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ABSTRACT OF THE DISSERTATION

Four Generated Rank 2 Arithmetically Cohen-Macaulay

Vector Bundles on General Sextic Surfaces

by

Wei Deng

Doctor of Philosophy in Mathematics

Washington University in St. Louis, 2013

Professor N. Mohan Kumar, Chair

In this dissertation, we compute the dimension of the moduli space, of four generated
indecomposable rank 2 arithmetically Cohen-Macaulay (ACM for short) bundles on a general
sextic surface.

In Chapter One we introduce preliminaries and prove on a general sextic surface, every
four generated indecomposable rank 2 ACM bundle belongs to one of fourteen cases.

In Chapter Two we prove for each of the fourteen cases, there exists an indecomposable
rank 2 ACM bundle of that case on a general sextic surface.

In Chapter Three we compute for each case, the dimension of the moduli space of four
generated indecomposable rank 2 ACM bundles of that case on a general sextic surface.

We do the same analysis on four generated indecomposable rank 2 ACM bundles on a

general quartic surface in Chapter Four.



Chapter 1

Background

1.1 Introduction

Throughout this dissertation we work over the field of complex numbers, namely, C.

Definition 1.1 ([1]). Let .# be a coherent sheaf on P". We say that % is arithmetically
Cohen-Macaulay (ACM for short) if:

(a) # is Cohen-Macaulay, that is, the &,-module .Z, is Cohen-Macaulay for every z in
P™; and

(b) HY(P", .7 (5)) = 0 for every 1 < i < dim(Supp(.#)) — 1 and j € Z.

More generally, let X be a hypersurface in P" embedded by ¢ and .# be a coherent sheaf

on X. If 1,.%# is ACM on P", then we say .# is ACM on X.

A result of Horrocks ([14] page 39 Theorem 2.3.1) says that a holomorphic vector bundle
& on P" splits into a direct sum of line bundles if and only if it is ACM.

Since Horrocks’ result, a lot of efforts have been directed towards classifying ACM bundles



on hypersurfaces. In particular, the first area that people worked on focused on ACM bundles
of low rank such as rank 2. For the moment let us write X C P" to denote a hypersurface
of degree d. Given X, the first question we ask is whether there exists an indecomposable
rank 2 ACM bundle on it; if yes, then the next question is how to classify those bundles.

When d = 2 and X is smooth, in [§], Knorrer proved that X is of finite Cohen-Macaulay
type, namely, up to twist by Ox(t), the set of isomorphism classes of indecomposable ACM
bundles on X is finite.

When d > 3, n > 5 and X is general, in [11], Kumar, Rao, Ravindra proved that there
is no indecomposable rank 2 ACM bundle on X.

Consider n = 4. In [3|, Chiantini and Madonna proved if d = 6 and X is general, there is
no indecomposable rank 2 ACM bundle on X. Later in [12], Kumar, Rao, Ravindra further
proved that the same nonexistence holds if d > 6. For the case d = 3,4, the geometry has
been studied in great detail in [4], [6], [7]. Finally for the case d = 5, please refer to [13] to
get a state-of-the-art summary.

Now consider n = 3. When d = 3, in [5| Faenzi classified indecomposable rank 2 ACM
bundles on any smooth cubic surface. When d = 4, in [2| Chiantini and Faenzi mentioned
the classification of rank 2 ACM bundles on a general quartic surface followed from [9].
When d = 5, in [2] Chiantini and Faenzi listed every possible pair of first and second Chern
classes, of an initialized indecomposable rank 2 ACM bundle on a general quintic surface.

In this dissertation, we analyze the case when n = 3, d = 6, X is general and rank 2
ACM bundles are four generated. We say that a degree d hypersurface X in P" is general,
if it is in the complement of countably many Zariski closed proper subsets of the space
parameterizing degree d hypersurfaces in P". Some people call this property very general
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and use general for a property that is slightly different. However, the difference plays an
insignificant role in this dissertation. So we use the term general. As a result, X is smooth
and Pic(X) = (Ox(1)) = Z, according to the Noether-Lefschetz Theorem [9].

Here is our main result of this dissertation. Namely, on a general sextic surface, every
four generated indecomposable rank 2 ACM bundle & belongs to one of fourteen cases. We
present the result in the following tables. In the tables, Minimal Resolution denotes the
minimal resolution of &’; ¢; denotes ¢1(&), the first Chern class of &; Dimension of Moduli
denotes the dimension of the moduli space of four generated indecomposable rank 2 ACM

bundles belonging to the corresponding case on a general sextic surface.



Case

Minimal Resolution

One
Two
Three
Four
Five
Six

Seven

Eight
Nine
Ten
Eleven
Twelve
Thirteen

Fourteen

Ops(—5)" — Opa(—2)"

Ops(—4)* ® Ops(=5)* — Ops(—1)* © Ops(—2)°

O(—4) ® O(~572 @ 0(—6) > O(—1) ® 6(—2)> ® O(—3)
O(—47 @ 6(—6) = 0 & 0(—2)°

0(-3)® O(—=5) = 0(-1)* @ 0(-3)

O(—4)*® 0(—6)*> = 0(-1)* @ 0(-3)*

O(—3)® O(—4) ® O(~5) ® O0(—6) —» 0 ® O(—1) ® O(~2) @
0(-3)

O(-4)2a0(-5)®0(-7) = 0 0(-2)® 0(-3)?
O(—3) @ O(—5) @ 6(—6)> — O(—1)> ® O(—2) ® O(—4)
O(-3)® 05> 0(-7) = 0® 0(-2)*® 0(—4)
O(-3)® O(—4)2 @ O(~T) = 0(1) ® 0(—2)> ® O(—3)
O(-4)*® 0(-8) —» 0(1)® 0(-3)?

O(-2)® 0(-5)*® 0(—6) > 0 O(—1)>® O(—4)

O(-2)® O0(—6)> — O(—1)*® O(-5)

Table 1.1: Main Result, Part One




Case Case Paired With | ¢; | Dimension of Moduli
One -1 21
Two 0 18
Three -1 15
Four Case Five 0 13
Five Case Four 0 13
Six -1 9
Seven 0 8
Eight Case Nine -1 7
Nine Case Eight -1 7
Ten -1 4
Eleven Case Thirteen 0 4
Twelve Case Fourteen | -1 2
Thirteen Case Eleven 0 4
Fourteen Case Twelve -1 2

Table 1.2: Main Result, Part Two

1.2 Preliminaries

Let X be a hypersurface in P". Recall that a vector bundle & on X is arithmetically

Cohen-Macaulay (ACM) if H(X,&(j)) =0fori=1,..,n —2 and j € Z.

Theorem 1.2 ([1] Theorem A). Let & be an ACM bundle on a hypersurface X C P". Then



there is an exact sequence

0= & Opn(a;) = B Opn(b;) = & — 0.

Conversely, if M : @', Opn(a;) — ®'_,Opa(b;) is an injective homomorphism, then
the cokernel of M is an ACM coherent sheaf whose support is the hypersurface defined by

det(M) =0 in P".

Remark 1.3. The homomorphism M can be naturally identified with a matrix (m;;),,, where
m;; represents the @ (a;) — €(bj) component. So m;; is a homogeneous polynomial of degree
b, — a;.

Remark 1.4. If & is an ACM bundle on a hypersurface X C P", then we will always make
the short exact sequence in the theorem to be minimal, that is, m;; = 0 whenever a; = b;.

The minimal resolution of & is unique up to isomorphism.

The following result of Beauville allows us to relate rank 2 ACM bundles to skew-

symmetric matrices.

Theorem 1.5 ([1]). Let X C P" be a smooth hypersurface of degree d with the property that
Pic(X) =Z. Let v : X < P™ be the inclusion and f be its defining polynomial. If & is a rank
2 ACM bundle on X and ¢1(&) = eH where H is the hyperplane class, then the minimal

resolution of & is of the form:

0o R =F-dL o620

where Fy is a direct sum of line bundles on P™ and M is a skew-symmetric matriz with its
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Pfaffian, pf(M) equal to f.

Conversely, given Fy that is a direct sum of line bundles on P", and a skew-symmetric
matriz M : F(é —d) — Fy with the property that pf(M) defines a smooth hypersurface X
of degree d in P™ with Pic(X) = Z, then there is a rank 2 ACM bundle & on X such that

coker(M) = 1.(&). Moreover, ¢;(&) = eH.

Remark 1.6. Let X be a smooth hypersurface of degree d with the property that Pic(X) = Z.
According to the theorem, in order to find every rank 2 ACM bundle on X, it suffices to find
every skew-symmetric matrix M : Fy(e — d) — Fj such that pf(M) is a defining polynomial

of X.

Now let us use X to denote a general hypersurface in P? of degree d, d > 4. We want
to find every indecomposable rank 2 ACM bundle on X. According to 1.6, it suffices to find
every skew-symmetric matrix M whose Pfaffian is a defining polynomial of X. Let M be
of size r x r. First of all r is even; otherwise, as M is skew-symmetric, pf(M) = 0 and it
does not define a proper hypersurface. If » = 2, then Fy — & becomes an isomorphism once
restricted on X. So & splits. So 7 > 4. Meanwhile, det(M) = pf(M)? is of degree 2d; if
r > 2d, then deg(det(M)) > 2d. So r < 2d. In this dissertation we analyze the cases when
r = 4. Rank 2 ACM bundles that fall into this category are called four generated.

Write Fy = Fy(e — d) = @j_,0(a;) and Fy = ®j_,0(b;). Without loss of generality,
assume a; = as 2 asz = a4 and by = by = by = by. Further without loss of generality for each
ilet O(a;) = &)_,0(b;) be arow of M with &(a;) — O(b;) corresponding to the j column.
First of all we need to find out which permutation of rows { & (a;) = ®j_,0(b;) : i = 1,2,3,4}

matches M, which is a skew symmetric matrix. For this, notice the degree decreases from



left to right in each row, so for M to be skew-symmetric, rows must be arranged in such a

way that in each column the degree decreases from up to down. Thus M corresponds to

ﬁ(a4) — ﬁ(bl) ﬁ(a4) — ﬁ(bg) ﬁ(a@ — ﬁ(bg) ﬁ(a4) — ﬁ<b4>
ﬁ(ag) — ﬁ(bl) ﬁ(ag) — ﬁ(bg) ﬁ(CLg) — ﬁ(bg) ﬁ(ag) — ﬁ(b4)

ﬁ((lg) — ﬁ(bl) ﬁ(ag) — ﬁ(bQ) ﬁ((@) — ﬁ(bg)) ﬁ(ag) — ﬁ(bzl)

O(ay) = O(by) O(ay) = O(by) O(ay) — O(bs) O(ar) = O(bs)

Because M is skew-symmetric, diagonal entries must be 0. Because the resolution is
minimal, off-diagonal entries must be non-units. Because X is general, off-diagonal entries

are not 0. The last statement is implied by the following proposition.

Proposition 1.7. If the defining equation of a degree d surface X can be written as xy+zw =

0 where x,y, z,w € Clxg, x1, x2, x3] are of positive degrees and d > 4, then X is not general.

Proof. Suppose to the contrary that X is general, then first of all z,y, z, w have no common
zero as X would be singular at that point. Next, consider Y = Z(x,z) C X. At any point
on Y, either y # 0 or w # 0. Suppose y # 0, then locally at that point, X is defined by
x = —zw/y, and Y C X is defined by z = 0. So Y is locally principal in X. Similarly
Y is locally principal in X if w # 0. So Y is a Cartier divisor in X. X is general, so
Pic(X) = Z and Y is a hypersurface section in X. Let Z(s) be the hypersurface. Then
(x,2) = (zy + 2w, s). Because y,w are of positive degrees, (z,z) = (s). So s is a common

factor of z and z. This contradicts that X is smooth. O]

Remark 1.8. The degree of an off-diagonal entry of M cannot be zero; otherwise, as the
resolution is minimal, that entry must be zero, and pf(M) is of the form zy + zw. This

8



contradicts our assumption that pf(A/) defines a general surface.

Now let d = 6. Namely, consider rank 2 ACM bundles on sextic surfaces. Because

pf(M) = myamss — myzmay + migmesz is homogeneous of degree 6,

deg(miz) + deg(mss) = deg(mys) + deg(may) = deg(mag) + deg(maz) = 6.

Because each off-diagonal m,; is of positive degree, and M is arranged in such a way that
the degrees decrease in each row from left to right and in each column from up to down, as

a result, degreewise the upper triangular portion of M must be one of the following:

Case One:

Case Two:




Case Three:

Case Four:

Case Five:

Case Six:

10




Case Seven:

Case Eight:

Case Nine:

Case Ten:

11




Case Eleven:

Case Twelve:

Case Thirteen:

Case Fourteen:
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1.3 Fourteen Cases

Recall that the minimal resolution of a four generated rank 2 ACM bundle & on a sextic

surface X is of the form

0— F = @?:lﬁp?»(ai) ﬂ) Fy = @?:lﬁlpﬁ(bi) — & — 0.

Moreover, F} = Fy/(e — d) where d = 6 and e = ¢;(&). We have arranged F; and Fj so that
a; > ap > az > ag and by > by > by > by. For our purpose without loss of generality, we
may assume e = 0 or e = —1, because ¢1(&(1)) = ¢1(&) + 2 and we are only interested in &

up to twist. We have

deg(mis) = by — ay, deg(masys) = by — ag, deg(miz2) + deg(msy) = 6.

So by + by — as — ay = 6. Because ao = —bs+ e —d and ag = —b; + ¢ — d, we get

Si_1bj —2e+2d=6= _1b; —2e¢+6=0. (%)

To each four generated rank 2 ACM bundle there is another rank 2 ACM bundle that is
also four generated. Specifically, if & is a four generated rank 2 ACM bundle on a degree d

hypersurface X with its minimal resolution

00— FL — Fy—& — 0,

13



by restricting on X we get

0—>éa<—d)—>pl:F1®ﬁx—>F0:F0®ﬁX—>@@—>O

Let & = im(F, — Fp) then ¢ is a rank 2 vector bundle on X. It is the cokernel of the

induced arrow g. In the diagram f is a defining polynomial of X.

Fo(—d)
-f

Fy

Fy

So

0 — Fy(—d) — F1 — Y — 0.

According to 1.2, ¢ is ACM. Do the same on ¢ and we end up with

0 — Fi(—d) — Fy(—d) — &(—d) — 0.

So up to twist & and ¢4 come in pairs. We say that & and ¢ are paired to each other.

Case One: by —ay =bs—ay = by —ay = b3 — a3 = by —az = by — as = 3, together with the

equations a; = —bs_; +e — d, we get a; = as = a3 = a4 and by = by = b3 = by. Now

plug into (%), we get 4by —2e +6 = 0. So e = —1 and b; = —2. So in this case the

14



minimal resolution of & is

0 — Ops(—5)* — Ops(—=2)* = & — 0. (1.1)

Case Two: bg—a4 = 4,()3-(14 = b4—(l4 = bg—ag = b4—a3 = 3,()4-&2 = 2, SO
as —1 =az = a4 and by — 1 = by = by. With the equations a; = —bs_; + ¢ — d we get
a; = ay and by = by. Plug into (x), we get 4by —2e +4 = 0. So e =0 and b = —1,

and the minimal resolution is

0= O0(—4)*® 0(-5)? = 0(-1)*® 0(-2)* = & — 0. (1.2)

Case Three: bg—a4:bg—a4:4,b4—a4:bg—a3:3,b4—a3:b4—a2:2. So
by = b3 =by + 1 and as = a3 = a4 + 1. With the equations a; = —b5_; + ¢ — d we get
by = by + 1 and a; = ag + 1. Plug into (%) and we get 4by —2e +6 = 0. So e = —1 and

by = —2, and the minimal resolution is

0= 0(—6)®O(-57200(—4)— O0(-1)d0O(-2*d0(-3) =& —0. (1.3)

Case Four: by —ay =b3—ay =by—ay, =4,b3—a3 =by— a3 =by —as = 2,80 by = b3 = by

and as = az = ay4 + 2. With the equations a; = —bs_; + ¢ — d we get a; = as and

by = by + 2. Plug into (x) and we get 4by —2e +8 = 0. So e = 0 and by = —2, and the

15



minimal resolution is

0= 0(—6)®O(-4)° = 0 0(-2)° = & — 0. (1.4)

Case Five: bg—a4 :bg—a4 :b3—a3 :4,b4—a4:b4—a3 :b4—CL2 :2, SO Qg = a3 = Qg4
and by = by = by + 2. With the equations a; = —b5_; + e — d we get a1 = as + 2 and
by = by. Plug into (x) and we get 4b; —2e +4 = 0. So e = 0 and by = —1, and the

minimal resolution is

0= 0(-5)P®0(-3) = 0(-1)P*0(-3) =& —0. (1.5)

Notice its pair is

0= O0(-12®0(-9) = 0(-5)?°D 0(-3) =9 — 0,

which up to twist by €(3) is the same short exact sequence as in Case Four. So Case

Five and Case Four are paired to each other.

Case Six: bg—a4 = 5,63—614 = b4—a4 = bg—CLg = b4—a3 = 3,b4—CL2 = 1, SO CL2—2 = a3z = a4
and by —2 = by = by. With the equations a; = —b5_; +e—d we get a; = ay and by = b,.
Plug into (%) and we get 4b; —2e +2 = 0. So e = —1 and b; = —1, and the minimal

resolution is

0— O(-4) ® 0(—6)> = O(-1)>® 0(-3)* = & — 0. (1.6)

16



Case Seven: by —ay = 5,03 —ay = 4,by —ay = bs —az = 3,by — a3 = 2,by —as = 1, so
as =a3+1=ay+ 2 and by = b3+ 1 = by + 2. With the equations b; = —as5_; + e — d
we get a; = ay + 1 and by = by + 1. Plug into (x) and we get 4b; —2e = 0. Soe =0
and b; = 0, and the minimal resolution is

0= O(=3)® O(—4) ® 6(—5) B &(—6)
(1.7)

-0 0(-1)®o0(-2)d0(-3) =& — 0.

Case Elght. bg — Q4 = 5,b3—(l4 = b4—a4 = 4,b3 — ag = b4 — as = 2,b4 — Q9 = ]_, SO
as =a3+1=ay+ 3 and by = b3+ 1 = by + 1. With the equations b; = —as_; + e — d
we get a; = ag and by = by + 2. Plug into (x) and we get 4b; —2e —2=10. So e = —1

and b; = 0 and the minimal resolution is

0= 0(-4)>200(-5)0(-7)—=0D0O(-2)d0(-3)*— & —0. (1.8)

Case Nine: bQ—(l4 = 5,b3—a4 = b3—a3 = 4,[)4-&4 = b4—(13 = 2,[)4-@2 = 1. So
as=a3+1=as+1and by =b3+1=0b,+ 3. Because b; = —as_; +e—d, a; = as + 2
and b; = by. Plug into (%) and we get 4b; —2e +2 =0, so e = —1 and b; = —1, and

the minimal resolution is

0= 0(=-3)®0(-5@®0(—6)? = 0(-1)2a0(-2)®d0(-4) - & —=0. (1.9

17



Notice its pair is

0= 07723 0(-8) @ 0(-10) = O(-3) ® O(=5) ® O(—6)> =4 — 0,

which up to twist by €'(3) is the same short exact sequence as in Case Eight. So Case

Nine and Case Eight are paired to each other.

Case Ten: bQ—CL4 = b3—a4 = 5, b4—a4 = bg—a,g = 3, b4—(13 = b4—a2 = 1, SO g = a3 = a4+2
and by = by = by + 2. With the equations a; = —bs_; + e — d we get a; = ay + 2 and
by = by + 2. Plug into (x), we get 4b; —2e —2 = 0. So e = —1 and b; = 0, and the

minimal resolution is

0= 0(=3)BO(-5PDO(-T)— O®O(-2*D0(-4) = & — 0. (1.10)

Case Eleven: by —ay = by —ay = 5,by —ay = 4,b3 — a3 = 2,by — a3 = by —as = 1, so
as = az = a4+ 3 and by = by = by + 1. With the equations a; = —b5_; + e — d we get
a; = as + 1 and by = by + 3. Plug into (%), we get 4by —2e —4 = 0. So e = 0 and

b1 = 1, and the minimal resolution is

0= 0(-3)d0(-4)*®0(-7) = O01)d O(-2)*® O(-3) - & — 0.  (1.11)

Case Twelve: bg—a4 = b3—a4 = b4—a4 = 5,b3—a3 = b4—a3 = b4—(1,2 = 1, SO
as = ag = a4 + 4 and by = bg = by. With the equations a; = —b5_; + e — d we get

a; = ag and by = by + 4. Plug into (%), we get 4by —2e —6 =0. Soe = —1 and b = 1,

18



and the minimal resolution is

0—=0(-4)Pa0(-8) = 0(1)d0(-3)> =& — 0. (1.12)

Case Thirteen: b2-(14 = b3-(l4 = 5,b4—a4 = 2,()3-@3 :4,b4—a3 :b4—a2 = 1, SO
as = az = ag + 1 and by = by = by + 3. With the equations a; = —bs_; + ¢ — d we get
a; = ay + 3 and by = by + 1. Plug into (%), we get 4b; —2e = 0. So e = 0 and b; = 0,

and the minimal resolution is

0= 0(-2)00(-5)2®0(—6) = 0d0(-1)2d0(—4) = & — 0. (1.13)

Notice its pair is

0— O0(—6)D O(=7)® 0(—10) = O(-2)® O(-5)*® O(—6) =4 — 0,

which up to twist by €/(3) is the same short exact sequence as in Case Eleven. So Case

Thirteen and Case Eleven are paired to each other.

Case Fourteen: b, —ay = b3 —ay = b3 —a3 = 5,by —ay = by —a3 = by —ay = 1, so
as = ag = a4 and by = by = by + 4. With the equations a; = —b5_; + e — d we get
a; = as+4 and by = by. Plug into (), we get 4b; —2e+2 =0. Soe = —1 and b; = —1,

and the minimal resolution is

0= O0(-2)® O0(—6)° = O(-1)°® O(-5) - & — 0. (1.14)
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Notice its pair is

0= O(=72@0(-11) = 0(=2)® O(—6)> - 4 — 0,

which up to twist by €'(3) is the same short exact sequence as in Case Twelve. So Case

Fourteen and Case Twelve are paired to each other.
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Chapter 2

Existence 1n Fourteen Cases

In this chapter we prove for each of the 14 cases, there is an indecomposable rank 2 ACM
bundle belonging to that case on a general sextic surface.

Let a>b>c>d>e> f be fixed positive integers such that
a+f=b+te=c+d=6.

Below we cite a result in [10]. Let Fy. s denote the Hilbert flag scheme parameterizing all
inclusions Y € X C P? where X is a hypersurface of degree 6 and Y is a zero dimensional
complete intersection subvariety which is cut out by three hypersurfaces of degree d, e, f.
Let Hg denote the Hilbert scheme of all degree 6 hypersurfaces in P?. Let H,. ¢ denote the
Hilbert scheme of all zero dimensional subvariety in P* with the same Hilbert polynomial

as the complete intersection of three hypersurfaces of degree d,e, f. Corresponding to the
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projections

D2
Faef — Hae,r
D1

H

the induced morphisms between Zariski tangent spaces are described below. Namely, if T is

the tangent space at the point Y < X C P?in Fie s, then

is a Cartesian diagram of vector spaces.
Each of the 14 cases is determined by a specific (a,b, ¢, d, e, f). To show a general sextic
surface supports an indecomposable rank 2 ACM bundle belonging to a specific case, it is

equivalent to showing the map

h:{(A,B,C,D,E,F) EC[x07xl7x2’x3]6:deg<A) :CL?"'adeg(F) :f}

—)7‘[6

sending (A, B,C, D, E, F) to the point Z(AF — BE + CD) is dominant. Because there is a

rational dominant map from

{(AvBa07D>E7F) S C[x07$17x2ax3]6 : deg(A) :a7'-'7deg(F) = f}
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to Fue s sending (A, B,C,D,E,F) to

Z(D,E,F) C 2(AF — BE +CD) C P®,

to show h is dominant, it suffices to show p; is dominant. So it suffices to find a point
Y C X C P in Fy. s such that p; : T — H°(X, Nyp) is onto. The commutative diagram
above is a Cartesian diagram of vector spaces, so p; is onto if im(5) C im(«).

When Y = Z(D,E,F) and X = Z(AF — BE + CD), «a is described as

o HOY, 0y (d) @ Oy (e) ® O (f) —— s HO(Y, 6 (6))

sending (z,y, z) to zC — yB + zA. So

im(a) D {degree 6 homogeneous polynomials in (A, B,C, D, E, F)}.

Meanwhile,

HOGEDS, ﬁp3(6)) — HO(X, ﬁX(6)) = HO(X,N)(/P)
is onto, so

im(B3) = im (H°(P?, Ops(6)) — H'(Y, Oy (6))) .
Namely,

im(f3) = {degree 6 homogeneous polynomials in C[zg, x1, 2, 23]}

If every degree 6 monomial in Clxg, 1, 29, 23] is in (A, B,C, D, E, F'), then im(f) C im(«).
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So to show p; is dominant, it suffices to find a specific (A, B, C, D, E, F') with the properties
that AF — BE+CD # 0, D, E, F form a regular sequence and every degree 6 monomial is

in (A, B,C,D,E,F).

Proposition 2.1 (Case One). A general sextic surface X can be realized as the zero variety

associated to the Pfaffian of M : Ops(—5)* — Ops(—2)*.

Proof. Case One is determined bya =b=c=d =e = f = 3. According to the previous dis-
cussion, it suffices to find a specific (A, B, C, D, E, F) such that AF —BE+CD #0, D,E, F

form a regular sequence and every degree 6 monomial is in the ideal (A, B,C, D, E, F'). Pick

3 2 2 3.3 .3
I = (A B,C,D,E,F) = (v3, 110223, 3571 + T5T3, T3, To, T3).

First of all, AF — BE + CD = zlz] + xix3xs — xixmixwexs + xx3 # 0. Next, 3, 23, 23

form a regular sequence. Finally, every degree 6 monomial can be written as z}zjz5z}. If

max(i, j, k,1) > 3, then zixiabzl € (23, 23, 23 23) C I. If min(j, k,1) > 1, then z}zizkzl €

(r17923) C I. Degree 6 monomials that meet neither of these two criteria are r3x3z3, x3riz?, v2irix?.

2.2.2_ (2 2 2 4
ToT Ty = (xoxl + x2x3) T1T5 — T1T5x3 € 1,

2,22 _ (2 2 2 2.3
THTITE = (xoscl + a:2:c3) T1T5 — 217505 € 1,

2.2.2_ 2 2 2 4
ToTyTs = Tols (xoxl + :U29c3) — Tor1x3 € I,

so every degree 6 monomial is in (A, B,C, D, E, F). This proves the proposition. In 5.1 we

provide another proof. O

Proposition 2.2 (Case Two). If X is a general sextic surface in 3, then there is a skew-
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symmetric matriz M : Ops(—4)* @ Ops(—5)* — Ops(—1)* & Ops(—2)* such that pf(M) is a
defining polynomial of X .
Proof. Case Two is determined by a = 4,b=c=d = e = 3, f = 2. According to the previous

discussion, it suffices to find a specific (A, B,C, D, E, F') such that AF — BE + CD # 0,

D, E| F form a regular sequence and every degree 6 monomial is in (A, B,C, D, E, F'). Pick

2 2 3.3 3 3
I=(AB,C,D,E,F) = (z5x] + xox1223, Ty, T3, Ty, T, T2X3).

First of all, AF — BE + CD = z21?xox3 + vor 0303 — 2323 + w323 # 0. Next, 23, 23, vox3

form a regular sequence. Finally, every degree 6 monomial can be written as ziz]xbzl. If

max (i, j,k,1) > 3 or min(k,l) > 1, then zizizkz} € I. Degree 6 monomials that meet

neither of these two criteria are z2z2x3, 222323,

2,22 2,2 2 3

rarirs = (xgx% + xoxlxgxg) T3 — LT 797y € I,
so every degree 6 monomial is in (A, B,C, D, E, F). This proves the proposition. In 5.2 we
provide another proof. O

Proposition 2.3 (Case Three). If X is a general sextic surface in P2, then there is a skew-

symmetric matrix

M:0(—6)® O(=5)*® O(—4) = O(—1) @ O(—2)* ® 0(-3)

such that pf(M) is a defining polynomial of X.
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Proof. Case Three is determined by a = b = 4,c =d = 3,e = f = 2. It suffices to find a
specific (A, B,C, D, E, F) such that AF' — BE+ CD # 0, D, E, F form a regular sequence

and every degree 6 monomial is in (A, B,C, D, E, F). Pick

I=(AB,C,D,E,F) = (0, vox17273, T3, 73, 73, T3).

First of all, AF — BE + CD = —xoria3xs + z323 # 0. Next, 23,23, 22 form a regular
sequence. Finally, every degree 6 monomial can be written as %x{x’;xé If max(i,j) > 3 or
max(k, 1) > 2, then aiz]zkal € (23,23, 22, 22) € I. The only monomial that meets neither

of these criteria is z2r2xox3. But 23222913 € (zox12923) C I, s0 every degree 6 monomial is

in (A, B,C,D, E, F). This proves the proposition. In 5.3 we provide another proof. ]

Proposition 2.4 (Case Four). If X is a general sextic surface in P2, then there is a skew-

symmetric matrix

M:0(—6)® 0(—4)* - 0 ® 0(—2)*
such that pf(M) is a defining polynomial of X.

Proof. Case Four is determined by a =b=c=4,d=e = f = 2. Step 1: If ) = 0 defines
a general quintic curve and S = 0 defines a general sextic curve both in P2, there exist
homogeneous degree 2 polynomials P;, P, € Clxg, z1, xs] such that Q,S € (P, P»). This is
because () and S intersect at 30 distinct points transversely; as Noether’s theorem says that
if ' and G in P? of degrees f and g intersect transversely at fg distinct points and if H in
P? passes through all fg points, then H € (F,G). Then because 5 points in general position

determine a conic, taking 4 points out of the 30 intersection points by @) and S, there is an
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at least 1-dimensional family of conics passing through those 4 points; in particular, take
two different conics P; and P,. According to Noether’s theorem, @, S € (Py, P»).

Step 2: A defining polynomial of X can be written as

ax§ + 1ol + pas + cxs + qvi + Qrs + S

where a,l,p,c,q,Q,S € Clxg,x1,25]. If X is general, then both @) and S are general.

According to Step 1, there are Pj, P, such that

Q =aP +pP,S =P +0PFs.

So
az$ + lzy + pas + cxi + qrs + Qs + S
=z2(axs + 123 + pri 4+ cos + q) + Pi(axs + ) + Py(Bas + 6).
This proves the proposition. ]

Proposition 2.5 (Case Five). If X is a general sextic surface in P?, then there is a skew-

symmetric matrix

M:O0(=5°@® 0(-3) = 0(—1)* D 0(-3)

such that pf(M) is a defining polynomial of X.

Proof. Case Five is determined by a = b =d = 4,c = e = f = 2. Because Case Five and
Case Four are paired to each other, if there is an indecomposable rank 2 ACM bundle of Case
Four on a sextic surface, there is one of Case Five on that surface. Thus this proposition is
equivalent to 2.4. O
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Proposition 2.6 (Case Six). If X is a general sextic surface in P3, then there is a skew-

symmetric matrix

M:0(-4)*® 0(—6)* = O(—1)* @ O(-3)?
such that pf(M) is a defining polynomial of X.

Proof. Case Six is determined by a = 5,b = ¢ =d = e = 3, f = 1. It suffices to find a
specific (A, B,C, D, E, F) such that AF' — BE+ CD # 0, D, E, F form a regular sequence

and every degree 6 monomial is in (A, B,C, D, E, F). Pick

I = (A B,C,D,E,F) = (v 2573, x5, x5, 23, % x0).

First of all, AF — BE + CD = wouix3z — a3z} + 323 # 0. Next, 23,23, 20 form a
regular sequence. Finally, every degree 6 monomial can be written as xéx{xéxé Ifve>1or

max(j, k,1) > 3, then zi2l bzl € (w0, 23,23, 23) C I. The only monomial that meets neither

of these criteria is zx3z3. But ziz3z; € (z12325) C I, so every degree 6 monomial is in

(A,B,C, D, E, F). This proves the proposition. In 5.4 we provide another proof. ]

Proposition 2.7 (Case Seven). If X is a general sextic surface in P3, then there is a skew-
symmetric matriv M : 0(=3) & O(—4) @ O(=5)® O(—6) - O d O(—1)® O(—2) & O(—3)

such that pf(M) is a defining polynomial of X.

Proof. Case Seven is determined by a =5,b=4,c=d =3,e =2, f = 1. It suffices to find a

specific (A, B,C, D, E, F') such that AF' — BE + CD # 0, D, E, F form a regular sequence
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and every degree 6 monomial is in (A, B,C, D, E, F'). Pick

I=(AB,C,D,E,F)= (00,23 2% 23 x,).

First of all, AF — BE + CD = x3x} # 0. Next, x3, 23 x, form a regular sequence. Finally
every degree 6 monomial can be written as ziz]z524. If max(i,j) >3 or k> 1orl > 2,
then ziz]akrl € (23,23, 25,23) C I. Every degree 6 monomial satisfy the criteria above,

so every degree 6 monomial is in (A, B,C, D, E, F'). This proves the proposition. In 5.5 we

provide another proof. O

Proposition 2.8 (Case Eight). If X is a general sextic surface in P3, then there is a skew-
symmetric matriz M : O(—4)>® O(=5)® O(=7) — O ® O(—2) ® O(—3)* such that pf(M)

1s a defining polynomaial of X.

Proof. Case Eight is determined by a =5, =c=4,d =e =2, f = 1. A defining polynomial

of X can be written as

axs + o5 + pas + cxd + qvd + Qus + S

where a,l,p,c,q,Q,S € Clxg,x1,25]. If X is general, then both @) and S are general.

According to 2.4 Step 1, there are P;, P, such that

QZQP1+5P2,S:7P1+(SP2.
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So
axs + 1o + pas + cxd + qvd + Qus + S

:933:173(&:17;’: + l:vg + p:v% + cxs+ q) + Pi(axs +7) + Py(Bxs +9).

This proves the proposition. O

Proposition 2.9 (Case Nine). If X is a general sextic surface in 3, then there is a skew-
symmetric matriz M : 0(=3) & O(—5) & O(—6)* — O(—1)* @& O(—2) & O(—4) such that

pf(M) is a defining polynomial of X .

Proof. Case Nine is determined by a = 5,06 =d =4,c = e = 2, f = 1. Because Case Nine
and Case Eight are paired to each other, if there is an indecomposable rank 2 ACM bundle
of Case Eight on a sextic surface, there is one of Case Nine on that surface. Thus this

proposition is equivalent to 2.8. ]

Proposition 2.10 (Case Ten). If X is a general sextic surface in P2, then there is a skew-
symmetric matriz M : O(—=3) ® O(=5)*>® O(=7) — O & O(—2)* ® O(—4) such that pf(M)

1s a defining polynomial of X .

Proof. Case Ten is determined by a =b=5,c =d = 3,e = f = 1. The defining polynomial

of a sextic surface can be written as

6 5 4 3 2
ApTs + a1x5 + a3 + a3xry + asx3 + asTs + ag,

where ay, ..., ag € Clxg, 21, x2]. ag can be written as

ag = boﬂfg + bll'g + bgl';l + bgl'g + b4$§ + b5$2 + bg,
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where by, ..., bg € C[xg, x1]. b, being homogeneous of degree 6, splits as a product of 6 linear

polynomials. So

aoxg + alfcg + a2x§ + aga:g =+ a4x§ + asxr3 + ag
=x3(aox) + a125 + asrs + asrs + asxs + as)
+$2(b0$g + bﬂ% + bzﬁg + b:ﬂ% + byxo + bs) + bg
and bg can be expressed as a product of two polynomials of degree 3 each. This proves the

proposition. O

Proposition 2.11 (Case Eleven). If X is a general sextic surface in P3, then there is a
skew-symmetric matriv M : O(=3)® O(—4)?*® O(=7) — O(1)® O(—2)*> ® O(-3) such that

pf(M) is a defining polynomial of X.

Proof. Case Eleven is determined by a = b =5,¢c =4,d = 2,e = f = 1. The same proof as

in 2.10.

aoxg + alxg + a2x§ + agmg + a4x§ + asr3 + ag
=x3(apr5 + a125 + s + azri + asrs + as)
+29(boy + b1y + bty + b33 + byxa + bs) + be.
bg can be expressed as a product of a polynomials of degree 2 and a polynomial of degree 4.

This proves the proposition. O

Proposition 2.12 (Case Twelve). If X is a general sextic surface in P3, then there is a skew-
symmetric matriz M : 0(—4)3 & 0(—8) — O(1) & O(—3)3 such that pf(M) is a defining

polynomial of X.

Proof. Case Twelve is determined by a = b =c =5,d = e = f = 1. The same proof as in
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2.10.

ao:zzg + alxg + aQ:Lé + agxg + a4x§ + asxs + ag
=x3(aox) + a175 + axrs + asrs + asxs + as)
+35(boxs + byxy + baw + b3l + baza + bs) + bs.
bs can be expressed as a product of a polynomials of degree 1 and a polynomial of degree 5.

This proves the proposition. O]

Proposition 2.13 (Case Thirteen). If X is a general sextic surface in P32, then there is a
skew-symmetric matric M : 0(=2) ® O(=5)*> ® O(—6) — O ® O(—1)*> ® O(—4) such that

pf(M) is a defining polynomial of X.

Proof. Case Thirteen is determined by a = b = 5,¢ = 2,d = 4,e = f = 1. Because Case
Thirteen and Case Eleven are paired to each other, if there is an indecomposable rank 2 ACM
bundle of Case Eleven on a sextic surface, there is one of Case Thirteen on that surface.

Thus this proposition is equivalent to 2.11. O

Proposition 2.14 (Case Fourteen). If X is a general sextic surface in P, then there is
a skew-symmetric matriz M : O(—2) & 0(—6)> — O(—1)> @ O(—5) such that pf(M) is a

defining polynomial of X .

Proof. Case Fourteen is determined by a = b=d =5,¢c = e = f = 1. Because Case Fourteen
and Case Twelve are paired to each other, if there is an indecomposable rank 2 ACM bundle
of Case Twelve on a sextic surface, there is one of Case Fourteen on that surface. Thus this

proposition is equivalent to 2.12. ]
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Chapter 3

Dimension Calculation in Fourteen Cases

In this chapter we compute for each of the fourteen cases, the dimension of the moduli space

of indecomposable rank 2 ACM bundles belonging to that case on a general sextic surface.

Proposition 3.1 ([13]). Let U denote the open subset of all skew-symmetric minimal maps
Fy(e —d) M, Fy, where each point in U determines a rank 2 ACM bundle & on a general
hypersurface X C P of degree d. The group Aut(Fy) acts on U by (P, M) — PMP". Then

the map from U/Aut(Fy) to the set of isomorphism classes of pairs (X, &) is bijective.

Proposition 3.2 ([13]). Under the action of Aut(Fy) on U by (P, M) — PMP?, the sta-
bilizer of M € U 1is the subgroup stab(&)y;) with two connected components corresponding
to £Idg,. The component stab®(&y) containing Idg, is described below: when &y is stable,

stab’ (&) is

{IdFo + MT T E I‘IOHl(}TO7 F1>,T — 7'\/ — TMTV — TVMT};
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when &y is unstable, stab’ (&) is

{IdFO +gS+MT:

g € HY(P", Opn(2a, —€)),7 € Hom(Fy, Fy),7 — 7 = 7M71" =7V M7}.

Here S is predetermined, e = ¢1(En), Fo = ®;Opn(a;) with ay > ag > . ...
Remark 3.3. Let & be an indecomposable rank 2 ACM bundle on a hypersurface X C P".
If ¢;(&) =0 or —1, then & is stable if and only if H°(X,&) = 0.

According to 3.1 and 3.2, for each case, the set of isomorphism classes of pairs (X, &)

is in one-to-one correspondence with the set of orbits U/Aut(Fp). So the dimension of

isomorphism classes of pairs (X, &) is

dp := dim(U) — dim(Aut(Fp)) + dim(stab(&y)).

Because the space of sextic surfaces is isomorphic to P®3, on a general sextic surface, the

dimension of indecomposable rank 2 ACM bundles belonging to that case is dp — 83.

Case One: The space of skew-symmetric matrices

Fy = Ops(—5)* 25 Fy = Ops(—2)*

is isomorphic to C'?°. U is an open subset. Aut(Fp) is isomorphic to GL(4, C), which is
of dimension 16. In this case H°(X, &) = 0, so & is stable. Because Hom(Fy, F}) = 0,
stab(&)) is zero dimensional. So dp = 120—16+0 = 104 and on a general sextic surface,
the dimension of indecomposable rank 2 ACM bundles of Case One is dp — 83 = 21.

34



Case Two: The space of skew-symmetric matrices

Fy = Ops(—4)? ® Ops(—5)* 25 Fy = Ops(—1)> @ Ops(—2)?

is isomorphic to C'*°. U is an open subset. Aut(Fp) is of dimension 24. In this case
H°(X,&) = 0, so & is stable. Because Hom(Fy, F;) = 0, stab(&y) is zero dimen-
sional. So dp = 125 — 24 4 0 = 101 and on a general sextic surface, the dimension of

indecomposable rank 2 ACM bundles of Case Two is dp — 83 = 18.

Case Three: The space of skew-symmetric matrices

Fy = 0(—6) & 0(-5) & 0(—4) = 0(-1) & 0(-2)* & 0(-3)

is isomorphic to C'°. U is an open subset. Aut(Fp) is of dimension 32. In this case
H°(X,&) = 0, so & is stable. Because Hom(Fy, Fy) = 0, stab(&y) is zero dimen-
sional. So dp = 130 — 32 + 0 = 98 and on a general sextic surface, the dimension of

indecomposable rank 2 ACM bundles of Case Three is dp — 83 = 15.

Case Four: The space of skew-symmetric matrices

F=0-6)a0(-4)° % F =0 0(-2)>

is isomorphic to C'¥°. U is an open subset. Aut(Fp) is of dimension 40. In this case
H(X,&) # 0, so & is unstable. Because H°(P3, 0 (2a; — ¢)) = H°(P3,0) = 1 and

Hom(Fy, F1) = 0, stab(&)y) is one dimensional. So dp = 135 — 40+ 1 = 96 and on a
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general sextic surface, the dimension of indecomposable rank 2 ACM bundles of Case

Four is dp — 83 = 13.

Case Five: Case Five and Case Four are paired to each other, so on a general sextic surface,

the dimension of indecomposable rank 2 ACM bundles of Case Five is 13.

Case Six: The space of skew-symmetric matrices

Fy = 0(=4)? @ 0(—6)* 5 Fy = 0(—1)* & 0(-3)?

is isomorphic to C'°. U is an open subset. Aut(Fp) is of dimension 48. In this case
H°(X,&) = 0, so & is stable. Because Hom(Fp, F;) = 0, stab(&y) is zero dimen-
sional. So dp = 140 — 48 + 0 = 92 and on a general sextic surface, the dimension of

indecomposable rank 2 ACM bundles of Case Six is dp — 83 = 9.

Case Seven: The space of skew-symmetric matrices

Fi = 0(-3)® 0(—4) ® 6(~5) ® 6(—6)

M FR=000(-1)®0(-2)® 0(-3)

is isomorphic to C'5. U is an open subset. Aut(Fp) is of dimension 56. In this case
H°(X,&) # 0, so & is unstable. Let us compute stab(&y,), namely, the stabilizers of

M in G := Aut(Fp).
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P is of the form

cgc 0 0 O
]{71 Co 0 0
j
@1 k2 cg O
t q k3 ca

where c1, ...,cq € C, k1, ko, k3 are of degrees 1, ¢1, go are of degrees 2 and t is of degree

3. M is of the form

—q —s2 0 y

—s1 —p —y 0
where £ is of degree 5, ¢ is of degree 4, s1, 5o are of degrees 3, p is of degree 2 and y is

of degree 1. And there is a short exact sequence of groups

( )
1 0 0 O
kk 1 0 0
1 =N = —
¢ ke 1 0
t q2 ]{3 1
\ W
)
cgc 0 0 O
0 co 0 O
G —H = — 1.
0 0 g O
0 0 0 ¢4
\ J
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First of all let us look at the stabilizers of M in N. Let

1 0 0 O
kk 1 0 O
n = ,
¢ ke 1 0
t q2 k’g 1
then
0 = 22 s1+kip+ quy
. * 0 53— ey + ks(p + kay) P+ kay
n'Mn =
* ok 0 Y
* % * 0
where
21 =k — q152 — pt + @a(k1ip + s1+ q1y) + ka(q + k152 — ty),
2o = q+ k152 — ty + ks(kip + s1 + q1y).
So

n'Mn=M=>p+kyy=p=ky=0.

n'Mn=M = s, +kip+qy =5 = kip+ qy=0.

Because ged(p,y) = 1, kip + q1y = 0 implies that ¢; € (p). So there is some d; € C

such that ¢; = dip, and k; = —dyy.

n'Mn = M = sy — @y + k3(p + kay) = 5o = ksp — qoy = 0.
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Again ged(p,y) = 1, so g2 € (p) and go = dap for some dy € C, and k3 = day.

n'Mn =M= 2o = q+ k159 — ty + k3s1 = q
> <—d1$2 +d2$1 — t)y =0

=t = dQSl — dlsg.
Given the previous, z; = k. So the stabilizers of M in N are two dimensional and are
parametrized by (dy, ds).

Next let us look at the stabilizers of M in G. Because G is the internal semidirect
product of N by H, each x € GG has a unique expression x = nh where n € N and

he H. x*Mz = M becomes

h'n*Mnh = M <= n'Mn = (h"')'Mh~".

So we seek pairs (n, h) such that n'Mn = h*Mh. n*Mn was calculated above. On the

other hand, let

cc 0 0 O
0 Co 0 0
h = ,
0 0 c3 O
0 0 0 «
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then

0 c1c0k C1C3q  C1C481
—c102k 0 CoC3S9  CoCyP
hMh =
—C1C3q  —C2C3S2 0 C3C4Y
—c16481  —ecap  —czcy 0

So ntMn = htMh implies that

Y = C3CqYy = C3¢4 = 1,
P+ Koy = cocap = cocq = 1,
s1+kip+qy = cicasy => cieqa = 1,

So — @2y + kgp = (C9C3S89 == CaoC3 = 1.

The above imply that ¢4 = +1 and h = £1. So n'Mn = h*Mh = n*Mn = M. Since
the stabilizers of M in N have been calculated to form a 2 dimensional vector space,

we know the stabilizers of M in G are also 2 dimensional.

So dp = 145 — 56 + 2 = 91 and on a general sextic surface, the dimension of indecom-

posable rank 2 ACM bundles of Case Seven is dp — 83 = 8.

Case Eight: The space of skew-symmetric matrices

F=0(-1)a0(-5)ao(-1)L F =00 0(-2) @ 0(-3)

is isomorphic to C'°. U is an open subset. Aut(Fp) is of dimension 64. In this case

H°(X,&) # 0, so & is unstable. Because H°(P?, 0'(2a; —e)) = H°(P3, 0(1)) = 4, and
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Hom(Fy, F1) = 0, stab(&)y) is four dimensional. So dp = 150 — 64 + 4 = 90 and on a
general sextic surface, the dimension of indecomposable rank 2 ACM bundles of Case

Eight is dp — 83 =T7.

Case Nine: Case Nine and Case Eight are paired to each other, so on a general sextic

surface, the dimension of indecomposable rank 2 ACM bundles of Case Nine is 7.

Case Ten: The space of skew-symmetric matrices

F=0(-3)a0(-52a0(-1) L Fy=000(-2)°a 0(-4)

is isomorphic to C'%°. U is an open subset. Aut(Fp) is of dimension 81. In this case
H°(X,&) # 0, so & is unstable. Let us compute stab(&),), namely, the stabilizers of
M in G := Aut(Fp).

P is of the form

cgc 0 0 O
poc oz 0

p2 ¢4 ¢5 O

q D3 DPa Ce

where ¢1,...,c6 € C, p1,...,ps are of degrees 2 and ¢ is of degree 4. M is of the form

-y 0t L

—y2 —ta 0 Iy

—tl —ll —lg 0
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where 1, yo are of degrees 5, t1,t, are of degrees 3 and [y, [, are linear. And there is a

short exact sequence of groups

1 0 0 O
P1 1 0 0
1—N:= —
pp 0 1 0
q p3 pa 1
\ y,
4 )
cc 0 0 O
0 Cy Cs3 0
G —H = — 1.
0 Cy Cy 0
0 0 0 ¢

First of all let’s look at the stabilizers of M in N. Let

1 0 0 O
P1 1 0 0
Non= ,
p 0 1 0
q p3 ps 1
then
0 Z1 Z9 llpl —|— lgpg + tl
0 —lops + lips +to l
n'Mn = )
* 0 ly
* * 0
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where

z1 =1y — lig — pata + ps(lipr + lapa + t1),

2y = Yo — log + prta + pa(lipr + lops + t1).
So

n'Mn =M = lip1 + lops +t1 = t1 => lip1 + laps = 0.

Because ged(ly,l3) = 1 and (1y) is prime,

hpr +lops =0 = laps € (I1) = p2 € (h).

So there is some ¢; of degree 1 such that ps = g11;. So py = —g1ls.

n*Mn =M = —lops + lips + t2 = to = lips — laps = 0.

For the same reason as above, there is some g of degree 1 such that p; = g¢ol; and

Pa = gala. Next,

n'Mn =M = 2 =15
= —laq + pit2 + pa(lipr + lap2 + 1) = 0
—> —qla + prta + pat1 =0
= ¢ = gat1 — gila.

Finally, given what we have already deduced, z; = y;. So the stabilizers of M in N

form an 8 dimensional vector space and is parametrized by g; and gs.
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Next let us look at the stabilizers of M in G. Because G is the internal semidirect

product of N by H, each x € G has a unique expression x = nh where n € N and

he H. x*Mz = M becomes

h'n'Mnh = M <= n'Mn = (h"')'Mh~".

So we seek pairs (n, h) such that n'Mn = h*Mh. n*Mn was calculated above. On the

other hand, let

cc 0 0 O
0 Cy C3 0
h = ,
0 Cq4 Cy 0
0 0 0 c
then
0 ci(cayr +cayz) crlesyr + csyo) c1¢6t1
* 0 (0205 - CgC4)t2 CG(Czll + C4l2)
h'Mh =
*x * 0 CG(Cgll + C5l2>
* * * 0
So

n‘Mn = htMh = Iy = C6(Cgl1 + C5l2) — C5Cg = 1, cscg = 0.

n'Mn = h'Mh — [ = C6(02l1 + C4l2) = cocg = 1, c4c = 0.
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It follows that ¢3 = ¢4, = 0.

n'Mn = h'Mh = lip; + lops + 1 = cicet1 = c1c6 = 1.

n'Mn = h'Mh = —lops + l1ps + t2 = (cac5 — c3¢4)ts = coc5 = 1.

The above equations hold because t1,ta ¢ (l1,ls). c5¢6 = cacg = c1¢6 = cocs = 1
together imply that h = £1. So n'Mn = WWMh = h = £I,n'Mn = M. As the
stabilizers of M in N have been calculated to form an 8 dimensional vector space, we

conclude that the stabilizers of M in G are also 8 dimensional.

So dp = 160 — 81 + 8 = 87 and on a general sextic surface, the dimension of indecom-

posable rank 2 ACM bundles of Case Ten is dp — 83 = 4.

Case Eleven: The space of skew-symmetric matrices

FL=0(-3)®0(-4)*® 0(-7)

is isomorphic to C'%°. U is an open subset. Aut(Fp) is of dimension 89. In this case

H°(X,&) # 0, so & is unstable. Let us compute stab(&),), namely, the stabilizers of

M in G := Aut(Fp).

P is of the form

C1

51

45

M R=001)®0(-2)

C2

Cy

C3

Cs

Ce

2@ 0(-3)




where ¢y, ...,cg € C, k1, ko are linear, tq,ts are of degrees 3 and ¢ is of degree 4. M is

of the form

-5 0 v L

—Y2 —U 0 l2

where yy, 92 are of degrees 5, u is of degree 4, v is of degree 2, ly,ls are linear.

there is a short exact sequence of groups

1 0 0 O
t7v 1 0 O
1 =N := —
ta 0 1 O
q ki ko 1
\ J
( )
cgc 0 0 O
0 Cy C3 0
G —H = — 1.
0 Cy Cy 0
0 0 0 c

First of all let us look at the stabilizers of M in N. Let

1 0 0 O

t7 1 0 0
N>n= ,

ta 0 1 O

q ki ko 1

And



then

0 21 29 lltl + thQ +u

X 0 llk'g — l2k1 “+ v ll
n'Mn =

% 0 Iy

* ok * 0

where

21 = —llq + kl (lltl + lgtg + U) — tQU + Y1,
29 = —lgq + k’z(lltl + l2t2 + U) + tl’U + Ya.
So

n'Mn =M = lit; + loty + u = u = l1t; + loty = 0.

As ged(ly, 1) = 1 and ({) is prime,

lit1 + oty = 0 = lyty € (ll) — 1y € (ll)

So there is some g; of degree 2 such that to = g1l1. So t; = —g1ls.

ntMn:Mjlle—lzk1+U:U:>llkg—lgkl =0.

For the same reason as above, there is some d; € C such that ky = dql; and ko = dqls.
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Next,

n'Mn =M = 2z =y,
= —lyq + ko(lity + lats +u) + 1o =0
= —lyq+ kou+tiv=0
= q = diu — g1v.
Finally given what we have already deduced, z; = y;. So the stabilizers of M in N

form an 11 dimensional vector space and is parametrized by ¢; and d;.

Next let us look at the stabilizers of M in GG. Because G is the internal semidirect

product of N by H, each x € GG has a unique expression x = nh where n € N and

he H. x*Mx = M becomes

h'n'Mnh =M < n'Mn = (h~")'Mh™".

So we seek pairs (n, h) such that n'Mn = h'Mh. n*Mn was calculated above. On the

other hand, let

cac 0 0 O
002630

OC4C50
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then

0 ci(cays + caya) cresys + csya) C1CeU

* 0 (0205 - 6304)1} CG(Cgll + C4l2)
h'Mh =

* * 0 CG(Cgll + C5l2)

* * * 0

So

n'Mn =h'Mh = Iy = C6(63l1 + C5l2) = c5c = 1,c3¢6 = 0.

n'Mn = h'Mh — [ = C6(02l1 + C4l2) = cocg = 1,c4c6 = 0.

It follows that ¢3 = ¢4 = 0.

n'Mn =h'Mh = u = cicgt = ci1cg = 1.

n‘Mn = h'Mh == liky — ki +v = (0205 — C3€4)'U = Coc5 = 1.

The last equation holds because v & (I1,13). ¢5c6 = cacg = c1c6 = cacs = 1 together
imply that h = 1. So n'Mn = h*Mh = h = £I,n'Mn = M. As the stabilizers
of M in N have been calculated to form an 11 dimensional vector space, we conclude

that the stabilizers of M in G are also 11 dimensional.

So dp = 165 — 89+ 11 = 87 and on a general sextic surface, the dimension of indecom-

posable rank 2 ACM bundles of Case Eleven is dp — 83 = 4.

Case Twelve: The space of skew-symmetric matrices

F=0-1)®0(-8) % Fy=0(1) & 0(—3)
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is isomorphic to C!®. U is an open subset. Aut(F}) is of dimension 115. In this case
H°(X,&) # 0, so & is unstable. Because H°(P? 0(2a; — e)) = H(P?, 0(3)) = 20,
and Hom(Fy, F}) = 0, stab(&)y) is twenty dimensional. So dp = 180 — 115 4 20 = 85
and on a general sextic surface, the dimension of indecomposable rank 2 ACM bundles

of Case Twelve is dp — 83 = 2.

Case Thirteen: Case Thirteen and Case Eleven are paired to each other, so on a general
sextic surface, the dimension of indecomposable rank 2 ACM bundles of Case Thirteen

is 4.

Case Fourteen: Case Fourteen and Case Twelve are paired to each other, so on a general
sextic surface, the dimension of indecomposable rank 2 ACM bundles of Case Fourteen

is 2.
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Chapter 4

Rank 2 ACM Bundles on Quartic

Surfaces

Let us apply the same machinery to study four generated indecomposable rank 2 ACM
bundles on a general quartic surface. We compute in this chapter the dimension of the

moduli space as we did on a general sextic surface. Here is a summary.

Case Minimal Resolution
One Ops(—3)4 2y Gpa(—1)*
Two 0(=32®0(-4 L o(-1)2 @ 0(-2)?

Three | 0(—4) ® O(=3)*® 0(-2) 25 0 & 6(-1)2 & 6(-2)
Four o(=5) @ 0(-33 % 0@ 0(—2)3

Five o143 @ 0(-2) L o(—-172 @ 6(-3)

Table 4.1: ACM Bundles on Quartic Surfaces, Part One
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Case | Case Paired With | ¢; | Dimension of Moduli
One 0 10

Two -1 6
Three 0 4

Four Case Five -1 2

Five Case Four -1 2

Table 4.2: ACM Bundles on Quartic Surfaces, Part Two

4.1 Five Cases

Let us use X to denote a general quartic surface in P3. So X is smooth and Pic(X) = Z. We
want to find every four generated indecomposable rank 2 ACM bundle & on X. According
to 1.5, this is equivalent to finding every 4 x 4 skew-symmetric minimal matrix M whose

Pfaffian is a defining polynomial of X. Write M = (my;),, ,. Because pf(M) is homogeneous

of degree 4,

deg(mlg) + deg(m34) = deg(mlg) + deg(m24) = deg(m14) + deg(mgg) =4.

According to 1.8, off-diagonal entries of M are of positive degrees. We can arranged M in
such a way that the degrees decrease in each row from left to right and in each column from

up to down. As a result, degreewise the upper triangular portion of M must be one of the

following;:
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Case One:

Case Two:

Case Three:

Case Four:
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Case Five:

The minimal resolution of & is of the form

0= Fy =@ 0p(a;) 25 Fy = &L Opa(b;) > & = 0.

Moreover, F; = Fy/(e — d) where d = 4 and e = ¢;(&). We arrange F; and Fy so that
a; > --- > a4 and by > - -+ > by. For our purpose without loss of generality, we may assume

e =0or e=—1. Entrywise M is of the form

ﬁ((l4) — ﬁ(bl) ﬁ(a4) — ﬁ(bQ) ﬁ(a4) — ﬁ(bg) ﬁ(a4) — ﬁ(bzl)
ﬁ(ag) — ﬁ(bl) ﬁ(ag) — ﬁ(bg) ﬁ(ay,) — ﬁ(bg) ﬁ((lg) — ﬁ(b4)

ﬁ(CLQ) — ﬁ(bl) ﬁ(ag) — ﬁ(bz) ﬁ((@) — ﬁ(bg) ﬁ(ag) — ﬁ(b4)

ﬁ(al) — ﬁ(bl) ﬁ(al) — ﬁ(bg) ﬁ(al) — ﬁ(bg) ﬁ(al) — ﬁ(b4)

In particular, deg(mjs) = by — a4 and deg(msy) = by — as.

deg(mya) + deg(msy) =4 = by + by — ay — a4 = 4.
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Because as = —b3 + e — d and a4 = —b; + ¢ — d, plug into the previous equation and we get

Sibj—2e+2d=4= % b;—2e+4=0 (%)

Case One: bg — A4 = b3 — A4 = b4 — A4 = bg — asg = b4 — as = b4 — Q9 = 2, together with
the equations a; = —b5_; + e — d, we get a; = ay = a3 = a4 and by = by = b3 = by.
Plugging into (xx), we get 4b; —2e +4 = 0. So e = 0 and b; = —1. So in this case the

minimal resolution of & is

0= Ops(=3)* L Opa(—1)* > & > 0. (4.1)

Case Two: bg—(l4 = 3,b3-&4 = b4—a4 = bg—ag = b4—(13 = 2,b4—a2 = ]_, SO
as — 1 = a3 = a4 and by — 1 = b3 = by. With the equations a; = —b5_; + e — d, we
get a; = ag and by = by. Plugging into (xx), we get 4b; —2e +2 = 0. So e = —1 and

by = —1. In this case the minimal resolution of & is

0 0(-32@® 0(—4)> % 0(—1)2 @ 0(-2)? » & — 0. (4.2)
Case Three: bg—(l4 = b3—a4 = 3,b4—a4 = b3—a3 = 2,[)4—@3 = b4—(l2 = ]., SO

as = az = ag + 1 and by = by = by + 1. With the equations a; = —bs_; + ¢ — d we get

a; = as + 1 and by = by + 1. Plugging into (%), we get 4by —2e +4 = 0. So e = 0 and
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by = —1. In this case the minimal resolution of & is

0o 0(-)@o(-3?2a0(-2) L 0a0(-1)2a0(-2) = & — 0. (4.3)

Case Four: bQ—CL4 = bg—a4 = b4—(l4 = 3, bg—ag = b4—(13 = b4—a2 = 1, SO g = a3 = CL4+2
and by = bs = by. With the equations a; = —bs5_; +e—d we get a; = as and by = by + 2.
Plugging into (%), we get 4by —2e +6 = 0. So e = —1 and by = —2. In this case the

minimal resolution of & is

0o o0(-5e0(-3*L oeo(-27%— & 0. (4.4)

Case Five: bg—a4:bg—a4:b3—a3:3,b4—a4:b4—a3:b4—a2:1, SO g = A3 = Qyq
and by = b3 = by + 2. With the equations a; = —bs_; + e — d we get a; = ay + 2 and
by = by. Plugging into (xx), we get 4b; —2e +2 =0. So e = —1 and b = —1. In this

case the minimal resolution of & is

0> 0(-42a0(-2) % 0(—-1) e 0(-3) » & — 0. (4.5)

Notice its pair is

0= 0520 0(-7)— O(-4)>*®0(-2) -9 — 0,

which up to twist by €'(2) is the same short exact sequence as in Case Four. So Case

Five and Case Four are paired to each other.
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4.2 Existence in Five Cases

In this section we prove for each of the 5 cases, there is an indecomposable rank 2 ACM

bundle belonging to that case on a general quartic surface.

Proposition 4.1 (Case One). A general quartic surface X can be realized as the zero variety

associated to the Pfaffian of M : Ops(—3)* — Ops(—1)%.

Proof. Step 1: If ) = 0 defines a general quartic curve and C' = 0 defines a general cubic
curve both in P2 then there exist homogeneous degree 2 polynomials P, Py € Clxg, 71, o]
such that Q,C € (P, P,). This is because ) and C' intersect at 12 distinct points trans-
versely; as Noether’s theorem says that if ' and G in P? of degrees f and g intersect
transversely at fg distinct points and if H in P? passes all fg points, then H € (F, Q).
Then because 5 points in general position determine a conic, taking 4 points out of the 12
intersection points by ) and C, there is an at least 1-dimensional family of conics passing
through those 4 points; in particular, take two different conics P, and P,. According to
Noether’s theorem, Q,C € (P, P»).

Step 2: A defining polynomial of X can be written as

axs + 123 + gl + ez + Q

where a,l,q,c,Q € Clzg, x1,x2]. If X is general, then both ¢ and @ are general. According

to Step 1, there are P, P, such that

c=aP, + 8P, Q =P +0P.
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So
ars + lzi + g3 + cxz + Q

:azvg—i—l:vg—l—qx%—i—(aP1+6P2)$3+7P1+5P2
:xg(axg +lxs+q) + Pi(axs + ) + Po(fxs +9).

This proves the proposition. O

Proposition 4.2 (Case Two). If X is a general quartic surface in P3, then there is a skew-
symmetric matriz M : 0(—3)? @ 0(—4)* = 0(—1)*@® O(—2)? such that pf(M) is a defining

polynomial of X.

Proof. As proved in 4.1, a defining polynomial of X can be written as

axs + 123 + g3 + cxz + Q
=axy + 125 + qrs + (aPy + BP)xs + yPL + 6P,

:q:g(axg + la:% + qx3) + Pi(axs + 7y) + Po(Bxs + 0).

This proves the proposition. O

Proposition 4.3 (Case Three). If X is a general quartic surface in 3, then there is a

skew-symmetric matrix

M:0(-4) 3 0(-3?2 0 0(-2) = 0 0(-1)> @ 0(-2)

such that pf(M) is a defining polynomial of X.
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Proof. A defining polynomial of X can be written as

axy + 1z + qr3 + crs + Q = w3(axd + 123 + qus +¢) + Q.

Write Q = aozj + loxi + qox3 + coxa + Qo where ag, lo, qo, co, Qo € Clzo, 1], then Q =
To(apr3 + lox3 + qora + o) + Qo, and Q) splits. So Qp can be written as a product of two

quadratic polynomials, Qg = q1¢2. So

axs + Iz + g3 + cx3 + Q
=w3(axs + a5 + qus + ¢) + w2(aors + lox + qo2 + co) + q1g2.
This proves the proposition. O

Proposition 4.4 (Case Four). If X is a general quartic surface in P2, then there is a

skew-symmetric matrix

M:0(=5) @ 0(-3)* = 0@ 0(—2)°

such that pf(M) is a defining polynomial of X.

Proof. As proved in 4.3, a defining polynomial of X can be written as

axs + lz3 + g3 + cxz + Q

:xg(axg + la:?, +qrs+c¢)+ Ty (aprd + loxa + qoxa + o) + Qo,

and Qg splits. So )y can be written as a product of a cubic polynomial and a linear
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polynomials, QQy = ¢1g2, and

axs + 1z + g3 + cx3 + Q

=w3(axs + 105 + qus + ¢) + w2(a0r3 + loa3 + qoxa + co) + Q1.
This proves the proposition. O

Proposition 4.5 (Case Five). If X is a general quartic surface in P2, then there is a skew-

symmetric matrix

M:O(-4)P @ 0(-2) = O(-1)° © 0(-3)
such that pf(M) is a defining polynomial of X.

Proof. Because Case Five and Case Four are paired to each other, if there is an indecom-
posable rank 2 ACM bundle of Case Four on a quartic surface, there is one of Case Five on

that surface. Thus this proposition is equivalent to 4.4. O

4.3 Dimension Calculation in Five Cases

In this section we compute for each of the five cases, the dimension of the moduli space of
indecomposable rank 2 ACM bundles belonging to that case on a general quartic surface.
Let U denote the open subset of all skew-symmetric minimal maps Fy (e — d) M Fy,
where each point in U determines a rank 2 ACM bundle & on a general hypersurface X C P
of degree d. The group Aut(Fp) acts on U by (P, M) — PMP". According to 3.1 and 3.2,

for each case, the set of isomorphism classes of pairs (X, &) is in one-to-one correspondence
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with the set of orbits U/Aut(Fp). So the dimension of isomorphism classes of pairs (X, &) is
dp := dim(U) — dim(Aut(Fp)) + dim(stab(&y)).
Because the space of quartic surfaces is isomorphic to P34, on a general quartic surface, the

dimension of indecomposable rank 2 ACM bundles belonging to that case is dp — 34.

Case One: The space of skew-symmetric matrices

Fy = Ops(—3)" 25 Fy = Opa(—1)*

is isomorphic to C®. U is an open subset. Aut(Fp) is isomorphic to GL(4, C), which is
of dimension 16. In this case H°(X, &) = 0, so & is stable. Because Hom(Fy, Fy) = 0,
stab(&)y) is zero dimensional. So dp = 60—16+4-0 = 44 and on a general quartic surface,

the dimension of indecomposable rank 2 ACM bundles of Case One is dp — 34 = 10.

Case Two: The space of skew-symmetric matrices

Fi=0(=32®0(-4) % Ry = 0(-1)* ® 0(-2)?

is isomorphic to C®. U is an open subset. Aut(Fp) is of dimension 24. In this case
H°(X,&) = 0, so & is stable. Because Hom(Fy, F;) = 0, stab(&y) is zero dimen-
sional. So dp = 64 — 24 + 0 = 40 and on a general quartic surface, the dimension of

indecomposable rank 2 ACM bundles of Case Two is dp — 34 = 6.
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Case Three: The space of skew-symmetric matrices

F=0(-0)a0(-32a0(-2) L =00 0(-1)°a 0(-2)

is isomorphic to C%. U is an open subset. Aut(Fp) is of dimension 32. In this case
H°(X,&) # 0, so & is unstable. Let us compute stab(&),), namely, the stabilizers of

M in G := Aut(Fp).

Let P € G. P is of the form

cc 0 0 O
l{102630

]Cg Cq Csy 0

q ks ki cg

where ¢y, ...,c6 € C, kq, ..., ks are linear and ¢ is of degree 2. M is of the form

where tq,1, are of degrees 3, q1, g2 are of degrees 2 and [y, [y are linear. And there is a
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short exact sequence of groups

1 —=N:=

G —H :=

ks

Co

Cy

k4

C3

Cs

Ce

First of all let us look at the stabilizers of M in N. As before, let

N>n=

then

021

n‘Mn =

63

22

0

ks

0 g2 — ksly + kaly

q1 + klll + leQ
l
ly

0




where

2 =t — koqa — qli + quks + (kily + kaolo)ks,
29 =to + ki1qo — qlo + qika + (kily + kalo)ky.
So

n'Mn =M — a1+ kili + k?glz =qQ — kily + k’glg =0.

Because ged(ly,l2) = 1, deg(ky) = deg(ks) = deg(ly) = deg(ly) = 1, there is some

dl € C such that kl = dllg and k?g = —dlll.

ntMn=M = @2 — ]Cglg + k4l = o —> —k3l2 + k4ly = 0.

For the same reason, there is some dy € C such that k3 = dyly and k4 = dsls. Given

what we have deduced,

NMn =M <= 2z =t, 20 =ty == q = diq2 + doq1.

So the stabilizers of M in N are 2-dimensional and parametrized by dy, ds.

Next let us look at the stabilizers of M in G. Because G is the internal semidirect

product of N by H, each x € GG has a unique expression x = nh where n € N and

he H. x*Mxz = M becomes

h'n*Mnh = M <= n'Mn = (h~')'Mh~".

So we seek pairs (n, h) such that n*Mn = h'*Mh. n' Mn was calculated above. On the

64



other hand, let

cc 0 0 O
0 ¢ ¢cg O
h= ,
0 ¢4 ¢c5 O
0 0 0 c
then
cc 0 0 O cgc 0 0 O
0 ¢ ¢4 O 0 ¢ ez 0
h'Mh = M
0 ¢c3 ¢5 O 0 ¢ ¢ O
0 0 0 ¢ 0 0 0 c
0 city cits c1q1 cic 0 O
B —Coly — cale —C4Ga  C2q2 Coli + culy 0 c2 ¢
—cgty —csta —Csq2 c3q2 sl + sl 0 ¢ ¢
—Cq1 —cgliy  —cgls 0 0O 0 O
0 cicaty +crealy cicsty + crcsty C1C6 1
| 0 —C4C3q2 + C205q2 Cacgly + CaCola
* * 0 cscgly + cscgla
* * * 0
So

n'Mn = h'Mh = lo = c3cgly + 56l = c3c6 = 0,c5¢c6 = 1.

n'Mn =h'Mh = I, = 626611 + C4C(5l2 = cocg = 1, c4c6 = 0.
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It follows that ¢3 = ¢4, = 0.

n‘Mn = h'Mh — q + kily + kols = C1C6Q1 — C1Cg = 1.

n'Mn = htMh = g2 — kalo + kqly = (0265 — 0304)6_]2 = cyc5 = 1.

C5Cg = CoCg = C1¢g = 5 = 1 together imply that ¢¢ = +1 and h = +I. So
ntMn = htMh = n*Mn = M. As the stabilizers of M in N have been calculated to
form a 2 dimensional vector space, we conclude that the stabilizers of M in G are also

2 dimensional.
So dp = 68 — 32 + 2 = 38 and on a general quartic surface, the dimension of indecom-

posable rank 2 ACM bundles of Case Three is dp — 34 = 4.

Case Four: The space of skew-symmetric matrices

F=0-5®0(-3%% F =00 0(-2)7°

is isomorphic to C™. U is an open subset. Aut(F}) is of dimension 40. In this case
H°(X,&) # 0, so & is unstable. Because H°(P?, 0(2a; — €)) = H°(P3, 0(1)) = 4 and
Hom(Fy, F1) = 0, stab(&)y) is four dimensional. So dp = 72 — 40 +4 = 36 and on a
general quartic surface, the dimension of indecomposable rank 2 ACM bundles of Case

Four is dp — 34 = 2.

Case Five: Case Five and Case Four are paired to each other, so on a general quartic

surface, the dimension of indecomposable rank 2 ACM bundles of Case Five is 2.
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Chapter 5

Appendix

Proposition 5.1. The map

h :{degree 3 homogeneous polynomials in Clzy, ..., x3]}°

— {degree 6 homogeneous polynomials in Clxy, ..., x3]}

sending (A, B,C,D,E,F) to AB+ CD + EF is dominant.

Proof. {degree 3 homogeneous polynomials in C|x, ..., 23]}% is a vector space of dimension
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120. Let

3
A A A A A
{p™ =", o5+ P et >0, plY =3}
=0
3
B B B B B
Ue® =7, o) o, e > 0.3 pP =3}
i=0
3
C C C C C
U@ =0, o) p7pf 203 pl @ =3}
=0
3
D D D D D
Ue® =@, o) ph” . p” 20,3 p” =3}
=0
3
E E E E E
Ue® =, pf) s o, p” 203 pP =3}
=0
3
F F F F F
U™ =0 p) 0 w7 p) 203 p =3}
i=0

be the basis. For example, Ap®), A € C denotes the monomial
(A) () (A)  (A)
AP = Arg? ot b ok

{degree 6 homogeneous polynomials in C[xy, ..., 3]} is a vector space of dimension 84. Let

3
{q = (qO, ...,Q3) qo,---, 43 Z Oaqu = 6}
1=0

be the basis. For example, A\q, A € C denotes the monomial

q._ q0 .91 .92 .93
Ax? = Arp ol vy as’
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Write

A= Zap<A>xp ,B = Zb B)Xp(B)C Zc C)Xp ,

pA) p(©)

2 : p() z : Z (F)
D= dp(D)X E p(E)Xp F fp(F)Xp .

pD) p®) p®)

Then (A, B,C, D, E, F) in the domain has coordinates

(...,ap(A), ceey bp(B)7 ceey Cp(c), ...,dp(D), ...,ep(E), ceey fp(F), )

Write GG in the range as
G= Z Ggx 2.
q
So G has coordinates

(coes Ggs o)

We will compute the Jacobian of the map A and show its rank is 84 at a certain point in

the domain. Specifically, that point is

(A,B,C,D,E, F) = (23,23 23 23 m1m9m3, 2321 + 2323).
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Namely, its coordinates are

1, if p® = (0,3,0,0);
apa) =

0, otherwise.

\

(

1, if p® = (3,0,0,0);
bpe) =

0, otherwise.

\

(

1, if p(© = (0,0,0,3);
Cp(c) =

0, otherwise.

\

(

1, if p® = (0,0,3,0);
dpm) =

0, otherwise.

\

(

1, if p® =(0,1,1,1);
Ep(E) =

0, otherwise.

\

(

1, if pi) = (2,1,0,0) or (0,0,2,1);
Jpm) =

0, otherwise.

First of all, the Jacobian is an 84 x 120 dimensional matrix. For rows, we have {q}
ordered in the way that is lexicographically descending. For columns, we have each of

{p®)} ... {p™} ordered that is lexicographically descending. Moreover, the first 20 columns
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are with respect to {p)},..., the last 20 columns are with respect to {p)}. Because

(A) (B)
AB = E ap(A>Xp E bp(B)Xp

p(A) p(B)

= E ap(A) bp(B)Xq,

p(A)+p(B):q

the entry that corresponds to row q and column p™®) is

by_pa), if pP) < q;

0, otherwise.

Here, both p) and q are 4-tuples, and < and — take the following meaning: p») < q if for
each i € {0,1,2,3}, pl(-A) < q;; if pi®) < q, then q—p™) = (¢ —p(()A), s (3 —pgA)). Similarly,

the entry that corresponds to row q and column p®) is

Og—p(B); if p(B) < q;

0, otherwise.

The entry that corresponds to row q and column p‘©) is

dq—p(c)7 lf p(C) < q7

0, otherwise.
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The entry that corresponds to row q and column p®) is

Cqpm if PP < q;

0, otherwise.

The entry that corresponds to row q and column p® is

fqepm, if p® < g;

0, otherwise.

The entry that corresponds to row q and column pF) is

eq_pm, if ) < q;

0, otherwise.

We will show the Jacobian has rank 84 at that specific point. Namely, we will pick an
84 x 84 submatrix that is nonsingular. That means we will pick every row and 84 out of 120
columns of the Jacobian to form the submatrix.

For the first 20 columns that correspond to {p*)}, we pick all of them. We claim that

at that specific point, this 84 x 20 submatrix is

JQOX2O

064X20

The reason is that first of all in this 84 x 20 submatrix, an entry is 0 unless if p®) < q
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at that entry, then the entry is b next at that specific point b,m) = 0 unless p® =

(4) = (3,0,0, 0) are nonzero, and

(3,0,0,0), and bg3,0,0,0) = 1, so only those entries whose q—p
those entries are 1; finally we have ordered both rows and columns in the lexicographically

descending order that it is precisely on the diagonal of the upper 20 x 20 submatrix that

q-—p®W = (3,0,0,0). This proves the claim. The 20 x 20 submatrix corresponds to rows

{a:q >3}

Now come to the next 20 columns corresponding to {p®} and focus on this 84 x 20
submatrix. Similar to the previous paragraph, at that specific point this submatrix has
a 20 x 20 submatrix that is Iygxo9 up to permutation and each entry outside the 20 x 20

submatrix is zero. This 20 x 20 submatrix corresponds to rows

{a:q¢ >3}

{q:q >3} and {q: ¢; > 3} have a common row q = (3, 3,0,0), that means in the first 40
columns there is a 39 x 39 submatrix that is nonsingular. Precisely, we leave out the column

corresponding to p®) = (3,0,0,0); meanwhile, the 39 rows come from

{q:q >3 orq >3}

Now go to the next 20 columns corresponding to {p{©}. In a similar vein, in this 84 x 20

submatrix there is a 20 x 20 submatrix that is Iogxo0 up to permutation and each entry
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outside the 20 x 20 submatrix is zero. This 20 x 20 submatrix corresponds to rows

{q:q >3}

As

{a:@2>3}Nn{q:q >3 orq >3} ={(3,0,3,0),(0,3,3,0)},

it means among the 20 columns corresponding to {p(©}, we can pick 18 columns and with
the previous 39 x 39 submatrix we get a 57 x 57 submatrix that is nonsingular. Precisely,
among the first 60 columns we leave out the ones corresponding to p® = (3,0,0,0), p© =

(3,0,0,0), p© = (0,3,0,0); meanwhile, the 57 rows come from

{d:q9 >3o0rq >3o0rqg >3}

Now we are at the next 20 columns corresponding to {p®)}. Similarly, in this 84 x 20
submatrix there is a 20 x 20 submatrix that is Iogxo0 up to permutation and each entry

outside the 20 x 20 submatrix is zero. This 20 x 20 submatrix corresponds to rows

{a:¢; >3}

As
{q:¢3>3}N{q:q >3o0rq >3orqg >3}

={(3,0,0,3),(0,3,0,3),(0,0,3,3)},

it means among the 20 columns corresponding to {p™®)}, we can pick 17 columns and
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with the previous 57 x 57 submatrix we get a 74 x 74 submatrix that is nonsingular. Pre-
cisely, among the first 80 columns we leave out the ones corresponding to p® = (3,0,0, 0),
p'@ = (3,0,0,0), p'9 = (0,3,0,0), p® = (3,0,0,0), p™ = (0,3,0,0), p® = (0,0,3,0);

meanwhile, the 74 rows come from

{a:go>3o0rg >3o0rg>3org >3}

What remains to be done is to show from the following 10 rows

{q:q <2forallie{0,1,2,3}}

and from the last 40 columns of the Jacobian there is a 10 x 10 submatrix that is nonsingular
at that specific point. The first 20 columns of the last 40 columns correspond to {p®™}. We

pick the following 9 columns:

p® =(2,0,0,1),(1,2,0,0), (1,1,0,1),(0,2,0,1),

(0,1,2,0),(0,1,1,1),(0,1,0,2), (0,0,2,1), (0,0,1, 2).

Meanwhile, we pick the following 9 rows:

q=(2,2,2,0),(2,2,1,1),(2,2,0,2),(2,1,2,1),(2,1,1,2),

(2,0,2,2),(1,2,2,1),(1,1,2,2),(0,2,2,2).
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Together they form a 9 x 9 submatrix. We claim that this matrix is

Osxa  I5xs

Iixa O4xs

The reason is that first of all the columns of this matrix correspond to p®, so an entry is 0

(E)

unless p\* < q at that entry, then the entry is next at that specific point f @ =0

o p®;
unless p®) = (2,1,0,0) or p® = (0,0,2,1), and fi2.100) = f(0,02,1) = 1, so only those entries
whose q — p® = (2,1,0,0) or (0,0,2, 1) are nonzero, and those entries are 1; finally we have
ordered both rows and columns in the lexicographically descending order that it is precisely
on the diagonals of the 5 x 5 and 4 x 4 submatrices that q — p™® = (2,1,0,0) or (0,0,2,1).
This proves the claim.

Up to now we have an 83 x 83 submatrix that is nonsingular. There is just one row
left which is q = (1,2,1,2). To complete we go to the last 20 columns corresponding to
{p™}. Because each entry located at the intersection of the row q = (1,2,1,2) and the 9
columns in the previous paragraph is zero, to get an 84 x 84 submatrix that is nonsingular,
it suffices to pick one column in the last 20 columns such that at its intersection with the
row q = (1,2,1,2) the entry is nonzero. We pick the column p®) = (1,1,0,1). The
entry at the intersection of the row q = (1,2,1,2) and the column p®) = (1,1,0,1) is
€q—p® = €(0,1,1,1) = 1.

So indeed the Jacobian has rank 84 at that specific point and h is dominant. n
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Proposition 5.2. The map

h :{degree 3 homogeneous polynomials in Clzy, ..., x3]}*
@ {degree 2 homogeneous polynomials in Clxy, ..., 3]}
@ {degree 4 homogeneous polynomials in Clxy, ..., x3]}

— {degree 6 homogeneous polynomials in Clxy, ..., x3]}

sending (A, B,C,D,E,F) to AB+ CD + EF is dominant.

Proof. We follow what we did in 5.1. A difference is here the domain of h is a vector space

of dimension 125. Let

3
A A A A A

{p™ =V, o) s e Y >0 p =3}
i=0
3

U™ = b7 0™ o7 pd? > 0> pl =3}
i=0
3

U@ = o5, 5 - ol >0, pl =3}
=0
3

U™ = 8 p?) s o > 0.3 p? =3}
=0
3

U™ =07 o) e w7 =03 pl = 2)
=0

3
U =08 ons™) s g 203 pl" =4
1=0

be the basis. Let

3
{q:=(90,--,43) : G0y ---,q3 > 072%‘ = 6}

1=0
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be the basis for the range. Write

(A) (B) (©)
A= ap(A)Xp ,B = E bp(B)Xp ,C = E Cp(c)Xp y
) (B)

p(A p(©)

(D) (E) (F)
D= E dp(D)Xp B = E 6p<E)Xp N E fp(F)Xp .

p®) p®) p(®)

We will compute the Jacobian of the map h and show its rank is 84 at a certain point in

the domain. Specifically, that point is

3.3 3 3 2 2
(A,B,C,D,E,F) = (x3, x5, T3, T3, Tak3, TXT + ToT1TaT3).
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The point has coordinates

1, if p® = (0,3,0,0);
apa) =
0, otherwise.
\
(
1, if p® = (3,0,0,0);
bpe) =
0, otherwise.
\
(
1, if p(© = (0,0,0,3);
Cp(c) =
0, otherwise.
\
(
1, if p® = (0,0,3,0);
dpm) =
0, otherwise.
\
(
1, if p® =(0,0,1,1);
Ep(E) =
0, otherwise.
\
(
1, if p) =(2,2,0,0) or (1,1,1,1);
Jpm) =
0, otherwise.
\

The Jacobian is an 84 x 125 dimensional matrix. We will show its rank is 84 at that
specific point. Namely, we will pick an 84 x 84 submatrix that is nonsingular. That means
we will pick every row and 84 out of 125 columns of the Jacobian to form the submatrix.

The first 80 columns are exactly the same as in 5.1. As a result, what remains to be done
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is to show from the following 10 rows

{q:¢q; <2forallie{0,1,2,3}}

and from the last 45 columns of the Jacobian there is a 10 x 10 submatrix that is nonsingular
at that specific point. The first 10 columns of the last 45 columns correspond to {p®}. We

pick the following 8 columns:

p® =(1,1,0,0),(1,0,1,0), (1,0,0,1), (0, 1, 1,0),

(0,1,0,1),(0,0,2,0),(0,0,1,1), (0,0,0,2);

with

{q:q; <2forallie{0,1,2, 3}}
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they form a 10 x 8 matrix. We claim that this matrix is

q
2 2 20 000 00100
2 2 11 10 00 0 01O
2 2 0 2 00 0 0 0 O0O0 1
21 2 1 01 0 00 00O
2 1 1 2 001 00 00O
2 0 2 2 000 00 000
12 21 0001 0000
1 2 1 2 000 01 000
11 2 2 000 00010
0 2 2 2 000 00000

The reason is that first of all an entry is 0 unless p®® < q at that entry, then the entry is
fq_p®; next at that specific point f, = 0 unless pF) = (2,2,0,0) or p® = (1,1,1,1),
and f(2200) = fa.1,1,1) = 1, so only those entries whose g — p® = (2,2,0,0) or (1,1,1,1)

are nonzero, and those entries are 1; finally we have ordered both rows and columns in the
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lexicographically descending order that it is precisely at the entries where we put 1 in the
above matrix that g —p™® = (2,1,0,0) or (0,0,2,1). This proves the claim. We get an 8 x 8
matrix that is nonsingular by leaving out the two rows corresponding to q = (2,0, 2,2) and
q = (0,2,2,2) from the above 10 x 8 matrix. With the 74 x 74 submatrix from the first 80
columns of the Jacobian we get an 82 x 82 submatrix that is nonsingular.

Up to now there are just two rows left which are q = (2,0,2,2) and q = (0,2,2,2). To
complete we go to the last 35 columns corresponding to pF). To get an 84 x 84 submatrix
that is nonsingular, it suffices to pick two columns in the last 35 columns such that their
intersections with the two rows is a 2 x 2 nonsingular matrix. We pick the columns pF) =

(2,0,1,1) and pF) = (0,2,1,1). We get

2 0
p®) 0 2
1 1
1 1
q
2 0 2 2 €0,0,,1) = 1 0
0 2 2 2 0 €0,0,1,1) = 1

which is nonsingular. So indeed the Jacobian has rank 84 at that specific point and A is

dominant. n
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Proposition 5.3. The map

h :{degree 3 homogeneous polynomials in Clzy, ..., z3]}>
@ {degree 2 homogeneous polynomials in Clxy, ..., 3]}
@ {degree 4 homogeneous polynomials in Clxy, ..., x3]}
@ {degree 2 homogeneous polynomials in Clxy, ..., x3]}
@ {degree J homogeneous polynomials in Clxg, ..., x3]}

— {degree 6 homogeneous polynomials in Clxy, ..., x3]}

sending (A, B,C,D,E,F) to AB+ CD + EF is dominant.

Proof. We follow what we did in 5.1. A difference is here the domain of h is a vector space

of dimension 130. Let

3
A A A A A
=0
3
B B B B B
Up® =, 07y o o, >0, pl =3}
=0
3
C C C C C
U@ =0, o) p7p 203 pl @ =2}
=0
3
D D D D D
U® =07, p8”) - p” . p” 20,3 p? =43
=0
3
E E E E E
U™ =0, pf) s o, p” 203 pP =2}
=0

3
U™ = 60, ) s Pk 20,55 = 1)
=0
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be the basis. Let

3
{q = (qo, ...,qg) 2o, -y Q3 = OaZQi = 6}
=0

be the basis for the range. Write

(A) (B) (©)

A= (lp(A)Xp ,B = E bp(B)Xp ,C = E Cp(C)Xp ,
pA) (B) p(©)

(D) (E) (F)

D= E dp(D)Xp ,E = E €p(E)Xp ,F == E fp(F)Xp .
pD) p®) p®)

We will compute the Jacobian of the map A and show its rank is 84 at a certain point in

the domain. Specifically, that point is

(A,B,C,D,E,F) = (asi’,xg,x%,xgxlxg.rg,xg,O).
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The point has coordinates

1, if p = (0,3,0,0);
apa) =

0, otherwise.

\

(

1, if p® = (3,0,0,0);
bp®) =

0, otherwise.

\

(

1, if pl© = (0,0,2,0);
Cp(c) =

0, otherwise.

\

(

1, if p®) = (1,1,1,1);
dpm) =

0, otherwise.

\

(

1, if p® = (0,0,0,2);
Ep(E) =

0, otherwise.

Jpe =0, for any p®.

The Jacobian is an 84 x 130 dimensional matrix. We will show its rank is 84 at that
specific point. Namely, we will pick an 84 x 84 submatrix that is nonsingular. That means
we will pick every row and 84 out of 130 columns of the Jacobian to form the submatrix.

First of all go to columns 51-85 corresponding to p®) and focus on this 84 x 35 submatrix.

In this submatrix, an entry is zero unless p®®) < q at that entry, then the entry is ¢

q—p®P)-

(©)

Next at that specific point c ) = 0 unless p'~ = (0,0,2,0), and c(,0,2,0) = 1, so only those

entries whose q — p®) = (0,0, 2,0) are nonzero, and those entries are 1. Both p®) and q
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are 4-tuples. Define a lexicographical order on 4-tuples by

(41,172,193, 74) > (J1, Jo, J3, ja) if and only if

i3 > js or i3 = js and (i1, 2, 44) > (J1, J2, Ja)

where (i1,12,14) > (J1,J2,Ja) denotes the usual lexicographical order on 3-tuples. Let us
order both rows and columns of this 84 x 35 submatrix according to the lexicographic order

just defined, then this matrix is

I35%35
04935
The reason is that it is precisely on the diagonal of the upper 35 x 35 submatrix that

q—p™® =(0,0,2,0). This 35 x 35 submatrix corresponds to rows

{q:q >2}.

Next go to columns 96-130 corresponding to p). In a similar vein, in this 84 x 35
submatrix there is a 35 x 35 submatrix that is I35435 up to permutation and each entry

outside the 35 x 35 submatrix is zero. This 35 x 35 submatrix corresponds to rows

{a:¢; > 2}.

The first 40 columns are exactly the same as in 5.1. As a result, there is a 39 x 39
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submatrix that is nonsingular. This submatrix corresponds to rows

{a:q0>3orq >3}

As
{q:2>2}U{q:¢3>2}U{q:q >3 or ¢ >3}

={q:q>3o0rq >3o0rq >2orq;>2}
and

{a} —{a:q@ >3o0orq >30rg >2o0rqs >2} ={(2,2,1,1)},

we conclude that from columns 1-40, 51-85 and 96-130 there is an 83 x 83 submatrix that is

nonsingular which corresponds to rows

{d:90>3o0rq >3o0rq>2orqgs> 2}

Moreover, there is just one row left which is q = (2,2, 1, 1). To complete we go to columns 41-

(©) and it suffices to pick one column there such that at its intersection

50 corresponding to p
with the row q = (2,2,1,1) the entry is nonzero. We pick the column p'©) = (1,1,0,0).
The entry at its intersection with the row q = (2,2,1,1) is dy_p©) = d,1,1,1) = 1, which is

nonzero. So indeed the Jacobian has rank 84 at that specific point and h is dominant. [
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Proposition 5.4. The map

h :{degree 3 homogeneous polynomials in Clzy, ..., x3]}*
@ {degree 1 homogeneous polynomials in Clxy, ..., 3]}
@ {degree 5 homogeneous polynomials in Clxy, ..., x3]}

— {degree 6 homogeneous polynomials in Clxy, ..., x3]}

sending (A, B,C,D,E,F) to AB+ CD + EF is dominant.

Proof. We follow what we did in 5.1. A difference is here the domain of h is a vector space

of dimension 140. Let

3
A A A A A

{p™ =V, o) s e Y >0 p =3}
i=0
3

U™ = b7 0™ o7 pd? > 0> pl =3}
i=0
3

U@ = o5, 5 - ol >0, pl =3}
=0
3

U™ = 8 p?) s o > 0.3 p? =3}
=0
3

U™ =07 o) e ph” o =03 pl =1
=0

3
U =06 ons™) s g 203 pl" =5
1=0

be the basis. Let

3
{q:=(90,--,43) : G0y ---,q3 > 072%‘ = 6}

1=0
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be the basis for the range. Write

(A) (B) (©)
A= ap(A)Xp ,B = E bp(B)Xp ,C = E Cp(c)Xp y
) (B)

p(A p(©)

(D) (E) (F)
D= E dp(D)Xp B = E 6p<E)Xp N E fp(F)Xp .

p®) p®) p(®)

We will compute the Jacobian of the map h and show its rank is 84 at a certain point in

the domain. Specifically, that point is

3.3 3 3 2 2
(A,B,C,D,E,F) = (x3, x5, T3, T3, To, T1T5X3).
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The point has coordinates

1, if p = (0,3,0,0);
apa) =

0, otherwise.

1, if p® = (3,0,0,0);
bp®) =

0, otherwise.

1, if p(© = (0,0,0,3);
Cp(c) =

0, otherwise.

1, if p® = (0,0,3,0);
dpm) =

0, otherwise.

1, if p® = (1,0,0,0);
Ep(E) =

0, otherwise.

1, if p® =(0,1,2,2);
Jp®) =

0, otherwise.

The Jacobian is an 84 x 140 dimensional matrix. We will show its rank is 84 at that
specific point. Namely, we will pick an 84 x 84 submatrix that is nonsingular. That means
we will pick every row and 84 out of 140 columns of the Jacobian to form the submatrix.

The first 80 columns are exactly the same as in 5.1. As a result, what remains to be done
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is to show from the following 10 rows

{q:¢q; <2forallie{0,1,2,3}}

and from the last 60 columns of the Jacobian there is a 10 x 10 submatrix that is nonsingular

at that specific point.

The last 56 columns of the Jacobian correspond to {p®}.

columns:
p® =(1,2,2,0),(1,2,1,1),(1,2,0,2),
(1,1,2,1),(1,1,1,2),(1,0,2,2),
(0,2,2,1),(0,2,1,2),(0,1,2,2);
with

{q:q; <2forallie{0,1,2, 3}}

they form a 10 x 9 matrix. We claim that this matrix is

I§x9

le9

We pick the following 9

The reason is that first of all an entry is 0 unless pF) < q at that entry, then the entry is

eqp®; Next at that specific point e, & = 0 unless p® = (1,0,0,0), and €(1,0,0,0) = 1, 80

only those entries whose q — p¥) = (1,0,0,0) are nonzero, and those entries are 1; finally

we have ordered both rows and columns in the lexicographically descending order that it

is precisely on the diagonal of the upper 9 x 9 submatrix that q — p®) = (1,0,0,0). This
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proves the claim. We get a 9 x 9 matrix that is nonsingular by leaving out the last row which
is the one corresponding to q = (0, 2,2, 2) from the above 10 x 9 matrix. With the 74 x 74
submatrix from the first 80 columns of the Jacobian we get an 83 x 83 submatrix that is
nonsingular.

To complete we go to columns 81-84 corresponding to p®). It suffices to pick one column
there such that at its intersection with the row q = (0,2, 2,2) the entry is nonzero. We pick
the column p® = (0,1,0,0). The entry at its intersection with the row q = (0,2,2,2) is
fq,p(m = d(0,1,2,2) = 1, which is nonzero. So indeed the Jacobian has rank 84 at that specific

point and A is dominant. O

Proposition 5.5. The map

h :{degree 3 homogeneous polynomials in Clzy, ..., z3]}>
@ {degree 1 homogeneous polynomials in C|xy, ..., 3]}
@ {degree 5 homogeneous polynomials in Clxy, ..., x3]}
@ {degree 2 homogeneous polynomials in Clxy, ..., x3]}
@ {degree J homogeneous polynomials in Clxg, ..., x3]}

— {degree 6 homogeneous polynomials in Clxy, ..., x3]}

sending (A, B,C,D,E,F) to AB+ CD + EF is dominant.

Proof. We follow what we did in 5.1. A difference is here the domain of & is a vector space
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of dimension 145. Let

{p™ =™, . p\My e W L > O,ipl(.A) —
Ue® =7, o) oy 20,23:1953) =
=0
U@ = o ) o phph > O,i:pf-o) —
U™ = 06" p8”) w7 20, ZP =5}
U{p(E) = (p(()E)’ ,,.,ng)) : p((]E)j ...,p3 > 0, ZP(E)

U™ = 87, o) ol >Ozp -

be the basis. Let

3
{qa:=(q0,--,4) : G0y---,q3 > Oazqi = 6}

1=0

be the basis for the range. Write

(A) (B) (©)
A= E ap(A)Xp ,B: E bp(B)Xp ,C: E Cp(C)Xp s

pA) p®) p(©)

(D) (E) (F)

D = E dp(D)Xp ,E = E €p(E)Xp ,F = E fp(F)Xp .
p®) p®E) p®)

We will compute the Jacobian of the map A and show its rank is 84 at a certain point in

the domain. Specifically, that point is

(A,B,C,D,E,F) = (2% 23 25,0, 23,0).
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The point has coordinates

, if p) = (0,3,0,0);
apa) = 3

0, otherwise.

1, if p® = (3,0,0,0);

bpe) =

0, otherwise.

\

(

1, if p(© = (0,0, 1,0);
Cp(©) = 9

0, otherwise.

\
dp(D) =0

1, if p® = (0,0,0,2);
Ep(E) =

0, otherwise.
fp(F) = 0

The Jacobian is an 84 x 145 dimensional matrix. We will show its rank is 84 at that
specific point. Namely, we will pick an 84 x 84 submatrix that is nonsingular. That means
we will pick every row and 84 out of 145 columns of the Jacobian to form the submatrix.

The first 40 columns are exactly the same as in 5.1. As a result, there is a 39 x 39
submatrix from the first 40 columns that is nonsingular. This submatrix corresponds to

TOWS

{q:q >3orq >3}

Next go to columns 45-100 corresponding to p®) and focus on this 84 x 56 submatrix.
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(D)

In this submatrix, an entry is zero unless p'~’ < q at that entry, then the entry is ¢

q—p®P)-

Next at that specific point ¢,c) = 0 unless p©

= (0,0,1,0), and c(,0,1,0) = 1, so only those
entries whose q — p®) = (0,0, 1,0) are nonzero, and those entries are 1. Both p®) and q

are 4-tuples. Define a lexicographical order on 4-tuples by

(41,142,193, 74) > (J1, Jo, J3, ja) if and only if

i3 > js or i3 = js and (i1, 9, 44) > (J1, J2, Ja)-

where (i1,12,14) > (J1,J2,Ja) denotes the usual lexicographical order on 3-tuples. Let us
order both rows and columns of this 84 x 56 submatrix according to the lexicographic order

just defined, then this matrix is

5656
02856
The reason is that it is precisely on the diagonal of the upper 56 x 56 submatrix that

q—p™® =(0,0,1,0). This 56 x 56 submatrix corresponds to rows

{a:q > 1}

Finally go to columns 111-145 corresponding to p®) and focus on this 84 x 35 submatrix.
In this submatrix, an entry is zero unless p(F) < q at that entry, then the entry is Cq—p(F) -
Next at that specific point e, = 0 unless p® =(0,0,0,2), and €(0,0,0,2) = 1, so only those

entries whose q — p'F) = (0,0,0,2) are nonzero, and those entries are 1. Both p® and q
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are 4-tuples. Define a lexicographical order on 4-tuples by

(41,172,193, 74) > (J1, Jo, J3, ja) if and only if

ig > jg or ig = jg and (i1, 49,13) > (J1,J2, J3)-

where (i1,12,13) > (J1,j2,J3) denotes the usual lexicographical order on 3-tuples. Let us
order both rows and columns of this 84 x 35 submatrix according to the lexicographic order

just defined, then this matrix is

I35%35
04935
The reason is that it is precisely on the diagonal of the upper 35 x 35 submatrix that

q—p® =(0,0,0,2). This 35 x 35 submatrix corresponds to rows

{q:q5>2}.

Because

{a:gp>3o0rqn >3}U{q:q¢>1}U{q: ¢ > 2}

3
:{q = (QO7 "'7q3) 240,43 > 07 Zqz = 6},

1=0

this means from columns 1-40, 45-100 and 111-145 there is an 84 x 84 submatrix that is

nonsingular. So indeed the Jacobian has rank 84 at that specific point and h is dominant. [
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