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ABSTRACT OF THE DISSERTATION
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Operators
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This thesis develops a novel approach to the representation of singular integral operators
of Calderén-Zygmund type in terms of continuous model operators, in both the classical
and the bi-parametric setting. The representation is realized as a finite sum of averages
of wavelet projections of either cancellative or noncancellative type, which are themselves
Calderon-Zygmund operators. Both properties are out of reach for the established dyadic-
probabilistic technique. Unlike their dyadic counterparts, this new representation reflects
the additional kernel smoothness of the operator being analyzed.

These representation formulas lead naturally to a new family of T'(1) theorems on weighted
Sobolev spaces whose smoothness index is naturally related to kernel smoothness. In the
one parameter case, the Sobolev space analogue of the As theorem is proven; that is, sharp
dependence of the Sobolev norm of 7' on the weight characteristic is obtained in the full
range of exponents. In the bi-parametric setting, where local average sparse domination is
not generally available, quantitative A, estimates are established which are best known, and

sharp in the range max{p, p’'} > 3 for the fully cancellative case.
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Chapter 1

Introduction and Statement of Main Results

In the area of harmonic analysis, singular integral operators and more specifically Calderon-
Zygmund theory has been studied extensively for decades with applications in partial dif-
ferential equations and complex analysis, and connections to Littlewood-Paley theory and
wavelets. A singular integral operator acts on a function by integration against a kernel,
K, that asymptotically fails to be integrable. Calderén-Zygmund theory places continuity
and cancellation conditions on these kernels and studies when and how these operators are
bounded on L?. The T'(1) theorem gives such a characterization. The rich theory developed
by Alberto Calderén and Antoni Zygmund is the cornerstone of this thesis, specifically the
L? boundedness of these operators, T', for 1 < p < oc.

Beginning as the study of frequency localization operators, Littlewood-Paley theory gave a
way to decompose functions as a superposition of components localized to dyadic annuli in
frequency. These decompositions and the associated square function gave a nice way to study
L? and LP behavior of the Calderén-Zygmund operator , 7. In fact, this square function
addresses the boundedness of T at the end point p = 1, where the real Hardy Space H' is
mapped into L!'. The space H' can be characterized as the space of functions the square
function maps into L'. Additionally, square function space characterizations are a crucial
tool in the lauded duality of H' and BMO of C. Fefferman.

Much like square functions, wavelets are powerful tool used in function space characteriza-
tions and sampling theory. A square integrable function ¢ is a wavelet if the collection of
functions {@ n }meznezd is an orthonormal basis for L?(R?) with ¢y, ,(z) = 2m7d¢(2mx —n).

The most widely known wavelet is the Haar basis with the mother wavelet given by ¢(z) =



1, 1= 1 1 1)The Haar basis enters the definition of martingale transforms and dyadic square
functions, generalized versions of these dyadic operators may in turn be used to represent
Calderén-Zygmund operators [28,39]. This thesis takes advantage of square functions defined
via wavelets with more smoothness than the Haar wavelet. The idea of smooth wavelet co-

efficients goes back to the work of David and Journé [13] in their work on 7T'(1) type theorems.

1.1 Single Parameter Calder6on-Zygmund Forms

We first begin in the single parameter setting for Calderén-Zygmund theory on R? with the
Lebesgue measure of a set F given by |E|. By a single parameter, we mean we only consider
objects invariant under a single scale dilation. It is convenient to employ the Japanese
bracket symbol

(x) = max{l, |z|}, r € R%

Lastly, as with Fourier analysis, necessary is the Schwartz space, S(R?), of all smooth func-
tions whose derivatives decay faster than any polynomial. We consider the class of Calderon-
Zygmund operators invariant under single parameter families of translations and dilations

on RY. In this section, A stands for a continuous bilinear form on S(R?) with adjoint form

A S(RY) x S(RY) — C,  A*(f,g) = Alg, f).

and two adjoint linear continuous operators

T, 7" : SRY) = S'(RY),  (Tf.9)=A(f9), (T*f.9) =AM\ f)

Below k£ € N and § > 0 are two parameters quantifying the weak boundedness and



off-diagonal kernel smoothness of the form A. This quantification is summarized by the

norm

[Allsiraks) = [[Allwss + |Allk.k6 (1.1.1)
with the quantities on the right hand side defined below.

Definition 1.1.1 (Weak boundedness). The form A has the d-weak boundedness property if
there exists C' > 0 such that

YA (s, v:)| < C

uniformly over all z = (x,5) € Z¢ | ., v, € ¥ with supp ¢.,supp v, C B.. In this case,

call ||A|lwg,s the least such constant C.

Definition 1.1.2 (Kernel estimates). For a function K = K (u,v) : R? x R? — C, recall the

finite difference notation
Ap.K(u,v) = K(u+h,v)—K(u,v), A K (u,v) = K(u,v+h)—K(u,v), u,v,h € R

The continuous bilinear form A on S(R?) has the standard (k,d)-kernel estimates if the
following holds. There exists a function K : R x R? — C, k-times continuously differentiable

away from the diagonal in R? x R such that

A(f,g) = / K (u,0) ()9 (u) dvdu

R2x R4

whenever f,g € S(R?) are disjointly supported, and satisfying the size and smoothness



estimates for all u # v € R?, h € R* with 0 < |h| < S|u —v|:

lu — | [|VEK (u,v)] + |VEK (u,v)]] < C, 0<k<k; (1.1.2)

5
lu — | | AR VEK (u,v)| + [ApVEK (u,0)]] < C < i ) : (1.1.3)

|u = v

We call ||A||k s the least constant C' such that (1.1.2)) and (1.1.3) hold and say that
A € SI(R4, k,0) if the constant (1.1.1)) is finite. In the case k = 0, (1.1.2)) and (1.1.3)) reduce

to the usual size and smoothness estimates for Calderon-Zygmund kernels. The following

are two examples of such operators.

Example 1.1.1. In dimension d = 1, the Hilbert Transform is a example of such an operator

1 f(y)
H = Voo ——dy. 1.1.4
(D)=~ v [ 22 (11.4)
R
Example 1.1.2. In dimension d,
[‘<n_+1) T — 1,
R; = 27 pv. [ 2L d 1.1.5
J(f)(x) 7{% p-v / |x_y|d+1f(y) Yy ( )
R

A natural question is how do L? bounded operators act on L'(R?)? Unfortunately, these

operators are not bounded here. For 0 < p < 0o, the weak L? space
LP(R?) == {f is measurable : || || pr.oo(ra) < 00}
with,
1
1f Wl zroe ey = sup al{z e R?: |f(x)] > a}”
a>

is strictly larger than LP. Notice that |x|%d € LP>=(R?) \ LP(RY). The following well-known

Lemma (1.1.1) may be used to prove the weak (1,1) bound T : L*(RY) — L“*°(R%) and

4



answers our previous question.



Lemma 1.1.1. Let f € L} (R?) and @ > 0. Then there exist functions g and b on R? and

loc

dyadic cubes {Q,}; with Q; N Qx when j # k such that

f=g+0 (1.1.6)
lgllzr < £l and [|gllz= < 2% (1.1.7)
b= Z b;, where each b; is supported in the dyadic cube @), (1.1.8)

J

/bjdxzo (1.1.9)

Qj

15,1121 < 2% 0| Q] (1.1.10)
>l < a M flle (1.1.11)
J

The thus obtained weak (1,1) bound [8] and L? boundedness along with interpolation
gives the bound T : LP(R?) — LP(R?) for 1 < p < 2. By symmetry of the assumption when

passing to the adjoint, this result is extended to the full range, 1 < p < oo.

Definition 1.1.3. For a locally integrable function f on R¢ and
1
1fllBao :=sup = [ [f = (f)qldx (1.1.12)
Q Q| J

f is of bounded mean oscillation if || f||paro < 0o and BMO(R?) is the set of all such locally

integrable f with || f|| zmo < oo .

At the other endpoint, we have T : L®(RY) — BMO(R?). The L? boundedness of T
is equivalent to T'(1),7*(1) € BMO. Generalizing to a larger set of measures, a weight,
w, is a nonnegative locally integrable function. For a Lebesgue measurable set E, w gives
w(E) = [,w(x)dz. Naturally, one can ask what condition on w gives the weighted L?

bound T": LP(w) — LP(w) and that is given by the following

6



Definition 1.1.4. Let w be a weight on R? is said to be an A, Muckenhoupt weight for

l<p<ooif
p—1
] 1/ d 1/-1 < (1.1.13)
wla, =sup | — [ wdzr | | —= [ w T 00 1.
Q \ Q| Q|
Q Q
and for p =1 if
1
[w] 4, := sup —/wd:v |w™ |z (g) < 0. (1.1.14)
Q \ Q|

Q

Qualitative weighted bounds are due to Muckenhoupt. The first sharp bound for a
singular integral operator was proven when Petermichl represented the Hilbert transform as
an average of dyadic shifts [44]. This idea of representation of an operator was extended to
the Beurling transform|14], Riesz transform [45|, dyadic paraproducts [6], sufficiently nice
convolution Calderén-Zygmund operators|[50]. These results were cases which confirmed the
hypothesized bound in the A, conjecture which states: for f € L?(w) and w € A, the

quantitative bound for a Calderén-Zygmund operator is

1T || 22 (w)— L2 (w) Spr [W]A,-

For 1 < p < o0, this inequality with Rubio de Francia’s extrapolation theorem implies the
max 1,p—/

weighted bound ||T| e (w)—Lr(w) Sdpr [W] A, 5 ). The known cases above were brought to

full generality in the seminal work of Hytonen [28] where a Calderén-Zygmund operator was

represented as a infinite average of shifted dyadic operators over random dyadic grids.

Theorem 1.1.1. If T'is a Calderén-Zygmund Operator satisfying the kernel size and smooth-

ness and weak boundedness estimates along with 71, 7*1 € BMO(R?) then

<Tf7 g> = ]Ew Z 2—a(u+v) <Tu,v,D(w)fa 9) .

u,v=0



This one parameter result was extended by Martikainen to the bi-parameter setting [39]
and later to include the use of smoother wavelets instead of Haar wavelets [27]. In this thesis
we pursue a different representation strategy which is especially advantageous when trying
to exploit additional kernel smoothness and obtain estimates in smoothness spaces such as
Sobolev and Besov spaces. In addition, the building blocks of our representation will have

the same invariance properties enjoyed by Calderéon-Zygmund operators.

Theorem. Let T be a linear operator on R?, satisfying the weak boundedness testing
condition, the standard d-kernel estimates for some § > 0 and with 7'1,7*1 € BMO(R?).
Let 0 < € < 0. Then there exists a family of L'-adapted, e-smooth and (d + €)-decaying

cancellative wavelets {v, s : y € R% ¢t > 0}, such that

dydt

Tf(x) = / (f, <P(y,t)>U(y,t) (z) T + 1py f () + 1y f(2), zeR?

R?x(0,00)

where ¢, 4 is the (y,t)-rescaling of a smooth mother cancellative wavelet with compact sup-

port, II, are explicitly constructed paraproducts of the form in Definition 2.4.2]

In the body of the thesis, we show how this type of representation leads to sparse bounds
and to A, bounds for Sobolev spaces. Finally, the representation theorem we obtain can be

used to prove sparse bounds, which we now describe.

Definition 1.1.5. A family of cubes S on R? is called sparse if for all Q € S there is Fg C Q

such that |Eg| > 6|Q| with 0 < § < 1 and if @ # @' then Eg N Eg = 0.

For a fixed sparse collection S, define a sparse operator Ag as

Asf(@) = (falo(x).

QeS



Lerner first used this technique on bounds for oscillations of dyadic operators [33].

1.2 Multiple Parameter Calder6n-Zygmund Operators

Throughout, d = (d;,ds) is used to keep track of dimension in each parameter. The base

space is the product Euclidean space
r = (r1,75) € RY = R" x R%,

In this section A indicates a generic bilinear continuous form on S(RY) x S(RY). If
fi € S(R%) for j = 1,2, then f; ® fo € S(RY) stands for (w1, ) + fi1(z1) f2(x2). Define the
full adjoint of A by

A SRY) x SRY) = C,  A*(f.g) = Mg, /),
and, when A acts on tensor products, the partial adjoints are given by

A AR S(RM) @ S(R®) x S(RM) @ S(R%) — C,

A (f1® fo, 01 ® g2) = M1 @ fo, [1 @ ga), A2(fi ® f2,01 ® g2) = A(f1 ® g2, 91 ® [a).

To unify, we write A° = A and A*, with a varying in the set @ = {o, *, 1, %2} At times, the

adjoint linear operators T : S(RY) — &'(R9),

(T(f1® f2), 91 ® g2) = A(f1 ® fo, 1 ® g2), acd

will be considered. A bi-parameter wavelet basis is needed. For j = 1,2 let p; € C5°(R%) be

such that ¢ = ¢;, d = d; in (2.1.7), and D > 8(d;y + d,) sufficiently large. Set ¢ == 1 ® ¢y €



Cs°(RY) as our mother wavelet on RY, and rescale it by

0= Pz @ Pz =Sy, =Sy, p1 @Sy, o, 2= (21,2) € Z% (1.2.1)

With this position, ¢, € U PP for all 2 € Z9. The boundedness and kernel smoothness

properties of bi-parameter singulars are quantified by the parameters k = (ky, k2) € N? and

0 > 0, and summarized by the norm

A llsira ko) = [[AllpwB ks + | Allk k. (1.2.2)

whose summands are described below. Notice that the norm (|1.2.2)) is stable under full and
partial adjoints: this fact will be used without explicit mention from now on.

Definition 1.2.1 (Partial kernel and weak boundedness). For j = 1,2, z; € Z%, and

Zj

Uz, Uy, € V2 ' with supp u.,;,supp v., C B, define the forms

Al,uzl,vz1 : S(RdQ) X S(RdQ) — Ca Al,uzl,'uz1 (f2ag2> = SillA(un ® f27vz1 ® 92)7

A2,Uz2’vzz : S(Rdl> X S(Rdl) - C’ A2,u22,’022 (f17g1> = Sg2A(f1 @ U‘Z27g1 ® 022)'

The form A has the (k,d)-partial kernel and weak boundedness properties if there exists

C > 0 such that

<C

K,k1,0 —

HAlvuZl yUzq WB,5 + ||A17UZ27'U22 K’k276 + HA27uZ27vZQ WB,(; + ||A27UZ27UZ2

. ) k;,0;
uniformly over z; € Z% and Uzyy Uy € U2

" with Supp u.,,supp vy, C B.,, 7 =1,2. In this
case, ||A|lpwsks is the least such constant C. The ||A|lpwps norm is stable under full and
partial adjoints, and subsumes all of weak boundedness and partial kernel assumptions of

[39], see also [43].

10



Definition 1.2.2 (Full kernel). For a function K = K (u,v) on RAxXRY, with u = (uy, us),v =

(v1,v9) again using the finite difference notation

A}Ll|,K(u,v) = K ((uy + h1,u9),v) — K(u,v), Aiﬂ,K(u,v) = K ((ug,us + hy),v) — K(u,v),

Aﬁth(u,v) = K (u, (v1 + hy,v9)) — K(u,v), A?‘hQK(u,v) = K (u, (v1,v9 + hg)) — K(u,v),

for u = (uy,uz), v = (vi,v2) € R4, h; € R%,j = 1,2. In preparation for (1.2.4), introduce

the norms

1Kl = sup (H | —Uj!dﬁ“j) K (u, v)]

(u,v)eRI xR4

j=1,2
di+K1+9
Uy — v
(Klosa, = swp s T UETE R e AL ) w)].
al (u,w)ERI xR 0<2|h1 |<|u; —v1| |h1|
oy |dj RO
K| sa1 a2 =  sup sup I1 [ ”J|6 (AL, A2, ) (u, )]
oo (u,v)ERAXRA 0<2|hj|<|uj—v;| j=1,2 |h]|
j=1,2 ’

with similar definitions for the other finite difference operators: here x = (ky, k2) € [0, 00)?
and § > 0. Then the form A satisfies the full kernel estimates if the following holds. There

exists a k = (ki, ky)-times continuously differentiable K (u,v) on R x RY such that

AL ® for gy ® g2) = / K (uy 0) fy () fo(us)gs (0)ga(v) dudo (1.2.3)

Rd xRd

for all tuples f;,g; € S(R%) such that supp f; Nsuppg; = &, j = 1,2, with the property

11



that for all 0 < k1 < k1, 0 < Ky < ko,

IVEVER ]y + VIV, ) <

(R1,K2) -
|Vh v K H(klm sap, HvklvaH(thz)»(st.l\D <C,
”vle@KH(m, AL - HVIQV@K” (r1,k2),0,A3 <G (1.2.4)

IVEVER i rsar, a2, + IVEVEE i par a2, < C

[V Ve K], +IVaVEE ] g ksar a2 <C

1 2
ka), 8,45 A 1080

The least C' such that (|1.2.3]

Notice that the latter constant is preserved under full and partial adjoints as well. If
k1 = ko = 0, these are the usual full kernel estimates of a bi-parameter Calderén-Zygmund

operator, see for example |39]. The following is an example of such an operator.
Example 1.2.1. Let H; be the Hilbert Transforms in the j” direction. Then the tensor

product,

f(vla UQ)

uy — Ul)(u2 - Uz)

Tf = (Hl &® Hg)f = pV/ ( d’UldUQ (125)

R2
is a bi-parameter Calderén-Zygmund operator. In fact when T3, T, are Calderén-Zygmund

operators on R%, R% repectively then T} ® T is a Calderén-Zygmund operator on R9.

Although R. Fefferman proved that convolution type bi-parameter operators, a smaller
class than the one above, can be extended to an operator bounded on L*(R?) [18|, these
operators were first described in the sense of vector-valued Calderén-Zygmund theory by
Journé [29]. A one parameter operator T maps T : L' — L but the proof requires a

stopping time argument using the Hardy-Littlewood maximal function. Given the additional

12



geometric freedom in the bi-parameter setting, we must use the strong maximal function,

M, f(x) = sup o / £l dy,
Tz€ER |R|

where the supremum is taken over all rectangles. The lack of martingale structure of the

strong maximal operator does not allow for similar stopping time arguments. In order to

map boundedly into weak L*(RY), the Orlicz Space L log’ L(R?) is the required space, and

along with the Marcinkiewicz Multiplier theorem the LP bound is established for 1 < p < oo

[18]. At the other endpoint, we have the following change to the BMO space.

Definition 1.2.3. (Product BMO) For a locally integrable function f on R and

1 fllBro == P19 Z [(f, ¢r)[? (1.2.6)

RCQ

with the sum above over all dyadic rectangles R contained in the open set 2. f is of bounded
mean oscillation if || f||pmo < oo and BMO(RY) is the set of all such locally integrable f

with HfHBMO < 0.

It is important to note that supremum above is taken over all open sets because a supre-
mum over only rectangles would give the larger class of functions BMO, ... as shown by
Carleson’s well known counterexample |9]. This rectangle BMO space contains the smaller
yet space, bmo which is all functions satisfying with cubes replaced with rectan-
gles. Contrasting to the issues with BMO, the product Muckenhoupt weights, A, are the

following classes of weights.

Definition 1.2.4. The nonnegative locally integrable function w on RY, a weight, is said to
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be an A, Muckenhoupt weight for 1 < p < oo if

p—1
1 1 1
[w] 4, = sup —/wdx —/w_Pl < 00 (1.2.7)
r |\ |R] | R
R R
and for p =1 if

1
[w]a, = sup —/wd:v ™ |1 () < 00 (1.2.8)

r\ Bl

R

These changes allow for the desired weighted L? bounds 7' : LP(w) — LP(w) for bi-
parameter operators due to R. Fefferman [16] as one would hope given the one parameter
case. The following is Martikainen [39] dyadic representation theorem for bi-parameter

operators.

Theorem 1.2.1. If T is a bi-parameter Calderén-Zygmund operator satisfying the partial

and full kernel size and smoothness and weak boundedness estimates then

<Tf, g> _ Ewn Ewm Z 9- max(i1,z’2)6/22—max(j17j2)6/2 <S%i2jéj2 f; g>

(Z'1,Z'2)€Z3_
(J1,42)€Z7
Using [39] as a black box, some weighted type results of quantitative nature have been

obtained by Barron and Pipher via a weighted quantification of the bounds for the dyadic

shift operator Sp ">/

wn DW m

[3]. These estimates are far from sharp. One reason for this is that
[3] derives these weighted bounds from sparse estimates involving square function averages,
(S f)R, instead of (f)r. The main bi-parameter result of this thesis significantly improves the
quantification of |3] and obtains the sharp result in a certain range of exponents. Theorem

contains the precise statement.

Theorem. Let T be a linear operator satisfying the hypotheses of a bi-parameter o-

14



Calderén-Zygmund operator as in Chapter 3 Let 0 < ¢ < § < 1. Then there exists a family
of L'-adapted, e-smooth and (d; + ¢)-decaying in the j-th parameter, product cancellative

wavelets

{0 o)) - Y5 € R, > 0,5 =1,2},

such that for (z;,7;) € RY x R%,

Tf(xh xQ) = / / <fa P(yi,t1) & @(yz,tz)>U((y17t1),(y27t2))(xla 1‘2) T

R%1 x (0,00) R¥2 x (0,00)

+ four paraproduct terms + four partial paraproduct terms.

As a corollary, in the range max{p,p'} > 3, this main theorem applied to cancellative

operators results in the sharp weighted bound ||| 2o (w)—Lrw) Sdpr [W]%, -
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Chapter 2

Wavelet Representation of One Parameter
Calderon-Zygmund Operators and Sparse

Bounds

This thesis sets forth a new technique for analyzing singular integral operators based on rank

1 wavelet projections

f = Sd(fv So(x,s)>§0(:v,s)7 (l’, 5) € Rd X (07 OO)

where ¢, are L'-normalized wavelets living at scale s near the point . The method
used is to instead take a weighted average of these wavelet projections with respect to
the operator wavelet coefficients (T'p( ), (y1)), With (y,t) € R x (0,00). The simplest
version of this principle is the resolution of the identity operator below, widely
known as the Calderéon reproducing formula. Certainly, the Calderén reproducing formula
(2.1.11)) and wavelet coefficients have been used countless times in the proof of T'(1) type
estimates, beginning with the works of David and Journé [13| and Journé in the bi-parametric
setting [29]. Our approach takes these seminal ideas one step further, in that we aim for
equalities, rather than inequalities, and employ the wavelet coefficients of T in a wavelet
averaging procedure instead of estimating them, see Lemma [2.3.1] essentially turning the
original wavelet basis into another wavelet family adapted to the operator being analyzed.
Our approach takes advantage of the fact that a Calderén-Zygmund operator applied to a

smooth wavelet basis with compact support yields again a collection of wavelets, though

16



possibly rougher and with smeared out support.

When analyzing one parameter Calderén-Zygmund operators, this results in a represen-
tation formula involving a single, complexity zero cancellative operator, a single paraproduct
and a single adjoint paraproduct, all of which are Calderén-Zygmund operators themselves,
in contrast to the dyadic expansion of e.g. |28], involving probabilistic averaging of countably

many dyadic shifts. The following is the main result of this section.

Theorem 2.0.1. Let £ € N, 0 < ¢ < 0 < 1. There exists an absolute constant C' = Cj 5.4
such that the following holds. Let A be a standard (k,J)-CZ form, satisfying the weak
boundedness condition, the kernel estimates and having paraproducts with normalization
|Allczrans < 1. Then, there exists a family {v. € CUre0 2 € 79} such that for all

f.9 € S(RY)

ML = [(edoagh @)+ 3 Tos(fig) +Thealod) (201)

S 0<|y|<k

where, for all 0 < [y| < k, 11, , and ITyx o are explicitly constructed paraproducts of the

form in Definition [2.4.2} with b, [|gyore), 102 [|smomey < ||Allczrak,s) as in Definition [2.4.3]

2.1 Wavelet Representation

We must discuss the relevant theory and necessary notation before we introduce the wavelets
we consider in our representation theorem. Our analysis of these forms is based on a sym-
metry parameter space description. In the classical, single-parameter setting, the parameter

space and its associated natural measure p are

S

z=(2,8) € Z=R% x (0,00), /f(z) du(z) = / f(z,s) dxds'

% (0,00)
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Points of Z? conveniently parametrize open balls in R? by
B.={ycR: |y — x| < s}, 2= (z,s) € Z°

When two points, or families of points, of Z¢ appear in the same statement and the context
allows for it, the notation z = (x,s) and the corresponding Greek version ¢ = (£, 0) are
used; for instance, see ([2.1.5) below. For each ¢ = (£,0) € Z% it is convenient to refer to the

following partition of Z%:

Z4(¢) = {z = (1,5) € 20 5 > o} = F,(Q) US(C) U A(C),
Fi(Q) = {2 = (r,5) € ZL(Q) : e — €] > 35},

S(¢) ={z=(2,5) € Z{(¢) : s € [0,30], |z — £| < 3s},

(2.1.1)

A(Q) = {z=(z,5) € Z%(¢) : s > 30, |x — £] < 3s}.

A fixed z € Z? gives rise to the one parameter family of symmetries on ¢ € S(R?) via the

following:

1 .
To() = ¢(- =), DiEG() = =0 (g) . zeR% s>0,pe(0,00;

Sy.¢ = Dil! o Tr,, 2= (z,s) € Z°

If we choose o € C*°(RY), radial and with a = 1 on B(0,2), supp a C B4y, then for z € zZ4

define the cutoffs
a, = Tr,Dilla, B, =1-—a,, 2= (z,s) € Z¢ (2.1.2)

Note that supp o, C 4B, = B4 supp 8. C R?\ 2B., and unlike most other functions

parametrized by z € Z9 the cutoffs «., 3. will always be co-normalized. For a parameter
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v > 0, in order to measure decay in Z¢ define the function

[ 29— (0,1, [(2,9)], = (miiii{sl,’;ﬁ;dw (2.1.3)

with the useful property that

/[Z],,d,u(z) <, 1, v > 0. (2.1.4)

zd

Next, the geometric separation in the parameter space Z? is described by the function

2= [(555)] T g om0 ezt
(2.1.5)

We now gather the needed properties and tools involving the Fourier transform. Through-
out this thesis, for & € N, a multi-index v € R? with |y| = k and a Schwartz function f with

]?(5) = O(‘f’k) as & — 0, we denote

0 f(x) = —— / A(f)if,ik e d. (2.1.6)

Then 077 f € S(R?) and Plancherel’s theorem implies the equality
= > (077f,07g) = (V*f, V),  geSRY)
1=k

As denoted above, let kK € R, u € {1,...,d} and |V|*, R, be respectively the x-th order

Riesz potential and u-th Riesz transform on R,

“Ef(r) = 1 —k 7 eiz-£ ) = 1 T Zgu wc§
VI ) = s / K Flessds, Rt = ;[ R
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For a multi-index v = (y1,...,74), let RY = R{* o --- o R)*. With this notation 077 =
|V\_MRW up to a multiplicative constant depending on d, |y| only. This multiplicative con-
stant will be ignored in the subsequent uses of this fact. Finally, we arrive at our chosen
mother wavelet that will act as a model for our wavelet classes. Let ® € C>(R?) be radial
and supported on Bg1), D € N a fixed large parameterﬂ and a = a(d, D) > 0 chosen so that
below holds. Define the mother wavelet for a radial ¢ by,

¢ = aA*Pd € C(RY), supp ¢ C Bo,1), /|go| dz = C(d, D). (2.1.7)
Rd

This definition implies
0% = APl € S(RY), supp 0~ “p C B(o,1), V0 < |a| < D, (2.1.8)
and in particular
/x”z/)(x) dr =0 (2.1.9)

Rd

holds for all ¢ € {07%p : 0 < |a| < D} and all 0 < |y| < D. The translated, rescaled
functions

©, =Sy, p z€ Z° (2.1.10)

yield the Schwartz version of the Calderén reproducing formula [5}23,53|

h= [edecdn©.  heS@, (2.1.11)
zd
'For instance, when proving Theorems below, any D > 8(max{ki, ka} + di + d2) will suffice.
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2.1.1 Wayvelet Classes

For v > 0, 0 < 6 <1 define the norm on S(Rd)

e |82 + 1) = 6(2)|

[6]l5 = sup (z)** |¢()] + sup sup (z) 5
TER x€RI  pheRd ‘h|
0<|h|<1

Using this norm and Sy, adapted classes are defined. For k € N, 0 < 6 <1 set

Whol — {¢ e SRY) : s ||(Sy,) o7 <1:0< | < k:} z=(z,5) € Z°.

*,k+0,0

The membership ¢ € WF%1 for a fixed z = (x,5) € Z% yields the following quantitative

decay and smoothness conditions: for each multi-index v on R? with 0 < |y| < k, there holds

1 y—z —(d+k+9)
d
ool < (50) . yer (2112
‘h‘(s y—x —(d+k+9) J
Ia%w+h%—m¢wﬂésﬂmw< - > . yeRLLA£O. (2.1.13)
Then set
U0 = {yp e UL . (2.1.9) holds VO < |y] < k}. (2.1.14)

When k = 0, the notation is simplified by writing ¥%! %0 in place of W% W40 We

point out that ¢, defined in (2.1.10)) belongs to CUL:50. More generally if 0 < |y| < D
0y =Sy, [077¢] = s Ma77Sy_p € CUDIO, supp ¢-.» C B.. (2.1.15)

Limited decay wavelets enjoy the following almost-orthogonality estimates.
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Lemma 2.1.1. Let 0<n < 3§ <1,0<k <D, z=(2,5),( = (£,0) € Z¢ with s < o. Then

sup  sup |[(¥, 9)| Sy [z, (i, sup {0z, 9)| Sko (25 Clits-
¢eqllzc,5;0 ¢E\IJIC€,6;1 ¢E\I’IS’5;1

Proof. Consider the first estimate. By scale invariance and symmetry one may reduce to the
case ( = (0,1), z = (x,s) with s < 1. Further, assume |z| > 1 as the case |z| < 1 is strictly
easier. In this case [z, (g1, = s*77|x|7@. Thanks to the vanishing moment properties of
¥, one can subtract T,(y), the Taylor polynomial of ¢ of order k centered at x. Then one

has

W, 8)] < /rmm4mmwmmW—/|QMW@ww%/‘WMW@My

ly—z|<1 ly—z|>1 ly—z|>1

Using (2.1.13) for V¥¢ and (2.1.12)) for 1,

1 ly — ™ dy
/ [o(y) — Tu(y)| [ (y)| dy < @R / (1 N Iy_w>d+k+6§
ly—=z|<1 ly—z|<1 s

s¥+9]1og 5|
N Ta@rRa) 2, Clitn-

Using (2.1.12) for V*¢ instead gives,

gkto B
| el a s S [ el S 12

ly—=z|>1 ly—=z|>1
[ slvwlas [ welas [ s
ly—z[>1 2ly—z|>|z| 2|
2ly|<|=| 2s
1
[ el < s [ w0l Sl
STl e

Assembling the last two displays yields the claimed first estimate.
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The second estimate is proved similarly. Again, renormalize to have ( = (0, 1), z = (=, s)

with s < 1. Using equation (2.1.15) to rely on the vanishing mean of ¢, ., and using the
decay (2.1.13)) for ¢ € \1112,6;1 gives

k+6
< k 0% 9y < S _
‘<¢’ SOZ>| =S ;C/ ‘8 ¢(y) a ¢(x)||gp%z(y)| dy ~ max{l, ‘i[)’}d+k+5 [Z7C]/€+57
YI=rB,
and the proof is complete. O]

We include a necessary family of functions along with some properties. Choose a collec-
tion of functions ¢, € S(RY), indexed by multi-indices 0 < |y| < 2D, supported in the unit

cube of R? with the properties

/xa¢7(x) dr=5,,  W0<l|a| <2D. (2.1.16)

Rd

The collection ¢, has been explicitly constructed by Alpert [1], see also the extension to
general measures in [47, Theorem 1.1]. The folowing lemma [2.1.17| involves the Alpert basis

and is needed in the content of the main proof of this section.

Lemma 2.1.2. Let z = (z,5),( = (£,0) € Z%, and with reference to (2.1.1)), z € A(().
Define

P.c(v) = > (¢:,Sy6,) <U - 5) s Xec(W) = (v) = Pog(v),  veRY
0<|v[<k
Then
k
X=c(0)] S % (@) min {1, max{'”S_ 5"0}} . veERY (2.1.17)
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Proof. Let

—&\” Mo,
Tf(pz(v) = Z qy (v . 6) ) qy = U—W = <T§¢Z;Sy§¢7>

|
0<|y|<k v

be the degree k£ Taylor polynomial of ¢, centered at &; the equality involving ¢, is due to

(2.1.16). By Taylor’s theorem, as supp Sy.¢, C B,

O.kJrl
‘<§027 SY<¢7> - %‘ = ‘<¢z — T, SY§¢7>} S . — TESOzHLw(Bg) S Ak

It follows that

1 _ Il
Xac @) S leav) = Tepa )+ 5 D T (|v él) |

s
0<|v|<k

The first summand of the last display complies with the estimate in the right hand side
of , by Taylor’s theorem and the fact that ¢, € U559 The second summand is
also bounded by the right hand side of : this is easily seen by checking the cases
lv—¢&| <o,0 <|v—=¢| <s,|v—E| > s separately. The latter remark completes the proof of

the Lemma. O

2.2 Intrinsic Forms and Sparse Estimates

Lemma leads to the L?-boundedness of an intrinsic square function associated to the
classes W90, This square function will now be defined. For f € LP(R%), 1 < p < oo, € {0,1}

and z € Z% define the intrinsic wavelet coefficients

W s [(f, ). (2:2.1)

6.
pew
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The ¢ = 0 coefficients enter the intrinsic square function

1
o0 2

safle) = | [ (witr) ) (222)

S
0

The value 6 > 0 is fixed but arbitrary and, whenever possible, it will be omitted from the

notation in (2.2.1)) and ({2.2.2)), writing for instance Sf instead of Ssf. Lemma implies

easily the L? estimate of the following proposition.
Proposition 2.2.1. Let f € L?(R%). Then |Ssfll2 Ss || f]l2-

Proof. Tt suffices to work with f € L*(RY) of unit norm. Standard considerations and a

change of variable reduce the claimed bound to the estimate

dxdsdadf

|<f7 @Z}(x,S)) | | <Sd¢(w,s)a w(x-kas”BS)) | | <fv w(x+a87,38)>| sB

(z,5)€ER% % (0,00) (c,8)€R%(0,1)

< / ()2 dpu(z)

z€Z4

(2.2.3)

with implied constant uniform over the choice of 1, € W2 and 2z € Z¢. Lemma then

yields
|<de(m,s)7 w(m+as,ﬁs)>| 5 [(CY, ﬁ)]%
so that (2.2.3)) follows by an application of Cauchy-Schwarz and (2.1.4). O

Next, consider the intrinsic bisublinear form
V(7,9) = [ Wi Wgdu(e) (22.4)
Zd

acting on pairs f, g € U;<p<o LP(RY). Note that the sum in (2.2.4)) is of nonnegative terms,

therefore issues of convergence in the definition may be disregarded. The intrinsic form of
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(2.2.4)) models cancellative operators of Calderén-Zygmund type. Analogous intrinsic forms
modeling paraproducts are also needed in the analysis. Referring to the wavelet coefficients

(2.2.1), define on triples f; € Ll .(R?) the intrinsic forms

loc

0 (fr, fa. f5) = / vl I v ) due). (2:2.5)

S e{1,2,3}\j
The index j in the notation (2.2.5)) identifies the noncancellative index of the paraproduct
form. As these are modeling bilinear, one parameter Calderén-Zygmund forms, the case
where j € {1,2} and f3 € BMO(R?) is of particular interest. In this case, the simplified

notation

71-3503(fl’~](‘2) :Hl’é(f17f27f3) (226)

is adopted. The analogous result to Proposition for paraproducts follows. As for (2.2.4]),

when ¢ is fixed and not important in that context, write 7, in place of ﬂffg.

Theorem 2.2.1. For each pair f,g € L*(RY) there exists a sparse collection S of cubes of

R? with the property that

V(0 S Yl ele (o= ﬁ / g de. (2.2.7)

QeS

The sparse domination algorithm we employ, originating in [11], revolves around an
iterated Calderon-Zygmund decomposition and the decay estimates of the lemma below. It
is convenient to introduce some terminology to simplify statements and later proofs.

Let I,Q C R? be any two cubes. We say that the pair (Q, I) is floating if QN (91)¢ # @.
Notice that (@, ) might be floating without (7, Q) being floating, namely the property of
floating is not a symmetric relation. If (@, ) is a floating pair, we say that it is of type

I if ¢g > ¢; and of type II otherwise. If (Q),I) is a floating pair of dyadic cubes. Then
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Q N (91)¢ # @ forces either of the following properties to hold.

I If (Q, 1) is of type I, there exist n > 1 and m € Z? with the property that

b = Q_an, I1CqQ —i—me;

I1. If (Q, I) is of type II, there exist n > 1 and m € Z<¢\ {0} with the property that

gQ = 2_n€[, Q cI+/¢m.

We call such m, n the indices of the floating pair (@, I). We record the observations that for
each I,QQ € D

>, r<ial,

I'eZ(I,mn)

S Q<

Q’G Q(I)m)n)

(2.2.8)

where Z(Q), m,n) is the collection of I” € D such that (Q, I’) is a floating pair of type I with
indices m,n, and Q(I, m,n) is the collection of Q' € D such that (@, I) is a floating pair of

type II with indices m,n,

Lemma 2.2.1. Let (Q, 1) C R? be a floating pair with indices m,n. Let by € L'(R?) be

supported on I. Referring to (2.2.1]), we have

1. If (@, 1) is of type II, we have

2—6n

b <5 by
Qbr Ss 1>1(1_|_ |m|)d+o
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2. Suppose in addition that b; has mean zero. If (@, I) is of type I, we have

270 ||

OXh; <s (bj)j—- L
Qbr Zo G e )

Proof. Without loss of generality, we scale out (b;); = 1, and use ||bs||; = |I|. Suppose
(@, 1) is of type II. For y € I, we then have |y — cg| ~ |m|¢;. We can thus use (2.1.12)) and

estimate, whenever ¢g € Y.

1 (|m|e 27"
< <
[(br. 6a)| < / |bz<y>l—%>d( 7 ) W R T e
I

Suppose now (@, I) is of type I and b; has mean zero. For y € I, we then have |y — cg| ~
(1 + |m|)fg. We can thus use (2.1.13)) and estimate, whenever ¢ € %,

—on
on:va)l = | [ 1000~ dalen ) < o e ian

I

The proof is complete. n

In this proof, § > 0 is fixed, and we write ¥g f in place of W? of Let fi, /2 € L*(RY) be
fixed. First of all

U(f1, f2) =sup Yol(fi, f2), olfi, f2) = Z ’Q‘H\I’Qfg (2:2.9)

QeQ j=1

where the supremum above is taken over all finite subcollections @ C D. Below, for each

such Q we construct a sparse collection S(Q) with the property that

Yo(fi, fo) S Z ’Q‘H fie (2.2.10)

QEeS(Q)
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The estimate of Theorem then follows from (2.2.9) and (2.2.10) by appealing to the

one sparse form rules them all principle of Lacey and Mena Arias [31, Lemma 4.7, see also
[12]. We move to the proof of (2.2.10). From here onwards, we also fix the finite collection

Q. For any cube ) € D we write

f = fm@ 4 foutQ fme = f1,, U9 = flgag. (2.2.11)
leading to the definition of the fully localized form, for hy, hy € LY(R?)

Po(hy, he) = o) (R™T9, M4, 2(Q) = 9NDQQ). (2.2.12)

We may choose )y € D with the property that each element of Q is contained in 3()y. Let
Q. = Q + klg, for k € {1,0,—1}% be the 3¢ dyadic translates of @, so that Q splits into the

disjoint union of 3% collections Q(Q,). Relying on support considerations, we have

Vo(fif) = Y Vool @ %)+ S0 wo(fy%, f20%)

ke{1,0,—1}4 (*1,%2)#(in,in) (2 9 13)
in,5 in,5 *1,D *9,H
= Z Po.(fi Q07 2 QO) + Uolfi! Qo’f22 QO)-
:‘66{1707—1}d (*17*2);é(in,in)

After the removal of the tail terms of the second sum, is obtained by iterative
application of Lemma below, starting from ) = Q. for each k, with h; = fji»”"r’QD,
7 = 1,2. The iteration ends after finitely many steps due to the finiteness of the collections
Q(Q;). We omit the standard details and simply restrict ourselves to carrying out the proof

of the tail estimates and of Lemma [2.2.2]
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Lemma 2.2.2. Let Q € D. We may find a collection Z C D(Q) with the property that

Yo < @, (2.2.14)

IeT 2

Py(h, ha) < C|QI(h1)rqlha)rq + Y Pr(ha, hy). (2.2.15)
Iel

Tail removal. We present all the details for the case (¥1,%2) = (out,out). The other two

cases are simpler. Denote by I™ = @)y + mfg,. We then have

out BQo Z fjljm

[m|>3

Note that for R € Q, which is a dyadic cube contained in 3Q, (R, I™) is a floating pair of
type II. Let g = 27"¢g,. Then by Lemma m,

—nd

272
@ 1 m < ¥ m - <
R(f] m) Ss <fJ>I (1+ |m|)d+g
so that
ou ou —nd <f1>1m<f2>1k
|R[W ([P UR(f5°) SIR2™T ) =l
i rrzs I 2 k|
and summing over all R € Q,
ou ou <f1>1m <f2>1’C
Wo(f70, 590 < 1Q| AT
' ' |m%>3 |m|[k[?

Now, consider the portion of the above sum when |m| > |k|,

Z <f’ I;|£|2dlk <Z Z <f1>1m2"d Z |]k|<f2>1k

[m[= |k nz12n<|m|<2nt! k| <|m]|
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Notice for a fixed n that 1™, I¥ C Qé") = 2"5(Q), and by disjointness,

> B S gy [A5 g T e <100 g

2n<|m|<2ntl |m|<2n+1 k| <|m|

Summarizing, we have obtained the estimate

To(f7 29, f09) S 310 fi) g (o) gpo-

As the collection {QE)”) :n > 0} is sparse, this contribution is acceptable for ([2.2.10)). ]

Proof of Lemma[2.2.2. There is no loss in generality with replacing h; by hij”’m, j =12,
and normalizing

(h1)7g = (h2)7q = 1. (2.2.16)

which simplifies notation. We begin the proof by defining
0 = {:v e Re: mzl%d\/[hj(x) > C’} :
]: K
Note that if C' is large enough, we have O C 9@Q). Let now

J = maximal J € D with 9J C O,

(2.2.17)
7 = maximal elements of {/ € D(Q) : 3J € J with I C 9J}.
Below, we will use the easily verified bounds
sup inf Mhj(z) S 1, j=12 (2.2.18)

ReJguz z€R
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and the packing estimates

ST+ 11<20] < @ (2.2.19)

JeJ 1€

which follows from pairwise disjointness and inclusion in O, provided C' is chosen sufficiently

large. We now decompose Q(()) into two disjoint pieces. The first is
G={ReQ(Q):AJ € J with R C 9J}. (2.2.20)
For the remaining cubes R € Q(Q)\G there must be a unique I € Z with @) C I. Accordingly,

Po(f1, f2) = Yg(hi, he) + Z Pr(fi, f2) + Z Z Vo (b, h™). (2.2.21)
IeT IE€T (%1 ,%9)%(in,in)
The last [-summation term on the right hand side is made of tail terms. Each may be

estimated as

2
Y v sl s e
*1,%2 In,in J=

with the repeated usage of Lemma and the help of . The summation in I € 7 is
taken care of by the packing estimate (2.2.19)). We omit the details, which are similar to the
tail removal argument seen above. In view of and of the same packing estimate that
guarantees , Lemma is completely proved once we establish a suitable bound
on Wg(hy, hy). We execute a standard Calderén-Zygmund decomposition for hy, hy relative

to J € J, namely set

hj = g; +b;,

1 1 (
ngZhled\O—f-Z m/ j ].J'7 bjf:ij,J:Z hj—m/hj 1J.
J

JeJ 7 JeJ JeJ

2.2.23)
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The triangle inequality then leads to
Wg(hi, ha) < Wg(g1,92) + Yg(g1,b2) + Wg(b1, g2) + Vg(b1, b) (2.2.24)

and each term is estimated separately. Using Proposition and relying in particular on

(2.2.18]) for the second step,

U5(91,92) < |lg1ll2llgall2 S Q-

We move to the (g1,b2), (b1, go) terms in (2.2.24). By symmetry, we write out the bound for
the first pairing only. Using ([2.2.18]),

%(gl,zb)g(sup\Ingl)Z|R|\1va2 lgillse > IRIURby S | R gbo.

Reg Reg Reg

Thus it suffices to prove

> IRWgby Q). (2.2.25)

Reg

Notice that by construction, for all pairs (R, J) € G x J there holds R ¢ 9J, namely the
pair (R, J) is floating. We can therefore split into type I and II pairs and estimate using
Lemma [2.2.1] writing n = /2 for graphical reasons, as

> [RIURby <D IR D Wrbyy

Reg Reg JeJg
00 00
=20 0 > RIba+) 3 > D |RIWaby
n=0meZ ReG JeJ n=0 meZ JeJ ReG 299
JCR+mlR Im|>4 RCJ+mly ( i 6)
Lyj=2""4R Lr=2""4y
27
YY Y Ulbzu+ZZ T 2 2 1Rl
n=0 meZ ReG JeJ n=0 mezZ JeJ = RegG
JCR+mlpR |m|>4 RCJ+miy
Ly=2""4Rp Lr=2""0y
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Fixing (n,m) in the first summation on the last right hand side of (2.2.26]), notice that each

J € J appears at most once, in correspondence with the unique R which is the —m shift of

the v-fold dyadic parent of J. Therefore, also in view of (2.2.18) and ([2.2.19),

> D Wb 5@l (2.2.27)

ReG JeJ
JCR+mlR

Lyj=2""4p

Summation over (n,m) in (2.2.26)) shows that this term complies with (2.2.25). Fixing
instead (n,m) in the second summation on the last right hand side of (2.2.26)), we have the

easy control

ST R < 3 by S 1R, (2.2.28)

JeJ  Reg JeJ
RCJ—i-mZJ

br=2""0y
so that summing over (n,m) in (2.2.26) finishes the proof of (2.2.25). We now move to
handling the (by, b2) term in (2.2.24)). We have

\Pg(bl,bg) S (sup \I/Rbl) Z |R|\I/Rb2
RegG ReG

thus, by virtue of (2.2.25)), it is enough to prove

Upby < Bpby < > Ppbiy+ Y Prbiy S1 (2.2.29)
JeJ JeJ
ZIZZR ZI<KR

with uniform bound over R € G. For the first summand in ([2.2.29)), floating pairs of type I

are involved. Fixing R € G, we rewrite it and estimate using Lemma [2.2.1] as

00 00 o-mn 7
ZZ Z qDRbUSZZW Z <b1J>J% <1

n=0 meZ JeJg n=0 meZ JeJ
JCR¥Ymig JCRYmlp
Ly=2""4p Lyj=2""4Rr
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having relied on ([2.2.18)) to estimate (by;); < 1. Similarly, if J(m,n, R) is the unique J € J
with /g = 27™¢; and R C J + m/{;, the second summand in ([2.2.29) is rewritten and

controlled using Lemma as

ZZCI)RbUmnR)NZZ 1—0—\m] d+n<b1JmnR)> J(mn,R) < 1.

n=0 meZ n=0 meZ

Summarizing, we have proved ([2.2.29), and finished the estimation of (2.2.24]). The proof of

the Lemma is thus complete. O

Theorem 2.2.2. Let 3 € BMO(RY). For each pair f; € L'(R?) there exists a sparse

collection S of cubes of R? with the property that

2
m3(f1, f2) So ||BHBMO(Rd) Z Q| H(fj)Q

QeS 7=1

The proof of Theorem [2.2.2 is similar to the proof of the previous theorem so only the
necessary changes are presented. It is convenient to isolate the following estimate for the

\If‘éz [ coeflicients.

Lemma 2.2.3. sup —

sup ,Q‘ > RIS S 1B 1Esoge

RED(Q)

Proof. Notice that, due to the mean zero condition, W? o does not depend on the choice
of representative within the equivalence class of 3 € BMO(R?). Thus we may assume that
ng,B = 0. Decompose 3 = 3@ 4 gout3@ a5 in (2.2.11]). Proposition and the John-

Nirenberg inequality yield

> IR < |ISs[8™ |, S 18], < 1QUIBIRsore)- (2.2.30)

ReD(Q)

The crude estimate (2.1.12)) may then be used in standard fashion to prove the first inequality
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in
ST IR|(WEBR) < 3T 2@ || g < 5] S n27EQl £ 1Q1N18)
Q ~ 1~ BMO(R?) ~ BMO(R4)-
ReD(Q) n>1 n>1

The estimate of the lemma then follows by combining the last display with the previously

obtained ([2.2.30)). n

Proof of Theorem[2.2.3. Fix 8 € BMO(RY) of unit norm. We only describe the changes

required in the outline of proof of Theorem [2.2.1} Having defined the forms

Ho(hi, ha) = Y ®HhTHha )8
QeQ

for a finite collection @ C D, the localized form replacing (2.2.12)) in this context is
Polhn, ha) = gy (A™12, H"10) . Q(Q) = QN D(Q). (2.2.31)

The reduction of Theorem to the corresponding estimate of Lemma [2.2.2] in particular

the tail removal procedure, may be repeated step by step once Lemma [2.2.3]is available. It

thus suffices to give a proof of Lemma [2.2.2| for (2.2.31) in place of (2.2.12)), and we turn

to this task. We enforce once again the normalization (2.2.16f), and repeat the construction
of the collections J,Z,G from (2.2.17) and (2.2.20)) leading to the following analogue of
(2.2.21)):

Py(fi, fo) =Tg(ha,ha) + Y Pr(fi, f2) > > Tom(h™™ n3>™). (2.2.32)

IeT IET (1 %2)#(in,in)

The tail terms in the last summation are controlled via Lemma [2.2.1) Lemma [2.2.3] and

relying on help of (2.2.18)). We then repeat the Calderén-Zygmund decomposition (2.2.23|)
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and turn to estimating each term in
2
Mg (ha, ha) = Tlg(g1, g2) + Tg(by, go) + Hg(gn, b2) + g (b1, b2) < |Q| = QI [ (hs)rq (2.2.33)
j=1

which is where the substantial changes lie. We bound

Ig(g1, g2) < (15%161%‘1)1%1) (Z |R|(‘I’RQ2)2) (Z |R|(‘I/Rﬂ)2>

ReD ReD (2.2.34)

1
S lgillscllg2l21Q12 11 BllBmore < Q)

using Lemma [2.2.3] Proposition and subsequently ([2.2.18)) in the third step. The

estimate for the term Ilg(b, g2) differs only in the first component, namely

Mg (b1, g2) < (;légq)Rbl> (Z |R|(\I/Rgg)2> <Z |R|(x1135)2> <1Ql, (2.2.35)

ReD ReD

as the first factor has been controlled in (2.2.29). On the other hand,

(g, ba) < <sup %91) (Z |R\wz> (sup w) < larlloe QB s < Q)
ReD ReD

Reg

(2.2.36)

with the help of ([2.2.18]) for the ¢g; factor, (2.2.25)) for the by factor, and Lemma for
the last factor in the first line Proposition and subsequently (2.2.18)) in the third step.

The estimate for the last term is similar, namely

Hg(b1,bs) < (Sup (I)Rbl) <Z |R|‘I’sz) (ls%lelg ‘I’Rﬁ) S1QBlemorsy S 1Q[ (2.2.37)

Reg Reg

where we used (2.2.29)), Lemma [2.2.3|and ([2.2.25)). We have thus achieved the claimed bound
in (2.2.33)), and in turn, finished the proof of Theorem m m
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2.3 Averaging Wavelet Coefficients Lemma

In the representation theorems, the key steps involve a certain averaging of the wavelet ¢ of

(2.1.7) which allows the reduction to single family of wavelets in our representation.

Lemma 2.3.1. Let {p, : 2 € Z%} be asin (2.1.10). Let 0 <n<d<1land 0 <k < D. Let
u: Z? — C be a Borel measurable function with |u(z)| < 1. Then, there exists C' Sy, 1

such that for all z = (z,s) € Z¢

k+0 dad .
¢z() = / / %Qp(%&-asﬂs)(') /86 a S C\IJ];’(S’O, (231)
acR4 0<B<1
: dgd :
Vz() = / (maXQ{L|(C(YC|)i 5})))d+k+6 90(:0-&-045,55)(') ﬁﬂ - S O\Iﬂ;m’o' (232)
acR? f>1

In particular, with reference to (2.1.3)),

dgd .
v = v = / [(a,6>]k+5u<<a,ﬁ))wm,ﬁg%eO\v’;’"’O. (2.3.3)

(.B)ezd

The proof of Lemma is postponed till after the following useful application for our

continuous paraproducts.

Lemma 2.3.2. Let {¢, : z € Z%} be as in (2.1.10)). Let ¢ € Z% be fixed and ¢, € \Ile’l;l with

supp ¢¢ C B¢. Then there exists an absolute constant C' = C(d, k) and 9, € C ‘Illg’l;l such

that
[ e enad dn©) = () vhe S@). (23.4)
z€A(Q)
Furthermore,
/w”ﬁg(m) dzr = /x”qC(x) dz, V0 < |y < k. (2.3.5)
Rd Rd
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Proof. Write ( = (¢, o) throughout. Formula (2.1.11]) yields that

/ (b ) (0 ac) dulz) = (hogc) — / by 0) (s ac) du(2).

A(Q) ZNA(Q)

Support considerations show that (p.,q;) = 0 for z = (z, s) with |z — £| > 3max{c,s}. An

application of Fubini’s theorem leads to the equality

[ e = tvd, v [lonade.duta),
ZNA(Q) 1(¢)
where 1(¢) = {(z,s) : s <30, |v — ¢| < 3max{s,o}}. If (z,s) € I(¢), Lemma [2.1.1] implies
that [(©.s), qc)| S 074 s/o)*™. A change of variable and an application of Lemma ,
in particular, shows 9, € C’\IJIZ’LO. The proof is completed by setting 9, = ¢, — 1,
and deducing from Fubini’s theorem. O

2.3.1 Proof of Averaging Lemma

First of all, Fubini’s theorem immediately implies that v, and v, inherit the moment prop-

erties (2.1.9). The memberships cyp, € Wk ¢y, € WFmL are needed and proved now.

Proof of (2.3.1)). By invariance of assumptions and conclusions under the family Sy,, it
suffices to work in the case z = (0,1). As z is thus fixed below, it is omitted from the subscript
notation. We turn to showing that ||07||,xt+ss S 1 for each v with 0 < |y| = x < k. Fix

w € R?, and let ¢ = 37 locally. Then,

vt = [ Eo e, (o) O

a€R? 0<B<1
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Due to the support properties of ¢, one observes that the functions

wo(757) e (),

are supported in the cube Q,, = w + [—3,3]%, and (a) ~ (w) for a € Q,,. Hence,

) N\ dgda B

( 3) 6 w—a | 2 J

()] S (w) @ é 8o (=) G = [ Aol duds 5o 246
acQuw ’UeRd
0<p<1 0<B<1

by Fubini’s theorem and the change of variable v = *Z#. Hence sup,cpa (z)F oo (x)| S 1.

We turn to the Holder continuity estimate

¢ (w + h) — O (w)| S A (w) R h e RY (2.3.7)

This is stronger than |07 k+ss < 1 only in the range |k < 3, which will now be assumed.

Proceeding as before, two integrals must be controlled

| oolloCs)l+lo (=) Gr [ #'fo () =0 (5)] G
opel i
(2.3.8)

A change of variable shows that both summands in the first integral of (2.3.8)) are

1]
2

< /B‘Hdﬁ <.

0

Notice that in the a-support of the second integral in (2.3.8)), that |h| < 25 and

min{|w — al,jlw+h —al} <
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because of the support property of ¢. Therefore such support has diameter < 3. Using this
fact and the mean value theorem, the second integral in (2.3.8)) is

1
< || / 8248 < b,

1rl
2

This completes the proof that ¢ € C‘I/‘(séol) as desired. n

Proof of (2.3.2)). Again normalize z = (0,1). Fixing 0 < k < k, and using the local notation

f = V", it must be shown that ||f|.r+y, S 1. Note that

- | | e (32) 5

a€cRd B>

where ¢ = V"¢ locally. Bound the factor 57" below by 1, even if it may improve certain

estimates slightly. Fix w,h € R? with |h| < % First, observe that for each § > 1, the set

Qﬁz{aeRdNﬁ(ng‘)¢0}U{aeRd:¢<%ﬁ_a>7§o}

has diameter < 3 due to the support condition on ¢, whence |Qs| < A% Furthermore, if

|lw| > 45 and « € Qp then |of > “;—' > 2. This provides

max{%,l} 0o

)] S fwp sk [ S S () gl 5, )

1 max{%,l}
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Using the mean value theorem for ¢ and the previous observations

fwen—swis [ f ’¢(w+h_a>‘d’(wga)'<max{|af§§>cz+k+6ﬁd+l

>Ot€g

< > (d+k+96)

h
<Jn / e e e S ,
and collecting the last two estimates is more than enough to show that || f||« x4y, S 1. This

also completes the proof of Lemma [2.3.1 O]

2.4 Calderon-Zygmund Forms of Class (k, )

Given the developed framework and notation we refer back to Definition [L.1.1} and Defini-
tion for SI(R?, k, §) the space of Calderén-Zygmund Forms of Class (k,d). The weak
boundedness property of Definition tests A on smooth functions. The recent litera-
ture related to 7'(1) and representation theorems, see for instance |28,37,[39] and references
therein, favors testing conditions on indicator functions. When the form A also satisfies
kernel estimates, the weak boundedness condition employed in this paper actually follows

from indicator-type conditions and is therefore less restrictive. More precisely, suppose that

the bilinear form A is well defined on LP(R?) x L (R?) and satisfies

s A (1g.,1p,)| < 1 Vz = (z,8) € Z°

in addition to the d-kernel estimates (1.1.2]) and (1.1.3). Then |Allwss < 1, namely A has
the weak boundedness property of Definition [I.1.1 A proof of this implication is found in
[48].

We first give two relevant examples of (k,d) forms which relate to previous results.
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Definition 2.4.1 (Wavelet form). Let {3,,v, € U*%0 . » € Z4} be two families of cancella-

tive wavelets. The form

A(f,g) = / (f. B {vss ) dp(2) (2.4.1)

Zd

belongs to SI(RY, k,d) and ||A|lsqra s S 1-

The weak boundedness property is contained in Proposition while the (k,0) ker-

nel estimate is obtained via a standard computation reliant on (2.1.12)-(2.1.13). If A €

SI(R%, k, §) is a wavelet form of the type (2.4.1)), then the functionals A(z®,-) vanish for all
0 < |a] < k. This is easily verified by appealing to the cancellation properties of the families

{B.,v, € k0. 5 ¢ 74}
Definition 2.4.2 (Paraproduct forms). Let 0 < |y| < D be a multi-index. Call the family
{9,, € CULLL: 2 € 74} a y-family if
/xaﬂw(x) dz = tl°ls,,, V0 < |af < |yl (2.4.2)
Rd

For instance, if ¢, satisfies (2.1.16), then {¢,. = Sy,¢, : z € Z} is a y-family. For a
function b € BMO(R?), and multi-indices 7, a, referring to (2.1.15) for ¢, . define

Hbﬁﬂ(ﬁ g) = /<b7 @a,z)(ﬁ 797,2><§0z7 g> d,u(Z). (243)

zd

If v = «, simply write I, . It is important to highlight that ¢, . € CUP10 for all 2z € Z¢ via
equation (2.1.15). Absolute convergence of the above integral for f,g € L'(R?) is granted

by the easily verified intrinsic estimate

|Hb,%a(fu IS m(f9)
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referring to (2.2.6)). In particular IT, ., , has the (1, 1)-sparse bound, which implies L?(R%) es-
timates and a fortiori weak boundedness property of Il o, with ||l o |lwss S [|0|lemore)-

Standard calculations show that [|Ily, o[k k1 Sk [|6]lBMo®ey for all 0 < k < D, so that
1Ty 0 llstRe e 1) S [10llBMO®RSY), 0<k<D.
Let ¢ € S(R?) be an auxiliary function with
Tg,, <6< lgg,. (2.4.4)
and introduce the notation, for each multi-index 0 < |oo| < k and R > 0
% € S(RY), pi(r) = 2°Dil¥é(x), = € R% (2.4.5)

Let Sp(R?) be the subspace of functions 1 € S(R?) with the vanishing moment property
[2.1.9) for all multi-indices 0 < |a| < D. If 0 < |a| < k < D and A € SI(R?, k, ), the limits

A, p) = lim A(pf,v), ¥ €Sp(RY) (2.4.6)

exist, do not depend on the particular choice of ¢, and define linear continuous functionals
on Sp(RY) see |22, Lemma 1.91] for a proof. With (2.4.6) in hand, it is possible to ask

whether A € SI(R?, k, §) admits x-th order paraproducts for 0 < x < k.

Definition 2.4.3 (A has paraproducts of x-th order). Say that A € SI(R%, k,d) has para-

products of 0-th order if there exists by, b € BMO(R?) with the property that

ML) = (o), A(Lw) = (0,b5) Wb € Sp(RY) (2.4.7)
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If this is the case, referring to (2.4.3)), define the 0-th order cancellative part of A as

AO(f> g) = A(f7 g) - [Hbo,O(.f? g) + Hb6,0(97 fﬂ

We now define inductively the property of having paraproducts of order s for 1 < x < k.
Suppose A has paraproducts of order 0 < xk < k and the k-th order cancellative part of A
has been defined. Then A has paraproducts of (k+1)-th order if for each multi-index a with

la| = k + 1 there exists by, b% € BMO(R?) with the property that

Ay (z%,9) = (=1)" by, 0~ ), A% (2%,0) = (=1)"THo7, b%) (2.4.8)

for all ¢ € Sp(RY).

Notice that the pairings on the right hand sides are well defined, as 9% € H'(R?)
whenever 1 € Sp(R?Y) and |a| < D. If this is the case, we define the k-th order cancellative

part of A by
Ali+1(f7 g) = Aﬁ(fa g) - Z [Hba,a<f7 g) + Hbg,a(g, f)] . (249)

|al=k+1
Here we set A_1(f,g) = A(f,g) to be consistent with the definition of Ay(f, g) given above.
Observe that (2.4.9) is equivalent to

An(fa g) = A(fa g) - Z Hba,oé(fv g) + Hbg,a(% f) (2410)

0<]a|<k

The following are important implications of our choice of definition. The inductive procedure
of the proof of Theorem reduces to the case A(f,g) = Ax(f,g); furthermore, the 0-th

order condition ([2.4.7)) is equivalent to the familiar assumption

T(1) =be BMORY),  T*(1) = b, € BMO(R?).
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For 0 < k < k—1,let T, T* be the adjoint operators to A,. As RY preserves BMO(R?), the

K? K

condition may be reformulated as
IV|*T._, (%) = a, € BMO(R?), IVI*T§ 1 (= 2%) = a}, € BMO(R?),  (2.4.11)

in the sense of Sj,(R?), where a, = R, and similarly for a*. Lastly, using equations

(2.1.15) and ([2.4.2)), one directly computes

Mhra(a”, g) = (=1)0,5(b,07%), I

b,y

(@ f)=0,  0<If <] (2412)

Thus II, , has paraproducts of order || according to Definition [2.4.3| with bz = d,3b and

by = 0 for all 0 < [B] < |y]. We now characterize CZ-forms with higher order paraproducts.

Definition 2.4.4. The continuous bilinear form A belongs to the class CZ(R?, k, §) of (k, §)-
Calderon-Zygmund (CZ) forms if A € SI(R% k, ) and A has paraproducts of order k. For

further use, define the norm

HAHCZ(Rd,k,é) = ”AHSI(Rd,k,é) + Z (HbaHBMO(Rd) + Hb’;HBMO(Rd)) . (2.4.13)

0<|e| <k

The statement of Theorem is the representation and (sparse) 7'(1)-theorem for
(k,0)-CZ forms. The weighted T'(1) result is stated separately in Corollary with the

deduction of the corollary given in Subsection We now move to proof of Theorem [2.0.1]

2.5 Proof of Single Parameter Representation Theorem

Start by normalizing ||Al|czrd e = 1. Throughout the proof, the properties (2.1.7)-(2.1.10))
and (2.1.16)) will be referred to frequently. Recall that ¢ € (0,4) is fixed but arbitrary, and
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let n = #. Throughout the proof, for z,( € Z¢ we write

X = 0z — Poclae(2) (2.5.1)

referring to (2.1.1)) and Lemma|2.1.2f note that this does not override the definition of Lemma

2.1.2] First, we prove a needed lemma in order to apply the averaging lemma.

Lemma 2.5.1. |[A(x.c, X¢.2)| S [(2 OlksnllAllcz@a r.o)-

Proof. 1t suffices by symmetry to work in the region z € Z¢((), see (2.1.1)). The estimates

are then verified by case analysis.

Case z € S(¢). Estimate A(x.¢,Xc.) = Az, ¢c) appealing to the weak boundedness

property. The details are standard and omitted.

Case z € A(C). Let a¢, B¢ as in (2.1.2)). Then

A(Xz,(a XC,Z) = A(Xz,(a SOC) = A(@a SOC) + A(Ea SOC)a O = Xz,c0¢, E = XZ,CBC (252)

and one seeks estimates each of the summands in the last right hand side. For the first,

apply the weak boundedness property for the point ¢ = (§,40), so that B; = 4B, and use

(2.1.17)) to estimate ||©], obtaining

A

1 k+1
M@0l < [IAlhweslOllee S =5 (F) T S 1= Olesn. (2:5.3)

Continue now to estimate the second summand. The functions = and ¢, have disjoint

support, and thus the kernel representation of the form A can be used. For each fixed
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v € R?\ 2B, consider the function F, € C*(B;), F,(u) = K(u,v) for u € B¢. Then

AE )l =| [ 20 [ Ko dudo| = | [ Z0)Fe) o

d\2B, B¢ \2B¢

<" Z E){(0)F,, 0" 0 pc)

Iv|=k d\28B, (2.5.4)
<o S0 [ B sup [ A 0K ) Ll do

hl:de\QBg ¢
< Uk+5||A|| Mdv
N K,k,0 |v — &|d+k+s ’

Rd\2B<

Here, the passage to the second line is obtained by using supp ¢¢,supp ¢~ C B¢, consult
(2.1.8), and integrating by parts. The subsequent (in)equality follows from the mean zero
property of ¢, ¢, and the next step is obtained via the kernel estimates (1.1.3). Bound the

last right hand side by splitting the integral on R?\ 2B, into the pieces

=) L oykrs T1 1
d / [ — gakes ws5(3) sy

o<|v—¢€|<s o

(g)M log (g) (2.5.5)

S

where the d-geometric mean of the estimates in (2.1.17)) is used, and

o0

= 1 gkto 1 1 axd
S+ / &dy< i / dt<—(f> , (2.5.6)

|y — E|drhts T~ gd gk s T gd \ g
ly—ul>s s

Putting together (2.5.2)), (2.5.4), (2.5.5) and ([2.5.6]) provides

[Allczmans) (o\k+s o 1 so\ktn
< 5y =z )\ < v _
[A(Xz 00) S — (S> log <S> <, = ( ) [(2,O)]ktn (2.5.7)

as claimed.
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Case z € F(¢). In this case A(x.c,Xc2) = Alps, pc) and the supports of ¢, and ¢, are
separated. Thus, the kernel representation of A, the cancellation of ¢, . and the kernel

estimates can be used. Proceeding exactly like in ([2.5.4]) with ¢, in place of =,

o.k+6

|2 (v)]
[Alez 00)| S UH&HAHK,k,&/WdU S P 2, ks < 12, Cktn- (2.5.8)

This completes the proof of the lemma. n

From here, we complete the main content of the proof by first noticing that
[Alcz@ayms < I1Acz@ars = 1, 0<k<k

First, we begin by induction on 0 < k < k with the additional assumption
a(k): by, bt £0 = || =k

namely, all paraproducts vanish except those of highest order. Notice that a(0) is not an
extra assumption. Let now f,g € S(RY). Use ), bilinearity, S(R%)-continuity of A
and definition (2.5.1)) to expand A(f,g) as

/ 0000, YA (9 06) dpa(2)dp() = / 0206 ) AOtorcs Xeox) da(2)du(C)

Zdx 74 Zdx 74
// fr@)(0e, )M Pec, oc) dp(z)dp(C // fr@) (e, ) Mz, Pr2) dp(C)dp(z).
z¢ A(C Zg A(z)

Making the change of variable £ = z 4+ as,0 = s and using Fubini’s theorem in the inner
variable of (¢ (z4as,8s), ), the first summand in the last right hand side equals

dfda

/<f7 ©2)(vz, g) dp(2), UV(z,s) = / [(a, B)]k-&-nu(w,s)(aa B)@(Has,ﬁs)—

5 (2.5.9)

z4 (a,8)e2
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where

ﬁ) o A (X(w,s),(x-l—ocs,ﬁs)a X(x—l—as,,@s%(x,s))
[(c, B)]k4n

is uniformly bounded by Lemma [2.5.1 Thus v, € C¥* by Lemma applied with

U(g,s) (Oé,

U = (). This constructs the first expression in the right hand side of . An alternative
form of the term in with roles of f and g exchanged up to conjugation, may be obtained
by making instead the change of variable x = ¢ + ao,s = fo and applying Lemma [2.3.1
accordingly.

It remains to identify the second and third summand of the main decomposition as a
sum of paraproduct terms. Turning to this task for the first term, begin by noticing that

due to assumption a(k) used twice, and equation ([2.1.15])

— v <bw§0%C> |’7| =k
A (y > (y . 5) m@g) =A(y—y’,0 My =
0 V| # k.

Therefore, applying Lemma to h = f, qc = Sy,¢, to obtain the last equality

/ / (fs =) (0, O)M(Prc, o) dp(z)dp(C)

Zd 2€A(¢)

- Z/ / (fs2) 9027SYC¢W><SOC 9)(by, r,¢) dp(2)dpu(C)
Ivl= kZd 2€A(Q)

= 3 [0 o)) ) = T 1. 9)
IvI=k 74

Notice that Lemma together with (2.1.7)-(2.1.10) and (2.1.16)) ensure that o, ., the

U2 and is a ~-family.

output of Lemma corresponding to gc = Sy.¢,, belongs to
A totally symmetric argument deals with the third summand in the main decomposition,

and completes the proof of (2.0.1) under the assumption a(k). It remains to explain how
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to obtain without the assumption a(k). In fact, it will be shown that A satisfies an
instance of representation for all 0 < k < k. This is done by induction on . Before
starting the induction, observe that ||Allczra)es < [[Allczmapsy < 1. For k =0, is
achieved in the previous step.

Assume that A has been represented in the form for an integer 0 < kK < k.
Taking advantage of Definition , the k-cancellative part of A defined in (2.4.10)) satisfies

|Allcz@apsy S 1 and the equality

Ml ) = Afog) — S Ty (Fo9) + Thoe £ (9, f) = / (F ) (0sn g) du(2)

0<y|<K zd

for some family {v, € CU%<0: » € Z4}. The last equality of the above display tells us that
all paraproducts of A, having order less than or equal to k equal zero. Therefore, A, (f,g)
satisfies the assumptions of the theorem, and in addition a(k + 1). Apply the previous part

of the proof to A.(f,g), and obtain

Anlfog) = / o) m ) dp(2) + S Ty a(f,9) + T (g, f)

zd |yl=r+1

with {v, € CUsHLm0 . » ¢ 74} This equality, rearranged, yields a representation of A in
the form (2.0.1)) for the value x + 1, completing the inductive step and the proof of Theorem
2.0.1

2.6 Weighted Sobolev Estimates

We come to the T'(1) theorem. Notice that (2.6.1]) below is a vacuous assumption when k = 0,
whence Theorem has a sparse, sharp weighted version of the classical T'(1) theorem as

a corollary. Also notice that no assumption is being made on the adjoint paraproducts b%.
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Corollary 2.6.1. Suppose that A is a standard (k,0)-CZ form with

by=0 YO<|y| <k (2.6.1)

Then referring to (2.2.4) and (2.2.6)), for each |a| = k the following estimate is true

A0 So D YO fg)+ Y 7, (07 f9)+ D ms(9,0°0) ] (2.6.2)

18|=F IvI=k 0<|y[<k
Furthermore, the sharp weighted bound on the weighted Sobolev space W (R?; w) holds

max{l

1T e sy < (] iy, p € (100) (2.6.3)

We first comment on how to arrive at the necessary hypothesis of the Corollary and the

relevance of it. Condition ([2.6.1]) is also necessary for (2.6.3)) to hold, i.e. Corollary is
a characterization of (2.6.3). This generalizes the case 2 = R? of |46, Theorem 1.1] to the

non-convolution case; in fact, a scaling argument shows that when € = R¢, condition b. in
[46, Theorem 1.1] is equivalent to . To see the necessity, suppose that holds
for some exponent py and all weights w € A, . Extrapolation of weighted norm inequalities
[10,/15] then implies that holds for p = 2d and w equals Lebesgue measure. The

content of Corollary also allows to assume that the adjoint 7" to A equals

Z / ’YvSO’yz fﬂvz%pzdﬂ()

0<|vI<k Za

Fix 0 < |y| = k < k and let € := k — (k + 1) > 0. Then define fr(z) == R°z7ap)()
where a, is the cutoff from (2.1.2) and R > 1 is arbitrary. It is immediate to show that
||fR||Wk,2d(Rd) ~ 1, so T'fx is a bounded sequence in W*2¥(R%). Also, using the properties

(2.4.2) followed by (2.1.11), RTfr — 97 7b, = T(a2") in the sense of Definition [2.4.3]
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These two properties entail 7'(z7) = 0 in W*24(R%). Thus T(z7) is a polynomial of degree
< k. Appealing to Definition again reveals that b, = 0 as claimed. Testing type
theorems for smooth singular integral operators have previously appeared in several works:
a non-exhaustive list includes [22,25,/40,/49,51] as well as the already mentioned [27,46] and
references therein. In particular, [51, Theorem 1, cases (6,7)] is essentially equivalent to the
unweighted version of Corollary . Corollary appears to be the first weighted T'(1)
theorem of this type. A sparse bound in the vein of Corollary was proved in [4] for
the case k = 1 using techniques from [35]. However, the result of [4] is not of testing type
and was obtained under the stronger assumption that 71" is a prior: bounded on the Sobolev

space W12(RY).

Proof of Corollary|2.6.1. Before the actual proof, make the following observations referring
to the wavelets ¢, v, in the representation (2.0.1): for z = (z,s) € Z, |a| = || = |v| = k,

0< |y <k

s*0%,, s*0"v, € OV, sThoY, ., "0, € CULL (2.6.4)
Applying the representation theorem to A, and using the assumptions on b,

ML) = [(fop) 0 0%) du) + 3 Mo (1.0°9) + 3 T (070, ),

zd Iv|=k [vI<k

Integrating by parts and using equation (2.1.15)) gives

[t g an)| = | Y [0 f00) (0rvng) duta)| 5, 3 w0 Lg)

Zd |ﬁ‘ kzd |ﬁ‘:k
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Fixing |v| = k in the b,-type paraproduct, and integrating by parts

|, . (f,0%) Z/ v u) (O f,s7F07P0,,.) (850 0., g) dpu(2)| S D m, (0°F, 9).

1B1=k 34 |8=k

The 0%, |0] < k < v type paraproduct is controlled similarly,

|Hbf/, g f }_ Z/ 79072 g,s a 19’72><905278 f)d:u( ) S Zﬂ-by(aﬁfvg)'

1Bl=k 24 |8l=k

This completes the proof of (2.6.2)). The weighted norm inequality then follows as a conse-

quence of the sparse estimates

(0°Tf,9) = IN(£.0°9)| S D _1QUIVE fhol9)e. ol =k

Qes
obtained by combining (2.6.2)) with the Propositions [2.2.1| and [2.2.2] O
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Chapter 3

Wayvelet Representation of Multiple Parameter
Calderén-Zygmund Operators and Sparse

Bounds

Bi-parameter singular integrals on R% x R% may be informally defined as elements of
the closed convex hull of the set of tensor products 7y ® Ty, where each T} is a R%-singular
integral operators as above. This class arises naturally in connection with the theory of bi-
harmonic functions [19,21] for instance in the weak factorization of functions in the Hardy
space on the bi-disk [20]. The LP and mixed norm estimates for their multilinear analogues
are at the root of partial fractional Leibniz rules [41,|42], namely, anisotropic variants of the
bilinear estimates popularized e.g. by Kato-Ponce |30] in connection with the Navier-Stokes,
Schrodinger and KdV equations.

One specific drawback of dyadic representations in the bi-parameter context, see [39,43|
for instance, is that they do not reduce LP and weighted estimates for the analyzed operator
to a single model operator whose weighted theory is significantly simpler. In the one param-
eter case, this can be verified directly for shift operators as in [32] and can also be done by
means of sparse operators as in [11]. In higher parameters, the approach via direct verifica-
tion is challenging [26138| and domination by local average sparse operators are generally not
available as the counterexample of |2] shows. Thus, for instance, one cannot expect precise

information on the dependence of ||| z»(wy on the corresponding relevant weight characteris-
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tic. The proof techniques may be naturally transported to the bi-parametric dilation setting.
We again paraphrase the main result and point the reader to Theorem [3.4.1] for the precise
statement.

Theorem. Let T be a linear operator satisfying the hypotheses of a bi-parameter 6-
Calderon-Zygmund operator as in Chapter 3 Let 0 < £ < § < 1. Then there exists a family
of L'-adapted, e-smooth and (d; + €)-decaying in the j-th parameter, product cancellative

wavelets

{U((yl7t1)y(y27t2)) Y€ Rdj>tj > 0,5 =1,2},
such that for (z1,1,) € R4 x R%,

dyl dygdtl dtz

Tf(xb m2) = / / <fa Py ,t1) @ So(yz,tz)>U((yl,tl),(yz,tz))(xl, x2) t1ts

R%1 x (0,00) R92 x (0,00)

+ four paraproduct terms + four partial paraproduct terms.

Unlike the one parameter results, no smooth 7'(1) type theorems have appeared in the
literature before, even in the unweighted case. This result may be contrasted with the bi-
parameter dyadic representation theorem of Martikainen [39]. The assumptions on 7" are of
the same nature as the ones appearing in [39], namely weak boundedness, full and partial
kernel estimates, paraproducts in product BMO. However, we drop the diagonal BMO con-
ditions appearing in [39] which are subsumed by a combination of the other assumptions.
In addition to the simpler, and more computationally feasible nature of the continuous for-
mula, the model operators we obtain have a much simpler weighted theory, which allows for

quantitative, and sharp in certain cases, weighted norm inequalities for 7'

Theorem. Let T be a (ki, k2)-smooth bi-parameter Calderon-Zygmund operator. If

(k1,ke) # (0,0) assume in addition the paraproduct condition (3.4.12)). For all 1 < p < oo
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product A,-weights w on R := R% x R% there holds

max{

3,2
IVE 2Tl sy Sks [0 7 V5952 £ g

2 ~ 2

If T is fully cancellative, the improved estimate

[

0
vangf“LP(Rd;w) Sk [w]A(:)||V§1V];§f||m(n§d;w)7 0(p) = 1 see (13.4.14)) 3 < p<3

2 p>3

\

is available. The above estimate is sharp when max{p, p'} > 3.

The above result, precisely stated in Corollary [3.4.1] generalizes and quantifies R. Fef-
ferman’s qualitative weighted bounds for bi-parameter Journé-type operators |16]. While
Martikainen’s work [39] did not contain weighted T'(1)-type implications, a simplified proof
of Fefferman’s result was recently obtained in [26| relying on the representation from [39].
Some quantitative estimates, weaker than the ones of Corollary [3.4.1 have been obtained
in [3] by a shifted square function form-type domination for cancellative Journé operators,
also relying on [39] within the proof. At present, it does not seem possible to match the
quantification obtained in Corollary using dyadic representation theorems in the vein
of |39,43|. Part of the challenge with this is that one parameter proofs of the quantitative
results typically rely upon some variant of stopping time (sparse operators, weak-type (1,1),
or Bellman functions) as a key ingredient and not easily adaptable to the bi-parameter set-
ting. Our analysis based on square function methods is able to circumvent this issue at least

for max{p,p'} > 3.
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3.1 Wayvelet Representation

This section lays out the bi-parameter analogue of the framework we described in Chapter 2]
in preparation to a bi-parameter version of the representation Theorem Throughout,
d = (di,dy) is used to keep track of dimension in each parameter. The base space is the

product Euclidean space

T = (11,75) € R :=R" x R%,

If € S(RY) and F € S(R%), denote

(6, F)v = | ¢(x1,)F(z1)day € S(R™)
R%

and similarly with roles of 1, 2 reversed. If ¢ : R — X, z; € R%, x5, € R%, the corresponding

slices will be denoted by

¢[17$1] . Rdg — X’ (b[l,fl‘l] = (b(xl’ .))
(3.1.1)

ol R = X, gl = ().

Our parameter space is thus the product space Z4 = Z% x Z% with product measure
du(z) = dp(z1)dp(z). Vector notation for points of Z9 is not used and instead, we write
2z = (21,22) € Z9. One embeds Z%, j = 1,2 into Z9, regarded as a space of symmetries on
¢ € S(RY), by taking tensor product with the identity transformation in the complementary

parameter. Set

1 _
(Sy%, @) (y1,92) = (Syz1¢[27y2}> () = 871¢ (yl xl,yz) ;

1 51

(Syi(b) (yl’yQ) = (Sy22¢[17yﬂ) (yQ) - S%(b (yl, Y2 x2) )

2 52

o8



for z; = (z;,s;) € Z%. Note that Syi17 Syg2 commute since they act on separate variables.

The bi-parameter family of symmetries indexed by z € Z< are obtained by composition,

Sy.¢ =Syl oSy2,  z=(2,2)€ 2%

3.1.1 Wayvelet Classes

For v = (v1,1n) € (0,00)% and § > 0, define C,, ;s to be the subspace of the §-Holder

continuous functions on RY whose norm

HgZﬁH*’V?(; — sup <H< >d +1/J> |¢( )| + sup sup (H <$J> J+Z/J> |¢<$+|hh)|6 ¢( )|

zeRD \ . x€Rd  peRrd -
J=12 o<lhl<1 VL2

is finite. In the bi-parameter case, the relevant cancellation properties of ¢ are encoded
by requiring (2.1.9) to hold in the variable x, for each slice ¢/»*1 and each « = 1,2. This
necessitates the introduction of the bi-parameter analogue of the classes W*%  Hereafter,

v, € N% for either j = 1,2 is a multi-index on R%. For k = (ky, k2) € N2, 0 < § < 1 define

RN d | \ | \
ghoLl — {gf) € S(RY) : s7"'sy™ || (Sy.) 15%572925“*%55 < 1}
ko0l = L e PRIl ([@T9) holds for ¢ = 22 d = dy, v = 1, Vo, € R2, V0 < [y < by},

WO = {g € RO [219) holds for ¢ = ') d = dy, v = 0, Va1 € R V0 < |7o| < ko,

k,0;1,1 . \q,k,9;0,1 k,0;1,0
PhOLL — gho0L [ hoiLo,

where z = (21, 20) = ((21, 51), (2, $2)) € Z4. The resulting decay, smoothness and cancella-

tion properties satisfied by ¢ € Wk901.92 are efficiently described by

d,+k,+6
sl <u> (07 p)v) e Whadle vy e R0 < || < ki, o€ {1,2). (3.1.2)
S, ¢
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The analogue of the almost orthogonality Lemma in the bi-parameter setting is the

following lemma.

Lemma 3.1.1. Let m e N, 0 < 2n < 6 < 1, 2,( € Z9, ¢, € @m2m:5:00, Y € \P?m’Qm)’&O’O.

Then

(2, ¢C>| S 21, Cl]m-&-n [22, 42]7%-&-77'

Proof. Let ¢ be either 1 or 2. Applying (3.1.2) together with the first estimate of Lemma
and integrating,

dy, $ [max{s,,0,, |z, — §L|}]7db (2, CZ]2m+277

(e = [ [t@to gl

Rd.

and the lemma follows by taking the 1/2-geometric average of the two inequalities. O

3.2 Intrinsic Square Function and Sparse Estimates

The definition of the intrinsic bi-parameter wavelet coefficients is next given. These may be

defined in the generality of f € S'(R9). For such f, and z = (21, 29) € Z9, set

VIR f = sup [(f,4)]. (3.2.1)

pewdie

A standard argument based on (3.1.2)) shows that if f € Li (RY),

loc

\116;(171))7@:2,82)']0 gts Mdl’d2f(x), €r = (.1}'1,372) < Rd7 S1, S2 > 0

(z1,81

where My, 4, is the bi-parameter maximal function on RY. In particular the wavelet coeffi-

cients of f € LP(RY) are finite for f € LP(RY), p > 1, as My, 4, f is finite a.e. in that case.
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The remainder of this section contains a basic L? estimate for the intrinsic square function

5:(0,0 2 dtydis
SSsf(x1,29) = / [‘Il(m(l,tl)),(a:z,tz)f] s . (3.2.2)
(0,00)2

Again, the parameter ¢ will be fixed and play no role and the operator will be represented

as SS later in the paper.

Proposition 3.2.1. ||SSsf|l2 <s || f]|2- As a consequence,

[ [E004] [9209]) dute) 5 el (323)
zd
Proof. Notice that (3.2.3) follows from the square function estimate via two application of
Cauchy-Schwarz inequality. The argument for the square function estimate is analogous
to the one employed for (2.2.3). Working with f € L*(R?) of unit norm, and fixing 1, €

W00 » e 74 it suffices to estimate

dOé1d51dOé2d52
B152

[ ot beommn ) Yo ] ()

z€Z9 (a1,81)€R x(0,1)
(a2,B2)ER¥2 % (0,1)

S [ P dute)

zez4d

as well as three more integrals covering all possible relationships between the scales of

z = ((w1,81), (v2,52)) and (a1, Bi, 2, B2) = ((x1 + 181, Bi51), (T2 + @289, B252)), which

are estimated in an analogous fashion. In this specific case, Lemma [3.1.1] entails the bound

(51" 52°%, Yetan i) | S [(an, B1)]s [(2, Bo)]

s
1

and the required control is again obtained via a combination of two instances of (2.1.4]) and
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Cauchy-Schwarz. O]

The LP-theory of double square functions is well studied. On the other hand, working with
non-compactly supported, non-tensor product wavelets, is non-standard. In this generality,
LP-estimates may be obtained by direct product John-Nirenberg type arguments involving
Journé’s lemma. For reasons of space, LP-bounds are obtained as a particular case of the

sharp quantitative bound of Theorem below.

3.3 A Technical Lemma

The following technical lemma shows that the norm ([1.2.2)) controls certain symbols obtained

by partial testing of A against monomials. For this, the modified wavelets

Xoe = P2 — Poclae)(2), z,(€Z?

introduced in (2.5.1)) will be needed.

Lemma 3.3.1. Let ¢ € {1,2}, 4, be a multi-index in R* and k = (k;,ky) be such that
1v.| < k,. For v € {1,2}, z,¢ € Z%, multi-indices v, in R%, and a € {o,*} define the

functionals q4*[A] by

(a0 [A] (22, G2), f1) = A%(@] @ Xapcor [VIT L © X)), (3.3.1)

<q'2772a[A](21’ Cl)’ f2> = Aa(XZhCl ® 3’3127 X121 & |V‘|72‘f2)

initially acting on the subspace S(R%) of functions f, whose frequency support does not

contain the origin. For a multi-index «, in R%, and 0 < n < §, also define
a'LYﬁCYL [AKZZJ CZ) = [257 CZ]];{FnRabq'Ly’La(Zh CZ)) (332>
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where R is the Riesz transform associated to ay. Assume that qu’,u = 0 for all multi-indices

on R% with |7/| < |v,]. Then

sSup ||a'Ly7?,aL [A]HBMO(Rdi) S HAHSI(Rd,k,6)‘
Z% x Z%

3.3.1 Proof of Lemma (3.3.1

For the sake of definiteness, work in the completely generic case ¢ = 1,a = o. Fix 2o, (y € 2%,
and consider without loss of generality the case 2, € Z%((;). Invoking the BMO(R%)

boundedness of the Riesz transform R, we realize it must be shown that

HbHBMO(Rdl) 5 [22’ CQ]kQ-H? b defined by <ba gl) = A(I? & Xz,¢21 |v|klgl & 9042)'

Let M = 28(1+ k). By H' — BMO duality and H'-density of the latter class of functions, it
will be enough to show that whenever wy = (y;,t1) € Z%, ¢ € S(R%) is a Schwartz function

such that ¥ := Sy;llgb satisfies

U |anrn <1, supp\TJ c{ye R% :1< ly| <2}

there holds

[0, V)| S 22, Colkyt- (3.3.3)

The frequency support of 1 ensures that v = t}'|V|¥1¢) € W3ML0 Now introduce the local

notation, with reference to (2.1.2))

P yl "
p() = ( t > , O = Xz2,62¥¢as Eg = XZ2,C2BC2'
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There is an additional technical complication brought by the fact that v is not of compact
support. This is dealt with it by introduction of a sequence of smooth functions g, € C*(R%)
with > g, =1, supp qo C Boy,), SUupp ¢n C Ay = B(gan+14y) \ B(oan-1,) for n > 0. Define
Pn = Pqn, and v, = vgq,. With these notations, the definition of b, and the fact that q,; =

for all |v]| < |mnl,

<b7 ¢> = A(p ® Xz2,625 U ® SOCQ)
(3.3.4)
= Z + Z APrn ® Xeoitar Um @ ©¢;) + ADn @ Xeo o) Um @ ©O¢,)

m~n  mgn

where m ~ n if |m — n| < 2* and m ¢ n otherwise. The next task consists of bound each

summand in the last right hand side of (3.3.4)).

The m ~ n summand

Notice that in this range ||pnllec < 257, [[Umlloe < t7H273Mm < ¢71272M2 and p, vy,

~

~Y

22, (o) ky+ry; this is obvious if x., ¢, = ¢, and may be read from ([2.1.17)) otherwise. Applying

the weak boundedness property of A with balls B(yhznﬁs ) and B¢, 4,)

are supported on B, .. ..5, .. Also note that ©, is supported on B, 45,y and [|Osls <
(y1,2 t1) (§2,402)

[A(pn ® O2,0m ® 906,)| S IPnllsollvmllon S 274" 22, Coligrn

Furthermore, =5 and ¢,, have separated supports. Therefore, using the partial kernel as-
sumptions for the form (f, g) — A(©1® f, vy, ® g) and repeating the computations of (2.5.7)

for such form

|A<pn ® EQa U @ @C2)| 5 Q_Mn[227 CQ]kz-H?‘

The last two estimates are summable on the diagonal m ~ n and this completes the bound

for the ~ summand in (3.3.4)).
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The m + n summand

We now have that p,, and v,, have separated supports by ~ t;2%@{mn} -~ Applying the partial
kernel assumptions for the form (f, g) — A(f ® O2,9 ® ¢,) and arguing as in (2.5.7)) yields

[A(Pn @ O, m ® 06,)| S [Ipalloe2™ N 2 Gyl S 27T,

Finally, in the term below, the full kernel assumptions may be used due to functions in both

parameters having disjoint supports. Standard computations relying on the kernel estimates

as in (2.5.7)) then lead to
|A(pn ® Z2, U @ @) S 27 max{m.n}o [z, Co k-

The above estimates are summable over m +¢ n, which completes both this case and the
proof of the Lemma.

We explain the details of the definitions (3.3.1). Using symmetry with respect to adjoints,
it suffices to study q}/lo(zg, (2). The most complicated case is when either one of X, ¢, X¢»,2
contains the polynomial summand. To fix ideas, work with x., ¢, = @2, — Psy .- Let ¢g = ¢
as in (2.4.4) with d = dy and p}; as in (2.4.5) with d = d; and a = 74, see Subsection .
If 0 ¢ supp ]?1 then g; = |V|"lf; € Sp(R%). The partial kernel estimates of A readily show

that

(q}/’l"(z% C2)7 f1> = 1%1_3%10 A(p}zl ® [D”%O¢2]Xzz,cz7gl ® 9042)7

exists and defines a linear continuous functional on the subspace of S(R) of functions

supported off the frequency origin.
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3.4 Bi-Parameter Calderén-Zygmund forms of class (&, ¢)

Given the developed framework and notation we refer back to Definition and Definition
for SI(RY, k, §), the space of bi-parameter Calderén-Zygmund Forms of Class (k, §). The
following are examples of such forms and will be model operators for the analysis of general

forms.

Definition 3.4.1 (Bi-parameter wavelet form). Associate to the two families of bi-parameter

cancellative wavelets { B.,v, € CURH00 .~ ¢ Zd} the bi-parameter wavelet form

Af,g) = / (F, B2) (s, 6) dpu(2). (3.4.1)

zd

This form belongs to SI(RY, k, §) and [Allsira k) S 1. The weak boundedness property is
a particular case of estimate from Proposition[3.2.1 The partial kernel and full kernel
estimates may be obtained by repeatedly employing and standard computations.
If A € SI(RY,%,6) is a wavelet form of the type (3.4.1), an immediate byproduct of the
cancellation properties of the families 3., v, € CU*%%0 is that the functionals

A (2™ @ 22, ), at [A]

Yo, 0

vanish for all 0 < |o|, || < ki, 0 =1,2.

Definition 3.4.2 (Bi-parameter paraproduct forms). Paralleling our treatment of the one
parameter case, three types of bi-parameter paraproducts will be defined. For a pair of multi-

indices (71,72) on R4 x R% a function b € BMO(RY), (11,2) € {0,1}? and f,g € S(RY),
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define d

H(Oyo):b:(’n,’m)(fv g) = /<b> Py, @ 9072722><f’ 7971721 ® 79’72%2)(90% g> d:u(z)>

zd

H(O,l),b,(yl,wg)(f, g) = /<b7 Oy, @ @72,22><f7 7971,21 ® (p22><9021 ® ﬁ727227 g) d:u(z)v

zd

(3.4.2)

where ¢, ., = Sy, 0"V, see (21.8) and (2.1.17), and the family {v,, ., € CUD10 : 2 €

74} is a ~;-family as in (2.4.2). The first form is usually termed full paraproduct, while the
second is usually referred to as a partial paraproduct. The paraproducts defined below are
related as partial adjoints, namely

M) = Mo b610) "
For this reason, the notation II;, will be used in place of II(g ), throughout this section.
Standard computations relying on the smoothness and compact support of the wavelets
appearing in (3.4.2)) lead to the following controls on the partial kernel and weak boundedness,

and full kernel constants of the paraproduct forms: for any multi-index v = (71, 2), there

holds
||Hb77l|SI(]Rd7k75) Sk HbHBMO(Rd)' (3'43)
A third family of paraproducts, which are termed half-paraproducts, are constructed using
the definitions (2.4.3)) in each parameter ¢ € {1,2}. Let x; € N, > 0, which are kept implicit

in the notation, 7, be a multi-index on R% and a be a continuous map on Z% x Z% taking

values in BMO(R%). Define, a priori on S(RY) x S(RY), the form

Mo, (f59) = / Wazs. o ((Fr 020005 (9, 0¢02) [20, Glrpandin(ze)dp(G) - (3.4.4)

Z x Z%
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where Ila(:; ;)70 Tefers to (2.4.3) for b = a(z;,¢), v = v, = o,,d = d,. Arguing in a

similar fashion to (3.4.3)), we record the estimate

SI(R k.6 S sup la(zz, G)lIBmo ey, k= (ki ko), ko = |nl, ki = ki
RO ™ ezt x
(3.4.5)

H 5
a77b7ab

Furthermore, it is a particularly useful observation that, in view of (2.4.12) and referring to
the notation introduced in (2.4.6]), which is legitimately used whenever f,, g, € S(R%) are
fixed

H;,'yl,al (‘rfl & f27gl ® 92) =0 V0 < |Bl| < "yl|7 Bl 7& 71 (346>

in the sense of linear functionals acting on ¢g; € Sp(R%), and similarly for adjoints and

half-paraproducts in the second parameter.

If o, is a multi-index on R%, the notation p refers to p% from ([2.4.5), withd = d,, a = «.
Below, Sp(RY) be the subspace of functions ¢ € S(R?) with the same bi-parameter vanishing
moment property of the functions of W20 for some z € Z4. Then, if 0 < |o,| < k, for

1 €{1,2}, and A € SI(RY,k,0), and a € d, the limits
A (2™ @ 1°2,9)) = Jim A (pE & p2, ), Y € Sp(RY) (3.4.7)

exist and define linear continuous functionals on Sp(R9): with the full kernel estimates at
one’s disposal, the proof presented in [22, Lemma 1.91]| extends to the bi-parameter case
without essential changes.

The next and final definition details our assumptions on the functionals associated
to A € SI(RY, k,5). We ask whether A € SI(RY, k, §) has paraproducts of order x for 0 <
k < min{ky, ko} and, if that is the case, at the same time define the x-th order cancellative

part of A for all 0 < x < max{ky, k2}.
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Definition 3.4.3 (Paraproducts of order 0 < xk < min{ky, k»}). Say that A € SI(RY, &, )
has paraproducts of order 0 if for each a € d there exists b3 € BMO(R?), the BMO product

space, such that

A(1®1,9) = (B,¢) Ve Sp(RY.

As customary, we use the 7'(1) notation and write b} = 7%(1 ® 1). If A has paraproducts of

order 0 the 0-th order cancellative part of A is given by

Bolf.0) = Af.0) = [Mg]" (f) = 3 Mo ] (1100
acd ac{ox}
e{1,2}

Suppose A has paraproducts of order 0 < k < min{ky, k2} and the s-th order cancellative
part of A has been defined. Then A has paraproducts of (k+1)-th order if for each v = (v1,72)

with |y1| = K + 1 = || and a € d there exists b5 € BMO(R?) such that
(A (27 @ 23*,9) = (B5,07"07™y) Vi € Sp(RY).
If 7% stand for the adjoints to A, the corresponding 7'(1) notation is then

b R“f 1 R’YQ

vy By | Vs || Vgay [P T (2] ® 2, aed.

The inductive definition is closed by defining the x 4 1-th order cancellative part of A as

Menlf) =Af— > e (- 3 [ ] (o) (348)

y=(11,72) acd ac{o,x}
[v1|=ly2|=r41 ve{1,2}
Iyl =lew|=r+1

We do not define paraproducts of order k+1 for min{ky, ks } < k < max{k;, ko}—1. However,
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we define the (k + 1)-th order cancellative part of A, also inductively, by

Aeyi(fr9) = Nalf, 9) — Z [Hbt*,a [AN]} (f.9), = argmax{k,}. (3.4.9)

VKO K
ac{ox}
[y [=loex |=R+1

Definition 3.4.4. The bi-parameter bilinear form A belongs to the class CZ(RY, k,d) of
(k,8)-Calderdn-Zygmund forms if A € SI(RY, k, §) and A has paraproducts of order min{ky, k> },

with norm
[Allczra k) = I Allsimak,s) + Z |1V gar | Vgar |21 TE (27 ® :cgz)HBMO(Rd) :
0<xk<min{ky,k2}
yl=lzl=r
aca

(3.4.10)

Forms in the CZ(RY, k,§) may be represented as a linear combination of a wavelet
form of type (3.4.1) and order k£ plus a finite linear combination of paraproducts and half-
paraproducts. These definitions and notations now allow us to precisely state the main result

of this chapter.

Theorem 3.4.1. Let k = (ky, ko) € N? with max{k;,ko} +1 < D, 0 < e < § < 1. There
exists an absolute constant C' = C} 5.4 such that the following holds. Let A be a form of

class CZ(RY, k,§) with normalization ||Al|czgay s < 1. Then, there exists a family
{v. € CYke00 . ¢ Zd} :

and functions a%®, on Z% x Z% taking values in a bounded subset of BMO(R%), ; = 1,2

Vs
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such that for all f,g € S(RY)

A(f,g) = / (F ) (0sn g) du(2)

zd
a
- > ] (F9)+ D [H;%ab] (f,9). (3.4.11)
¥=(71,72) ve{1,2}
0<|y1|=|v2|<min{ky k2 } 0< |y, |<k.
acd o=
ac{o,x}

The next corollary to Theorem is easily proved by combining with (3.4.11)) the

estimates of Propositions [3.6.1} [3.6.2| and [3.6.3, and, for the cases k # (0,0), an integration

by parts argument akin to the one used in the proof of Corollary [2.6.1]

Corollary 3.4.1. Let k € N2, § > 0 and A € CZ(RY,k,6) be as in Theorem [3.4.1, Assume
in addition the bi-parameter analogue of (12.6.1))

(nlslel) # & = b5 =0;
(3.4.12)

je{l,2}, yl <k = by =0,al°, =0 V|| = |yl
Let 1 < p < oo and w be a product A,-weight in R4, Then, if T" stands for the adjoint to A,

max 3,2%
V5T | gty Sios [T V4V £l oy (3.4.13)

2 2

Notice that (3.4.12)) is not an additional assumption in the case k = (0,0) and necessary
for (3.4.13)) to hold otherwise. We point out that among the bounds provided in these propo-
sitions, the exponent in (3.4.13]) is achieved by the paraproduct estimate of Proposition m

and their adjoints. In fact, if A is a ((0,0),0) Calderén-Zygmund form whose paraproduct
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terms appearing in (3.4.11)) all vanish, then the weighted norm bound for its adjoint

(
2 3
1 1<P=3
2p—1 3
s<p<2
0 p—1 2
1T oy S [W]%”, 0(p) = (3.4.14)
P 2<p<3
2 p>3

may be read by applying Proposition to the cancellative terms in (3.4.11)) for A, if

p > 2, or for its full adjoint A* if 1 < p < 2. Comparing with the one parameter case, see
[34, Theorem 2], estimate ([3.4.14) is sharp for max{p, p’'} > 3: there seem to be no instances
of sharp weighted norm inequalities for bi-parameter operators in previous literature. Notice
that the paraproduct free assumption covers, for instance, bi-parameter convolution-type

operators.

3.5 Proof of Bi-Parameter Representation Theorem

Before entering the main argument, a series of preparatory lemmas is required that generalize

d+e

results from the one parameter case. Below 0 <6 <1, 0 <& < ¢ are fixed. Set n = 5=, so

that e <n < . First, the two parameter version of Lemma is provided.

Lemma 3.5.1. Let ¢, be as in (1.2.1) and v : Z9 — C be a Borel measurable function

with |u(z)| < 1. Then, there exists C' <, ke 1 such that for all z = (z1,22) € Z9 with

zj = (xjvsj)u ] = 172

d@QdagdﬂldQl

2
Uy = / (H[(aj’ ﬁj)]kj+n> U((alv 61)7 (a2a BQ))Qp((x1+a18175181),(:cz+a28275282))
j=1

(o1,81)€Z%
(a2,B2)€Z%2

5152
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belongs to O k14200,

Proof. There is a direct argument along the lines of the one parameter proof. However, an
argument that uses Lemma [2.3.1| as a black box will be given. To save space in the notation,
this argument is carried out for z; = 0,s; = 1, j = 1,2. Notice that for each fixed w; € R™

dBzday
UL ' = / [(Oég, 62)]k2+77U02732 (wl)((po)(xQ"l‘aQSQ,,BQSQ)T?

(a2,B2)€Z%2

where

dfiday

k1,e;0
—h TR

Vas,Bs = / [(0517B1)]k1+nu((051761); (Oé2752))(@1)(:“-1-04151,6131)

(o1,81)€Z%4

with uniform constant C' by an application of (2.3.3)) of Lemma with 7 in place of
§. In particular the function wu,, (ag, B2) = {(w)@+*+9)y,, 5 (w) is uniformly bounded.

Therefore, another application of (2.3.3)), with u = w,, (az, 52) entails

dBeday

ka,e;0
TEC\I’;‘S .

<w1>(dl+kl+€)v,£«17wl] = / [(O‘% 62)}/%-&-77“101 (042, 52)(902)(1:2+a25275252)

(a2,B2)€Z%2

Repeating for the second parameter and comparing with equation (3.1.2), proves that v, €

Ok =00 50 thus completes the proof of the lemma. O

Along the same lines of the previous lemma, the next is the bi-parameter analogue for

Lemma [2.5.1] The notation x, ¢, appearing below refers to ([2.5.1)).

Lemma 3.5.2. For (2,¢) € Z9 x Z9 with z = (21, 29), ¢ = ((1, ),

|A (thCl @ Xz,¢21 X¢1,21 @ XC2722)| < HAHCZ(Rd),k,é H [zj7 Cj]kj-&-??'
j=1,2
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Proof. By symmetry with respect to the adjoint, it suffices to consider the case where z; €
Zij (¢;) for both j = 1,2. Nine different cases according to which of the sets in (2.1.1)) with
¢ = (j each z; belongs to need to be considered. Only the case z; € A((;) for j = 1,2 will
be dealt with explicitly; all remaining cases may be dealt with by the same strategy that
will be used for the summands appearing in . In this case, x.; ¢, = ¥z, — P, ¢; and

X¢jz = $¢; for j=1,2, and thus

A (XZl,C1 Q) Xzz,¢20 Pt & QOCz) - Z A (@l,b ® @2,37 o @ 904:2) )
(¢,7)€{in,out?} (351)

@jvin = ij7<]a<]7 @j,out = XZ]:C]/6<]7 j - 17 2

Each term in (3.5.1)) will be estimated. The key to the first three summands is that for
J = 1,2 the function ©;;, is supported on 4B, and, from (2.1.17), [|O;nllec < [25, Cilk;+n-
For the in in summand, employ the weak boundedness of A with points éj = (¢;,40;) thus

obtaining

A (O1in @ O2in, 0, @ 06 S [T 1€5imlle S T (255 Gl

j=12 j=1,2
The in,out summand is bounded as follows. Observe that Oy, and ¢, have separated
support. Now, apply the partial kernel /weak boundedness assumption to the form (f, g) —
aflA(@lyin@)f, ©¢, 5 g) at point G = (&, 4071), to which estimate with 2 = zp and ( = (
actually applies. Such estimate returns a factor of [22, (3]k,+, While the factor [z1, (1]k,+y 18
obtained from ||©ynl/oc. The out,in summand is handled in exactly the same way.

In the out, out summand, note that ©; .. and ¢, both have separated support. The full

kernel estimates of A are now employed. The calculation leading to the estimate

|A (Gl,out ® @2,outa P & 9042)| 5 H [Zj7 Cj]kj-i-??

=12
is the tensor product of the steps (2.5.4)-(12.5.7)) performed in each variable, the only difference
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being how the corresponding term in 4)) involving the finite difference of the derivatives
of the kernel is controlled. In that case, for a fixed v = (v1,v2) € (2B¢, x 2B, )¢ one uses the

cancellation and L!-estimate of aj_kj 0 Ve, and bounds

2 J+5

Sup ’Aul —&1- A

ue BCl X BC2

uz—Ea|- agiaziK ‘ 5 H |v] |d PR

using the kernel estimate in the fourth line (1.2.4]). This completes the proof of the Lemma.
]

3.5.1 Main line of proof of Theorem |3.4.1

It is now possible to turn to the main line of proof of Theorem [3.4.1] Notice that

Al czma, (o1 m0).0) < 1Al cz@ars) = 1, 0<k;<kjj=12

The proof will be done via two consecutive inductions. The first runs for 0 < k£ < min{k;, ko }.
The second, if necessary, runs for min{k;, ko} < x < max{k;, ko}. The argument is sym-
metric with respect to interchanging parameters, therefore there is no loss in generality with
assuming k; > k.

The base case and main part of the inductive step of the proof works under the additional
assumption referring to Lemma [3.3.1]

b5 =0 Vaed min |y] <=k,

a(/-i) . e{1,2}

q;' =0 Vae {o}, [ <min{, k} 0 € {1,2},

namely, all paraproducts T%(z” ® x72) vanish except possibly those with |yi| = || = &,

and all half-paraproducts vanish except possibly those of highest order. Clearly, a(0) is not
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an extra assumption. Moreover, if k > 1, assumption a(x) implies that A coincides with
its (k — 1)-th order cancellative part A,_;, which means we are allowed to conflate the two
forms and just write A below.

Let now f,g € S(R?). Using the bi-parameter analogue of (2.1.11]), bilinearity and

S(RY)-continuity of A, and later the definition of U(z, () leads to the decomposition

A(f,g) = / (s o) ee YA (ar ) dpa(2)dp(©)

Zdx zd

= / (f00(P0 DA (Xar.cr @ Xzantr Xryzr @ Xeozo) dpp(2)dpu(C)

Zdx zd
/ / / f sz 9047 > ( 21,0 @ Xza,Cor P ®XC222)d:u< )d:u(g)_’_

dl ><Zd2 Zd2 z1€A(¢1)

[ [ [ 0edtecodPuc e Pucose ® ve) dntelantc) +

Zdl ><Zd2 21€A(C1) z2€A(¢2)
¢1 C2

(3.5.2)

Here, the dots in the third line are hiding three more terms where the integration domain
is respectively restricted to zo € A((2), (1 € A(z1), (2 € A(z2), and the integrands involve

respectively the coefficients

A(XZLCI ® PZz,sz X121 ® (1042)7 A(@Zl ® Xz2,G2 PZl,Cl ® XCz,Zz)v A(le,ﬁ X, Pzys X¢i,21 ® PZQ:CQ)’

while the dots in the fourth line also hide three more terms where the integration domain

is restricted to {z; € A((1),C € A(22)}, {G1 € A(21),20 € A(C2)}, {G1 € A(21),( € A(22)}

and the integrands involve respectively the coefficients

A(‘P?A ® PZ27C27 PC1,21 ® 90(2)7 A(PZhCl & Pzys P ® PCQ,Zz)v A((pzq X Dz PCl,Zl ® PC2,22)'

It is possible to turn the first summand in (3.5.2) into the first summand of (3.4.11f). First,
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make the change of variable

¢ =((z, (a1, B1), (a2, B2)) = ((z1 + cus1, B151), (T2 + 282, f252))

and then use Fubini’s theorem in the inner variable of g. The first summand in (3.5.2)) then

equals

dBadardBiday
/(fv 902> <UZ7 g> dﬂ(z)a Uy = / A (le,Cl ® Xz,¢0> X¢1,21 @ X<273’2) ¥¢ 8154 )
zd (a1,1)€Z%

)
(a2,B2)€Z%2
where under the integral sign ¢ = ((z, (ay, 81), (e, B2)). With the same convention,

2

—1
Uz ((Oq, ﬁ1>a (ala 51>) = A (XZLCl @ Xza,¢21 X¢1,21 @ XCQ,zg) (H[(O‘jv Bj)]min{ﬁvk‘j}-i-n)

J=1

is uniformly bounded via Lemma , and applying Lemma yields v, € C' \I/,gﬁ’min{m’b})’ao.
It remains to identify the remaining terms in (3.5.2)) as a sum of paraproduct terms. Here

it is crucial to use assumption a(x), which tells us that
17| <min{k, k,} = q(2,¢) =0 V2, G € 2%,

Focus on the term in the third line of (3.5.2) first. The above observation, the definition of
P, ¢ from Lemma the definition of g1°, the fact that 9~ = R*|V|~*1l with the

definition of ¢,, ¢, see (2.1.8), gives

A(leﬁ @ Xz2.620 P @ XC2,22) - Z <90217 SyC1¢W1>A(*T¥1 @ Xza.C2s Ul_kl(tOCl ® XC2,22)
[v1|=k1

= Z <90217 SYQ ¢71><q#10(227 C2>7 SyzHVI_k‘pl]) = Z <9021a SYgl ¢V1><Ra1q#10(227 CQ)7 900417Z1>'

I11=k1 [v1]=la|=k1
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Finally using Lemma with h = (f, ¢.,)2, the summand in the third line of (3.5.2)) equals

the sum over || = |oy| = K of

/ / <a’1y’10,o¢1(z27 C2)7 90a1,z1> <<f> 9022>27 1971,@)1 <<90C279>25 SOC1>1 d:u(Cl) [z2> CZ]KQJrndH(Z?)d:u(C?)

(242)2 7z
¢1

= [ Mg (0 (0 00)s) o Gl = g, ()
Z92x 7%
where ky = min{x, k»}, which is one of the summands in the second line of (3.4.11). The
three other types of summands in the second and third line of , constructed in exactly
the same way, arise from the - -- terms in the third line of (3.5.2)).
It remains to identify the terms of the type appearing in the third line . Using
again a(k), these terms will appear only if £ < ky. Lemma and the definition of the

paraproducts of A then yield

A(PZLCl ® P227C27 P ® 30@)

= Z <(PZ17 SYQ ¢'¥1> <90Z27 Syg‘g(bv’2>‘/\(‘x’lYI ® x’2y27 0-17’Cl L6 ® O-lik1 (10(1)

[v1|=|v2l=x
- Z <§0217 SYgl ¢V1> <90227 Sygg ¢’Y2> <b§v Py1,¢1 ® 90’72’C2>'
[v1l=|v2l=xK

An application of Lemma with h = (f, ¢., )1 yields

F(zl) = / <<f7 9021>17()022>2<(p2275y§“2¢72>d:u(z2> = <<f7 (p21>1719’72£2>2 = <f7 Pz ®19'Y2,C2>

22€A(C2)
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so that the summand in the third line of (3.5.2)) equals the sum over |y;| = k1, |y2| = k2 of

/<@%m®%@ww>/<%sm%wwmmmwn

Z%2 x Zd2 21€A(¢1)

- /(@%m®%@ww>/<%%QMWM%$MMMMM@
Z42 x 742 z1€A(¢1)

= / <b;sy€1 ¢’Yl ® 90727@) <90C7 g> <fa 19’71,(1 ® 1972,C2> d:u(C) = Hig,y(ﬁ g)
742 x 742

where another application of Lemma with h = (f,9,,.¢,)2 has been carried out and the
definition of full paraproduct is finally taken advantage of: this is one of the terms appearing
in the fourth line of . This procedure may be repeated for the additional terms in
the third line of , thus completing the roster of terms in (3.4.11) under the additional

assumption a(k). Namely, under this assumption, we have proved that

A(f,g) = / (. 02) (020 g) du(2)

zd
.
a
> M) o+ > [ | () <k
ml=lhzl=r {1,2} (3.5.3)
aed ac{o,x}
+ o |=lv. =+
a
> M) 09 k2 <r<h
lai|=|n|=r
\ ac{ox}
with families {v,, ¢ € COpleminirke}).e00 . o Z9Yif k < k.

The assumption a(k) is then removed by an inductive argument. Recall that k1 > ko. Let
0 < k < ky and assume that the representation (3.4.11)) holds true for k = (k, min{x, ko }).
Let /N\(f, g) be the form obtained by subtracting from A the second line of (3.4.11)). Then

K(f, g> _ /(f; 902>(Uz,g> du(z), {Um 0, € C\Ijgn,min{m,kz})va;o,o = Zd}

zd
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coincides with the x-th order cancellative part of A, is a bi-parameter wavelet form of type
(3.4.1) and satisfies assumption a(x + 1) of having all the relevant paraproducts up to order

k vanishing. We may thus apply the main step to K( f,g) with k + 1 in place of &, resulting

in (3.5.3)), and obtain that

Mpg) =M+ S Y Mo+ Y Y [ ] (e

&' <min{x,k2} v=(71,72) In|<k 1e{1,2}
[v1]=|v2|=+ [v2|<min{x,k2} |ov|=]7.|
acd acf{o,x}

- / )5, g) dp(2)

zd
LD DERNED DI N RS DI DI L N
&'<min{r+1,k2} y=(y1,72) [71]<K+1 ve{1,2}
[v1|=lv2|=~' Iy2|<Smin{k+1,k2} |ow|=|v.|
acd acf{o,x}

with {0.,¢. € Cplrrhmintetlk})s00 . Z4}. This achieves (3.4.11]) for A with k =

(k+ 1, min{x + 1, ko }), thus completing the inductive step and the proof of Theorem [3.4.1]

3.6 Weighted Sobolev Estimates for Intrinsic Operators

This section contains the proofs of quantitative, and in some cases sharp, weighted estimates

for the four types of summands occurring in the representation (3.4.11)): see Propositions
and 3.6.2l Throughout, [w]4, denotes the standard product weight characteristic on

RY =R% x R%, see for example |17]24).

3.6.1 Quantitative Bounds for Bi-Parameter Calderé6n-Zygmund Model

Operators

To begin with, the operator T" appearing in the following proposition is the adjoint of the
first summand in (3.4.11)), in the basic case k = 0.
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Proposition 3.6.1. For § > 0 and {v, € CU3%0: 2 € Z4} consider the operator
Tf= / (f, 5y 01 ® Sy, p2)v:du(2).
zd

21+5% N :
Then ||| 1o rer xrez:0) S [w]rjjx{ s for all 1 < p < oo, and this estimate is sharp when

p=3.

Next, adjoints to the full and partial paraproduct terms in (3.4.11]) are treated: compare
with the definitions in (3.4.2)).

Proposition 3.6.2. Let D > 8(d; + ds). Fix b € BMO(RY), {0,, € CWDH! : 25 € 2%},

{v.,, 1., € C\I/Z’l?o i z; € Z%} for j = 1,2. Then, the operators

1_[(0,0),l7f = /(b, Uz & U22><f7 19Z1 ® 1922>¢Z1 ® wzz d,u(z),
zd

H(O,l),bf = /<b= Uy & UZ2><f7 1921 ® ¢Z2>¢21 ® 7922 dlu'(z)7
Zd

satisfy the estimates

maxg’),Qp}
HH(070)75HLP(Rd;w) S [w]App HbHBMO(Rd)v I <p<oo,
max{2p+3,4p,5p—3}

2 i
1Mo,y /| Lo Ry S (W] 4 vy

6] BMmO(RAY I <p<oo.

ya

The last proposition concerns adjoints to the half paraproduct terms in (3.4.11)), see

(B3.4.4).

Proposition 3.6.3. Let 0 < § < 1, a € C(Z% x Z%; BMO(RY)), and fix families

{9,, € CULH 1z € ZMY, {vs),0,, € CULY 2 2 € ZN} {1., € CUL 2 25 € Z%}.
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Then, the operator

Haf = / / [Z2> C2)]5 / <a(22, €2)) ) Uz1> <f7 1921 ® ¢22>¢z1 ® ¢C2 du(zl)dM(CQ)dM(ZQ)a

dp

d d
752 72 73

satisfies the estimate

%erax{ 4ma;)<£2l,p} 3

2
HHaHLP(Rd;w) S [w]Ap HaHC(Zdz x Z42;BMO(R4))-

The proofs of Propositions [3.6.1] [3.6.2] and [3.6.3] are collected in Subsection [3.6.2] Along

the way, we will make use of sharp weighted bounds for the intrinsic square function (|3.2.2)),

as well as the mixed square-maximal operators

D=

SM(z) = / sup sup |<f,¢>|2i—’f ,

to>0 1[16‘1’6;0’1

(0,00) (z1,:t1),(z2:t2))
1
2
MS(z) = sup sup [{f,)*— , x = (r1,22) € R
t1>0 b 51,0 to
(0,00) ((@1,t1),(z2,t2))

which enter the LP and weighted theory of the full and partial paraproduct terms. The
square-maximal and maximal-square operators appearing below generalize those introduced
in [41,42]. There seem to be no pre-existing weighted estimate in past literature, thus our

results are stated as a theorem.

Theorem 3.6.1. The operator norm bound

max{ 1,25 L max{2,2+1
198 sy S Tl M gt IMS oy S ™ 30.)

P

holds for all 0 < 6 < 1 and 1 < p < co. Furthermore, the exponent of (3.6.1) may not be

improved for a generic weight w.
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The SS bound in Theorem is the bi-parameter analogue of |34, Theorem 1.2]. Its
proof is given in the concluding Subsection [3.6.3] below. Another inequality that will be
used a few times in Subsection [3.6.2]is a lower bound for the smaller tensor product square

function

SSe f(21,22) = / ‘<f, SY(zl,tl)% & SY(mQ,t2)902>|

(0,00)2
associated with the wavelets 1, v from ((1.2.1). The proof is a simple iteration argument,

and is given immediately.
Proposition 3.6.4. ||f{|zr(ra,w) S [w]a,||SSe fllr@aw for all 1 < p < oo.

Proof. Apply the main result of [52], see also |36, Theorem 2.7|, first on each x;-fiber in the
second parameter, and subsequently in vector-valued form in the second parameter to see

that

1
||f‘|Lp(Rd;w) 5 [w]zp ||<f($l]1, .)’ Sy($27t2)g02>||Lp(w(m,m);Lz(dtQ/m))

S [w]a,

({2 SY (wp.t0)P2)25 SY(xl,t1)901>1 = [w]a, ||SSe fl| Lr®a;uw)

Lp(w(xl,xg);L2(dt1/t1;Lz(dtg/tz)))

as claimed. O

3.6.2 Proofs of Propositions (3.6.1}, |3.6.2| and |3.6.3

Proof of Proposition|3.6.1. Sharpness of [w]i‘p for p > 3 follows by taking the tensor product
of two counterexamples to sharpness of [w]4, in one parameter. For the rest of the proof,

we claim the pointwise bound

SS4(Tf) < SS. (3.6.2)
Assuming (3.6.2)) holds,
< < < 1+max{1,%}
”TfHLp(Rd;w) ~ [w]ApHSS@(Tf)”LP(Rd;w) ~ [w]ApHSSfHLP(]Rd;w) ~ [w]Ap ||f||Lp(]Rd;w)
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thanks to an application of Proposition in the first step and of Theorem in the

last. This proves Proposition up to the verification of claim (3.6.2)), which follows. Fix

¢ = ((€&1,01), (&, 09)) € Z9.

Using the notation (1.2.1)) for ¢¢, writing z = ((zy,¢1), (x2,t2)) € Z4, and making the usual

change of variable

(T, ) = / o) wss 0) dpa(z) = (o),

z€zd
. dﬂgd&gdﬁldal
¢c = <U((§1+Oé101,5101)7(524-@20275202))7 90()90((514—@10175101)1(524-0420275202)) 5152 .
(a1,81)€Z%

)
(062 762)6Zd2

Applying Lemma [3.1.1],

2
‘ <U((€1+a1017,3101),(52+06202,ﬁ202))7 90C>| 5 (H[(aj7 5])]3)

j=1

5.
whence by Lemma 3.5.1} ¢ € C'U¢ ’0’0, and (3.6.2)) follows immediately from the definition

of the intrinsic square function SS. n

Proof of Proposition[3.6.9 Let o := w71 be the dual weight to w € Ay, so that [0]4, =

_1
[w] f(pl . Recall that My, 4, is the bi-parameter maximal function on R%. The proof for I )
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begins with an appeal to H! — BMO duality, leading to

‘<H(070)7bf7 9)} < HbHBMO(Rd) SSe (Z/<fa Vs ® T922><¢Z1 ® Py, 9>UZ1 ® Uy du(z>
d

LY(R4)
,S HbHBMO(Rd) ||Md1,d2 (f)SSgHLl(Rd)

< N0llsmoray Mayde ()] 1o ey 1SS Lo (om0
max{3,2p}
=1
S [w]App

HbHBMO(Rd) HfHLP(Rd;w) HQHLP’(U,Rd) :

The passage to the second line is justified by a pointwise bound, whose proof is similar to
below, and is omitted. In the last line, Theorem has been appealed to, and to
the quantitative weighted estimate for the strong maximal function and square functions.
The claimed estimate for I ), then follows by duality.

The proof for Il 1), is similar. Preliminarily notice that

(o, Bl (2, Bl Darvorns o) @ Viarvontapun) | S sup (£,
we‘lj((’zlytl)v(mQ*tQ))

[(041, ﬁl)]dl [(052, ﬁ2)]d2 | <97 w(acl-l—mtlﬁltl) X 79(9@2+a2t2752t2)>| SJ S 1SOUP |<g, 7vb>|
QJJE\I’ 3Ly

((z1,t1),(=2,t2))

As D > 8dy,8d,, Lemma applied componentwise to bound (v,, ® Vzps SY (21,41)P1 @

Sy(1.27t2)()02>, Wlth Zj = (I‘j + Oéjtj, ﬁjtj)7 j = 1, 2 then y1€ldS

</<f> 7921 ® wz2><wz1 ® 6’22, g>Uz1 ® Uz du(z), SY(zl,tl)Qpl & Sy((LQ,tQ)(')OZ

zd (3.6.3)
S sup [(f, )] _sup (g, 9]
VEY (2),1),(22,t2)) VEY (2] 1), (22,82))

The proof proper begins now. Using H' — BMO duality again, followed by ([3.6.3)) and one

85



application of L? — L> Hélder inequality in each parameter,

‘<H(071)7bf7 g)} < HbHBMO(Rd) SS® (Z/<fa 1921 ® w22><w21 & 9227 9>UZ1 @ Vg, du(z>
d

L1(R4)
< 16l gaogray ISMF)MS(9)|] 11 (ay

< ||b||BMO(]Rd) ||SM(f)||LP(]Rd;w) ||MS(9)||LP’(0—,R<1)
max{2p+3,4p,5p—3}

2(p—1

Slul,, 7"

||b||BMO(]Rd) ”f“LP(Rd;w) ||g||Lp/(g,Rd) :

In the last line, the quantitative weighted estimates of the operators SM and MS from
Theorem have been called upon. By duality, this estimate proves the claimed bound

of g1y, on LP(w) and completes the proof of the proposition. H
Proof of Proposition[3.6.3. This proof relies on the auxiliary operators
th(yl) = /<ba U21><h7 1921>1/}Z1 (yl) d/,L(Zl>7 n S Rdl
Z%
which is a paraproduct with symbol b € BMO(R?) in the first parameter, and

o 3
2 diy ds da
S(2),(az,2) 1 (Y2) = (9> SY (ya+anta pata)P2) | | eeRh(ap 2) €2
0

which is a shifted square function in the second parameter with smooth, compactly supported
mother wavelet ¢, as in (1.2.1); the simplified notation S,y is used in place of S(2) 0,1). The

main results of [7,34] yield the operator norm bounds

. _ max{z, 57}
1S@).(02.8) | Loz iy Se (min{L, Bo}) =5 [W],, =" (3.6.4)

for all ¢ > 0, where W is a weight on R% and [W]a, denotes the corresponding weight
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characteristic. Then

M, f(u) = / / (22, ColoPatence) (U a2 () ® iy (u)du(G)Ap(C), = (un, up) € RY,

do

d
Z32 Z:;

A calculation involving Lemma applied to the inner product (t¢,, Sy(,, 1,)¢2) followed

by the change of variables zo = (ya + asta, bats), (o = (Y2 + aata, Paota) then yields

2 dty

S(Q) [Haf](yla yQ) 5 / / ‘Pa((yz-‘raztz,b2t2),(y2+a2t2,,32t2)) (<fv ¢(y2+a2t27bzt2)>2) (yl)‘ E

w2:=(a2,52)€Zd2 0
’LUQCZ(LLQ,bQ)GZdQ

X [wal1[we, wo]s dpu(wa)dp(ws).

Applying the reverse square function bound of [52] in the second parameter, followed by

the sharp weighted estimate for the vector-valued paraproduct Pa((y,+asts bots),(yo+asts,8at2)) 1O

)

pass to the second line, and finally appealing to (3.6.4) with choice € = 5, we obtain

1
M f e sy S [w]3, IS Hafll e @asw)

%—O—max{l,p%l}
S [wly, (EY / [(cv2, B2)]1[(az, b2), (va, B2)]s HS(z),(ag,bg)fHLp(Rd;w)

(az,B2)€Z%2
(a2,b2)€Z%2

dCLdeQ dOéQ dﬁg
ba o

l+max{l,%}+ma}c{l,%}
S [wli, v P all f 1l e e -

For display reasons, above [|a|| stands for [|a||c(ze « z42.5mo(ray)- The proof of Proposition

is thus complete. O

3.6.3 Proof of Theorem [3.6.1

Sharpness of the exponent follows by tensor product of the usual one parameter examples.

The one parameter square function example is discussed in [34] and references therein, while
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the example for the one parameter maximal operator is entirely classical.

The proof of the upper bound is analogous for all three operators, as it proceeds by
reduction to iteration of one parameter, vector-valued weighted bounds. To fix ideas, the
argument is given for SS, which is the most difficult case.

Fix f € L°(RY) and let {w(xhtl),(mm e w00 L w €RY0 <t <oo,j=1, 2} be
a family linearizing the supremum in (3.2.2)). Throughout this proof, n = 1%. The first step

consists of a decomposition of the linearizing family into wavelets with compact frequency

support in one of the parameters. Let o € S(R%) be a radial function with

o0

Suppd Bz \ By [ A2 ds = Laay g €)

—00

and also let 3 € S(R%) satisfy

supp 3 C B3 \ B(o%), f(&) =1 V¢ € suppa.

Set

el Nl s .— onls|
Qg = DI|2SCY, Bs = D||25ﬁ7 ¢(zl7t1)7($2,t2) =2 w(m,tl),(m,tz) *1 Ostlogty

so that it is understood that *; denotes convolution in the j-th parameter only, and note
that the scale of the parameter in o, 3, is logarithmic. For instance agyiogs, below has

Fourier support in the annulus ~ ¢; 1275,

Lemma 3.6.1. For all s € R, z; € R%, 0 < t; < oo, j = 1,2 we have ¢(Sx1,t1)( €

x2,t2)

(o) e

(w1,t1),(w2,t2)"

Proof. By bi-parametric invariance of the assumption and assertion, it suffices to prove the

case x; = Oga;,t; = 1 for j = 1,2. For simplicity write 1 in place of ¥z, 1)), (zs,t2)- APplying

R% >
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Lemma for each fixed ys gives

[0, 1), (51, 8)]s 98|
= : < n <
|77Z) *1 Qg (yla y2)| |<,¢}( 792); Try1a8>| ~ <y2>(d2+877) ~ <y1>(d1+877) <y2>(d2+87]) (365)

as (yo) 2 t8n2u2l(1) ¢ PO

0.1 The last inequality is best seen by verifying

§;0
) and Try, a5 € Vi)

the cases s > 0, s < 0 separately. Using the Fourier support and normalization of «,
similarly

9—5—8n|s|
= <
Vily s ) s o)l = W Vasln 1)l S 7 sammg s s

If 0 < |h| < 1 then, by the mean value theorem

[V %1 as(y1 + R, y2) — ¥ 1 (Y1, y2)|

n
S |hl” ( sup V(¢ as)(“b?ﬁ)) ([ %1 as(yn + o) + [ %1 as(yr92))' ™" (3.6.6)

[u |~y
< ipm ols|in—8n(1—n)] . 1k
S gy <2 g g

using the elementary inequality 61 > 8n?. The inequality

h|®
_ < |
|77ZJ *1 as(ylv Y2 + h) 7»5 *q as(yh y2)| ~ <y1>(d1+6)<y2>(d2+6)

is immediate from (3.1.2)) and averaging, so that another interpolation with (3.6.5) yields

[
|h|22~4mls] _ |h|"
— < nls|

(3.6.7)
Collecting (3.6.5)), (3.6.6)), and (3.6.7)), and comparing with (3.1.2), completes the proof. [
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The definitions of o, and [, lead to the equalities

[e.9]

w($17t1),($2,t2) = / 2_n|s‘w(sx1,t1),($2,t2) dS, <-f’ w(sxl,tl),(ccg,tz)> = <f *1 /BS'HOgtl?w?x‘htl),(aﬁz,tz))'

—00

Therefore, in view of Lemma [3.6.1], and using the convergence of the geometric integral, it

will be enough to prove the same estimate for the operator

dt,dty

ta

Osf(x) = / |<f *1 5s+logt1u¢(szl,t1 (z2,t2) >|2

(0,00)?

uniformly in the parameter s € R, which will be kept fixed until the end of the proof. The
operator Oy is estimated relying on the auxiliary family of square functions with parameter
t1 >0

pdt
to ’

Stl xl)'Z.Q = /’ x‘l,tl (x27t2>

which satisfies

max{ 1=

k) }
HSt1||LP(Rd;w) 5 [w]Ap e

This can be seen by repeating the sparse domination bound for the Christ-Journé type square
function e.g. of |7,|34], where the averages in the sparse operators are associated to rectangles
with side of fixed length ¢; in the first parameter. The fact that the weight is a product
weight ensures that the bound is uniform over all £;. The weighted bound above upgrades

immediately to vector-valued, and may be used in the second step below to yield

max{

I }
HOSfHLp(w) = HSt1(f *1 5s+10gt1>HLp(w.L2(dA)) ,S [ ]AP e Hf *1 5s+logt1HLp(w L2(dt1))

max{p 1,2}

max{—2-,1}
= 5N w1 B sy S T s

Ap

The very last inequality is obtained by using the straightforward weighted Littlewood-Paley
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square function bound of [7,34] in the first parameter and Fubini’s theorem. The proof of

Theorem [3.6.1] is complete.
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