higher spread compared to the low ¢ value case. Despite the continuous

101



decrease, the spreads remain higher than those observed for the low ¢ value case.
Consequently, both selling and buying activities are restrained as the trading period
concludes, allowing the HFM to maintain a low inventory level until the closing

moments.

Conversely, in the case of highly positive inventory levels (e.g., exceeding 250
shares), the ask spread follows an increasing trajectory with time. However, this
increase is from a much lower spread compared to the low ¢ value case. Even with
the overall increase, the spreads remain lower than those observed for the low ¢
value case. This pattern signifies the HFM’s heightened inclination to sell more
shares as time progresses. Similarly, if the inventory level is significantly negative

(e.g., falling below -250 shares), the bid spread increases over time.
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Figure 4.3: Optimal spreads in the last 500-seconds with various inventory levels for
different values of ¢. The agent’s actions are executed every second, spanning from 0
to 19800 seconds. The plots are generated based on specific parameters ensuring the
fulfillment of Conditions (4.21)-(4.23) and (4.26). Specifically, we set A = 0.0005, u= =
100, p =5, p& =500, pzz = 1 x 10*, pis =5 x 10*, m/ = 7, = 0.2, 7(1,1) = 0 and
Ay, =0for k=0,...,N. 103
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Figure 4.3: Optimal spreads in the last 500-seconds with various inventory levels for
different values of ¢. (cont.)
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4.3.3 Sensitivity to Terminal Inventory Penalty

In this section, we explore the relationship between the monotonicity of the optimal
bid and ask spread and the inventory level over time. Specifically, we examine how
the monotonic behavior changes as the inventory level varies. We provide an analytical
expression for the inventory threshold and investigate the impact of different terminal
inventory penalty levels and 7(1,1) values on the monotonicity of the optimal bid and
ask spread with time. The following corollary focuses on the scenario of 7, ,,(1,1) and

provides further insights into the relationship. There are similar results in [12].

Corollary 4.3.3. Under the following assumptions:
e the market is symmetric, i.e., conditions (4.21)-(4.23) of the Proposition 4.2.5 hold
and that p, = 5 = i,
e 7(1,1) =0, i.e., only one type of MOs can arrive during each subinterval,

e the fundamental price is a martingale process,

there exists a threshold for the inventory level,

It = :l:NCQNp
24t

such that the following statements hold for any penalty level A > 0:
e When the inventory level I;, = I (I7), the optimal ask (bid) spread stays at Sy, +
tp/2(St, — p/2) as time goes to T';

e When the inventory level I, € (I=,I7), the optimal ask and bid spreads increase

as time goes to T';
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e When the inventory level I, > It (I, < I~), the optimal ask (bid) spread decreases,

while the optimal bid (ask) spread increases as time goes to T.

When there is no terminal inventory penalty, the optimal bid and ask spreads maintain a
consistent level throughout the trading day, irrespective of the inventory level, as shown

in Figure 4.4.

As the terminal inventory penalty increases, a HFM with a positive inventory position
consistently positions bid LOs deeper to deter purchases. On the ask side, three strategies
are viable: (1) placing ask LOs deeper into the book, (2) positioning ask LOs closer to
St,, and (3) maintaining the ask spread unchanged from its current value. According to
Corollary 4.3.3, the selection among these strategies hinges on the relationship between

the current inventory level I;, and the inventory threshold value I*.

The left panel of Figure 4.4 depicts optimal placements for positive inventory levels
with thresholds /* = 4250. For an inventory position below 250 shares, the HFM
strategically positions both bid and ask orders deeper into the book as time approaches
T to maintain the current inventory level. The magnitude of the penalty on the terminal
inventory dictates the depth of LO placement on both sides of the book. In the left
panel of the middle row in Figure 4.4, when the inventory level equals the threshold,
the optimal bid delves even deeper into the book at the next time step, while the ask
spread remains constant, regardless of the penalty’s magnitude. For inventory levels
surpassing the threshold, the HFM narrows the ask spread to execute more ask LOs
and, consequently, reduce the inventory level. The higher the inventory, the closer she
positions the ask quote to the price S;,. Analogous analyses are applicable to negative

inventory positions, as demonstrated in the right panel of Figure 4.4.
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Figure 4.4: Optimal trading strategies in the final 100 seconds: impact of inventory,
terminal inventory penalty A, and running inventory penalty ¢. The agent’s actions are
executed every second, spanning from 0 to 19800 seconds. The plots are generated based
on specific parameters ensuring the fulfillment of Conditions (4.21)-(4.23) and (4.26).
Specifically, pF = 100, p = 5, pZ = 500, pjs =1 x 10%, us, = 5 x 104, m = m, =0.2.

m(1,1) =0 and Aty =0 for k=0,...,N.
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Figure 4.4: Optimal trading strategies in the final 100 seconds: impact of inventory,
terminal inventory penalty A, and running inventory penalty ¢. (cont.)
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Figure 4.4: Optimal trading strategies in the final 100 seconds: impact of inventory,
terminal inventory penalty A, and running inventory penalty ¢. (cont.)
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The optimal strategies exhibit significant differences when joint arrivals are permitted.
The insights from Figure 4.5 underscore that when 7, (1,1) > 0, there exists no specific
inventory threshold yielding a constant optimal bid or ask spread across various penalty
levels, irrespective of the value of running inventory penalty ¢. Moreover, at certain
intermediate inventory levels, the optimal spreads under a substantial terminal inventory

penalty A deviate from a monotonic temporal pattern.

To elucidate the non-monotonicity observed, let’s consider the left panel of Figure 4.5.
When a higher penalty is imposed on the terminal inventory position, a logical response
is for the HFM tends to adopt a narrower ask spread. This adjustment aims to facilitate
more sales of her shares as the terminal time approaches, with the goal of attaining a
lower inventory position. However, as time approaches the very limit of the terminal time
T, a shift in strategy becomes apparent. It becomes more crucial to profit directly from
fewer but wider roundtrip transactions. This strategy helps compensate for losses from
the terminal inventory cost while simultaneously maintaining the current intermediate
inventory level. Such a strategic adaptation is deemed reasonable since m, (1,1) > 0,

indicating a higher likelihood of roundtrip transactions occurring.
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Figure 4.5: Optimal trading strategies in the final 100 seconds when m, (1,1) > 0 for

different values of ¢. The agent’s actions are executed every second, spanning from 0 to
19800 seconds. A ranges from 0 to 1. The plots are generated based on specific parameters
ensuring the fulfillment of Conditions (4.21)-(4.23) and (4.26). Specifically, u= = 100,

Aty =0for k=0,...,N.

py =5, pg, =500, pi = 1 x 10%, ps = 5x 10%, mf = m = 0.2. w(1,1) = 0.05 and
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Chapter 5

Conclusion and Future Work

In this dissertation, we address the market making problem by incorporating consid-
erations of latency and running inventory control. Our approach involves leveraging the

optimal control framework alongside advanced RL techniques.

For the latency-inclusive market making scenario, we initially study a stochastic control
problem. Herein, we reformulate the problem into a finite MDP, providing explicit charac-
terizations of immediate rewards for each temporal period and subsequently numerically
solve the formulated problem. Our contributions extend to dimensionality reduction,
wherein we effectively diminish the number of state variables from 7 to 5. Furthermore,
we empirically assess the efficacy of optimal placement strategies. Throughout this in-
vestigation, we introduce and emphasize the significance of two concepts: the number of
filled shares and the value of order with partial fill. These concepts prove instrumental in
articulating demand functions and immediate rewards. As a complementary avenue, we

adopt RL techniques, systematically evaluating the performance of various algorithms.

In the realm of market making with running inventory, this work serves as an extension
of the study [12]. Our contribution builds upon the existing framework by introducing a

new dimension: running inventory penalties. This addition, extending beyond terminal
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inventory control, is strategically designed to enhance the management of inventory risk,

fostering greater efficiency in market making strategies.

Future research avenues within the optimal control framework for addressing market

making with latency include:
e Investigate a stochastic delay problem, introducing variability in latency values
rather than assuming constant latency.

e Extend beyond the confines of a random linear demand function and explore alter-

native forms of demand functions.

e Develop an analytical expression for the value function under specific assumptions,

potentially utilizing techniques like quadratic approximation.
e Explore the efficacy of neighborhood search method to derive suboptimal strategies,

offering insights into robustness and adaptability of market making algorithms.

For future investigations into the application of RL methods in addressing market making

with latency, the following pivotal areas could be explored:

e Increase training and testing episodes in the current simulation. The limitations
in time and computational resources have constrained the extent of agent training.
Expanding these episodes would allow for a more comprehensive exploration of the

agent’s learning capabilities and convergence patterns.
e Experiment with more sophisticated RL algorithms to assess their efficacy.
e Evaluate the performance of these RL methods using authentic LOB data.

e Implement nonlinear VFA techniques, particularly leveraging deep neural networks.
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Appendix A

Proofs and Simulation Configuration

of Chapter 2

A.1 Proof of Proposition 2.2.1

Proof. We begin by proving Eq. (2.29). Note that

]E[VOT(I{?) | ‘/—:tki| = TiE[]lfillki,Ci(pi - T;z)-F A Qo:tuttk ‘ ]:tk]

F ]E[AStk : ]]‘fill]fci (pi - T?I:c)"" A Q(:)tuttk | ftk}

By Assumptions 2.1.2.1 and 2.1.2.2, the second term is 0. For the first term, by Assump-

tion 2.1.1.4, we have

E[]lfillkici (pi - ri)+ A qut% | Fiu
= E[ﬂfizsz[ci (pi - Ttik)Jr A Qouty, | Furs ]lfizz,f] | Fir]

outtk

- E[ﬂfﬂzjhiT(]lfulki?ria quttk) | ftk] = WihiT(LTia oiuttk)7

where we used the notation (2.32). We then conclude that

E[VOY (k) | Fu] = miphx, (L3, Qo )-

outtk
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In particular, we have

E[VOY (k)| Xy, = E[E[VOF (k) | ] | Xe,]
:E[WflihiT(l rE QT ) |th]

[ A OUttk

- ﬂ-t hiT(]‘ rtk7 (:)tuttk) = E[VOit(k) | ‘Ek:| .
The proof of (2.29) is now complete.

Note that VO3 (k) takes the same form as VOF (k) and, thus, using the same arguments

as above and Assumptions 2.1.2.1, 2.1.2.3, and 2.1.1.6, we can conclude that

E[VO5(k) | Xy =E[VO; (k) | Fi] = 7ihi, (Lri, QL ),

outtk

where 7; is defined in Eq. (2.15) and we used the notation (2.32).

Next, we proceed to prove (2.30), for which we need to evaluate:

E[ﬂ{iAStk<Li} ) (Ltik, FAS, F ASthr) ) []1fmki+ Ca@a ) Qmax]

+ ]l{:I:ASthLi} (FASy,) - Qnmax | ftk]'

For the first term of (A.1), using Assumptions 2.1.1.5 and 2.1.2.2, we have

E[]l{j:AStk<Li}Li []lfillf+ci+ (19?[,6+ - Ltj,z)+ max] | Ek}
= L?}:C]P)(:EAStk < Li ‘ ‘Ftk fllli Ctk+ ptk+ L;i)+ max ’ Ek:|
]E leli Cthr ptk+ Li)Jr A Qrﬁax | Elwr] | Ek]

E[1

= Ly P(£AS,, < L | F, )E[E]

= Ly, P(£AS;, < L | Fy )E[P(Lyys =1 Foo)hinr a1, L
E|

|‘Ftk]

tr max)

= LiP(iAStk < Li ‘ ftk P( leli =1 | ‘Fthr) ’ Ek}hir,At(l Li? max)

= Ly P(£AS,, < Li | ftk)wtﬂ;ﬁiwu Lt

tr) rnax)
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where we used (2.32). Similarly, for the second term of (A.1), by Assumption 2.1.2.2, we

have

+ ]E[]]‘{:EAStk<Li}AStk []lfill]f+ci+ (JDtjEk+ - Ltik)+ N erﬁax] | ]:tkj|

= :F]E []l{iASzk<Li}AStk ’ Ftk}wtikJrkir,At(l? Liv iax)'

The sum of the first and second terms of (A.1) is then Wijziﬂm(l, Ly, QE DE[(Li ¥

ty ) ¥ max
Astk)Jr ’ Ek:|

For the third term of (A.1), by Assumptions 2.1.2.1 and 2.1.2.4, we have

+ ]E[]l{j:AStk<Li}AStk+ []lfmgfi (ptiH - Liﬁ A Qiax] | Ek:|
= FE []l{iAStk@;i}E[AStH[]lfill,f+ci+(19i+ - Ltik)Jr A Qiax] | }—tH] | ‘Ek:|

=TFE []l{:tAStk<Li}E[AStk+ | ‘Ek+]E[]lfillki+Ci+ (pf;+ - Li)+ A erflax | -7:tk+] | Ek:| =0.

For the last term of (A.1), again by Assumption 2.1.2.1,

E[ﬂ{iAstkthik} ) ($A5tk+) : Qr:i:lax | ‘Ek] = QiaxE []l{iAStkthik} ‘EFAStH | ]:tk+] | ‘F-tk:| = 0.

In summary, Eq. (A.1) becomes

ﬂ-;:+ili7'7At(17 Li? . )E[(Li + AStk)+ | ‘Ek:|

max

= Tri_‘_hiﬂAt(la Lia - ) E[(l + A‘S’tk)ﬁ-]ll:[@i )

max

where, in the last equality, we used Assumption 2.1.2.5. Note that by Assumption 2.1.2.6,
E[(Il + AS:,)+] depends only on A7 and not k.

120



A.2 Proof of Theorem 2.2.2

Proof. For k = N, by the Bellman equation (2.20), we have

Viy = E[Wtw + P lel+ szll+ - Pfillt_N Qfm;N + (StN + AStN)<ItN - inzz;rN + inll;N)
— Mty — szlﬁ + szzz— )* | Fin ]
= Wiy + Sty iy + E[Qfm* (P fig, Sty —ASyy) + Qfm; (Siy +AS;, — leF )

+ItNAStN - (ItN szllJr + szll* )2 ’ "rtN}

By Assumption 2.1.2.1, we have E[[;, AS;, | Fi,] = 0. It remains to demonstrate that

for all admissible values of (r{ ,r;. ), the following expression holds:

(AT TtNa QouttN> [szlﬁ (P i, Sty — ASiy) | ‘7:th|’

Htj\f (A7-7 rt_Nv Q;utt ) [szll* (StN + AStN - lel* ) | ]:tN]'

(A.2)

We prove the first equation in (A.2), the ask side of the market (the other equation is

proved similarly).

When TZ;V = 00, there is no outstanding ask orders at time ¢y, therefore () pittf, = 0, same

as H (A1, 1, Qu, )

outtN

When € Z,, by the definition (2.26) with & = N and Proposition 2.2.1, we have

Ht—’_ (AT TtN7 Qoutt ) E[(]]‘lelﬁ ’ C:_N [p:_]v - rth| A Qoutt )(rtN A’S’tN) | XtN:|
E[(]llelﬁ ’ c:'_N [p:_]\] - 71th| A Qoutt )(rtN A’S'tN) ‘ ‘FtNi|

= E[szm (P g Sty — ASiy) | ~7:tN]a
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where in the last equality above, we used the dynamics in Eqgs. (2.6) and (2.9). This

shows the first equation in (A.2).

Next, let us assume that, for some k < N, V;, ., = Wi, ., + St I, + grt1(Xy,,,) holds
and aim to show the corresponding equation for V;,. By the Bellman equation (2.20) and

the dynamics of Wy, ,, Sy, ,, and I, in Egs. (2.3), (2.4), and (2.5), we can write
Vo= g Bl 1]

= max E[W, P, , P, , — Py Qe — P -
(L L A (Wi, + g, Q it + fille Q fill filly, szutk filly, Q filly,

+ (Sy, + ASy, + ASy ) (1L, — Qfmjk - Qfmj}c+ + sz’ll;k + Qﬁu;ﬂ)
+ gk+l<th+1) ’ Ek]

=W, + Stk[tk + max E[inlljk (Pfilljk - Stk - AStk - AStk+)

(L Ly, ) €Ak
+ Qfm,jk+ (sz‘ll;;+ = Sy — ASy, — AS;, )
+ inll;c (S, + ASy, + ASy,, — sz'zz;k)

)

+ ]tk (AStk + AS,:H) + Jk+1 (th+1) | ftk] . (Ag)

+ Qg (St + ASy + ASy,, — Py

ill;ﬁ_

By Assumption 2.1.2.1, the second to last term, E[I;, (AS;, + AS;,, ) | F,], vanishes.

We consider all possible values for L} and L; (nine in total). For illustrations, we only
show the details for the cases (a) L}, L; € Z, (b) L, = o, L;, € Z, (c) L, = oo,

L;, € Z, (the other cases will then be clear).
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(a) By the definitions of the function Gy, and Haictf (r*, L*,¢*) in (2.33), the result will

follow from (A.3), if we have, for any admissible (r;\,r, , L, L; ),

[szzﬁ ( fi u+ Stk - AStk - Astk+) | ‘Ek} = HJ(ATa Tt+k7 quttk>7 (A-4)

E[inllt (St + ASy + ASy, = Pryy-) | Fu) = Hy, (AT, 15, Qo ) (A.5)
and

[szlPL ( fi ll - Stk - AStk - AStk+) ‘ ‘Ftk] = Ht:_,_ (ATa Ata L;;;% (A6)

E[Qﬂll;’c (Stk + Astk + AStk+ - lel ) ’ ‘F-tk:| = (AT At L ) (A'7)

We establish Eqs. (A.4) and (A.6) for the ask side, noting that the bid side can be

demonstrated analogously. In the case where 7";: = 00, both sides in Eq. (A.4) vanish

and it follows directly. For 7} € Z,, by the definition of Hy (AT, 7}, Qg ) in Eq. (2.26)

and Proposition 2.2.1,

(AT Ttk’Qoutz )= E[(ﬂfillgciz [ptk Ttk] A Qoutt )(Ttk AS) | th}
= E[(ﬂf’tllzci_/‘; [ptk rtk] A Qoutt )(Ttk AStk) ‘ ‘Ftk] (AS)

- E[szm (P f Sy, — ASy, — ASy,) | Ftk}?

where the last equality follows from the dynamics of P+ and Qpyy+ in Eqgs. (2.7) and
tk e

(2.9), and the fact that
E[inll:;AStk-r | ‘Ftk] = ]E[inll:;EAStk-r | ‘Ftk--!—} | ‘Ftk] = 07

because of Assumption 2.1.2.1.
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We proceed to establish the validity of (A.6) (the proof of (A.7) is similar). Recall that

we are assuming that L € Z,. Then, using Egs. (2.7) and (2.10), we have

E[Qﬁ”% (me;ch - Stk - Astk - AStk-i,-) | }—tk]
=E [(]I{AS%ZLZC}QI—;&X + ]l{AStk<Lj;c}]lfill§+cz—€z+ [p:;+ — Ly J+ A Qpax)
(U fas,>rp y S+ ASu]+ Ting, crpy[Su + Li] = Su = ASy = ASy ) | Fu
- E[]I{Astk@jk} ) (]lfill,;CL [PZL - LZ;]+ A fom)(LZ; —ASy, — AStk+)
1 as, o) Q=A%) | Fu

=E[VO; (k) | Fuo] = H; (AT, At L),

where in the last equality, we simply use (2.27) and Proposition 2.2.1.

(b) Now, we assume that L; = o and L, € Z,. Since L), = o, we have Pz =
k

+ . ~ .
sz‘llj;+ = Sy, 1y, and, thus, recalling that in”t: = inllz; + Qfm;H, we can reorganize

(A.3) as follows:

Vi, = Wy, + Stk[tk + max E[@fﬂﬁ (Pfill+ - Stk - AStk - AStk+)
(L Ly JEA) *h th

-
+ inll,;c (Stk + Astk + AStk+ o Pfill;}g)
+ inll;ﬁL(Stk + ASy, + ASy . — Py~ )

bt

+ ]tk (AStk + Astk+) + gk+1(th+1) | ”Ftk]

Since we already showed (A.5) and (A.7), it remains to prove that

E[@fmjk (mejk — S, — ASy, — ASy,,) | ]:tkj| = ﬁ]t—:(Ath;;a aute )

outy b

This is proved in the same way as (A.8).
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(c) Now, we assume that L} = oo and L;, € Z,. In that case, Qg+ =0 and (A.3) is
gy
written as
‘/;k == Wtk + Stkjtk + max E[sz”-'r (Pflll+ - Stk - AStk - AStk+)
(L Ly JEA) b b
+ sz‘ll;c (Stk + AStk + AStk+ - Pfill;c)
+ inll; (Stk + Astk + AStk+ - Pf )
Kt

+ [tk (Astk + ASthr) + gk+1(th+1) ‘ ]:tk]'

ill;ﬁ_

The result then follows directly from (A.4), (A.5), and (A.7). O

A.3 Proof of Proposition 2.3.1

Proof. We begin by proving Eq. (2.42). Note that, by Assumptions 2.1.2.1 and 2.1.2.2,

we have

Hi (AT, riy) = E[(ry;, F ASy,) - ]lfm,fctik (e, — i) | Fa
= E[ri FAS, | }—tk} ']E[]lfill,fci(pi - Ti) | }-tk}
= 7“?; E[ci(pi — )| }-ltkv]lfill,f - 1]P(]lfizz,f =1[F,)
=i,y AB[epy | Foo Lz = 1] =17 E e | Fo, Lpgpe = 1]}

+, 4/, + + .+
tkﬂ—tk (/‘ch - Iuc /’ntk)‘

=T

The proof of (2.42) is now complete.

Note that VO3 (k) in Eq. (2.41) takes the same form as VO (k) in Eq. (2.39) and, thus,

using the same arguments as above and Assumptions 2.1.2.1, 2.1.2.3, and 2.1.1.6, we can
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conclude that

Hi (At i) = wri, (i, — e i)

Next, we proceed to show Eq. (2.43), for which we need to evaluate the following term:

]E[]l{j:AStk<Ltik} (L, TASy, TAS,) - ]lfillki+ci+ (P, — Li;) (A9)

+ ]l{iASthLtik} : (:FAS,:H) : err:lax | Ftk:|'

For the first term of (A.9), by Assumptions 2.1.1.5 and 2.1.2.2, we have

E[]l{j:AStk<Lf;}Li ) []lfm,ictikJr (pi+ - Ltik)] | “Ek}
= Ly P(£AS,, < L | F, )E[1 i, G (i, — L) | Fu,]

= LiP(iAStk < Li | Ft, E[E FillE, Ctk+ pthr - Li) | Froy] | ‘Ek]

= LtikP(iAStk < Li | Fiy E[P fillE, = 1 ‘ ‘Ftk+)E[Ci+ (Pi+ - Li) | ‘Ftk+7 ]lfillki+ = 1] | ]:tk]

= LiP(iAStk < Li | Fi E[P fillE, = 1 EH) | ftk] [E[Ci+(17tik+ - Ltik) | ftk+7 ]lfillkﬁ_ =1] | ‘Ftk]

= LiP(xAS,, < L | Fo)m, (g, — 1o, Liy).

Similarly, for the second term of (A.9), by Assumption 2.1.2.2, we have

+ ]E[]l{iAStk<Ltik}AStk ) []lfillf+cti;€+ (pf; - Li)] | Ftk:|
=FE []l{iAstk@tik}AStk | Ftk] 'E[]lfillki+ci+ (Rtik+ - Ltik) | Ftk]

= :FE [l{iAStk<Li}AStk ‘ ‘Ftk] (ILLCp_‘_ - lu’c_‘_Li)

The sum of the first and second terms of (A.9) is m;_(ud —pZ Ly )E[(L; TASy )+ | Fi,l.
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For the third term of (A.9), by Assumptions 2.1.2.1 and 2.1.2.4, we have

+ E[]l{:tAStk<Li}AStk+[]lfillki+cz:€|,:€+ (pi+ - Li)] | ‘Ftk]
= FE [ﬂ{ﬂstk@i}E[AStw[]1fm,;i+ci+ P, — Li)l | Fu ) | Fo,]

= FE []l{:tAStk<Li}E[AStk+ | ]:tk+]E[]lfm,f+Ci+ (ptik+ - Ltik) | ]:th | ‘Ftk:| = 0.
For the last term of (A.9), by Assumption 2.1.2.1, we have

E[]l{iASthLi}(:FAStk-‘—)QI:ll’:laX | ]:tk} = err:lax]E []l{:tASthLi}E[:FASth,- | th—] | ]:tk] =0.

In summary, by Assumptions 2.1.2.5 and 2.1.2.6, Eq. (A.9) becomes

T Wopy — 1 LEDENLG, F ASu )4 | Ful = miy, (g, — i, L) BIOF ASy) 4l -
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A.4 Proof of Theorem 2.3.2

Proof. For k = N, by the Bellman equation (2.54), we have

Vow = (L?er?z%;eAN EWi + Fy ittty @y ity ~ Pra, @ ey
+ (Sty + ASiy )Ly — inlle+ + sz'u;]w)
— MIiy — szll* + sz‘u;M)? | Fiy]

= Wiy + Six iy + L max [qule (Pfizsz+ — Sty — AStN+)

N tN)EAN

+ inzzt—N (Stzv + ASny — lel )

+ Ly ASNy — MLy — szlfr + inu;M)Q | Fiy]-

By Assumption 2.3.2.1, it follows that
E[IyASny | Fiy] =0.

To complete the proof, it is necessary to demonstrate that for all admissible values of

+
(’rtN7 TtN7 LtN7

L; ), the following expression holds.

Hjct(rt,\,v L;V, outs ) = E[sz‘zszJr (sz'ujN+ — Siy — AStN+) | 'FtN]> (A.10)
Ha_ct<rt_N7 Lt_N7 Q;uttN) = E[Qfm;N (StN + ASny — lel ) ’ ‘EN:|' (A-H)
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We provide a proof for Eq. (A.10), the ask side of the market (the other equation is

proved similarly). When L} € Z., we have

H(j;t<rtN7 L:-NJ outt ) - E[(]]‘fill;+cj_N+(ij+ - sz_ ) Qmax)( - AStN+) | XtN]
= E[(]]‘fill;+cz‘—N+(ij+ - sz_ ) Qmax)( - AStN+) | ‘EN}

E[szu (Pfill;rN+ - StN - AStN+) | ]:tN},
where in the last equality above, we used the dynamics in Egs. (2.49) and (2.50).

When L = o, again, by the dynamics in Egs. (2.49) and (2.50), we have

+ +
Hact(rth L

tn? outt ) -

&=

[(]llel+ CZ\H (ptN+ - TtN) A Qoutt )(T;\ur - AStN+) | XtN}
]E[(]llefr 2—N+(ptN+ - TtN) A Qoutt )(T:]_\ur - AStN+) | ]:tN}

E[inll:rN+<Pfille+ - StN - AStN+) | ‘F-th|'

When L;V = 00, the result is trivial because both sides of Eq. (A.10) are equal to 0. This

shows the Eq. (A.10).

Next, for some k < N, let us assume that V;,,, = Wy, ., + S, I, + gr+1(Xy,,,) holds
and aim to show the corresponding equation for V;,. Indeed, by the Bellman equation

(2.54) and the dynamics of Wy, , Sy, and I, in Eqs. (2.47), (2.46) and (2.48), we
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Vi, = max ]E[WkJrl | ‘Ek}

(L Ly Ay
=t ma);eAk E[W, + mejH Qfij - pfill;kJr Qfm;}ch + gr+1 (X))

tk7
+ (Stk + Astk+)(jtk - inlljk+ + sz’ll;H) ’ ‘Ftk}

=Wy + Syl +  max  E[L,ASy + 0ot (Xy,,) + Q. (Prr — S — ASy,,)
(Lf L, )eAs ke Kt

+ inll;k (Stk + AStk+ - lel’ ) ‘ ‘Ftk]'

Similar to our approach for the & = N scenario and the reasoning in proof of Theo-

rem 2.2.2, we can employ the same logic to the current case. Therefore, we have

‘/tk = Wtk + Stkltk + max { act Ttk7 tk7 outt ) + Hact(rtw Ltw Qouttk)

(Ltk’ tk)EAk

+ Elgr1(Xeesr) | Fo] }-

Similar arguments follow for the bid side. O
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A.5 Parameters under 0.20 seconds Latency

Table A.1: Average arrival probability of market orders over 252 trading days in 2019.
A7 = 0.20 seconds and At = 1 second.

%XT /ﬂ\-gT %XT, At %KT,At
0.072558 0.072784 0.215578 0.221396
0.024995 0.025629 0.080353 0.082441

0.054371 0.054845 0.167368 0.169665

Stock

AAPL
AMZN
MSFT

Table A.2: Average values of [I,j[tgp} over 252 trading days for 2019 AAPL. A7 = 0.20
seconds and At = 1 second.

I =3839 i = 4261 iF =4575 . =51.15

f_‘; = 3.473 f]g = 3.542 f_‘; = 3.330 F; = 3.375

fiy, = 13179 i, = 148.74 i, = 156141 i, = 171.27
fi, = 1521.62 [i, = 1882.37 i, =2142.96 [, = 2689.93
fi,=1223 i, =12.74 fi,=11.20 i, =11.52

(a) Latency Period (b) Non-latency Period

Table A.3: Parameter values for ¢ and p in simulation for 2019 AAPL. A7 = 0.20 seconds
and At = 1 second.

Parameter Value Unit
Slope of demand function cf_ I'(shape = 30.81, scale = 1.245)  share/tick
Slope of demand function ¢y I'(shape = 27.24, scale = 1.564) share/tick
Slope of demand function X, », I'(shape = 42.54,scale = 1.075) share/tick
Slope of demand function c,, 5, ['(shape = 35.74, scale = 1.430) share/tick
Reservation price pX ['(shape = 69.62, scale = 0.049) tick
Reservation price p,., ['(shape = 63.66, scale = 0.055) tick
Reservation price pzﬂ A ['(shape = 92.48, scale = 0.036) tick
Reservation price pa, A ['(shape = 85.79, scale = 0.039) tick
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Appendix B

Proofs of Chapter 4

The subsequent proofs follow a similar framework as presented in [12], and is included
herein for the sake of completeness. Readers familiar with [12] will recognize the under-

lying structure and can refer to that work for further details.

B.1 Proof of Proposition 4.2.1 and Theorem 4.2.4

Proof. We prove Proposition 4.2.1 and Theorem 4.2.4 by conducting a four-step approach.

Step 1. To begin, we put forth a proposed ansatz for the value function V;, :
‘/tk = ,Tj(tk, Stkv Wtk7 Itk) = VVtk + Oétk]tQk + Stk‘[tk ‘I‘ ffl/tk[tk + gtk' (Bl)

The function o : 7 — R is a deterministic function defined on the time set 7 =
{to,t1,...,ty+1}. Additionally, we introduce the processes {%t}teTa {9:}1e7, which
are adapted to the filtration {F;}e7. By considering the terminal conditions Vp =
Wr + Stlr — )\I%, we can deduce that ar = — X, gr = 0, and ﬁT = 0. To facilitate our

subsequent discussions, we introduce the following notation:
h§:+1 = E[hthrl | ‘Ftk]7 :(jf:H = E[ﬁ%ﬂ ’ Ek] (B2)
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By substituting the expressions given in Eq. (4.4), (4.5), and (B.1) into the right-hand

side of the Bellman equation (4.6), we obtain the following expression:

Vi, = sup E[Wk+1
(L, Ly, )eA

‘Ftk]

tk+1

= sup E[Wtk+1 + atk+1 tk+1 + Stk+1ltk+1 + htk+1‘[tk+1 + gtk+1 tk+1 | "T_;fk]
(L, Ly, )EA
= E: W, Sy + 0L )10 & (pd  — L
= sup t + Z tr + ) tk+1ctk+1 (ptk+1 tk)
(L{ L; )eA =
) ENE:
+ athrl [tk Z 5]1tk+1ctk+1 (pthrl - Ltk):|
o=+
S &
+ Stk+1 Itk Z 5]ltk+1ctk+1 (ptk+1 - Lgk)}
o=+
S )
+ htk+1 Itk Z 6]1tk+1ctk+1 (pthrl - Ltk):|
o=+
+ gtk-&-l - tk+1 | ‘Ek}
(B.3)
Expanding the squares, we have
) 1) é
Wtk + Z ]lthrl - Ctk+1 (Ltk)2 (Ctk+1ptk+1 - 5Ctk+1stk) + 5Ctk+1ptk+15tki| (B4)

+ (atk+1 - { Z ]lthrl{ ka+1 (Lfk) [25Itkctk+1 - 2(ka+1>2pfk+1] Lfk

§ o é &
o)t 20 ) (B.5)
+ 2]11;“ ]lgc-klcgl;-{—lcgc-kl ( LJF Ltk + ptk+1Ltk + ptk+1LJ; o p;;c+1pt7€+1 ) }
é & & §
+ Stk+1 [Itk + Z ]ltk+1 5Ctk+1ptk+1 + 5Ctk+1Ltk) (B.6)
T é & T S & ~
+ hthrlItk + Z ]ltk 1 6htk+1ctk+1ptk+1 + 5htk+1ctk+1 Ltk) + gtk+1 . (B7)
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The computation of the conditional expectations for most of the terms above is straight-
forward, utilizing the conditions stated in Assumption 4.1.1 and the adaptability of the
controls {L; },{S;}, and {I,,}. For instance,

]E[]ljl_wrl1tk+lcyl_c+1ctk+1ptk+1ptk+1 | ‘Ek]
= E[:[le_c-‘—l]l;c—o—lE[C?I—c—o—lp:I_@—o—l | Ek’ ]1?1;4-1]17;@4-1]1[3[0;@4-1]9;@-‘-1 | Ek’ ]11—5’1;4-1 tk+1] | ‘/—_%k}
= MZ;)/L(;E[]I:;+1 tr41 | Ek]

= lu;;:uc_pﬂ-tk-»—l (17 1)

For the terms in (B.6), using the conditional independence of S, , — S; and

+ - + + - — . )
(]ltkﬂ, Ly Clnrs Pl s ctkﬂ,ptkﬂ), given F;,, we have:
E[(Stk+1 Stk) tht1 tk+1ptk+1 | ‘Ftk]
= E[Stk+1 Stk ‘ Ek] [ tk+1ctk+1ptk+1 | Ftk] (B8)
_ 55
- Atkﬂ-tk+1:ucp7
5 .6 _ 58 s
and, thus, E[S,, 1 tkHCtkatkH | Ful = (Su + Ay)m pte,-  Likewise, we have

E[S;,,, 1 tkﬂctk+1 | Fi] = (Si, + Ay )7l uc For the expressions in (B.7), let’s, for

the time being, assume that:

E[htk+1]]'fk+1ctk+1 |‘Ek] hi];+1]E[ tk+1ctk+1 |‘Ek] (Bg)
E[htk+1]]'fk+1 tk+1ptk+1 | ‘Ek] hi:+1]E[ tk+1ctk+1p?k+1 | ‘Ek] (B]‘O)

The above identities will be established in detail in Step 4. Building upon the preceding
arguments, we can evaluate the conditional expectation E[- | F3,] for the terms appearing

in Egs. (B.4)-(B.7). Subsequently, we substitute these conditional expectations into the
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right-hand side of Eq. (B.3), yielding the following expression:

atkjfk + Stkltk + htkltk + gtk

= sup Z ﬂ-fk+1 { ((atk+1 - ¢)Mg2 B 'ug) (Lfk)2

(Ltk thk)EA o=+

+ [l + ORE b+ (g, — D)(2000 Ty, — 2p%s) + SuIA,, ] LY,

+ (atk+1 - (b) (MngQ - 25:ugp]tk) 6h?)§ 1lucp - 5lucpAtk}

+ 2<atk+1 - ¢)7rtk+1 (17 1)( ﬂc :uc L+ Ltk + ﬂ’cpluc Ltk + He luch—";_C - M(—;[Lc_p)

+ (@tk+1 - ¢)I2 + Itk (Stk + Atk) + htk+1[tk + gtk“

(B.11)

Let us denote the right-hand side of the above equation as SUP (Lt 1 )eA f ( teo ) It

is evident that f ( tes tk) represents a quadratic function with respect to L;; and L, .

By setting the partial derivatives with respect to LZC and L;_ equal to zero, we obtain

the following system of equations:

8%]?: 27r;;+1 ((oztk+1 - gb),u — U, )LJr

o R+ (o, — ) 2pd L, — 20%) + A

- 2<atk+1 - ¢)7Ttk+1<]" 1)“:/~LC_L;€ + 2(atk+1 - ¢)7Ttk+1<17 1)//“:/~Lc_p =

@L* f = 27T1;€+1 ((atk+1 - ¢)Mc_2 - 'U’C_)L;c

bk

+ o ey = BiE e+ (o, — 0) (=200 Ty — 201,) — o Ay,

0,
(B.12)

- 2<O‘tk+1 - (b)ﬂ-tk+1(1 1):“c /’l’c L+ + 2<atk+1 - ¢)Wtk+1<17 1)#5”& = 0.

By solving for L} ~and L, , we obtain

tk7

ix (At @ 07 _x @ @5 B
L =WA L, + AL+ A, Ly =-UAL L, — AL+ A

tr)
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where

+7t
WpE — Btik(athrl — ¢) &L ﬁtkht:H B.14
te ’ te 2 ) ( : )
/Ytk ’Ytk

37 Ty
z:fi = 2;:1 ((atk+1 - 925)/1?2 - :ug:) [ﬂ—iH (Mét;; - 2(atk+1 - d)):ui )

c2p
k

+ 2(atk+1 - ¢)7Ttk+1 (17 1)”?“; + ﬂ-i Atk:uzt]

tkt1

(v, — ) -
e (L) [ (5, = 2o, = O
k

c2p

+ 2(0475164-1 - ¢)7Ttk+1 (1’ 1)//“3:#(:;‘;9 + thHAtka] .

(B.15)

Upon substituting Zi* into Eq. (B.11) and equating terms with respect to I, , we derive

the following recursive expressions for oy, , h, , and g, :

atk = atk+1 - ¢ + ZT‘—?IC«l»l [((atk+1 - ¢)/"Lg2 - /"Lg) (<1>14?k)2 + 2(atk+1 - ¢)Mg((l)j4?k)
o==%

+ 2(,,, — Q) (1, 1) g (WAF WAL,
(B.16)
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T+ {2 s = ) [, (0" + )

+ 2(atk+1 - gb)u(cs(((s(g)’zgk) + Afk) (atk+1 - gb)(&“ip)

(848 (i, + 5T, it — 2, — Oiy)

(B.17)
- 2<atk+1 - ¢)Wtk+1(17 1)/~Lc /“Lc [U)AJF (mAi A:k) o <1)A;€((2);1/+ + (B)A )
I o Hap o
FEO) =2 OAy)]

+ A [CAE i+ CAL T g 1],

3)~ (2)~
123 :f/fzfu + ZT(?IH—I [((atkﬂ - ¢),Ug2 - ,ui)( Afk + (5 A6 ))
o=+

+ (atk+1 - ¢)Mi2p2 - (5h§:+1):ugp
®)rs )~
+ (Mcp (5hf€:+1) 2(atk+1 - QS)IU“ng)( A (6 A ))i|

(2)~ 3)~ ()~ _ 2)7_
- 2<atk+1 - (b)ﬂ-thul(la 1)% /’I’C |:< AJF A+)( A Atk)
,LLCp (3)+_ 2)~_ /’ch (2)~ T+ :ucp/’l’cp
— A A A A
e T R ARl

3)~ (2)
+ o+ - -
- ( A Atk)ﬂ-thrl :uc Wtk+1 Hep + ﬂ-tk+1 /’chi| .

(B.18)

37, (2)

+ A (VA + )

7Ttk+1 C

Step 2. We proceed to establish the optimality of Zi* as the maximum points of the
function f (L L ) To accomplish this, we will rely on the utilization of Lemma 4.2.2,

tk’

which asserts that oy, < 0. Specifically, for any given ¢;, we can demonstrate the following
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inequality:

D= (@, 32 ) ~ 0y 1, 17
- 47T:I;+17Tt_k+1 ((atk+1 - ¢)p“j2 - M;’—> ((atk_H - ¢)M;2 - ,uc_)
- 4[7Ttk+1(17 1)(atk+1 - gb),uj,uc_]Q > 0,

(B.19)

Applying the second derivative test, we find that f (L;;, L;c) reaches its maximum value

T %
at Ly .

Step 3. Now, we proceed to show that (4.17) holds. Plugging the expressions of (2)21/;2
and (3)2:2 given in (B.14)-(B.15) into (B.17), we have

e, = dy, + E(RPF + A, (B.20)

tg
tr4+1

for some deterministic constant d;, and

1
5—1+w 7l 55 &((a _¢)5_ 5)_|_25
k — fyt tpr1 7tk f)/ tkt1 #02 luc /“LC
koo =k b
(Oét - ¢)2 _ _
+ 22—, (L, Dl g B By, -

2
Vis

Also, hy, in Eq. (4.15) can be written as

htk - dk + gkhtk+17 (BQ]‘)
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where dj, §, are the same as those in (B.20). Since h;, , = 0 and ﬁtNJA = 0, we have

that 7LtN =dy + &AL, and hy, = dy at time ty. By induction, we get

N j-1
=> [ &
j=k =k
where H';;; & =1, and
" N j—1
hi, =Y [ &(d; + &A% = +ZH§4M (B.22)
j=k t=k j=k l=k

In particular,

N J N J
Bt =B+ 30 IT @al 7] =t + 30 T At

j=k-+1 =k+1 j=k+1 0=k+1

Substituting the above expression into (Q)Ei as defined in (B.14), and subsequently re-

“ax, @ At into (B.13), we conclude that

tk7

placing WAt E 1,

T 4% * ﬁ+ ﬁ
L =1 +2§f Bt Z H s
k

2%t j=k+1 l=k+1 (B.23)
k k k
Z%k 270, j=k+1 L=k+1 :

This establishes both Proposition 4.2.1 and Theorem 4.2.4 simultaneously.

Step 4. The verification of the identities (B.9) - (B.10) is the final step. It is important
to observe that (B.22) can be obtained directly from Eq. (B.14) - (B.17), irrespective of

whether (B.13) holds. Utilizing (B.22), we get:
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B huc 13, 7, | Fo] = B (hre, + Z H EALYIL G, | B

j=k+1 0=k+1 (B.24)
t
htk+17rtk+1luc + Z H &R [A k+1]1fk+lctk+1 | ‘Ftk]
j=k+1l=k+1
Then, with the conditional independence assumption of (1 besrs ciﬂ, piﬂ) and {S;,,, —
S, }i>k given Fy, , for j > k, we have
t
E[A k+1]1?k+1ctk+l ’ ‘Ftk} - [(Stjﬂ — St >]1?k+lctk+1 | ftk]

- ]E[Stj+l St | ‘Ek} [ tkHCtkH | ]:tk] (B.25)
= At’“wtk+luc

Ttk
Finally, we have E[htk+1 tk+1ctk+l | Fi] = hey B 17 tk+1ctk+1

| ftk] The proof of (B.10)

follows a similar reasoning. ]

B.2 Proof of Lemma 4.2.2

Proof. From the terminal condition, we have ar = —\ < 0. Therefore, we only need to
show that 0 < s < 1 whenever ay,,, < 0. Substituting A¥ in Eq. (4.11) into Eq.
(4.14), we have —%— =1 + }_where

Oty —9

Nk ﬂ-tkﬂﬂ-tkﬂ (atk+1 - ¢> |:(:U’c ) WtkH ((atk+1 - (b)//’; - N;) + (NE)ZW;C+1 ((atk+1 - 925)”;

- 27-(;;;+17Tt_;€+17rtk+1 (17 1)(atk+1 - ¢)2(:u(—:~_:uc_)27

—ui)]

12 — — —
Dy = [Wtk+1(17 1)(atk+1 - ¢):uc+:uc} - W;Hﬂ'tkﬂ ((atk+1 - ¢>ﬂ:2 - H;r) ((atk+1 - ¢)M02 — He ) :
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Hence, it is adequate to demonstrate that Ni/Dy € (—1,0) whenever a4, , < 0. Initially,

we establish that D, < 0 and N, > 0.

With the fact that m,,, (1,1) < 7t Am,  and s > (1E)?, the first term in Dy, satisfies

_12 _ —\2 _ _
[Wtk-&-l(l’ 1)(atk+1 - QZS),MZ_,UC} S a?k+17T7«::+17Ttk+1 (Mz_'uc) S (atk-H - ¢)27T:;+17Ttk+1ﬂj2ﬂc2’

Moreover, when combined with the second term in Dy, and considering the assumption

o, < 0 along with u* > 0, we obtain

Dy <mf m (= 0) (hue +plfnz) — pfuns] <0. (B.26)

Now, we proceed to prove that N, > 0. Given oy, , < 0 and m,,,(1,1) < W;]:H N T,y
the first term in NN, satisfies
7Tt+k+17T7;c+1 (atk+1 o ¢) [(Mj)2W§+1 ((athrl - ¢)Nc_2 - p“c_) + ('uc_)z,/rt_k+1 ((atk+1 o ¢)u2§ - 'uj):|
Z Wi+17rz;€+17rtk+1(17 1)(atk+1 - ¢) [(:uj)Q ((atk+1 - QS)/"LC_Q - :U“c_) + (Mc_)2 ((atk+1 - gb):u:; - :uj)} .
Combining with the second term in Ny, we have

Ny > (g, — o)t m mn (LD { (., — @) (0d)? [ — (12)?] = md e (pd + 1)

+ (e, — O)(u2)? [ — (15)?] }

Z _(atk+1 - qb)W:;_,_lﬁt_kH’]rtkH(la 1)“2_:[%_ (#2_ + H’c_) > 0.

The second inequality holds because p% > (1E)? and oy, ., < 0. Therefore, Ni,/D;, < 0.

Next, we show whenever oy, ,, < 0, Ni/Dy > —1 or, equivalently, D, + N;, < 0. Note
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that

N2 _
D+ Ny =m,,,(1,1) ((atwr1 — o\t ) (m(1,1) — 27r;;+17rtk+1)

+ (., — ), VP (0)? (e, — O — pe)

(B.27)
+ (e, — o) (1, ) (0)? (g, — Ol — 1)
= T Ter (Vi — O = 1) (s — D)pa — o)
First, consider Ny + D;, as a linear function of ,u;, we have
ap;z (Nk + Dk) - 7T1;|];+1 (Wt_k+1)2(atk+l - ¢)2<MC_>2 - 7T;,];+17Tt_k+1 (atk+l - ¢)2/“’L;2
+ 7Tt+k+17T;k+1 (atk+1 - ¢>'ug
S ﬂ-;wrl (F;CH)Q(OC%H - ¢)2'u; - 7Tt+k+17rt7c+1 (atkﬂ - ¢)2M;2
+ 7Tt+k+17rt;+1 (Qpy — D)o (B.28)

= 7T:]:+17T;€+1 (atk+1 - ¢)2M;2 (W;g+1 - 1) + 7Tt+k+17r7;c+1 (atk+1 - ¢)/J,; < O’

(B.29)

where (B.28) holds due to p, > (1;)?, and (B.29) holds since Th, < land oy, <0.

Thus N; + Dy, decrease with pi;. Since pf > (uf)?, substituting 1 with (u)?, we have

D, + N,
< 7Tt+k+17rt;+1 (atk+1 - ¢) (:uj)2 [ﬂ-ttﬂ ((atk+1 - QS)M;? - /Lg) T Ttgiq (17 1)(O‘tk+1 - (b) (ME)Z]

+ 71':;“71',;“ (atk+1 - (b) (M5>2 [ﬂ-t;H ((atk+1 - (b) (:uj)2 - Nj) = TMpgq (17 1)(atk+1 - ¢) (Nj)Q]

+ [ (L D @ — D) 1 = i (@ — 0)(1)? = 1) (s — D)1tz — 1) -
(B.30)
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Similarly, the RHS of (B.30) can be regarded as a linear decreasing function of y_, since

the coefficient of p_, is

ﬂ-:];+17r7;c+1 (Oétk+1 - ¢)2(/’L:)2(7T£+1 - 1) + W:];+17T7;C+1 (atk+1 - ¢)/’L: < O

Given the fact that g > (p;)?, substituting g, with (g, )? in the RHS of (B.30), we

obtain

D, + N,
gﬁlﬂ-tikﬂ (atk+1 - (b) (:uj)2 [T‘-ttﬂ ((atk+1 - QS) (NJ)Q - :u;) = Tt (17 1)05151@“ (NJ)Q}
(e = 0) (e )P [, (@, — ) () — 1) — mo, (L D) (e, — 0)(1)?]

+ |:7Ttk+1(17 1)(atk+1 - (b)NjM;]Q

<m

— o e, — @) () = 1] (e, — @) (1 )* — 1]

= itz [, P (e, — O (g, — O — 1)
—2mt e T (L D) (0, — 0)ud pg
(e, — Oug (e, — Ol — 1)
+ (L) (g, —6) udug

- W:I_c+17Tt_k+1 ((atkﬂ - QS)Mj - 1) ((atk+1 - ?b)FLc_ - 1)}
s+

pd b et s pe)-

(B.31)
To prove Dy, + N}, < 0, it suffices to demonstrate that (", 1) < 0. Note that £(u}, u1.)

is a linear function in x, and the coefficient of uf is given by

(?Mjf(uj, :uc_) =m (ﬂ-tk-&-l(l? 1)) (atk+1 - ¢)2Mc_ + (atk+1 - gb)ﬂ;;“ﬂ);ﬂ“(l - 7T:,;+1)7
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where

m (7rtk+l(1, 1)) = (7T;:+1)27T;€+1—27r;;+17rt_k+17rtk+1(1, 1)+7T:;+1(7Tt;+1)2+7?§k+1(1, 1)—7Tt+k+177'1;+1.
We temporarily assume the validity of m (7,,,(1,1)) <0 for any m, ,(1,1) in Eq. (4.1),
and we will provide the proof subsequently. Given p- > 0, substituting 0 into p_ yields
0,4l (uh,pg) < (o, — o)t m, ., (1 —m ) < 0. Consequently, £ (i}, ;) decreases

with pf. Since pf > 0, we have that

14 (/Jlju ,u;) < 14 (07 :u;) = _ﬂ-z;Jrlﬂ-t;Jrl (1 - (atk+1 - ¢)M§) - 7Tt+k+1 (W;C+1)2(atk+1 - ¢):ug

— it o + - - -
= T Tt + ﬂ-tk+1ﬂ-tk+l(at/€+1 - ¢>N0 (1 - Wtkﬂ) <0.

Therefore, ¢ (u}, u7) < 0 for any p > 0. We then have Dy, + Nj < 0 from Eq. (B.31),

which implies that N/Dy > —1.

It remains to show that m (m,,,(1,1)) < 0 holds for any 7,,,(1,1) in Eq. (4.1). From

Eq. (4.1), we know that (m\  +m,  —1)Vv0<m,, (1,1) <m  Am,, . Recognizing

that m (7Ttk (1, 1)) is a quadratic function of 7, ,,(1,1) opening upwards, we focus on

confirming that the values of m (m,,,(1,1)) at the two endpoints (W:;H + T, — 1) VO
+

+ — o . . . -
and 7, Am,, are non-positive. Without loss of generality, we assume m, , < m, .

Initially, we examine m (7rt_k+1) <0

m(m, )= (g, ) =2mf (e, P+l o (T e, — 1)

- (W:I_cﬂ o Tr’;c-kl)ﬂ_';c-kl <7T:1;+1 B 1) <0.

Continuing our examination, we proceed to verify m ((WQI:H + T, — 1) v O) < 0. In the

case where m,  +m,  —1 <0, we immediately ascertain that m(0) = m,\ 7, (m,  +
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T, — 1) < 0. On the other hand, if 7rt+k+1 + T, — 120,

—1):(7r;;+1—|—7rt_k+1—1)2—7r+ 7rt_k+1(7rt+k+1+7rt_k+l—1)

+
m(ﬂ—tkﬂ +m trt1

= (1=, ), )+ A —m, N, — 2 + (g, —1)°

£ n(WQI:H).

+

fos 1), a quadratic function with an upward opening, we note that, under

Considering n(m
the assumption 7, = < 7r;:+1 <1 and 7rt+k+1 + 7., — 1 >0, the feasible range for 7rt+k+1 is
given by

1— Ty < 7Tt+k+1 <1, when0< Ty < 0.5,
— + p—
Ty < T <1, when 0.5 < T <1.

It suffices to examine the non-positivity of n(ﬁ;H) at the boundary:
n(l)=(1- 71';H1> +(1- 7r;k+1)(7r;k+1 -2)+ (ﬂ';kH —1)?=0.
When 0 < Ty < 0.5,
n(l—m, )=0-m )VP+0-m Vr, —2)+(m,  —1)7=0.
When 0.5 < T <1,
M) = (U= ) )P+ (L= ), = 2m o+ (my, =17 <0

Consequently, m(7rt+k+1 + Ty, — 1) < 0 when 7T£:+1 + 7., —1 > 0. This concludes the

verification of the assertion that m (7, ,,(1,1)) < 0 holds for any 7, (1,1) in Eq. (4.1).

O
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B.3 Proof of Proposition 4.2.5

Proof. Initially, we establish the result under the martingale condition (4.7). Utilizing

Eq. (4.10), our objective is to demonstrate that
L+ Ly = (WAL = WA, + (PA] — @A) + (PAf + PAL) > 0.
Given the conditions (4.21)-(4.22) in Proposition 4.2.5, it is evident that

B = B = m (= ) (ud e — g i)

— Tty (1, Dy, — O)pie i (myy e — 1 pid) = 0

This implies that WA} — A7 =0 and @A} —®A4; = 0. The subsequent demonstration
focuses on establishing A}, — @A, > 0. To achieve this, it is essential to note, as
indicated in Eq. (B.26), that v, (i.e., Dy), the denominator of @A} — ©A | is negative.
Consequently, our task is now to confirm that the numerator of <3)Az; + (3)141; is also
negative. According to condition (4.23) in Proposition 4.2.5, the numerator of A, +“A;,

can be expressed as

N (oA + 0 = {ml e (@ = O = ) (! = 2, = )
+2[(any,y — Oy, (1, D ]
— 7 T (L Dy, — 0) () pe }NZ
+ {71':’;+17T;€+1 (o — D) — 1) (e — 20y, — P)paz)
+2[(yy — Oy (L Vi pg |

o (L) @y = )00 bty
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Next, we can demonstrate that the coefficients of u; is negative. Specifically, let’s denote
the coefficients of 1} as r(ph, i 2), constituting a linear function of u, with a coefficient

T Ty (e, — @) (1d — 2(u,,, — ¢)ps) < 0. Given that p_, > (u;)?, it follows that:

(b i) < vk, (17)?)
= 71';;_171'7;_*_1 ((atk+1 - ¢) (#6—)2 - :uc_) (:uj - 2(atk+1 - Cb):u(—;)

12 _
+2 [(atk-H - qﬁ)ﬂtk-ﬂ (1’ 1):“2_“c ] - W;HWU@H (17 1)(atk+1 - ¢) (“j)2luc :

Similarly, r(uf,(p,)?) is a linear function of g, with a coefficient —2(oy,,, —

<;S)7rt+k+l7rt;+l ((OétkH — ) (,uc_)2 — uc_) < 0. Therefore,

(s (e)*) < r((d)? (e )?)
ta T (@, — ) () — g ) (1 = 2(a, — ) (1d)?)
+2 [(atk+l - ¢)Wtk+1 (17 1):“?:“’2} ? - 7Tt+k+1ﬂ-tk+1(17 1)<atk+1 - (b) (:U'(J:r>2uc7

= gy { 2(a,,, — 0)°mp, (L) = 2(eu,, — 0)Pml mp Tl ie

=T

+ 2<atk+l B ¢)7T;;+17Tt;+1ﬂj + 7T;I;+1(Oétk+l - (b) |:7Tt7c+1ug B 7Ttk+1(1’ 1)M:r]

P -
ﬂ-tk+1ﬂ-tk+1 }

According to Eq. (4.1), m,,,(1,1) < =«

tk+17rtk+1 :

Additionally, as indicated by
Lemma 4.2.2, oy, , < 0. Consequently, the sum of the first two terms within the curly
brackets, denoted as [2(av,., — ¢)*m7,, (1,1) = 2(ay,, — &)°mt m, Judps +2(au, ,, —

+ o=t :
)T T, M, 18 negative.

Under the Condition (4.21), the third term within the curly brackets, namely 7\ (ay,,, —

) [W,;Hug — 7., (1, 1) ], can be expressed as T (., — ) (7Tt_k+1 — T, (1, 1)) e < 0.

Consequently, the coefficient of pf in N(®AS + ©@A; ), represented by r(ub, ps), is
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negative. Similarly, the coefficient of p,, is also negative. Thus, N ((3)14;; + (3>A;) < 0 and

@AL + @A, > 0.

The demonstration for the non-martingale case is straightforward. As highlighted earlier,

conditions (4.21)-(4.22) ascertain §;; — f; = 0. Moreover, according to (4.17), we obtain

T+, e — ok

B.4 Proof of Corollary 4.3.1

Proof. Under the Conditions (4.21)-(4.22), a straightforward verification reveals 8 =
B;.. Subsequently, based on (4.17), it becomes evident that the optimal spreads,
hereinafter denoted as Sprd, , remain consistent across both the martingale and non-
martingale mid-price scenarios. Furthermore,

Sprd, = L + Ly = L + Ly = ©A + @A (B.32)

(7%

which establishes the independence of optimal spreads from both inventory levels and

-----

and Condition (4.26), the optimal spread assumes the form

[77' (Nc - 2(atk+1 ~ (b):ucQ) + 2(atk+1 — ¢)m(l, 1):“3] (U; + ,u;;)
2 [ﬂ-(lv 1)(atk+1 - d))Ng - ﬂ-(<o‘tk+1 - (b),ch - NC)] 7

Sprd,, = (B.33)

where 7 = 7+,
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We check the difference between Sprd, and Spd,,  here.

s « — oy )T (m(1, D) — 7
Sprdtk—sp’rd :'LLP ’LLp . (tk+1 tk) /‘L(( )/"LC /‘LC2>

2 Tl 75 D)(, — 0)2 — 7((ar, — d)pter — pie)]
(B.34)

Initially, we establish the positivity of the denominator. Given the negativity of oy, and

by definition 0 < 7(1,1) < 7 and 0 < p? < p.2, we have

(1, D, u2 — 7 (g ez — o) > T ez — T (Quy ez — fie) = Tt > 0.

This demonstrates the positivity of the denominator.

Regarding the numerator, we observe that 7(1,1)u? < muz2. Therefore, the positivity of
the numerator relies on the positivity of ay, , — ay,, which is determined by the value of

¢ according to the paragraph right after the Lemma 4.2.2.

Particularly, if 7(1, 1)u? = wpe2, Sprd, — Sprd,, . = 0.

tk—1

To demonstrate the optimal spreads decrease with 7(1,1) at a given time instance, we

have

- Qb):ug(:u; + :u;) [W(L 1)<atk+1 B 925)#2 B ﬂ-((atlﬂ—l T ¢>/~L02 - /Lc)}
[W(L 1)(O‘tk+1 - ¢)Mg -7 ((atk+1 B ¢)Iu02 o “C)f
. (atk+1 - ¢):ug [ﬂ- (:LLC - 2(atk+1 - ¢)/~L02) + 2<atk+1 - (b) (1

(o
8#(1,1)Sprdtk = kil

D)) (i + 1))

2 [71-(17 1)04tk+1,u3 -m ((atk+1 - MC2 - MC)}

_ (atk+1 - d)):ug (u; + 'u;) < 0.

2 [ﬂ-<17 1>Oétk+1lug -7 ((atk+1 - ¢>M02 - /LC)}Z

The proof of corollary 4.3.1 is now concluded. ]
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B.5 Proof of Corollary 4.3.2

Proof. Recall
e @5, OF
ay, =Sy, + WAL, + AL + AL

~ (2)~ (3)~
*o_ MWA— - -
btk — Stk Atk’ [tk Atk Atk .

To establish the strictly decreasing monotonicity of a;, and Ejk with respect to I;,, we

need to demonstrate that A7 < 0. According to Proposition 4.2.1, we have that A} =

5i(atk+1 —¢)
Vg

and

_12 _ _ _
T, = |:7Ttk+1(17 1)<atk+1 - (ZS):U’(_:‘_:U(:} - ﬂ-t—;+1ﬂ-tk+1 ((atk+1 - ¢)M:2 - /Lz_) ((atk+1 - ¢):uc2 - :uc) )

_ 2
Btj; = 7Tt+k+17rtk+1'uzc (<O‘tk+1 - 925):“?2 - ruc:F) - W;'I:c+17rtk+1(17 1)(atk+1 - 925)“? (MZE) :

Given that m,,, (1,1) < m) A, , along with (15)? < g5 and the negativity of ay,

as established in Lemma 4.2.2,

Yoo < T A, = 0 (D) (1) = nhia] + (= 0)(whue + pdpg) — pdug }
< T W, — )by + pfps) — pfps] <0,
B <t [y, — @)phpe — popd — (o, — O)e (1F)?]

=T Ty W, — O [nh — (D)) — pnd} <0,

Therefore, it follows that “A; < 0 for any . O
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B.6 Proof of Corollary 4.3.3

Proof. Given the assumptions in Corollary 4.3.3, the expressions for the optimal strategies

can be formulated as follows

L
ok
rOd — c c 2(« - c2 h c -
a:k — Stk + ( let1 (b):u Itk + K ( tot1 (b):u ) + tk+1/’b :
He = Qg fe? 2 [“c - (atk+1 - (b),ucg} 2 [Nc - (atkﬂ - ¢),Uc2}
(B.35)
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where

2
27Ttk+1 ((atk+1 - (b):uc)
e — (atk+1 - ¢>M02 ’

27Ttk+1 (atk+1 - ¢)lughtk+l
fre — (o, — D)z’

Qyy, = (atk+1 - ¢) + htk = htk+1 +

and m, = 7Ttik+1. Given that hp = 0, it follows that h;, remains zero throughout

the trading horizon. Upon closer examination, it becomes evident that regardless of the

specific time ¢; and the penalty levels leading to distinct values of «y,, the optimal ask

price can be expressed as aj, = St + % when the inventory level I, = It = #EZACLP.,
Similarly, the optimal bid price is given by b;, = S, — & when I;, = I = —_uéiljp'

First, let us examine the case where the inventory level is non-negative. Specifically, when

I;, =0, we can deduce from Eq. (B.36) that the optimal bid price is as follows:

fre — 2(Quyy — )2 (Qtyyy — Oz
kt1 Hp k1 1y < Sy — %7

S, — =S, —
' 2 |:/’LC - (atk+1 - gb):uc?} Ho '

2 - 2 [:uc - (atk+1 - ¢)M62j|
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since oy, ., < 0. As indicated in Corollary 4.3.2, the optimal bid price exhibits a strict

decreasing trend with respect to the inventory level. Consequently, when [;, > 0, it can

Hp

be concluded that the optimal bid price is consistently lower than S;, — =

As mentioned in Corollary 4.3.2, the optimal ask price exhibits a strict decreasing re-
lationship with the inventory level. Building upon the previous discussion, it can be

inferred that the optimal ask price has the following characteristics:

Hec2 Hp

a; = St + % when I;, = It = 2

Therefore, when considering the range of inventory levels I;, € [0, 1), it is evident that
the optimal ask price consistently surpasses the threshold of S, + % Conversely, for
inventory levels exceeding I, the optimal ask price consistently falls below S, + ke
The symmetric nature of the proof holds true in the case of non-positive inventory levels.

Thus, the proof of Corollary 4.3.3 is substantiated.
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