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Preface

This dissertation is about the abstract Toeplitz operators obtained by compressing the
multishifts of the usual Hilbert spaces of analytic functions onto co-invariant subspaces
generated by polynomial functions. These operators were introduced by Arveson in regard
to his multivariate dilation theory for spherical contractions [6, 7, 8, 10, 11]. The main
technical issue here is essential normality, addressed in Arveson’s conjecture. If this
conjecture holds true then the fundamental tuple of Toeplitz operators associated to a
polynomial ideal I can be thought as noncommutative coordinate functions on the variety
defined by [ intersected with the boundary of the unit ball. This interpretation suggests
operator-theoretic techniques to study certain algebraic spaces. More specifically, we are
interested in Douglas’ index problem. These topics are discussed in Chapter 1.

In the special case of monomial ideals we give a new proof for Arveson’s essential
normality conjecture, also answer Douglas’ index problem. Our main construction is a
certain resolution (in the sense of homological algebra) of Hilbert modules. These are
discussed in Chapter 2.

Thinking of the fundamental tuple of Toeplitz operators as noncommutative coordi-
nate functions, we start applying them to study the isolated singularities of algebraic
hypersurfaces. The main extra operator-theoretic ingredient here is a unitary operator,
the holonomy of a certain Gauss-Manin connection induced by the monodromy of the
singularity. We want to understand how this unitary operator interacts with the Toeplitz
operators. This study could lead to an analytic way for detecting exotic smooth structures

on odd-dimensional spheres. These are discussed in Chapter 3.



A list of the fundamental notations and conventions used throughout the dissertation
is provided on pages vii-x; specially the fundamental concept of the essential normality

of a Hilbert module is defined there.
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Notations and conventions

N is the set of nonnegative integers.

a, =~ b, (respectively, a, < b,), for number sequences (a,)neny and (b,)nen, means
that the ratio a, /b, converges to a nonzero (respectively, possibly zero) finite complex

number.

m is an arbitrary positive integer fixed throughout the whole dissertation.
B,, and B,, are respectively the open and closed unit balls in C™.

A always denotes the algebra Cl[z1, ..., z,] of polynomials in m variables.
Let I C A be an ideal.

— V(I) C C™ is the zero variety defined by I.

- X[ = V(I) N (9Em
C(X) denotes the C*-algebra of complex-valued functions on topological space X.

The term algebraic spaces generally refers to those ringed spaces whose structure sheaf
might contain nonzero nilpotent germs. Examples are Grothendick’s schemes [64] and

Grauert’s nonreduced analytic spaces [58, Chapter 1][72, Section 43].

We try to denote Hilbert spaces by uppercase calligraphic letters like A, H, Z, M,

N. However, we follow the usual tradition of denoting the Lebesgue, Sobolev, Hardy

vil



and Bergman spaces by L, W, H and L,, respectively. (See pages ix-x.) All abstract

Hilbert spaces are assumed to be separable.

e The term operator, unless otherwise stated, refers to linear continuous maps between

Hilbert spaces.

e We try to denote C*-algebras by uppercase fraktur letters like 2, B, &, Q, T.
B(H) is the C*-algebra of operators on the Hilbert space H.

R(H) is the C*-algebra of compact operators on the Hilbert space H.

Q(H) := B(H)/R(H) is the Calkin algebra of the Hilbert space H.

e There is a one-to-one correspondence between commuting m-tuples of operators T :=
(Ty,...,T,,) acting on a Hilbert space H# and Hilbert A-module structures (in the sense
of Arveson [11]) on H. This correspondence is given by representing each polynomial
p(21,. .., 2m) € Aby the operator p(T1,...,T,,). Conversely, T is identified with the m-
tuple (M,,,..., M., ) € B(H)™ of multiplication operators by the coordinate functions,
and is called the fundamental tuple of Toeplitz operators on the Hilbert A-module H.
The C*-algebra generated by {1,71,...,T,,} UR(H) is denoted by T(H) and is called
the Toeplitz C*-algebra of the Hilbert A-module . Based on this equivalence, the
properties of T" are attributed to H and vice versa. For example, H is called essentially

normal if [T}, TF] € R(H) for all 4,5 =1,...,m.

>

e H ® C", r positive integer, is the r-fold inflation of Hilbert space H, implemented by
the tensor product or direct sum @, #H of Hilbert spaces. An operator T € B(H)

naturally induces the inflation T® 1 € B(H @ C").
e Let 2 C C™ be a smoothly bounded domain.

— Wp,(Q), s € R, is the Bergman-Sobolev space consisting of all holomorphic func-
tions in the L? Sobolev space W*(2). (See [53, 80, 19].) These are also known as

the holomorphic Sobolev spaces.

viil



— W, (09), s € R, is the Hardy-Sobolev space consisting of all functions in the
L? Sobolev space W*(9€2) whose Poisson extension to €2 is not only harmonic
but also holomorphic. Alternatively, it is the closure in W*(9Q) of the boundary
values of holomorphic functions on {2 which are continuous up to the boundary
[25, 53]. Note that Wy, (09) is isometrically isomorphic to the Bergman-Sobolev

space W;; : (Q) through the Poisson extension and trace map [53].

— H?(0Q) := W2 ,(09) is the Hardy space [75, 93, 98, 32].

— L2 (), s > —1, is the weighted Bergman space consisting of holomorphic func-
tions f on Q such that [, |f(2)]*p(2)*dV (z) < oo, where p(2) is a positively signed
smooth defining function for Q (equivalently, the distance function dist(z, 052)),
and dV/(z) is the Lebesgue measure on {2 normalized such that [, p(z)*dV (z) = 1.
(See [19, 53, 104].) Note that L2 () = W;?(Q) as sets with equivalent norms
[81, 53, 19].

— L2(Q) := L2 4(Q) is the (unweighted) Bergman space [75, 98, 97].

e H?2 is the Drury-Arveson space of analytic functions on B,,, the one with the repro-
ducing kernel (1 — (z,w))™". (See [6][2, Chapter 41].) It has the standard orthonormal
basis {(n!/]n!!)fl/2 2" € Nm}. It is also known as the m-shift or symmetric Fock

space.

° ﬁﬁ), s € R, is the Besov-Sobolev space of analytic functions on B,,, the one with the

reproducing kernel

(1 - <Z’w>)—s—m—1’ §s>—m—1,
K(z,w) =

(—s—m)*lF(l,l;l—s—m;<z,w>), s<—m—1,

where F'(a,b;¢;C) =) (2‘)152),‘1 (9 is the hypergeometric function, and (z), := %
is the Pochhammer symbol. (See [20, 102, 53, 3, 104]; our parameter s +m + 1 is ¢ in

[20], & +m + 1 in [102, 53], and 20 in [3]; [104] only studies the s = —m — 1 case.)

X



7% has the standard orthonormal basis {ws(n)_l/ 220 in € Nm} where

n!(s+m)!

A m7 S > —m — 17
ws(n) =
ST 41 -
(Inf1)? ’ s<-—m-—1.
Note that ws(n) ~ W for each s € R. (We will not need the reproducing ker-

nel, but this equivalent norm is enough for our purposes.) We have the identifications:

the Bergman-Sobolev space W, ? (By,) (as sets with equivalent norms), s € R,

s+1 .

the Hardy-Sobolev space W, ;2 (0B,,) (as sets with equivalent norms), s € R,

Hﬁi) = 4 the Drury-Arveson space H,Zn (as sets with equal norms), s =—-m,
the Hardy space H2(9B,,) (as sets with equal norms), s=-—1
the weighted Bergman space L2 ((B,,) (as sets with equal norms), s> —1.

o.(T), T operator, is the essential spectrum of 7. When T is an m-tuple of commuting
operators acting on a common Hilbert space, o.(7T) is the essential Taylor spectrum
[2, Chapter 42][84]. For Hilbert A-module H, o.(H) is the essential Taylor spectrum

associated to the fundamental tuple of Toeplitz operators of H.

As the basic setting of this dissertation, in Section 1.1, we associate to each homoge-

neous ideal I C A the following objects:
— 1, Q;, I'+ (Hilbert A-modules)
— %7 :=F(I*) (C*-algebra)

— 771 € K1(X) (odd K-homology class; only defined if I+ is essentially normal.)



Chapter 1

Introduction

This chapter introduces and motivates the main analytic objects we work on throughout
the dissertation. More specifically, in Section 1.1 to each polynomial ideal we asso-
ciate abstract Toeplitz operators, Hilbert modules, C*-algebras and (conjectural) odd
K-homology classes, and state Arveson’s essential normality as well as Douglas’ index
conjectures about them. Sections 1.2 and 1.3, respectively, try to reveal Arveson’s and
Douglas’ path to their conjectures. Some variants of Arveson’s conjecture are discussed

in Section 1.4. Section 1.5 gives a summary of results in this dissertation.

1.1 The basic setting, Arveson’s conjecture, Dou-
glas’ index problem

The commutative algebra of polynomial ideals I C A := C[zy, ..., z,] is reflected in the
geometry of their corresponding affine subvarieties V' C C™. More specifically, there is
a complete algebro-geometric duality between radical ideals and Zariski-closed subspaces
(64, 1.1.4], which extends to a complete duality between general ideals and closed sub-
schemes [64, 11.5.10, 11.2.6, 11.4.10]. The main idea of these dualities is to realize the

elements of the quotient A/ as functions living on (some enlargement of) the zero vari-



ety V. Multivariate operator theory adds a third analytic facet to this duality through
the C*-algebra of abstract Toeplitz operators, which we now describe [10, 11].

The goal is to realize the quotient A/I with operator-theoretic means. We work with
the Drury-Arveson space H?2, but the constructions below make sense for any of the
analytic Hilbert spaces on page ix. The closure I of I inside H? is invariant under the
action of multiplication operators M, € B(H2), p € A. This makes I a Hilbert A-
submodule of H2,. The quotient Hilbert space Q; := H? /I has a natural Hilbert module
structure given by p- (f +1) =pf + 1, p € A, f € H?. Transporting this action to the
orthogonal complement

H2ol=I1"~2Q
makes [+ a Hilbert A-module. Alternatively, this module structure is given by the com-
pression of multiplication operators:

T, = P M|, € B(IF), pe€ A, (1.1)

where P;. is the orthogonal projection onto I'*+. These compressed shifts 7}, are called

Toeplitz operators associated to I. The Toeplitz C*-algebra

T = (1)
generated by {1} U {7, : p € A} UK(I") is the analytic facet we talked about. Arveson
[8, 10], based on his work in multivariate dilation theory, conjectured:

Conjecture 1 (Arveson). It is essentially normal, in other words T;/8 is abelian.

Suppose momentarily that this conjecture holds true. Also assume that [ is ho-
mogeneous. Then the maximal ideal space of T;/8 is homeomorphic via the mapping
o= (p(Ty),...,¢(T,,))) to the essential Taylor spectrum of (7%,,...,7%, ), which is it-
self identified [37, Corollary 3.10][61, Theorem 5.1] as X; := V(1) N 0B,,. (Note that this



early identification indicates how some geometric information is retrieved from the ana-
lytic facet. More is on the way.) The Gelfand-Naimark duality then gives the following

short exact sequence of C*-algebras:

0— R(I') — Ty — C(X;) = 0. (1.2)

Let

71 = [%]]

be the equivalence class represented by this exact sequence in the odd K-homology group
K (X7) of Brown-Douglas-Fillmore [29, 30]. Douglas [45] (also see [14, Section 25]) asked
for an explicit computation of this element in other topological or geometric realizations

of K-homology:
Problem 2 (Douglas). Suppose I is homogeneous and I+ is essentially normal. Identify
1 € Ky (X7).

More specifically, in the same paper he conjectured that:
Conjecture 3 (Douglas). Let I be the vanishing ideal of a variety V- C C™ which inter-
sects OB, transversally. Then I+ is essentially normal, and its induced extension class

1s identified with the fundamental class of Xy, namely the extension class induced by the

Spin® Dirac operator associated to the natural Cauchy-Riemann structure of Xj.

By analogy with the Atiyah-Singer index theorem one expects that this conjecture
would lead to new connections between geometry and operator theory.
Let us review some results about Conjecture 1, Problem 2 and Conjecture 3. (See

also [2, Chapter 41].) Conjecture 1 has been proved for the following cases:

e [ is monomial [10, 46];

e [ is principal® [61, 50, 54, 55];

'If T is nonhomogeneous the conjecture has only been verified for the Besov-Sobolev spaces ’Hgﬁ) in
the range s € (—1,00) U ((—3,00) N [-m, 00)).



I is homogeneous and m < 3 [61];

I is homogeneous and dim V(1) < 1 [61];

I has a stable generating set {p1,...,pr} of homogeneous polynomials in the sense
that there exists C' > 0 such that every ¢ € I can be written as ¢ = >, ;. 7p;

with r; € A and [lryp; 13, < Cllalls, [91];

I is the vanishing ideal of a homogeneous variety smooth away from the origin [53].

Also see [49, 51, 101].

In regard to Problem 2 and Conjecture 3 we mention two results. Guo and Wang
[61] computed 7; for m < 2, and proved that it is nontrivial for m < 3. Douglas, Tang
and Yu [49] verified Conjecture 3 for complete intersection varieties with only isolated
singularities:

Theorem 4 (Douglas-Tang-Yu). Let I be a not necessarily homogeneous ideal of A which
is generated by polynomials pi, . .., p. satisfying: (1) ¢ <m —2; (2) V(I) intersects OB,
transversally; and (3) the Jacobian matriz (Op;/0z;) is of maximal rank on X;. Then
I+ C L2(B,,) is isomorphic as Hilbert A-module to L7 .(V(I) NBy,)?, both are essentially

normal, and their induced extension class is identified with the fundamental class of X;.

Remark 5. We have followed Arveson to denote his compressed multiplications (1.1) by

T, [10]. S, is also used in the literature [61, 53]. [ |

Remark 6. Here are two reasons why we refer to the compressed multiplications 7}, as

Toeplitz operators. First recall that a classical Toeplitz operator is of the form

Ty = PyMy|m

acting on the Hardy or Bergman space M C L?*(B,,), where Py, is the orthogonal pro-

jection onto M, and My is the multiplication by function f living in some symbol class

2Note that V(I) N B,, might have finitely many isolated singularities. Accordingly, the Bergman
functions are defined as L? functions which are holomorphic on V(I) NB,, \ {singularities}.

4



say C(B,,).> Boutet de Monvel introduced the so-called generalized Toeplitz operators
of the form

To = PQ: Wiy (09) — W;ig"(09)

acting between Hardy-Sobolev spaces, where s € R, () is a smoothly bounded strongly
pseudoconvex domain inside some reduced complex-analytic space with no singularity
on 09, symbol @ is an arbitrary pseudodifferential operator of order n on 9, and
P Ws(08) — W ™(09) is the (Szegd) orthogonal projection [25, 26].

(1) Englis and Eischmeier [53], in the special case that I is the vanishing ideals
of a homogeneous variety smooth away from the origin, linked Arveson’s compressed
multiplications acting on I+ C H? to Boutet de Monvel’s generalized Toeplitz operators
of order zero acting on Hardy space H?(X;) = W2 (X7).

(2) From the K-homology point of view there is a common generalization of all oper-
ators T}, Ty, T (Q of zero order) above as well as self-adjoint elliptic pseudodifferential
operators, the so-called abstract Toeplitz operators [66, Definition 11.7.7]. (See also [43,
Page 23|[14, Sections 20 and 21][15].) Here is this notion. Let p : 2 — B(H) be a *-
representation of a C*-algebra 2( on a Hilbert space H, and let P € B(H) be a projection.
Assume that: P essentially intertwines p in the sense that [P, p(a)| is compact for any
a € A. Then the abstract Toeplitz operator T, € B(PH) with symbol a €  is defined*

by T, = Pp(a)|py. [ |

Remark 7. When the ideal I C A is homogeneous, the C*-algebra generated by {1} U
{T, : p € A} is irreducible®, hence contains £(I+) if I+ is essentially normal [61, Page

923][44, Theorem 5.39]. [ |

Finally, we gather several useful facts about essential normality which will be used

3Some general references: [9, 24, 42, 44, 57, 85, 97, 98, 103]

4Note that then the mapping A — Q(PH), a — T, + &, is in fact a *-homomorphism, hence induces
an element of the odd K-homology group K*(2(). The notion of abstract Toeplitz operators is so general
that the extension classes they induce represent the whole K (1) when 2l is commutative [66, Proposition
11.7.10].

5Namely it has no proper reducing closed subspace.



freely in the future.

Proposition 8 (Arveson-Douglas). (a) Let I C A be a homogeneous ideal, and let P €
B(H?2) and Q := 1 — P be the orthogonal projections onto I and I+, respectively. Then
1 is essentially normal if and only if I+ is essentially normal if and only if all [M.,, P),
a=1,...,m, are compact if and only if all PM,_ Q are compact if and only if all [M,,, Q)]
are compact if and only if all QM P are compact.

(b) Let M and N be isomorphic Hilbert A-modules. Then M is essentially normal if
and only of N is; if so then they represent the same odd K-homology class.

(¢) Let M be an essentially normal Hilbert A-module, and let N C M be a submodule.
Then N is essentially normal if and only if the quotient module M /N is.

(d) Let U : Ay — Ay be a closed-range Hilbert A-module map between essentially

normal Hilbert modules. Then the kernel and range of ¥ are essentially normal.

Proof. (a) Our reference is [10, Theorem 4.3]. Recall that an operator 7" is compact if
and only if 7™ is so if and only if 77 is so. Let the module action of p € A on H2, I
and I+ be denoted by operators M, R, and T}, respectively. For brevity set M, := M,_,
R, : =R, and T, :=T,_ . The last four statements are easily seen to be equivalent. Here

are the reasons. Since [ is invariant under M, we have PM,P = M_,P. Then
M, P|=M,P— PM,=PM,P— PM, =—PM,Q.

The equality P 4+ Q = 1 gives [M,, P] = —[M,, Q]. Also note that (PM,Q)* = QM:*P.
For the rest we use the fact that H7, is essentially normal [6], namely that all [M,, M}]
are compact. With a little abuse of language, one says that, as mappings from H2 to I,

Ry P and R5P equal PM,P = M,P and PMjP, respectively. Then

[Ra, R5)P = MyPM3P — PM;M,P ~ M,PM;P — PM,M;P = [M,, P]M;P

= —PM.QMgP = —(PMaQ)(QM;P) = —(PMyQ)(PMpQ)* = —[Ma, P][Mg, PJ",



where ~ denotes equality modulo compacts. This identity shows that all [Ra,RE] are
compact if and only if all [M,, P] are so. The rest of the proof is dual. As mappings from
H? to It, T,Q and T5Q equal QM,Q and QMZQ = M@, respectively, and we have
the identity

[TOM Tﬁ*]@ ~ [Mﬂ7 Q]*[MOM Q]

which proves that all [T}, Tj] are compact if and only if all [M,, Q] are so.
(b, ¢, d) Refer respectively to [49, Proposition 4.4], [46, Theorem 2.1], [45, Theorem
2.2]. n

1.2 Arveson’s motivation

In operator theory, like many other areas of mathematics, the classification problem
namely finding models for the operators of an appropriately chosen class as well as devel-
oping a complete set of easily computable unitary invariants to distinguish among those
models, is of utmost importance [63, Section 45][64, Section 1.8]. Here are some results

in this direction:

e The spectral theorem together with the associated spectral multiplicity theory clas-
sifies normal multioperators up to unitary equivalence.® The complete classifier here

is the cardinal-valued multiplicity function.

e Weyl, von Neumann and Berg showed that two normal operators are essentially
unitarily equivalent exactly when they have the same essential spectrum [36, 39.8].
(Moreover, any compact subspace of the complex plane is the essential spectrum of
some normal operator.) The odd K-homology functor of Brown-Douglas-Fillmore
classifies essentially normal multioperators up to essential unitary equivalence. (See

Section 1.3 below.)

6Some references: [5, Section I11.2][39, 11.3.6][35, Section IX.10][63][28][52, Page 919][88, VIL6][62,
VII1.22].



e For each positive integer n there is a certain set of less than 4"* numerical invariants
which completely classifies n x n complex matrices up to unitary equivalence [87,

Theorem 2.

e The so-called model theory of Nagy-Foiag classifies completely nonunitary single
contractions up to unitary equivalence. The complete classifier here is the operator-

valued characteristic function [95, Chapter 6].

Inspired by the work of Nagy-Foiag above, Arveson [6] developed a model theory
for multivariate spherical contractions. Here are the details. Assume an m-tuple T =
(Ty,...,T,) of commuting operators acting on a common Hilbert space H. Consider the
completely positive map Pr : B(H) — B(H) given by Pr(X) = >, [GXT;. T is
called a spherical contraction (also row contraction or m-contraction in the literature)
if Pr(1) < 1. For simplicity we are going to state Arveson’s model theorem only for
pure finite-rank spherical contractions. Purity means P} (1) — 0 in the strong operator
topology as n — oo. The rank of T is defined as the rank of the defect operator Ay :=
v/1— Pr(1). Arveson showed [6, Section 8][2, Chapter 41]:

Theorem 9 (Arveson). Let H? be the Hilbert space of analytic functions on B, ob-
tained by completing the polynomial vector space Clzy,. .., zy] with respect to the inner
product (2%, 2°) = 504,5‘2—;,- Then any pure m-contraction T of finite rank r is unitar-
ily equivalent to the r-fold inflation M, ® 1 € B(H2 @ C") of the canonical multi-
shift M, = (M,,,..., M

Zm

) € B(H2)™ compressed to the orthogonal complement of
a (M, ® 1)-invariant subspace M C H? & C". In notations T = Py M, @ 1| M s

determined uniquely up to unitary equivalence by the unitary equivalence class of T'.

Arveson’s next goal was to develop unitary invariants to distinguish among these
models. First he [7] constructed a real-valued curvature invariant for (pure) finite rank
spherical contractions. This invariant is computed in two different ways in [59, Theorem

5.2] and [56, Theorem 4.5], but is far from being a complete classifier.”

"The formula in the second work equates the curvature of T with (—1)™ times the Fredholm index of



Later Arveson [8] associated an abstract Dirac operator D to any commuting m-tuple
of operators T acting on a common Hilbert space H. Dr acts on H® A C™, where A\ C™

is the exterior algebra made into a Hilbert space by declaring the 2™ wedge products

1, e1, ..., €m, e1N€y, .., 1N NEm, oy 1N Nepy,

to be orthonormal for the standard (or any other) orthonormal basis {e, ..., ey} of C™.
Dr is defined to be d + d* where d = Zlgjgm T; ® C; and the creation operator C; acts®

as e; A\ —. For example, when m = 1, Dy acts as matrix

0o 7~
T 0

on H & H. Two commuting m-tuples are unitarily equivalent exactly when their cor-
responding Dirac operators are isomorphic in the sense that there is a unitary operator
which intertwines not only Dirac operators but also the canonical Clifford structures used
to define them [8, Theorem A]. In other words, Dr is a complete classifier for commuting
multioperators, and fills a position analogous to the Nagy-Foiag characteristic function
of a single contraction (see also [21, 22] for more natural generalizations of the charac-
teristic function.) However it is not a computable classifier, especially, its spectrum is
complicated [8, Page 60]. To extract a computable invariant from D7, Arveson studied

its Fredholmness. Like any other operator, Dy is Fredholm exactly when DpD7 is so.

T — X for any A € By, \ 0.(T). They also showed that B,,, No.(T) is contained in a complex hypersurface.

8Note that d is exactly the differential map of the Koszul complex used to define the Taylor spectrum
of T. This is responsible for the fact that T is Fredholm (in the sense that ker(d)/im(d) is finite
dimensional) if and only if Dy is so.



We have:

DrDi = dd* + d*d + d* + d*?
=Y TT; @ CiCi+ Y TiT; @ C;C;, d*=d” =0by CAR
=Y TT; ® (0l — CLCy) + > TiT; ® C;C;, by CAR

= (X nm) e1-Y 1.5 e 6o,
where CAR stands for the canonical anticommutation relations
C]Ck+CkC] :O, C]CZ—FC]:C] = jk1> ],k’: 1,...,m.

Here comes the main observation [10, Proposition 1.1]: Let T be a finite rank spherical
contraction. Then ) T;T; = Pr(1) = 1 — AZ equals the identity minus a finite rank
operator, hence Fredholm. Therefore, the computation above shows that a sufficient con-
dition for the Fredholmness of Dy is the essential normality of T'. He already knew that
the canonical shift M, of H? was essentially normal [6], and verified that they remained
essentially normal after passing to the quotient by monomial ideals. All these (and maybe

more) lead him to his essential normality conjecture in Section 1.1.

Remark 10. Grothendieck used homological algebra, based on the notions of ringed
spaces, sheaves of Ox-modules, resolutions and derived functors, as his language and
machinery to develop the foundations of algebraic geometry. Even before him many im-
portant results in algebra and geometry were homological in essence, for example Hilbert
syzygy theorem, the coherence theorems of Oka, Cousin problems, Cartan theorems A
and B, and Serre’s GAGA paper. Eventually, Grothendieck obtained important group-
valued invariants for algebraic spaces through sheaf cohomology. Arveson [7, Page 174]
and Douglas [48, Page 1], among many others, had in mind to bring into multivariate

operator theory the power of homological algebra. Especially, Arveson’s model theory
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suggests that H?2 is the analytic analogue of the free rank one (algebraic) A-module.® On
the other hand, Grothendieck was also pioneer applying homotopical algebra techniques
to algebraic geometry. This leads to K-theoretic invariants for spaces, which will be

discussed in Section 1.3 in the context of operator theory. |

1.3 Douglas’ motivation

Recall the classification result of Weyl-von Neumann-Berg in Section 1.2. Brown, Douglas
and Fillmore [29, 30] solved the more natural problem of classifying essentially normal
multioperators up to essential unitary equivalence!’. For simplicity we are going to intro-
duce their classifier for single essentially normal operators, but the definitions naturally
generalize to essentially normal multioperators.

Let T € B(H) be an essentially normal operator. Thinking in terms of C*-algebras,

T induces the short exact sequence
0= RH) =T —>C(X)—0, (1.3)

where T is the C*-algebra generated by {1,7}URK(H), and X is the maximal ideal space
of T/R. One says that T is an extension of R by C(X) (also an extension of C'(X) by &
in the literature!). Note that X is naturally identified with the essential spectrum of T,
especially, X C C and we have access to the coordinate function z. Thinking in terms of
representations, the data in (1.3) is exactly equivalent to the pointed *-monomorphism
C(X) — Q(H) which sends the coordinate function z|y to the class T+ K& of T in the
Calkin algebra. Essentially because the automorphisms of & are spatially implemented
[39, Page 253], if 77 € B(H') is another essentially normal operator, T and 7" are

essentially unitarily equivalent if and only if 7" has the same essential spectrum X, and

9While there is only one algebraic free module of rank one (namely A itself), there are many in-
equivalent Hilbert modules which can replace H2,, the so-called graded completions of A [11, Definition
2.2].

10Some other references: [23, 39, 43, 66].
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the induced short exact sequences of T"and T” are equivalent in the sense that there exists

a k-isomorphism T — ¥’ such that the diagram

commutes. There is a corresponding notion of equivalence for *-monomorphisms. There-

fore, by its very definition, the set

of all these equivalence classes of short exact sequences (or x-monomorphisms; or even
s-homomorphisms [66, 2.6.3]) is a complete classifier for essentially normal operators with
essential spectrum X.

Forgetting about operators, this latter definition makes sense for any topological space
X; just replace ¥ by any C*-algebra of operators on a Hilbert space which fits into
the short exact sequence (1.3). Brown-Douglas-Fillmore made K; a functor from the
category of compact metrizable spaces into the category of abelian groups, and then used
the methodology of algebraic topology (especially, pairing with the topological K-theory
functor K!, the axioms of generalized Steenrod homology theory, etc.) to compute it
in some cases including spheres and planar subspaces. There is a non-canonically split
short exact sequence, called the universal coefficient theorem, which computes K;(X) in
terms of the topological K-theory groups K°(X) and K'(X) [66, VII.6.1][89]. (See also
[69].) To sum up our presentation of K;(X) so far: for X C C™ compact, K1(X) is the
universal complete classifier of essentially normal m-multioperators with essential Taylor
spectrum X up to essential unitary equivalence.

Besides the operator-theoretic interpretation above!!, the elements of K;(X) has

1Tn terms of Kasparov’s bivariant theory K1(X) = KK(C(X),C) [71, 23].
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found other geometric and topological realizations such as:

1. self-adjoint elliptic pseudodifferential operators (for X closed smooth manifold) [14,
Sections 6 and 24][15]; (See also [12, 70].)

2. the so called topological K-cycles; each such cycle is a triple (M, ¢, E') consisting
of odd-dimensional closed Spin® manifold M, continuous map ¢ : M — X, and

complex vector bundle E over M [14, 18].

The link between two latter realizations is the standard construction of the twisted
Spin® Dirac operator in differential geometry [14, Section 17][97, 12.8]. We sketch the
link between operator-theoretic K-homology and the first realization above!?. Let D :
C*(X; FE) = C>(X; E) be an elliptic pseudodifferential operator of positive order acting
on the smooth sections of a complex vector bundle E over closed manifold X. Fix some
smooth positive density on X and a smooth Hermitian (inner product) structure on
FE such that D is symmetric, namely formally self-adjoint. Most important examples
are the Laplace (dd* + d*d, 90 + 9 0), de Rham (d + d*), Dolbeault (0 4+ 9 ), and
Dirac type operators [13]|[97, 10.1]. D, as an unbounded operator on the Lebesgue space
L*(X; E), has an orthonormal basis of eigenfunctions'®, hence essentially self-adjoint'4,
and we denote its unique self-adjoint extension again by D. Let L2 (X; E) C L*(X; E)
be the spectral subspace corresponding to [0,00), namely the range of the orthogonal
projection P := Xjp.0)(D). Let Ty € B(LI(X;E)), f € C(X), be the compression of
the multiplication operator M; € B(L*(X; F)). Since M; and P are pseudodifferential
operators of order zero [94][96, 12.1.3], the commutator [P, M| is pseudodifferential of
order < —1, hence compact. Therefore the mapping C(X) — Q(L2(X; E)), f — Ty + 8
is x-homomorphic, hence we get an element of K;(X) that will be denoted by [D].

Here is the definition of the fundamental class in Conjecture 3. Let Y C C™ be a

smooth closed oriented real hypersurface. The Cauchy-Riemann structure on Y induces

12Some references: [14, Sections 6 and 20][15][66, IL1.8.c, X.6]
13Some references: [97, 7.10][41, 23.35.2][92, 8.3][86, X1.14][79, 111.5.8][66, X.4.6].
14Some references: [40, 2.2.10][62, 9.25][31][66, X.2.6].
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a canonical Spin® structure on it [97, 10.8], hence a Spin® Dirac operator Dy, hence an
element [Dy| € K;(Y) by the construction in the previous paragraph. This element is
called the fundamental class of Y.

We can now motivate Conjecture 3. Baum and Douglas [14] defended the viewpoint
that an index theorem, namely a formula for the index of a naturally occurring Fred-
holm operator in terms of the underlying topological information, should be understood
as an isomorphism between different realizations of K-homology. They (together with
M. E. Taylor) [14, 15] put into this framework the index theorems of Grothendieck-
Riemann-Roch (possibly singular projective algebraic varieties over C), Atiyah-Singer
(elliptic pseudodifferential operators on closed manifolds), Connes (transversally elliptic
differential operators on foliated manifolds) and Boutet de Monvel (classical Toeplitz
operators on strongly pseudoconvex domains)'. Specially, [15, Proposition 4.5] gener-
alizes Boutet de Monvel’s index theorem to certain classes of smoothly bounded weakly
pseudoconvex domains inside complex manifolds (no singularity is allowed). This result
identifies the extension class represented by the C*-algebra of continuous-symbol Toeplitz
operators with the fundamental class (induced by the Spin® Dirac operator). Conjecture
3 is the analogous statement for possibly singular algebraic varieties. Maybe this is why
Douglas [61, Page 910] suggested that one needs a generalization of the calculus of pseu-

dodifferential operators to the context of algebraic spaces in order to resolve Conjecture

1.

Remark 11. In retrospect, one observes that while the classification of tuples of normal

operators up to unitary equivalence via spectral theory relies on measure theory as its

5Here is a concrete formula from Boutet de Monvel’s work [25, 60, 99]. For any smoothly bounded
strongly pseudoconvex domain 2 C C™ and any smooth matrix-valued function F € C* (ﬁ; Mnxn((C)),
n > 1, if F|;q is invertible, then the Toeplitz operator Tr € B (Lg (Q)”) with symbol F' is Fredholm,
and its index is given by

m — 1)! _ om—1
—(2m,()nhb(2ni)_1)!/(?ﬂtrace<F (dF) )

When Q C C is the unit disk this statement reduces to the classical Toeplitz index theorem usually
attributed to Gohberg-Krein [9, 4.4.3][44, 7.26].
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fundamental tool, the corresponding perturbation problem of the classification of tuples
of essentially normal operators up to essential unitary equivalence via Brown-Douglas-
Fillmore theory uses algebraic topology as its fundamental tool [66, Page 15][2, Page 967].
From the representation theory standpoint, these two theories classify x-representations

of C(X) in B(H) and Q(H), respectively [35, IX.1.14]. [ |

1.4 Some variations of Arveson’s conjecture

This section gathers several variations of Conjecture 1 that will be needed in the future.

Arveson’s original statement of his conjecture was [8, Problem 2][10, Conjecture Al:

Conjecture 12 (Arveson). Let M be a homogeneous Hilbert A-submodule of H? @ C",

r > 0. Then M= is essentially normal.

Note that the Hilbert module structure on M is by the compressions T}, := Py M,®

1|, p € A. Homogeneity (or gradedness) means that M contains all homogeneous com-

ponents of its elements'®; then automatically M = M N (A ® Cr), hence M is generated
by finitely many homogeneous (vector-valued) polynomials according to Hilbert basis
theorem. Arveson insisted on his conjecture even for nonhomogeneous submodules gen-
erated by finitely many polynomials [10, Conjecture B]. However an example of Gleason,
Richter and Sundberg [56, Page 72] shows that the conjecture can not be extended to

17 “A question seemingly beyond current techniques is whether a

general submodules.
submodule of L2(B,,) is essentially normal if and only if it is finitely generated” [50, Page
3179].

Although we do not refer to it but in the literature when people talk about the

Arveson-Douglas Conjecture they mean the following [2, Page 1165]:

6The monomial elements 2" ® £ € H2, ® C" are declared to be homogeneous of degree |n|.
"They in fact found a pure 2-contraction of rank 1 which is not Fredholm, hence not essentially
normal.
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Conjecture 13 (Arveson-Douglas). Let M be a homogeneous Hilbert A-submodule of

H2 ®C", r > 0. Then M= is p-essentially normal for all p > dim M.

Here, p-essential normality means that all commutators [szT;j |, i, = 1,...,m,
are Schatten p-summable, namely HTszz*j ||P are trace class. dim M is the complex
dimension of the variety that M lives above namely V(Ann(M)) C C™. Algebraically,
dim M equals one plus the degree of the Hilbert polynomial of H2 ® C"/M [64, 1.7.5].

Douglas [45] even suggests Conjecture 13 for LZ(Q2), 2 C C™ smoothly bounded
strongly pseudoconvex domain, instead of H2. The convexity assumption can not be
dropped: even the Bergman space over the bidisk is not essentially normal. A complete
characterization of all essentially normal homogeneous submodules of the Bergman space

on the unit polydisk is given in [100].

Remark 14. Arveson [11] showed that to prove Conjecture 12 it suffices to verify it
for homogeneous submodules generated by linear vector-valued polynomials. Shalit [91]
showed that to prove Conjecture 12 it suffices to verify Conjecture 1 for homogeneous

ideals generated by quadratic polynomials.

1.5 A summary of the results in this dissertation

There are two sets of new results in this dissertation, arranged in Chapters 2 and 3:

e Chapter 2. For an arbitrary monomial ideal I C Clz,. .., 2], we resolve I C H2,
through essentially normal Hilbert modules and Hilbert module maps between them
(Theorem 15):

Wi_1

0T A B 48 5 4, 0.

Together with Proposition 8.(d) it gives a new proof for Arveson’s essential normal-
ity conjecture. (Compare [10, 46].) Each A,, ¢ =0,...,k, has a tractable geometry

as the Hilbert space of square-integrable analytic sections of a Hermitian vector
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bundle on a disjoint union of subsets of B,,,. As an application of this resolution we

derive an index formula for 7; (Theorem 16):

k
7= [TIH] =) (-D)TT(A)] in Ky (olU---Uak).
q=1
This answers Douglas’ index problem in the special case of monomial ideals. Some

ideas to extend these results are discussed in Section 2.8.

Chapter 3. To analytically study the monodromy of an isolated singularity at
the origin on an algebraic hypersurface V(f) C C™, we consider the perturbed
1-parameter family of principal ideals I(t) := (f —ee'), t € R, € > 0 small enough.
The family (t)* C H2, of associated Hilbert modules, as a subbundle of the trivial
bundle H2 xR, is naturally equipped with a metric connection. Of special interest is
the holonomy of this connection, a (conjecturally) unitary operator U € B(1(0)4),
and the way it interacts with the Toeplitz algebra €;). Our study is at a prelimi-
nary stage. In this chapter we propose a program to study the conjectural holonomy
operator by formulating a series of reasonable conjectures (Conjectures 31, 32, and
34). We are able to test these conjectures for our toy model f := 2¥ &k € N. One
of our guidelines is the classical work of Milnor in singularity theory [83]. We hope
to eventually get hands on the Brieskorn polynomials f := ), <l<m zlbl, by > 2;
this study could eventually lead to an analytic way for detecting exotic smooth

structures on odd-dimensional spheres (Section 3.1). Some potential directions for

future works are discussed in Section 3.5.
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Chapter 2

A Toeplitz index theorem for

monomial ideals

In this chapter, we [47] give an answer to Douglas’ index problem for the special case of
monomial ideals. One reason why we care about monomial ideals is that a comprehensive
understanding of the phenomena appearing in this generically nonradical case may lead to
new results beyond the recently established ones about radical ideals [53, 49, 51]. (Notice
that the ideal assumed in Theorem 4 is necessarily radical [49, Page 325].)

One concept we extensively put into action in this chapter is that of jets. Also we prefer
to work with the Bergman space L?(B,,) instead of the m-shift space H?, although our
results hold for the latter. The reason is that we need weights to make our differentiation
maps between Bergman spaces bounded.! In the future we wish to understand in a more
abstract framework the rigid structures present in this chapter.

Here is an outline of this chapter. Section 2.1 motivates and states the main results:
a resolution of the closure of a monomial ideal by essentially normal Hilbert modules,
and its resulting K-homology index formula. Section 2.2 introduces the main building

blocks of our resolution: the so-called boxes, and their associated Hilbert modules. The

!Beatrous (among others) taught us that the Bergman weights and Sobolev differentiability indices

do compensate for each other [19]. One realization of this idea is the identification e = W};f Bn),
s € R, between the Besov-Sobolev and Bergman-Sobolev spaces, already mentioned on page x.
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resolution is constructed in Section 2.3, the proof that it is in fact a resolution comes in
Section 2.4. Section 2.5 proves the index formula. Sections 2.6 and 2.7 are devoted to

examples. Section 2.8 gives some directions for future works.

2.1 The main results

We motivate our main results by considering the simplest nonradical ideal I := (27) C
Clz1, 22). Here the quotient C[zy, zp]-module Q; = L2(By)/I can be identified with the

direct sum A := L7 | (By) ® L7 ,(B1) in the following way. If g : L7 (B;) — A, is defined

)
z1=0>

then one can easily find a Hilbert C[zq, z5]-module structure on .A; which makes

by

f = <f|21=07 ﬁ

8,21

07T L2(By) B A — 0 (2.1)
into an exact sequence of Hilbert modules; the Hilbert module structure on A, is:
21 (X(22),Y(22)) = (0, X (22)), 22+ (X(22),Y (22)) = (22X (22), 22Y (22)).

Computation with the standard orthonormal basis shows that L?(B;) and A; are essen-
tially normal, hence (2.1) is a resolution of I by essentially normal Hilbert modules and
bounded module homomorphisms between them. Just the existence of such a resolution,
by Proposition 8, implies the essential normality of I and Q;. Furthermore, Q; and A,
are isomorphic as Hilbert modules, so their Toeplitz extension classes [T(Q;)] and [T(A;)]
are identified.

From the geometrical point of view, the resolution (2.1) organizes jets z* & I living
on the variety V(I) in different co-syzygy levels in order to co-present I. More generally,

we can prove that:
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Theorem 15. Let I C A = C[zy,...,2,] be a monomial ideal. Let I be the closure
of I in L3(B,,). Then there exist a positive integer k, essentially normal Hilbert A-
modules Ay := L2(B,,), Au, ..., Ax, and Hilbert A-module morphisms W, : A, — Ay i1,

q=0,...,k—1, such that

Wi_1

0T A48 . "5 4,50 (2.2)

18 exact.

We will explain later that each A, is a direct sum of weighted Bergman spaces
over lower dimensional balls, hence can be geometrized as the Hilbert space of square-
integrable analytic sections of a Hermitian vector bundle on a disjoint union of subsets
of B,,. Regardless of the fine structure of the modules and maps in resolution (2.2), just
the existence of such an exact sequence implies the essential normality of I and Q; via
repeated applications of Proposition 8. This is a new proof for Arveson’s conjecture in
the special case of monomial ideals. (Compare [10, 46].) With some extra work we deduce

the following theorem which answers Douglas’ index problem for monomial ideals:

Theorem 16. Assume the notations of Theorem 15. For each q, let T(A,) and of be
respectively the Toeplitz C*-algebra and the essential Taylor spectrum associated to the
Hilbert A-module A,. Then the identification
k
7= (1) [T(A)] (2.3)
q=1
holds in Ky (ot U---Uck). (Recall that 71 := [T(I*)] is the Toeplitz class associated to

)

Our developments in this chapter is another attempt to apply homological algebra to

multivariate operator theory. (Recall Remark 10. See also [48][2, Chapters 38 and 39)].)

20



2.2 Boxes and their associated Hilbert modules

This section introduces and studies the main building blocks in the construction of the

resolution (2.2).

Some notations

Recall that the weighted Bergman space Lz,S(IB%m), s > —1, has the standard orthonormal

basis:
Zn::M : n:<n17...,nm)€Nm ) (24)
ws(n)
where
| |
wy(n) = T
(] + 5+ m)

For each positive integer ¢, let S,(m) denote the set of all g-shuffles of the set {1,...,m},

namely

Se(m) :={ji=("....i0 €z : 1< <j?< - <j'<m}.
Whenever necessary we identify shuffles in S,(m) with subsets of {1,...,m} of size q.
This enables us to talk about the union, intersection, etc. of shuffles of {1,...,m} with
themselves and with other subsets of {1,...,m}.

Boxes and their associated Hilbert modules

To each j = (j',...,j%) € S,(m) and b = (b',...,b%) € N%, we associate the box

ij::{(nl,...,nm)eNm:njiSbiforizl,...,q}.

To each box ij, we associate the Hilbert space H)b C L?(B,,) consisting of functions
X = Y enm Xn2" satisfying Xy = 0 for n ¢ B. In other words, H is the orthogonal
complement

H) = L2(B,)© <zl?l+1, . zl.’q+1> :

]1 ) ~94
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An element X € 7-[][’ has the Taylor expansion

X = > Xpem2™

nil<pl,... .ni9<ba

-----

The general construction of Section 1.1 makes ’H]b a Hilbert A-module. More explicitly,

its fundamental tuple of Toeplitz operators are given by

N (o1 i—1 i i+1 b
- zi2" if (n', .o Tt £ LT ™) € BY, _
Tz;(z):: 5 Z:1,...,m.

0, otherwise.

Some properties of the Hilbert modules associated to boxes

Lemma 17. Each 7—[}‘ 15 essentially normal.

Proof. Let P be the orthogonal projection from L (B,,) onto 7, and M., € B(L:(B,,)),
i =1,...,m, the multiplication by z;. According to Proposition 8.(a), it suffices to check

that each [M.,, P] is compact. For each n € Bj[’ , we have

wo(nl-nitl..nm) plopigl..pm . 1, .. .,0 L am b
\/ T , if (n n'+1---n™) € By,

PM.,(2") =

0, otherwise,

wo(nl-nitl-nm) plopiyl..pm . Lo pi...pm b
\/ PR (e mE , if (n n n™) € B;,

M, P(z") =
0, otherwise.

Note that the coefficients /- - - appear because of the normalization assumption in (2.4).

Therefore

--n'---n™) € BY and

[M,, P](z") = 3l such that i = j', n’ = b,

0, otherwise.

22



Since
w0<nlbl+1nm)

WO(nl-..bl...nm> —>0 as H(n17""bl7"'7nm)|’_>oov

we can conclude that [M,,, P] is compact. [ |
Lemma 18. The intersections of boxes are again bozes.

Proof. 1t suffices to consider only two boxes ij;, i = 1,2, with j; = (j},...,7%) and

b, = (b},...,b%). Let j := (4,...,47) € S,(m) be the union of j; and js. Define
b:=(b',...,b7) € N7 by

min(by',65°), j' = ji' = j5* € §1 Nja,

l._ s . .5 . .
b= blla ]l:jll 6]1\127
5 7' =75 €2 \ .
It is easy to check that B} = ijll N Bj[’;. [ |

The geometry of the Hilbert modules associated to boxes

Consider the Hilbert module #/ associated to the box BY. Set
By :={(z1,...,2m) €By: 2zt =+ = 2zju =0}.
Observe that B; is the unit ball inside the space
{zeC":izp = =24, =0} =C" "
Consider the Hilbert space

)76 2
Hi T @ La,q+|i\ (Bj),

i=(41,...,49)EN?
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and the map Rf : H — ﬁf’ given by sending X € H} to Y = X} Y, V' e L2 . (B))

a,q+li|

defined by

. m! 2 olil X
Yl —= < - ) 7 7
ilm+[il)t) 925 --- 020

A straightforward computation with the orthonormal basis shows that: ij 1S an 1somor-

B;

phism of Hilbert spaces.
Now consider the trivial vector bundle Ef := COHD-("+1) 5 B over By, together with

its standard constant frame
{ep:i=(i',...,i%) e N9 4" <p ... 07 < b7},
Put the following Hermitian structure on Ej[’:
(e, en)(z) = 6w (1= 22)*, 2z B,

The Hilbert space ﬁf’ can be identified with the Bergman space of the L?*-holomorphic
sections of Ej[’. Consider the Toeplitz algebra T(Ejb) generated by matrix-valued Toeplitz
operators on the Bergman space of L?-holomorphic sections. Under the isomorphism
ij, one can easily identify the Toeplitz algebra generated by {sz;b i=1,... ,m} with
‘}:(Ejb).

2.3 The construction of the resolution

This section constructs the resolution in Theorem 16. Let the ideal I C A be generated

by distinct monomials
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Let the complementary space C(I) C N™ be the set of the exponents of monomials that
do not belong to I. Note that the set of monomials belonging to I is a basis of I as a
complex vector space [65, Theorem 1.1.2]. Also note that a monomial u belongs to I if
and only if there is a monomial v such that u = vz for some i = 1,...,1l. (See [65,
Proposition 1.1.5].) Contrapositively, z{‘l - 2" € C(I) if and only for each i = 1,...,1

there is s; € {1,...,m} such that n® < a;". Consider the finite collection

of l-tuples s = (s1,...,$) such that 1 < s; < m for all i. For each s, let j, be the shuffle
associated to the set {si,...,s;}. For each j € js, let b; be the minimum of all o’ — 1,
i=1,...,1,such that s; = j. Set by := (b;);ej,. The following symbolic logic computation

shows that: C(I) is the union of boxes ij:, seS(a,...,q).

1 m

20 2 EC(I)<—>(nl<oz}\/---\/nm<oz§”>/\---/\<n1<04l1\/---\/nm<a§”>

m

“ \/ (nsl<o¢f1/\---/\nsl<o{;l>.
(Sl,...,Sl)G{l,...,?’)’L}l

The construction of modules A,

From now on and throughout Sections 2.3 and 2.4, fix a finite collection of boxes
b -
BY, i=1,..,k (2.5)

such that their union equals C(I). For each I C {1,...,k} (note that we are using the

symbol [ for two purposes), let

B/ =B

i€l
denote the intersection box (Lemma 18). Each box B;’II has a corresponding Hilbert

module H;’f as introduced in Section 2.2. For each ¢ = 1,...,k, set:
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Ay = @ L

1€Sq(k)
For convenience, we use Ag to denote the Bergman space L?(B,,). Note that each Hilbert
space A, is equipped with a Hilbert A-module structure from the corresponding A-module
structure on each component ’Hjblf . It follows from Lemma 17 that each A, is essentially

normal.

The construction of maps VU,

To explain our construction, we start with a few examples with a small number &k of boxes
(2.5).

When k = 1, there is only one box BY. We have two Hilbert modules Ay = L2 (B,,)
and A; = Hf’ The map ¥, : Ay — A; is defined by sending X € Ay to Y € A; given by

v Xn, neB},

0, otherwise.

When k = 2, there are two boxes thll and ij;. Let Bib1122 denote their intersection. We

have three Hilbert modules Ay = L2(B,,), A = H' & 1

)27

and A; = H'2. The map
Uy : Ay — A; is defined by sending X € Ay to (Y1, Y?) € A, given by

by bo
K} — XI’U n E le 9 7 }/;12 — X\'l) n E B]Z Y
0, otherwise, 0, otherwise.

The map ¥, : A; — A, is defined by sending (X!, X?) € A; to Y € A, given by

2 1 b
o) Xi- X meBy
=

0, otherwise.

For arbitrary k, in order to define ¥, : A, = A1, ¢=0,...,k—1, first consider the
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following maps f2,, : Sqr1(k) — Sg(k), i = 1,...,¢ + 1. As usual, elements of S (k)
are identified with subsets I,41 C {1,...,k} of size ¢ + 1. [}, (I441) is the subset of
{1,...,k} obtained by dropping the i-th smallest element in I, ;. The map ¥, is defined
by sending X = 30, g9 X" € Ay, X0 € ) 10 Y = 30, oy VI € Agu,
Vi ¢ Hi;q:, given by

=1

g+l qyi-1 (Xfi+1(1q+1)> ne B.bqurl
(YLI+1) _ Z ( ) q 9 Y
n

0, otherwise.

Remark 19. Similar to the explanation in Section 2.2, each Hilbert module A,, ¢ =
1,...,k, can be identified with the Bergman space of the L?-holomorphic sections of a
Hermitian vector bundle on a disjoint union of subsets of B,,. Under this identification,
the module morphisms ¥ , ¢ = 0,...,k — 1, can be realized as restriction maps of jets of
holomorphic sections to the subsets. Although this geometric picture is not used heavily
in what follows but we believe that such a geometric picture will play a crucial role in

the future study about more general ideals. |

2.4 The proof of Theorem 15

In this section we step-by-step check that the construction of Section 2.3 is a resolution

asserted in Theorem 15.
Proposition 20. Fach ¥, is bounded.

Proof. We write X € A, as a sum

b
X= ) X" queHjj;.
I4€5q(k)
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) ) b,/
By definition, ¥, (X) = ZI/+1 Ya+1| where Y+ € Hj;q“ is given by
q

q+1

i b,/
+1 1 v a1 gin) T441
v Zq (— )’ Xy o ne B, T
Y, = g1
0, otherwise.

The norm of ¥, (X) is computed as

0P =3 e =3 B
q+1 Iq+1 GijI/‘;Jrl
T+
q+1 2
Do) wEIEE R
1'[’1+1 ijbI/‘/l‘*‘l i=1
g1
q+1( q+1) . .
< Z (g+1) | X , by the Cauchy-Schwartz inequality
fana nij qu
Tt
bI/ bI
as B, "' C B, “
]I:H'l - qu
Tgta neB
Iq
2
Sk—gg+1) Y > |Xn
1€54(k)

b
neB. 4
l[q
as every I, is contained in at most (k — ¢) number of I, (’1 +

= (k—a)(a+ DX

Proposition 21. Fach ¥, is a module homomorphism.

Proof. For each I € Sy(k) and X' € H{!, W (X') has the form

Z (_1)sign(I,s)YIU{s}’

1<s<k, s¢I
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where YU{s} ¢ H;’IIUU{{:}}, s is the a-th smallest number in I U {s}, sign(/, s)=a — 1, and
the function Y1} is given by

I brugsy
X,, neB

Jru{sy’

Y;‘IU{S} —

0, otherwise.

Fix p € {1,...,m}. The z, action on Hjb]’ is implemented by

wo(n1~~~n +1...nm) I .
\/ wo(nf--nm) anmnp-nnmv p ¢ )1,

ir,b 1 _ LT, . .
TZ; ! (X )n1~-~np+1~-'nm - \/WO(nl 2 - )X7[L1~~~np~~~nmv p=7J°€jr, np+1< b*,

WO(nl"'nm)

0, otherwise.

From this one observes that the operator T;; P preserves the component ’Hjh]] . Similarly,

: brogsy - .
the z, action on H, """} is realized by
J1u{s}

j S 7b S
T,Z,“{ Pbrugsy (qu{s})

ny-np+lenm

wo(ni--np+1l--nm TU{s .
\/ O(wz(n::i_nm) )Ynlg'{”i“'nmv p ¢va p7é S,

= /et )y ) = € gy, mp 1 S,

0, otherwise.

Using the definition of ¥,(X7), one can directly check that on each component H;’IIUU{{S}},

we have

(\Ijq (ij,bz (XI)>>IU{S} _ Tzilu{s}vblu{s} <\Ijq (X])Iu{s}> :
which shows that ¥, is compatible with the A-module structure. [ ]

Lemma 22. I = ker(¥).

Proof. If f € I, then f has no nonzero component in any of the boxes ij:', 5 €
S(ai,...,q;), hence f € ker(¥y). This shows that I C ker(¥,). Conversely, suppose

f € ker(¥,). Consider the Taylor expansion f = ) _m foz". As Uo(f) = 0, by the
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definition of ¥y, for any ¢ = 1,...,k, and any n € ij;, fo = 0. For any positive integer
M, let fir be the truncation of the Taylor expansion of f by requiring n',...,n™ < M,

namely

fu = Z fn2".

nEN’"L
nl<M,..nm<M

It is not hard to see that fj; is a polynomial, and has no component in the boxes

B"

j10°

..,ij:. By the construction of the boxes B! ...,B;’k’“, far belongs to the ideal

11?7

I. As M — oo, fu converges to f in L2(B,,). Therefore f € I. [ |
Proposition 23. Im(¥,_;) C ker(¥,), ¢=1,...,k.

Proof. For each I € S, 1(k) and X' € 'H?II, the image of X’ under ¥, ; is of the form

Z (_1)sign(l,s)ylu{s}’

1<s<k, s¢l

where YU{s} ¢ H;’II:’{:}, s is the a-th smallest number in I U {s}, sign(7, s)=a — 1, and

the function YY1} has the form

b
I 1u{s}
X,, ne€ leu{s} ,

KIU{S} —
0, otherwise.

Similarly, the image of Y/Y{*} under ¥, equals

Z (_1)sign(IU{s},t) ZIU{s,t}’
1<t<k, t¢1U{s}
where Z1Y{stt ¢ Hflf{{:’:}}, t is the B-th smallest number in TU{s, ¢}, sign(IU{s},t)=5—1,

and the function Z/V1* is given by

TU{s} brugs,e)
Yo ; ME Bqu{s,t} ’

ZIU{s,t} _
n
0, otherwise.
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Therefore

U, (T (X)) = Y (m1pieag, (yIUh)

1<s<k, s¢I
_ Z (_1)sign(1,s) Z (_1)sign(lu{s},t)ZIu{s,t}
1<s<k, s¢I 1<t<k, t¢IU{s}

_ Z (_1)sign([,s)+sign(IU{s},t) ZIU{s,t}

1<s#t<k, st¢l

_ Z ((_1)sign(1,5)+sign(1u{s},t) n (_1)sign(],t)—i—sign(lu{t},s))ZIU{s,t}.

1<s<t<k, s,t¢l

When s < t, it is not hard to check that:
sign(/, s) = sign(I U {t}, s), sign(f U {s},t) =sign(/,t) + 1.

Therefore, ¥, (¥, 1(X7)) = 0. [ |
Proposition 24. Im(¥,) D ker(¥;).

Proof. Consider X := (X' ...  X?) € ker(¥;). Define the function ¢ € Ay by

X, thereis s such that n € ij;,
gn =

0, otherwise.

Note that ¢ is well-defined because if there are two s and t such that n belongs to both
BJ[’ and ij:, then the H;’: component of ¥;(§) equals X — X! = 0 by the assumption
X € ker(¥;). Also note that ||¢[|? = || XY + --- + || XP||?, hence & € Ay. Clearly,
Wo(§) = X. u

Proposition 25. Im(¥, ;) D ker(¥,), ¢ =1,... k.

Proof. We prove the proposition by induction on k. For & = 1, we consider the map

Uy : Ay — A;. Computing with the orthonormal basis, it is not hard to observe that
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A; can be identified with a closed subspace of Ay = L?(B,,), and the map ¥, is the

corresponding orthogonal projection map. Therefore W is surjective. Suppose that
Im(V, 1) Dker(V,), ¢=1,....k 1<k<np.

We prove the statement for £ = p. The case ¢ = 1 is proved in Proposition 24, so we are

left with the cases 2 < g < p. We consider the following two collections of p — 1 boxes:

1. the first p — 1 boxes
{BY,...BY
o Pjper
Applying the construction in Section 2.3 to these boxes, we get the Hilbert modules

AL together with the Hilbert module maps U} : Al — Al s=1,...,p—2. Set
1._ 1 _q
A, :={0} and ¥, | = 0;

2. the intersection of the first p — 1 boxes with the last one Bj"p
{B-blp BF’p—lp }
Jip? " "7 Jp—1p :

Applying the construction in Section 2.3 to these boxes, we get the Hilbert modules
A? together with the Hilbert module maps W2 : A2 — A2, |, s =1,...,p—2. Set

A2 := {0} and ¥2_, = 0.

p—1

By the induction assumption we know that
Im (\IJ;_I) D ker (\I/}I) , Im (\Ifg_l) D ker (\Ifg) , gq=1,....,p—1.
Define a map @, : A} — A? by

O (XD =YV Te S(p—1),
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where YY1} denotes the component corresponding to the intersection of the boxes

b; b; .
B. " ..., B;"" with
Jiyp Jigp

(~1)'X], ne B/

J1u{p}’

ynf uip} .
0, otherwise.

Similar to Proposition 21, ®; is an A-module map. We leave the detail to the reader.

With the construction above, we can easily check the following identities.

LA =Ald A2 forq=2,...,p;

vl
2. ¥, = q , forg=2,...,p— 1.
(I)q \Ijq—l

These identifications are used to prove Im(V, ;) D ker(¥,). We split the proof into

three cases.

1. ¢g=2.

Suppose (X1, X3) € AL @ A2 = A, is in the kernel of ¥,. By the identification above
for ¥,, we have

U (X;) =0, Dy (X1) + V3(X5) = 0.

By the induction assumption, ker(¥1) C Im(¥}). So there exists Y; € Al such that
Ui(Y;) = X;. By Proposition 23 for the morphism ¥,, we have

(0,0) = Wy (Wy(Y1,0)) = o (P](Y1), 1(Y1))
= (‘1’5(‘1’%(3/1))7‘1’2(‘1’%(3/1)) + ‘1’%(‘1’1(5/1)))7 Ui(Y1) = X1, U5(¥1(¥1)) =0

= (O, Do (X1) + ‘P%(‘pl(yl)))-
Therefore, ®5(X;) + ¥3(P1(Y;)) = 0. Consider X} := X5 — ®1(Y;). We have

UHXG) = U KXo — @1 (V1)) = U5 (X,) — U3 (D1(V1)) = UF(X,) + Pa(X1) =0,
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since

Uy (X1, Xo) = (W3(X1), o(X1) + TI(X2)) = 0.

Using the property that ¥%(X}) = 0, we construct an element Y, € 7—[?; by setting

v (Xéip)n, nEijj: for some i=1,....,p—1,
2)n =
0, otherwise.

As U2(X3) = 0, the definition above of Y; is independent of the choices of i. It is
not hard to check the norm of Y5 is bounded. (Arguments are similar to the proof of

Proposition 24.) Therefore, Y, € ’Hjb: C L(B,,) and Vi(Y3) = X}.

In summary, we have constructed an element (Y1,Y5) € A, = Al & prp which satisfies
U (Y1,Ys) = (\111(5/1),‘1)1(1/1) + \113(5/2)) = (X1, 2:(M1) + X3) = (X1, Xa).

Therefore (X7, X5) € Im ().

.q=2,...,p—1.
Suppose (X1, Xp) € AL ® A2 | = A, is in the kernel of W,. By the identification above

for ¥,, we have

Uo(X1) =0,  Ou(X1)+ V2 (X;y)=0.

Since Im(W¥; ;) D ker(¥;) there is ¥ € A, such that X; = ¥, ,(Y;). Since
Wy (Vy-1(Y1,0)) = 0 we have ®4(X1) + W2, (Py_1(Y1)) = 0. Therefore

o1 (Xz = @1 (Y1) = 0.
Since Im (W2_,) D ker (U2_,) there exists Y € A2_, such that

U7 5(Ya) = Xo — @41 (Y1),
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Therefore we have found (Y7,Y2) € A, satistying

U1 (Y1, Ya) = (Vg1 (Y1), g1(Y1) + Uya(Y2)) = (X1, Xo).

3. q=p.

Notice that A, is the same as A> ;. Since W2 ,: A2 , — A2 | is surjective, it follows

that

\ij_]_ : Ap-l = AI];_l S5 AI27_2 — Ap = ./4127_1
is also surjective.

All cases are exhausted. [ ]

2.5 The proof of Theorem 16

To deduce the index formula in Theorem 16 from the resolution in Theorem 15, we need

the following proposition and its corollary.

Proposition 26. Consider the following exact sequence of essentially normal Hilbert

A-modules and Hilbert module maps between them:
0—>M1V‘—/%M2M—/§M3—>O

Suppose that the essential spectra of M;, i = 1,2,3, is contained in the closed unit ball

B,., and let
a; : O(B,,) = QM,)

be the x-representation of C’(Em) on the Calkin algebra induced by the essential normality

of M;. There are coisometries U : My — My and V : My — M3 such that

uov =0=VU*, UU+VV =1,
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and they commute with A-module structures up to compact operators in the sense that
[U]QQ[U]* = aq, [V]QQ[V]* = a3,

where a;(p) = [Tg] € Q(M,), p € A, is the equivalence class of the multiplication operator
1! € B(M,).

Proof. As W is surjective, WoW5 is positive definite. Consider the polar decomposition
Wy = A3V with positive definite A5 = /W)W and coisometry V. Since W5 is a module

homomorphism, for each p € A we have
AVT? = W77 = T)W, = T3 A3V,

where Tp2 and T p3 are the multiplication operators on My and M3 associated to p. Since
My and Ms are essentially normal, T and T are normal in the respective Calkin

algebras. By the Fuglede-Putnam theorem
AVITE) = Wa (T2)" = (12) Wa = (L) AV,
all equations modulo compact operators. Taking adjoints:
T2V* A3 = V*A3T,).
Multiplying on the left by A3V:
AVT2V* Ay = AsVVEAST) = AT

Since A3VT? = T? A3V, we conclude from the equation above that

AVTRV* Ay = TDAVV* Ay = TUA; = ASTY.
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Since Aj is positive definite it is safe to conclude
T} Az = AsT).

This commutativity plus the equation A3V'T p2 = T;’AgV gives

2 3
VI, =1,V
Since VV* =1, we have
27 7% 3
VIoV: =1,
which is exactly
VOKQV* = (3.

The derivation of UasU* = « is similar. Here are the details. Since W is injective,
WiW;y is positive definite. Consider the polar decomposition W7 = WA; with 4; =
VWiWy and W My — M, is an isometry. A similar argument as above for Wy shows

that modulo compact operators, for any p € A,
ATy =Ty A,

and

*r2 . 1
W*T2W =T

Setting U := W* we have UT2U* = T} and UU* = 1, which shows
UOZQU* = 7.

Since WolW; = AsVU*A; = 0, by the invertibility of A; and As, we get VU* = 0.

Therefore, U*U and V*V are commuting orthogonal projections on Msy. To prove that
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their sum is the identity operator, it is sufficient to prove that the kernel of their sum is
trivial. Suppose £ € My such that U*UE 4+ V*VE = 0. Then U*UE = V*VE = 0, hence
U =VE=0. Then Wy = A3VE =0, and WiE = A UE = 0. Therefore & € ker(Ws),
and by exactness, there is n € Wi such that Win =¢. As W€ =0, WiWin = 0, hence
E=Win=0. ]

Still assume the notations in Proposition 26. Let 0! be the essential spectrum of the
Hilbert module M;. The morphisms «a; and a3 factor into *-monomorphisms C(a!) —

Q(M;) and C(c?) — Q(My), respectively. By Proposition 26, a; = [U]ay[U]*. The

*

composition of [U]as[U]* with o' is a *-homomorphism C(c?) — C(o}), hence we

get a natural map o! — ¢2. Similar arguments give a natural map o2 — o2. By the

functoriality of K, a; and a3 induce classes [a;] and [as] in K (02). Putting all equations

UU*=1=VV*, UV*=0=VU*, UU+VV =1,

[U]QZ[U]* = Oy, [V]Oé2[v]* = (g3,
together we get:

Corollary 27. Assume the notations in Proposition 26. In Ky (02) we have the formula

[ao] =[] + [a],

where [ay] and [as] are identified as classes in K(c?) by the coisometries U and V.

The proof of Theorem 16

The rest of this section is devoted to the proof of Theorem 2.3. To do this we are going to
decompose the long exact sequence in Theorem 2.4 into short exact sequences and apply

Corollary 27. The details follow.

Consider the resolution of I is Theorem 15. For each ¢ = 1,.. ., k, we introduce the
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following closed subspace of A:

As Uy, is surjective A, = A;. Since ¥, : A, = Ag+1 is a morphism of A-modules,
the kernel A, = ker(¥,) is naturally an A-module. Furthermore, we have the following

exact sequence of Hilbert A-modules:

0—-A, A=A —0, g=1,... k-1, (2.6)

where the first map is the inclusion, and the second map is ¥,.
Lemma 28. Each Hilbert A-module A, is essentially normal.

Proof. When ¢ =k — 1, as W;_; is surjective, we have the short exact sequence

0—A_; = Ay — A — 0.

Since both A;_; and Ay, are essentially normal A-modules (Theorem 15), by Proposition

8, A, , is essentially normal. Repeating this argument for the exact sequence

0—A o, = A1 = A, —0,

we conclude that A,_, is also essentially normal. We are done by induction. [ ]

Let 02, ¢ = 1,...,k, be the essential spectrum of A,, and let o, (resp. aq_) be
the associated *-monomorphism C(of) — Q(A,) (resp. C(o?™) — Q(A;)) induced by

essential normality. Applying Corollary 27 to the short exact sequence (2.6) gives

lag] = lag ] +lagi] in Ki(og).
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When ¢ =k -1, A, = A, and we have
[] = [y ] +ew] in Ky (af71).
Similarly, for ¢ = k — 2, we get
o] = [ o] + g y] in Ky (0077).
Combining the previous two equations we conclude that
1] + [y o) =[] + [na] in Ky (of U0l

by pushing forward the respective equations in K (Jf_l) and K (05‘2) into the ones in
K (05,1 U 05*2) via the natural inclusion maps o*~!, 6%=2 — o*~1Uo*~2. By induction
we get

[a7] =[] = [ao] + ... + (=1)" o] in Ki(clU---Udh). (2.7)

€

On the other hand, the the exact sequence
0—1—L3B,,)— A =0,

establishes a natural Hilbert A-module isomorphism between the quotient

and A;, hence by Proposition 8 we get 77 := [[*] = [a]]. Together with (2.7) this gives

the index formula in Theorem 2.5.
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2.6 Examples
This section gives examples for the resolution constructed in Section 2.3.
Example 29. Consider the ideal I := (2723) C C|z1, 23]. The exponents of monomials
in I = (2?22) comprise the region
{(n',n*) eN*:n',n*>2}.

Here, there is only one oo = (2,2). We have two boxes:

ijll = {(n',n%) :n' <1}, ij; = {(n',n%) :n* < 1}.
The intersection Bf'? := B{' N B{? equals {(n',n?) : n',n? < 1}.

The Hilbert module A; is the direct sum of two modules A} and A%, where A}l C
L?(B,) is the submodule spanned by {z, 2125 : n € N}, and A? C L%(B,) is the sub-
module spanned by {27, 2725 : n € N}. The Hilbert module A, is the subspace of L?(By)

spanned by {1, z1, 29, 2120 }. It is easy to see that A, = A} N A2 [ |

Example 30. Consider the ideal I := (2723 2725) C Clzq, 22], p,q,7,s € N, r < p and

q < s. The complementary space C(I) C N? is the blue region in the Figure 2.1.

(r.s)

(r.q)

Figure 2.1: Staircase diagram corresponding to I = (2723, 2725).
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Here, a; = (p,q) and ay = (7, s), and S(ai, a2) consists of four pairs (1,1), (1,2),

(2,1) and (2,2). The boxes associated to these arrays are:
1. For s = (1,1), the box ij1111 is {(n,n?) :nt <r};
2. For s = (1,2), the box B;’llj is {(n',n?) :n! <p,n?<s};
3. For s = (2,1), the box B;’;ll is {(n',n?) :n! <r,n?<q};

4. For s = (2,2), the box B;’;j is {(n',n?) : n? < q}.
In Figure (2.1), the boxes Bj[’llll, ijll; and B;’;j are respectively marked as region A, C', and
B. Since le’;ll is contained in ij11227 we do not need to include B;’;ll in our construction.
However, we still get a resolution of I.

The Hilbert space A; is the direct sum of three spaces Al', A{* and A%?, where

A}l C L?(B,) is the subspace spanned by {25, 2125, ...,2{ 28 : n € N}, A{? C L2(B,)

is the finite dimensional subspace spanned by

]-7 21, 21
p—1
22, 2129, L. R Ro,
s—1 s—1 p—1 _s—1
Zo T, R1Z9 T, ... 21 2y T,

and A2 C L2(B,) is the subspace spanned by {2, 2z, ... 2l in e N}. The Hilbert
space Aj is the direct sum of three spaces AI'NA% AJ'NAZ? and A}2NA22. The Hilbert

space Az C L?(By) is the subspace spanned by

r—1
17 21, 21
r—1
29, 2129, A EEY)
q—1 q—1 r—1_g—1
Z2 9 ZlZ2 9 o« .. Zl 22 .
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2.7 A nonmonomial ideal

This section discusses a nonmonomial ideal which can be reduced to monomials after a
biholomorphic change of variables.

Consider the ideal I := (2%, z3 — 25) C Clz1, 29, z3). The biholomorphic mapping

T:C—=C* (21,22,23) = (1, G, G) = (21,22, 23 — 23)

changes I to I' := (C?,(3) C C[(1, (2, ¢3]. The unit ball B3 is mapped to the domain

Q={(¢,0,G) €C OGP+ ICP+IG+GIP <1},

Also, the Hilbert spaces L?(B3) and I are mapped isomorphically to L2(€2) and the closure
I' C L%(Q), respectively. These identifications are also valid as Hilbert modules over the
polynomial rings with three variables.

Since I’ is monomial, we can apply the construction of Section 2.3 with B3 replaced
by Q. In the following we check that this gives a resolution of I’. Here we have only one
box

By = {(n1,n,0) e N’ :ny <1}, j=(1,3), b=(1,0).

Consider the subdomain

Qj = {(C17C27C3) e Cl = Cg = O},
which can be identified with the planar domain
{meC: |Gf+]al* <1}

Consider the weighted Bergman space L2 ,(€2;), s > —1, of analytic functions on € which

are square integrable with respect to the measure (1 —[(o|* — [(2]*)” dVy,, where dVy, is
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the normalized Lebesgue measure on 5. Our resolution is
0T = L2(Q) % A — 0, (2.8)

where

A = Lz,z(Qj) @ Li,s(ﬂi)a

<1=<3=o>

Cl(XaY):<O’X>7 CQ(X7Y):(C2X7<2Y)7 C3(X7Y):(070>

and ¥’ is given by

0
U'(f) = <f’<1=43=0, 8_£

The module structure on A’ is given by

for (X,Y) € A’. The monomials {(} : 7 € N} form an orthogonal basis for both L2 ()
and Lz’S(Qj), and a straightforward computation with them shows that A" is essentially
normal. Arguments similar to the ones in Section 2.5 show that (2.8) is an exact sequence
of Hilbert modules with bounded module maps.

Under the inverse mapping 7!, the resolution (2.8) gives the following resolution for

~l

0—1— L:Bs) - A—0,

where A is the analogue of A’ with Q; replaced by T-1(€;) = {(0, 29, 23) € B3}. Finally,
we can conclude that T and its associated quotient Q; are both essentially normal, with

the following index formula for the Toeplitz extension:

Q)] =1[% (Lz,Q(Qj) S¥ Lz,?,(Qj))] :
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2.8 Some potential future directions

Here are some directions for future works:

1. We aim to prove the analogue of Theorem 15 for the egg domains of the form

{Zaﬂzﬂpj < 1}7 aj,p; >0,

instead of the unit ball {3 |z;|*> < 1}. Explicit formulas for the orthonormal basis
of the Bergman spaces on such domains [38] will be useful. It is also interesting to

generalize this theorem to Reinhardt domains of the form

Wzl lzml) < 1},

where ¢ : [0,00)™ — [0,00) is a smooth function, monotonically increasing in each
argument. Now proving the essential normality of A, needs ideas from harmonic

analysis in the same spirit as [51].

2. Recall from Section 1.2 that Arveson originally formulated his essential normality
conjecture for homogeneous submodules M C H2 @ C" (Conjecture 12) instead of the
multiplicity-free version I+ C H2 (Conjecture 1). It is interesting to find the analogue
of the resolution (2.2) in this generality, and understand its geometry. Now M* can
be geometrized as a Hilbert space of the holomorphic sections of a vector bundle or

more generally a sheaf over the algebraic variety V (Ann(M)) C C™.

3. For a monomial ideal I, the intersection V' (I) N 0B,, is singular in general. Several
notions of fundamental class has been defined for singular algebraic varieties [16, 17,
90]. It is interesting to relate the right hand side of the equation (2.3) to these

characteristic classes.
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Chapter 3

A Gauss-Manin connection in
noncommutative geometry and its

holonomy

In this chapter we initiate a project of using the Toeplitz algebras ¥ of Section 1.1 to
study hypersurface singularities. More specifically, to analytically study the monodromy
of an isolated singularity at the origin on an algebraic hypersurface V(f) CC™, f € A=
Clz1,- ., Zm], we consider the perturbed 1-parameter family of principal ideals I(t) :=
(f —ee™) C A, t € R, € > 0 small enough. The family I(¢)t C H2 of associated
Hilbert A-modules, as a subbundle of the trivial bundle H? x R, comes equipped with
a natural metric connection. The holonomy of this connection, a (conjecturally) unitary
operator U € B(I(0)1), is the main object of study in this chapter. Of special concern
is the interaction of U with the Toeplitz algebra T;¢y. We are currently at the stage of
setting the foundations for this study mostly through formulating reasonable conjectures
(Conjectures 31, 32 and 34). In Section 3.1 the motivation of our study is presented.
Some singularity theory backgrounds in differential topology are gathered in Section 3.2.
A proposal about the holonomy operator U is presented with conjectures in Section 3.3.

In Section 3.4 we examine the proposal of Section 3.3 on the toy model f := 2§ € C[z1, 2o],
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k > 2, and verify all the conjectures in this special case. Some potential directions for

future works are discussed in Section 3.5.

3.1 Motivation

It is famous that there are exactly 28 oriented smooth structures, up to orientation
preserving diffeomorphisms, on the topological 7-dimensional sphere S7 [73]. Putting the
standard one aside the rest are called exotic spheres. Of all the numerous constructions of
exotic spheres in the literature we are interested in the following algebraic one discovered
by Brieskorn [27, 68]. He showed that as j varies on 1,2,...,28, if € > 0 is chosen small

enough such that the zero set V(f;) of the polynomial

fi=2 422408+ eCla,. .., ) (3.1)

intersects transversally in C® with the sphere SY = {||z|| = €} of radius € centered at
the origin, then the intersection K; := V(f;) N'S? is homeomorphic to S7, but with its
naturally induced orientation and smooth structure, represents all 28 oriented smooth
classes mentioned above. One way to distinguish among these structures is to use the
so-called Milnor monodromy map associated to the isolated singularity of V(f;) C C® at
the origin. More specifically, the Milnor map gives rise to a numerical invariant, called
the Milnor number, which equals 125 — 4, hence completely classifies all the oriented
smooth structures on S7 realized by Brieskorn varieties.

It is interesting to find operator-theoretic invariants capable of detecting exotic spheres
[45, Page 381]. (See [33, 34] for an operator-theoretic study of smooth structures on
Spin manifolds.) Theorem 4 (Section 1.1) applied to the principal ideal I; := (f;) C
Clz1, ..., 25 says that the Toeplitz class 77, is the same as the fundamental class of Kj.
However K; supports only one Spin® structure because of topological reasons (vanishing

of the first and second cohomologies [79, Page 392]). Therefore Theorem 4, at least in the
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natural setting that comes into mind, can not classify smooth structures. In Section 3.3
we suggest a noncommutative analogue of the Milnor monodromy map which we hope

could eventually lead to an invariant that detects exotic spheres.

3.2 A review of the Milnor fibration in singularity
theory

Let f € A be a complex polynomial in m variables such that the origin is an isolated
singular point of the hypersurface V(f) C C™. An interesting example to have in mind
is the Brieskorn polynomials (3.1). Let B, C C™ be the open ball of radius € around the
origin, and set S, := 0B,. To study the topology of K := V(f) NS, Milnor brought the
perturbed family V (f — ¢) N B, of spaces into the scene, where the complex parameter ¢
moves on a small circle around the origin [83]. Here we summarize some of his and other

mathematicians’ results. It is helpful to have Figure 3.1 in mind.

1. There exists ¢y > 0 such that for any 0 < € < eg, V(f) intersects S, transversally,

hence K is a smooth manifold. From now on fix such a sufficiently small e.
2. Topologically, V(f) N B, is a cone over K.

3. The mapping

p:SN\K =S, 20 f(2)/If(2)]

is a smooth fiber bundle called the Milnor fibration. Consider the fibers F; :=
o1 (e"), t € [0,27]. The homotopy lifting property of fibrations induces the Mil-
nor monodromy map h; : Fy — F;, clearly a homeomorphism. It induces the

homomorphism

(ht)* : Hm—l(FO; (C) — Hm—l(ﬂ; C)
at the middle homology level. Set h := ho.
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4. The closure of each fiber F; inside S, is a smooth (2m — 2)-dimensional manifold
with boundary, with the interior F; and boundary K. Intuitively, the fibers F;

embrace K the same way as the pages of an open book embrace the spine.

5. Each fiber F; is diffeomorphic to V (f — ¢) NB,, where ¢ is a small enough complex

number.

6. Each fiber F} is homotopic to a bouquet of (m—1)-dimensional spheres. The number
of these sphere, namely the middle Betti number of the fibers, is strictly positive.

It is denoted by p and is called the Milnor number.

7. Here are two other topological and algebraic characterizations of p: (1) p is the

o ... 0 _

multiplicity of 0 as an isolated zero of the system of equations 3- = 5

S2m—1

namely the topological degree of the map S, — sending z to the normalization

of the Jacobian df = <8f I ) (2) p is the complex vector space dimension

O0z1) ) Ozm

of the quotient of the polynomial algebra C|z1, ..., z,] by the ideal < or ..., 2 >

0z1’ ) Ozm

[4, Chapter 5]
8. F; is not contractible, and K is not an unknotted sphere in S..

9. K is homeomorphic to a sphere (namely S*"~3) exactly when det(1 — h,) = +1,

where h, is the linear map induced by h at the middle homology level.
One can say more for Brieskorn polynomials f = )", <l<m zlb b > 2:

1. The Milnor number p equals [T, ;.,,(br — 1).

2. Each fiber F; is homotopic to the join of the finite cyclic groups corresponding to

the bi-th roots of unity, [ =1,...,m.

3. The eigenvalues (counting multiplicity) of the middle homology induced Milnor map
h, are the products wiws - - - w,, where each w; ranges over all b,-th roots of unity

that are not equal to 1.
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Figure 3.1: Milnor fibration [83].

3.3 The holonomy operator U

Suppose a polynomial f € A = Clzy,..., z,| which vanishes at the origin, and has the
origin as an isolated critical point. In geometric terms the origin is an isolated singularity

of the hypersurface V(f) C C™. Consider the family of principal ideals
I(t) = (f —e") C A, teER,

where € is a fixed sufficiently small positive real number. We think of ¢ as the time

variable. Let P, € B (H2) be the orthogonal projection onto I(¢)*. Let
p:It >R, Ih={I®)" CHL:teR} CRx Hy, p((t) ={t},

and

P:R—9B(H), P:=(P),

be respectively the assembly of Hilbert spaces I(t)* and projections P; into a rough?
Hilbert bundle and a rough map between Banach spaces. Topologize Z+ C R x H?, with

the subspace topology.

'Namely we are putting continuity or smoothness considerations momentarily aside.
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For the rest of this section we assume without proof that:
Conjecture 31. p is a smooth Hilbert bundle.?

At the moment we can only verify this conjecture for our toy model of Section 3.4
(see Theorem 39). Note that since the base space of p is contractible, even the weaker
assumption that p is a topological vector bundle implies that it is trivial [67, IV.2.5][77,
Corollary 1], hence automatically smooth, and this smooth structure is unique up to
smooth vector bundle isomorphisms [67, IV.3.5]. The set of all (smooth) sections of p is
denoted by C*(R;Z1).

Unfortunately P is not smooth in general. (See Section 3.4.3 for a discussion.) Think-
ing of P as a rough connection between nearby fibers I(¢)*, imitating the standard con-
struction of the Levi-Civita connection for subbundles of Hilbert bundles [74, Example

1.5.14]]97, Volume II, Page 540] gives us a rough covariant derivative:

DE(t) = P, (%) , £ C™(R;TY). (3.2)

Note that D is called a covariant derivative because it satisfies the Leibniz rule:
D(g€)(t) = ¢'()4(t) + g(t) D(E)(t), Vg € C*(R;C), VE e C=(R;TH).
The D-flat sections of p are those £ € C°°(IR; Z+) which satisfy the evolution equation
DE(t) =0, VteR. (3.3)

For the rest of this section we assume without proof that:

Conjecture 32. The parallel transport equation (3.3) has a unique solution ont € R for

each initial value £(0) € I(0)*.

2(2-smoothness is enough for our purposes. Standard references for infinite-dimensional differential
geometry are [74, 76, 78]. See also [2, Chapter 7].
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At the moment we can only verify this conjecture for our toy model of Section 3.4

(see Theorem 38). The resulting holonomy map
Uy 1(0): — I(t):, teR,

is the one sending the initial value £(0) of flat section & to its time-t value £(1).
Proposition 33. Fach U; is unitary.

Proof. Linearity is immediate from the uniqueness assumption of Conjecture 32. Assume

a flat section £. Since £ and d€/dt are orthogonal, we have

0=2(e0.5 ) = 5 I6OIF = 5 €O
therefore
V&N = 10O = IO

This shows that U, is an isometry. For each 7 € R, the inverse of U, : £(0) — £(7) is
given by the parallel translation 7(0) — n(7) along the flat section 7n(t) := (7 —t). Note

that we are again using the uniqueness assumption of Conjecture 32. ]

We are specially interested in U := U, € B(I(0)*). This is our noncommutative

analogue of the Milnor monodromy map h : Fy — Fy of Section 3.2. We expect:

Conjecture 34. U acts by conjugation on the Toeplitz algebra Ty in the sense that
UZroU" € %10

At the moment we can only verify this conjecture for our toy model of Section 3.4

(see Theorem 44).

Remark 35. Assuming Conjecture 34, we get an induced map K (S 1(0)) — K (‘EI(O)) at
the K-homology level. [ |
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Remark 36. Since Z is trivial a rough section of p is an expression of the form

Zyt ezl n!
€= 3 ans® Mim Aoty w(n) = sl = o
neN™ ’

where each x,, : R — C is a function of ¢, and £(t) := ) x,,(t)z" is formally orthogonal to

whole I(t) for each t. Smooth sections are those rough sections such that for each t € R,

each series £0)(t) := Y nenm %z”, [ € N, of term-by-term time derivatives lives in HZ,
and [[€0(t + h) — €D(t) — heV(H)]] ., — 0 as h — 0. .

3.4 A toy model

We use the notations of Section 3.3, more specifically, polynomial f, small positive number
¢, Hilbert bundle Z+ (more precisely, p : Z+ — R) and holonomy operator U. Fix integer
k > 2. For the toy model f := 2F € C[zy, 22, we find explicit formulas for U and the

fundamental Toeplitz operators associated to 1(0)*, and study their interaction.

3.4.1 The holonomy operator U

We first find an explicit smooth orthonormal frame for our Hilbert bundle
T+ :H—J{(zf—eeit>L C Hj:teR}.

We start with a computational lemma.

Lemma 37. Let E be a complex number with |E| < 1. Set
[ = B,

G ::ei%j, 1=0,....k—1,

ajzzl—CjF, ij,,k‘—l
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(1) We have:

k—1

TL—|—7’+k’q —1p—r —-r_ —n—1

E ( . )Eq:k: F EOCj a; """,
J:

Z (n+7’+kq>qu2 _ k—3F—T><
n

qeN
k—1 k—1 k-1

r? Z Gla;" Tt F(1—2r)(n+1) Z G a" P+ FRn+1)(n+2) Z ¢ Pa;m R
=0 =0 =0

(2) For any positive integer | we have the asymptotic formula:

k
Z<n+r+ q)qul%nl(l—F)_”, n — 0o.
n

gEN

Proof. (1) Note that the sequence of numbers
k—1
wq = k_l ZCJq_ra C] € Na
=0

equals 1 when ¢ has remainder » modulo k, and zero otherwise. Therefore

k
Z<n+r+ Q)E”kq:Z(”:;q)ZqEq

n
qeN qeN

_k,fl — n+q q—" 1q
(Mg

qgeN 7=0

k—1
=k G- GE) T
j=0
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where we have used the negative binomial formula

}:(":fyﬁz(r—erl

qeN

in the last line. This gives the first formula. The other two are followed by differentiation
with respect to E.
(2) By induction find a general formula for the left hand side, and then note that

el om € N, s the

when n — oo the dominant summand in each Y ., , (" "a;

one with smallest |a;|, so the one with j = 0. [ |
Having this lemma at hand we can prove:

Theorem 38. Set
F = 6%

Cj::ei%j, 17=0,....k—1,
ajzzl—CjF, jZO,...,k’—]_,
J:={(r,n) eEN*:0<r<k-—1}.

1) A smooth orthogonal frame for the Hilbert bundle T+ is given b
( g g y

= {am(t) = Zw;}kqvneqe_iqtzfrqug c(mm)ed, te ]R} : (3.4)

qeN

where

-1
m-+n
oma = 31 = ("4

2) A smooth orthonormal frame for the Hilbert bundle I+ is given b
( g Y

i (t)
[t ()]

B:{&Aﬂ: :mMGLteR}, (3.5)
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where

k-1
larn (I =Y wrtigue™ = FK 1Y ¢ ra" (3.6)
7=0

geN

(3) The holonomy operator Uy : 1(0)* — I(t)* acts diagonally by

Ut (B7n(0)) = € Bu(t), (3.7)

where frequencies f,, are given by

k—1 k—1
B —r Cfrafnfl L+ F(n+1 CfTJrla‘fan
ZqEN wr-&}kzq,nqéq JzZ:O o ( ) JE:O ! !

— — - : 3.8
fnn ZqGN w;-l}kq,nemz L kil C—T‘ —n—1 ( )
PR

(4) When n — oo, f., varies asymptotically like:

F F r

(5) A smooth orthonormal parallel frame for the Hilbert bundle I+ is given by
= {'yr,n(t) = e"f“"tﬁ,n,n(t) : (rn)ed, te ]R} ) (3.10)

Proof. (1) We first check the smoothness. For comparison purposes observe that any

one-variable power series of the form

Z R(¢q)(?, R € C[(] a polynomial in single variable , (3.11)

qeN

has radius of convergence equal to one, hence absolutely and uniformly convergent on any
compact subset of the open unit disk of the complex (-plane. The formal power series of

term-by-term time derivative of each a.,, of order [ € N, as well as its Hz-norm are given
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d'a,, kq+r+n N rtkd
o Z < (—ig)le "l TR0

qeN n
2
H dlar’n .: Z (kq +7r+ n) q2162q
. : .
dt H22 7eN n

Comparison with (3.11) shows that for any ¢ < 1 and any ¢ € R, each dlf;%(t) is an
analytic function on By with finite H3-norm, hence lives in HZ. That ., lives in I(t)*
is immediate from our derivation of a;., in the next paragraph, but here is a direct
verification. For each (M,N) € N%, a,,(t) and 2’z (2} — ee') has no monomial in

common (hence orthogonal) except when N = n and r equals the remiander of M in

division by k. For this exceptional case, assuming M = kQ + r, Q) € N, we have
<ozm, z{wzév (z{c — eeit)> = Qtle=iUQ+NE _ (Qp=iQt =it — ().

By Taylor’s theorem, we have

dovy |12 k . . .
ahn(t I h) B Oznn(t) _ o7 (t)H _ Z ( q+r—+ n) 6211 ‘e—lq(t-‘rh) — e tat + h’iqe_lqt 2

dt n
qeN
kq+r+n\ o, (h* , 2
<§ q(
qeN

which shows that o, : R — H? is first-order differentiable. The same line of arguments
proves the smoothness.
Next we show that sections of Z+ are linear combinations of «.,,. A section of Z+ has

the form

)= D Tmalt)z 2y, (3.12)

m,n>0

and satisfies the orthogonality equations:
0= <£(t), 21z (z{C — eeit)> = TthnWimikm — TmaWmnee ", ¥Ym,n >0,
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or equivalently

—at
Ttk nWmtkn = TmaWmn€€ vm? n > 0. (313)

Assuming

Xm,n = TmnWm,n,

this latter recursive equation becomes
Xm+k,n - Xm,nﬁe_ 5

hence

Xoikgn = Xppele ™ r=0,1,....k—1, ¢n=0,1,2,.... (3.14)

This shows that

{X,n:(r,n) e J}

are basic Taylor coefficients of £ in the sense that they linearly determine all the other
coefficients, and there are no nontrivial linear equations among them. Note that a;.,, is
the section with X, , = 1, and all other basic coefficients vanish. Working backwards,
this shows that (3.4) is a basis for I(¢)*. Any two a,, and q, ., (r,n) # (', n’), are
orthogonal because they have no monomials in common, and we know that monomials
constitute an orthogonal basis for HZ.

(2) Lemma 37 gives (3.6). Since |a;,(t)]| does not depend on ¢, the rest follows
immediately from part (1).

(3) A flat section of Z1 has the form n(t) = > ymn2i"28 such that 1 = > g, 2720
lives in I(t)™" for each t. In other words the inner product (1,€) ;3 is zero for every

section £ as in (3.12). Equivalently, in terms of Taylor coefficients, we have

Zym,nym,n - 07

o8



for all X,,, satisfying (3.14). Rewriting this in terms of basic Taylor coefficients we get

E yr-‘rkq,an,neqezqt = 0.

0<r<k
q,n>0

Since this is true for any choice of basic coefficients X, ,,, (r,n) € J, we should have

Urikan€le® =0, (r,n) € J. 3.15
q7

qeN

Since 7 is a section its Taylor coefficients satisfy

Wrn —iqt
Yrikgn = Yrmn——€le " (r,n) € J, qeN.
Wrikqn

(Recall (3.13).) Plugging this into (3.15) yields

N o — 1) —"*1 =0, (r,n) € J.

geN Wr4-kq,n

Therefore we have the explicit evolution laws

Yrn = Yrnlfrn,  (r,n) € J, (3.16)

where
quN (m—:j_kq) q€2q

T (77

Evolution equations (3.16) are solved as

fr,n - (3.17)

yr,n(t) = yr,n(o)eifr’nty (Ty TL) € Ja

hence (3.7). Lemma 37 computes f,,,.

(4) When n — oo the dominant summands in the numerator and denominator of
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frn in (3.8) are those with the smallest |a;|, so those with j = 0. Therefore f,, varies
asymptotically like
—ray" "t + F(n + 1)ag™ 2

~ [
fr,nN -

T
kag" ! k' k(1—F)

(5) By (3.7), we have

Ur(rn(0)) = Y (t),

hence v is a parallel frame. Smoothness is the result of the smoothness of 5 and the

asymptotic formula (3.9) for f, . [ |
Theorem 39. The Conjecture 31 holds true for the toy model.

Proof. Assume Z+ C R x HZ with the subspace topology as a rough Hilbert bundle over
R. Recall that J := {(r,n) e N*:0 <r <k — 1} is the index set of the orthonormal
frame # in Theorem 38. Since each [3(t), t € R, is an orthonormal basis for the fiber

I(t)*, the mapping

d: R x ZQ(J) — IL7 (t7 (ar,n)(r,n)EJ) g Z a?",nﬁr,n(t) )
(rm)ed

trivializes Z+ as a topological vector bundle, namely ® is a homeomorphism and the
triangle

R x 12(J) 2T+

o

R

commutes. Since this trivialization is given by a single chart, it also gives Z* the structure

of a smooth vector bundle. [ ]

Remark 40. (1) Lemma 37 also gives the following formula for a.,:

T it —n—1
Qn(t) = F 2k te w2y (77 (1 - CjF%e_?a) :



(2) If one thinks of the unitary operator Uy : 1(0)* — I(t)* as an integral operator

Un(z) = /  K{zujnu)du.

then, since U; acts diagonally on the orthonormal basis f3,,, with the corresponding eigen-

values e/ the kernel is given by

K(zw)= Y ¢ 8,,(2)8, . (w).

(ryn)ed
Plugging from Theorem 38 and the previous part we get:
k-1 1 it 1 it —n—1
> G ((1 - CjFﬁe’?zl) (1 . C,lFEe?@1>>

) —_ \n J,!=0
K(z,w) = Z et (zgwy)" o1
(rm)ed SGTA-GR)TT

7=0

We will not need this expression in this dissertation. |

3.4.2 The interaction of U with the Toeplitz algebra

Consider the Toeplitz algebra T ;) associated to the ideal 1(0) = (2f —¢) C Clz1, o). It is
the C*-algebra generated by {1,T%,,T.,} UR(I(0)*) where T%,, j = 1,2, is multiplication

by coordinate function z; compressed to 1(0)*. For brevity we set T} := T,,j=12

Proposition 41. Assume the notations of Theorem 38. Ty, Ty and their adjoints are

weighted shifts given by:

1
k=1 ~—p —p—1\2
1 <Zj=o G4 >
Tlﬁr,n = P lﬂr—i—l,na

k=1 p—r—1_—n—1\2
(Za:ocjr a;" )

N|—=

(Sh e

TQBr,n = T 67‘,714—17
k=1 p—r —n—-2\2
<Zj:(] Cj a; 2)
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=

k=1 p—r41 —n—1)2
(ijo S >
1

2

6r—1,n7
k=1 p—p —n—1
(ijo G lag" )

TQ*BTJZ = 1 Br,n—l-
k=1 o—pr —n—1)\2
(ijo G lag" )

. . k . .. .
roof. Eac is a sum of monomials 2/ 727 ¢ > 0. Since distinct monomials are or-
P Each 3, , f Is 2z, 5,

thogonal to each other in H22, 213y is orthogonal to all elements f3,/,,, of our orthonormal
basis except for 3,41,. Therefore T/, , is just the orthogonal projection of 23, , onto
Br41,n, namely

Tlﬁr,n = <Zlﬁr,n7 5T+1,n>6r+1,n-

To compute the weight (215,,, Br+1.0), substitute f,, from Theorem 38 and apply
Lemma 37:

-1 2q
quN errkq,ne

<Zlﬂr,n7 5r+1,n> = . 1 1
—r—z7.— k=1 p—r —n—1Y)2 k=1 p—r—1_—n—1)2
TAY (ijo Cj a; 1) (ijo Cj 1%‘ 1)

(Ehgram)
(S )

— [

-

2

The rest is straightforward.

Proposition 42. Assume the notations of Theorem 38. We have:

U T Uy = e*mhn =l ) T3,

U*Tl* Uﬁr,n _ 6i277(f7“,n_f'r71,n)Tl*ﬁr7n,
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U*T2 Uﬁr,n = ei2ﬂ-(fr7n7fr’n+l ) T2/87‘,TL )

U T3UB, = 20T,
Proof. Immediate from Proposition 41. [ ]

We need to understand the asymptotic behavior of the factors appearing in Proposi-

tion 42 when n grows large. Recalling the asymptotic formula (3.9) for f,, one expects:

Lemma 43. Assume the notations of Theorem 38. Then

1 F
rm = Jr—1n — — 7, rm = Jrn—1 "7 T
fnfan= =5 b o T
as n — 0.
PTOOf. By (38)7 k (f?“,n - fr,nfl) equals
i —r —n—1 k=l —r+1_—n—2 k-1 k—1 . )
—r Zocj a; + F(n+1) Z:()Cj a; —r > G+ Fn Y ¢ e
J= J= = =0
k=L B k=1
> Glag" > G e
j=0 =0

k=1 k=1 k=1
n Z ijr+1a;nf2clfralfn — Fn Z C;ra;nflglfﬂrla;nfl +F Z ijTJrla;anleralfn

k—1 L

—r_—n—1,—r_-n
.lZOCj a;" G
‘77:

We need to find the dominant terms in the numerator and denominator of the latter
fraction when n grows large. The dominant summand in the denominator is the one with

smallest |a;||a;|, which is the one with j = { = 0, namely

Co—r—i—lalo—n—lgo—raan — ( - F)—Qn—l‘
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We have three summations in the numerator with dominant terms

Fn(l—F)?2 n(l1—-F)?? and F(1-F)*2

respectively. The first two cancel each other, and all the remaining summands in the first

two summations are dominated by the dominant term of the denominator (1 — F)=2n~1,

Therefore the dominant term of the numerator is F'(1 — F)~2"~2. Therefore

. . F(1—F) 2 F
nh_{{.lok (fr,n - fr,nfl) - nh_{{.lo (1 _ F)—2n—1 - 1— F°

USng (38)a k (fr,n - fr—l,n) equals

—-r>y ijra;nfl +F(n+1)> (;7"*1@;”*2
Z ijra;nfl
=) T A P+ )Y G P!
Z gl—T—&-lal—n—l
- _ Z CJ‘_TCZ_T+1(ajal)_n_1 4 F(n + 1) (Z Cj—r-ﬁ-laj—n—2€l—7"+lal—n _ CJ'_rCl_T+2(ajal)_n_1>

- —r —n—1,—r+1_—n—1

When n grows large the dominant terms in the numerator and denominator of the

latter fraction are

—(1—=F)7*"7?4F(n+1) x (exponentially smaller than (1—F)"*""%) and (1—F)™>"?

respectively. Therefore k (f,,, — frn—1) tends —1. [ |

Proposition 42 and Lemma 43 gives:

Theorem 44. As before F' := er. The unitary operator U acts by conjugation on the
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Toeplitz algebra T (o) in the sense that U*Tyo\U C Ty(g). In more details
;2T ;27 _j-2nF §—2nF
UnuU—e+*Ty, UTU—e'®1T7, UTU —e *-0Ty, U"T;U — e *0-DT7
are all compact.

3.4.3 The smoothness of P

Recall the projection assembly map P : R — B(H3) acting between Banach spaces. We

now prove what we mentioned before:
Proposition 45. P is not smooth.

Proof. According to Theorem 38.(4), each

Opp 1= eifr’”tar7n, (r,n) € J,

)

is a flat section of Z1, namely satisfies the equations
Pbn(t) = 6,n(t),  Pidpn(t) = 0.

Suppose by contradiction that P is smooth. Differentiating the first equation and plugging

from the second gives

Pibyn(t) = 0,0 (2).

However the ratio

5T,n(t)H  lifrn0n () + G ()] (ZQGN g (frn = q)Q)Q

16rn(O1 [lewn (D] 2 geN Wrhgn€™?

1
-1 2 -1 2q .2\ 2
ZQEN wr+kq,n€ qq + ZQEN wT+kQ:n€ qq ) (318)

_ 2 2f
= rn rn 1 2 1 2
< quN errkq,nE quN wr+kq,n€
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asymptotically behaves like n: asn — o0, hence P, would be unbounded. Here are more
details. By Lemma 37 and the asymptotic formula for f,,, in (3.9), the three consecutive

2 in (3.18), asymptotically behave

terms a, b and c¢ in the last expression (a — b+ ¢)
like agn? + ain, ban? 4+ byn and cyn? + cin, where a;, bj and c; are nonzero constants
(with respect to n) satisfying as — by + ¢ = 0 and a; — by + ¢; # 0. (Here by saying
that a behaves asymptotically like asn? + a1n we mean that a ~ n?, a — asn? ~ n and
a — asn? —ajn < 1. Likewise for b and ¢.) This shows that (a — b + ¢)"/? asymptotically

1/2

behaves like n'/=. This contradiction shows that P is not even first differentiable. |

We can fix this problem by using weights to compensate for differentiation [19]. More
precisely, viewing the Drury-Arveson space H3 = 7—[;_2) as a member of the Besov-Sobolev

scale "Hés), s € R, of Hilbert spaces, we have:

Theorem 46. (1) The modification P : R — B <'Hg_2),7—[g4)) of P where P, is the
composition of Py with the inclusion ”H,g_z) — 7-[54) is first differentiable.

(2) Suppose positive integer | and positive real o. Then the modification P:R —
B (’Héd),%flﬂw)) of P where P, is the composition of P, with the inclusion ’HéﬁZ) —

HézHHU) 18 [-th differentiable.

Proof. (1) We have a corresponding version of Theorem 38 for 7—[54) instead of H2 = ”Hé_z),

where w,y1q, is replaced by

_ (r+kg)nle!
1 (r4+kg+n+6)!

S(n>wr+kzq,n+67

and

6!n! _6

-3 2 ~ ~ 2
{emvn = wmkh2'zy o (myn) €N } and {Gm,n = WOmk2tzy o (myn) €N }
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be the time-independent standard orthonormal bases of 7—[572) and 7—[54) respectively. We
first compute the matrix coefficients of P, with respect to these bases. Note that for each
(m,n) € N, e,,, is orthogonal to all members of the orthonormal frame 5 except for
gm, where

m=kQ+r, QreN, 0<r<k,

is the unique division of m by k. Therefore

~ 1
Py (emm) = (€mmn> Brn) Brn = Wimln HarnH <z1”zg, Qi) Qi

1
_ ., 2 2 Q,iQt cle—taty
- mnHarnH wr+kqn r—i—kqn € Crtkgn
qeN
1

1
-1 =2 Qt+aei(@-a)ty
Z Wm nwr-{—k’q n%rtkqn€ € Crikq,n
q
Z wr+kq,

1 1
—2 71 2 Q+4,i(Q—-a)ty
Z wm:nwr—i-kq,nwr-i—kq,n—i—ﬁe € Cr+kqn
q
=V S(n)

Z wr—i—kzq n

Therefore the formal matrix ﬁt of entry-by-entry differentiation of P, equals

1 1
—2 ., 2 Q+q; _ (Q—-)t
Z wm’”wr+kq,nwr+kq,n+6€ ¢ (Q Q)G Cr+kqn

Z wr-i—kq,

From this expression the Hilbert-Schmidt norm of P, can be computed as:
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-1 —2 20424() _ )2
9 wr+kQ,nwr+kq,an+kq7”+6€ (Q q)

2
P 7q
_— ngr S(n) . 5
’ Z r+kqn€ ?

q

Z wr+kQ n r+kq n€ 2Q+2q (Q2 + q ) Z w;—:kq,n€2qq2

<2 Sl (z i ) =2 280 Zwr+kq,

|7

~ Z S(n)n® ~ Zn_4 < 0. By Lemma 37

This especially shows that P, is bounded (in operator norm) [9, 2.8.4][97, Volume I, A.6].

With the same line of arguments along with Taylor’s theorem, for any h € R we have:

2
-1 -2 2Q+2q() _ N4 [ B2
T+kQ,nwr+kq,an+kq7n+6€ (Q q) ( 21

(Z Wr+kq n ) 2

Zwr_—l}kq,ne
4 4 4.4 _ 14 -2
< g S(n)h T o < E S(n)h*n* =h E n=*.

ﬁt+h—ﬁt hPt

<ZS

r+kq n

This finishes the proof that P is first differentiable.

(2) Imitating the proof in (1), set

(r+kq)n!(2l + 3 + o0)!

r+kq _n _
e T kg4 n+ 2+ 3+ 0)!

Wrtkgn =

= S(n)wr+kq,n+2l+3+07

where
(2l +3+o0)n! 230
(n+20+3+0)! '

S(n) =

For any 7 =1,...,[, and any h € R, we get estimates:

2
&’ P,
dti

< Z S(n)n* ~ Zn’gf"”(l’j) < 00,

HS
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~ ~ ~ 112
Py, &R &’ P, 0 , . ,
_ _ 42,242 ~ 7 2j+2 —1—o—2(I—j)
] v h T < E S(n)h¥ T n ™+ ~ h E n :
HS n n
which implies that P is [-th differentiable. |

S

Remark 47. Recall the identification ' = W, ?(B,,), s € R, between Besov-Sobolev
and Bergman-Sobolev spaces (Page x). Theorem 46.(2) says that by taking {-th derivative
of P we lose differentiability by order no worse than [ + 2. We do not know whether this

estimate of differentiability loss is optimal. ]

Remark 48. Suppose a section £ € C*°(R,Z1). Proposition 46.(2) shows that % (&(1))

lives in HéQHHU). Similar arguments shows that for each s < —2, if £(¢) € Hés) then

d;f,)t (&(t)) in fact lives in ?—[§S+2l+3+”). Here is a corollary. If S denotes the set of all

sections £ such that for each ¢, £(¢) and all its time derivatives live in (1) _p #” then the

connection D (3.2) maps S to itself. [ |

3.5 Some potential future directions

Here are some directions for future works:

1. Study Conjectures 31, 32 and 34 for general ideals. In particular we plan to extend

our study of the toy model f := 2} of Section 3.4 to the Brieskorn polynomials f :=

b
Z1gzgm z' b= 2.

2. It is interesting to study the asymptotic behavior of the unitary operator U when

e — 0. More specifically, note that in Theorem 44 there appears the phase factor

2miF
k(1-F)

where F = ¢%. When € — 0, this factor varies like

<27T’i 2)
exp TE’“ .

For another toy model f := 2125 € C[z, 23], our computations (not included in this

exp
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dissertation) shows that the phase factor equals

1 — V1 —4e

exp | 2me
P ( V1 — 4e2

) — exp (4mie® + O (V).

It is desirable to understand these phase factors in the general case.

3. It is interesting to extend the study in this chapter about isolated singularities on

hypersurfaces to complete intersection analytic sets. See [82].
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