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Abstract

The objective of this dissertation is to develop and apply kinetic schemes for the numerical
solution of 3-D compressible Euler and ideal Magnetohydrodynamic (MHD) equations.
By employing the so-called “moment method strategy”, kinetic schemes for the com-
pressible Euler and ideal MHD equations are derived from the collisionless Boltzmann
equation, which is “upwind” discretized. Then the moments of the “upwind” discretized
collisionless Boltzmann equation are taken with a collision invariant vector and the ap-
propriate distribution function to obtain the numerical scheme for the continuum Euler

and ideal MHD equations.

The well-known Kinetic Flux-Vector Splitting (KFVS) algorithm is obtained by up-
wind discretizing the collisionless Boltzmann equation based on the sign of the molecular
velocity ©. However, if the molecular velocity is expressed as v = u« + ¢, where @ is
the fluid velocity and ¢ is the thermal velocity, and the Boltzmann equation is upwind
discretized depending upon the sign of both  and ¢, the “moment method strategy” leads

to the so-called Kinetic Wave/Particle Splitting (KWPS) algorithm.

In this dissertation, for both the Euler and ideal MHD equations, initially the first-

order accurate time-explicit KFVS and KWPS algorithms are derived, and then the first-

Xix



order accurate time-implicit KFVS and KWPS algorithms are developed. The derivations

are presented in the 3-D generalized coordinate system. A 3-D computational code for the
solution of compressible Euler and ideal MHD equations in generalized curvilinear coor-
dinate system is written and validated. The code has been written for the first-order time-
explicit KWPS algorithm. However, it can be easily extended to include the time-implicit
KWPS algorithm as well as both the time-explicit and time-implicit KFVS algorithms.
The code is applied to calculate the inviscid Supersonic flow past an axisymmetric blunt
body with and without the presence of a magnetic field. The effect of magnetic field in

reducing the strength of the bow shock is analyzed.

This dissertation makes a fundamental contribution to the development and applica-

tion of kinetic schemes for the solution of fluid dynamics equations.
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Chapter 1

Introduction

Major developments have been achieved in numerical methods for the solution of the
hyperbolic conservation law in the past three decades. Among them, there are several
methods that can be categorized as characteristics based upwind schemes. These schemes
either split the flux-vector or the flux-difference across a cell interface into positive and
negative parts using the eigenvalues of the system. The positive or negative flux-vector or
flux-difference is then discretized employing a backward or forward difference operator
respectively. The Steger-Warming upwind Flux-Vector Splitting (FVS) scheme [32] and
the van Leer FVS [35] are the examples of well-known FVS schemes. In addition, based
on an approximate Riemann solver, the Roe [30] and Osher schemes [34, 35] are among
the well-known Flux-Difference Splitting (FDS) schemes. There are other formulations
that apply the FVS to the flux-vector after separating it in two parts, one without any pres-
sure terms and the other with pressure terms. The well known schemes in this category
include Liou’s Advection Upwind Split Method (AUSM) [18], and Halt & Agarwal’s
Wave/Particle Split (WPS) [2] scheme.



1.1 Kinetic Schemes for the Euler Equations

For dilute enough gases where binary collisions between gas molecules can be assumed

to dominate, the Boltzmann equation can be written as:

d(nf) la (nf)
ot ot

+7-V(nf)=

] =J(f, ) (1.1)
coll

where ¢ is the time, n is the particle number density, f is the probability density distri-
bution function, and ' is the molecular velocity. The collision integral operator .J (f, f1)
describes the collision of the gas particle associated with distribution function f with an-
other particle associated with distribution function f;. J (f, f1) drives the distribution
function towards collisional equilibrium. In Cartesian coordinate system the operator V

is defined as:

where 7, J, k; are the Cartesian orthogonal unit vectors.

The kernel of the collision integral J vanishes for a gas in a state of collisional equi-
librium, and the Boltzmann equation has a form similar to that of the linear wave equa-
tion [5]. In literature, many schemes have been developed to solve the linear wave equa-
tion, e.g. first- and second-order upwind schemes, Lax-Wendroff method, Euler implicit
scheme, and Crank-Nicholson scheme [15, 34]. From statistical perspective [17, 5], the
solution for the distribution function f is the Maxwellian probability density distribution

function ().

During a collision, conserved quantities are mass (m), momentum (m®), and total
energy (me,), which are grouped together in the collision invariants vector ¥. Note that
the specific total energy ¢, is a sum of the kinetic energy 1 - ¥’ and the internal energy e.

2

It can be shown that the Euler equations are obtained when moments of the Boltzmann

2



equation are taken with the collision invariants using the Maxwellian as the weighting
function. By taking the moments of the discretized Boltzmann equation with the collision
invariant vector and Maxwellian probability density distribution function, it is argued that
one can develop numerical schemes for the solution of the Euler equations. The schemes

that utilize this strategy are called the kinetic schemes.

There exist two major approaches towards the development of kinetic schemes. In
the older and more established approach, the flux vector in the collisionless Boltzmann
equation is upwind discretized depending upon the sign of the molecular velocity v. Mo-
ments of this “upwind” discretized Boltzmann equation are then taken with the collision
invariant vector ¥ (E { 1 ¥ Yo 0+¢ }) and the equilibrium distribution function
(Maxwellian) f(© as a weighting function to obtain the so called Kinetic Flux-Vector
Splitting (KFVS) scheme for the Euler equations. It was first proposed by Pullin[25] and
further developed by Deshpande [10] and Mandal & Deshpande [21]. This scheme, how-
ever, requires the evaluation of computationally expensive error functions. The other ap-
proach, proposed by Agarwal & Acheson [1], results in the so called Kinetic Wave/Particle
Splitting (KWPS) scheme. In this scheme, the molecular velocity ¢ is decomposed in two
parts as U = u + ¢ where « is the average fluid velocity of the gas and ¢ is the thermal
(or peculiar) velocity. The flux-vector in the Boltzmann equation is thus divided into two
parts: the convective part based on # and the acoustic part based on ¢. Both the convective
and the acoustic parts in the Boltzmann equation are then “upwind” discretized and con-
verted into a numerical scheme for the Euler equations using the moment method strategy.
This approach results into the KWPS scheme, which does not require the evaluation of

error functions, thereby tends to increase the computational efficiency.

There have been several important extensions to the basic kinetic schemes in the past

two decades. Eppard & Grossman [12] extended the KFVS scheme for computing flows



in chemical and thermal non-equlibrium. Ravichandran [26] applied the compact differ-
encing to the KFVS scheme to improve the spatial accuracy. Reksoprodjo [27] derived
a higher-order accurate kinetic wave/particle flux-splitting algorithm for the Euler equa-
tions. Higher-order accuracy has also been obtained through interpolation of the flow
variables, most notably in the q-KFVS scheme of Deshpande [9, 11], which employs
the entropy variables instead of the state or the primitive variables; this formulation also
ensurses the positivity of the scheme. Estivalezes & Villedieu [14, 13] proposed a second-
order KFVS scheme based on Taylor series expansion applied to the Maxwellian proba-
bility density distribution function. Similar approach was applied to the development of
higher-order KWPS scheme by Reksoprodjo & Agarwal [28], who devised a systematic
methodology to increase the accuracy to any desired order. Furthermore, they also devel-
oped the implicit kinetic schemes, both for the KFVS and KWPS algorithms. In another
approach, Xu [23, 37, 38] has employed the BGK collisional model in the Boltzmann

equation to reduce the difussivity of the KFVS and KWPS schemes.

1.2 Kinetic Schemes for the Ideal Magnetohydrodynam-

ics Equations

During the last decade, the kinetic schemes for the Euler equations have been extended
to solve the ideal MHD equations. By employing the kinetic schemes , the 1-D (7-wave)
MHD system has been extensively studied, and the results are in excellent agreement
with those obtained with other non-kinetic schemes. Achievements of Croisille et al. [8],
Xu [36, 33], and Reksoprodjo & Agarwal [29] are the most notable in the application

of kinetic schemes to ideal MHD equations. The key problem in the development of



kinetic schemes for MHD equations has been the difficulty in obtaining a probability
density distribution function for ideal MHD flow equations and the magnetic induction
equations. However, by adding an acceleration term to the Boltzmann equation, which
recovers the fluid portion of the ideal MHD equations, Huba & Lyon [16] have derived a
distribution function. Agarwal & Reksoprodjo [3] have made another breakthrough; they
have successfully derived the implicit kinetic schemes for both the Euler equations and

the ideal MHD equations.



Chapter 2

Derivations of the Kinetic Schemes for

the Euler Equations

The Chapman-Enskog expansion of the classical Boltzmann equation with Knudsen num-
ber (K,) as a small parameter is used to determine the higher-order distribution functions
which represent the small departure from the equilibrium. In the Chapman-Enskog ex-
pansion, the leading term represents the equilibrium distribution function f(°) known as
the Maxwellian distribution function. The moments of Boltzmann equation with colli-
sion invariant vector ¥ and distribution function f(® result in the Euler equations. The
distribution function f() corresponding to O (k) in the Chapman-Enskog expansion
represents the small departure from equilibrium such that the moments of the Boltzmann
equation with collision invariant vector ¥ and the distribution function { f(® + K, f(}
result in the Navier-Stokes equations. Similarly the moments of the Boltzmann equation
with collision invariant vector ¥ and the distribution function { f(© + K, f() + K2f®}

result in Burnett equations and so on. Thus the kinetic schemes for the Euler, Navier-



Stokes and Burnett equations can be derived by applying the “moment method strategy”
to the “upwind” discretized Boltzmann equation. In this chapter, the time-explicit and
time-implicit kinetic schemes — KFVS and KWPS are derived for the 3-D Euler equa-

tions in curvilinear coordinate system.

2.1 Connection between the Boltzmann Equation and the

Euler Equations

The Boltzmann equation (1.1) governs the time evolution of a gas particle associated with
a probability density distribution function f as it convects and collides with other parti-
cles. The collision process drives the distribution function toward collisional equilibrium.
The mathematical link between the Boltzmann equation at the molecular level and the
continuum equations of fluid flow is based on the “moment method strategy”, defined as

the following linear mapping:

(f®) = /de/d% (f®) @.1)

R+ RS
where f is the probability density distribution function defining the state of the gas and ¥
is the collision invariant vector. The integration in equation (2.1) is carried out over the
positive space of internal energy e and over the entire three-dimensional velocity space

d3v.

The mapping of the Boltzmann equation (1.1) to the continuum level is then expressed

by the following operation:

(Caeil)e)oomn e




where ¢ is a collision invariant belonging to the collision invariant vector, defined as:

T

W (m,v,€) = [ m mv imv- T+ me (2.3)
such that the following operation is satisfied:
(P 0) = [de [ab T (. )0 =0 (2.4

R+ RS
This requirement is needed to ensure that the equations of the fluid flows are conserved at

the continuum level.

For a gas in a state of collisional equilibrium, the collision integral vanishes, thus
J (f, fi) = 0 in equation (1.1). The solution to the Boltzmann equation then becomes
the zeroth order probability density distribution function (Maxwellian distribution) in the
Chapman-Enskog expansion given by:

c 3/2
50 = Lexp () (f) exp (— (7 — @) - (7 — 1) @5)

€o €o

where [ = % is the equivalent temperature, p = mn is the fluid density, and p is the
fluid pressure. The internal energy term associated with the non-translational degrees of
freedom is expressed in terms of the ideal gas constant R and temperature 7" as ¢, =
(ﬁ — %) RT'. Additionally, the molecular velocity ¢’ can also be written as the sum of

the fluid velocity « and the thermal velocity .

Taking moments of the Boltzmann equation (1.1) with the collision invariant vector
U and the equilibrium distribution function f(®) results in the Euler equations for the
conservation of mass, momentum, and total energy for a compressible inviscid gas. In all

the derivations, it is assumed that the equation of state for ideal gas holds, that is:

p=pRT = 2% (2.6)



In Cartesian coordinates, the Euler equations can be written as:

0Q OF,
— =0 2.7
where
T
Q = [p pu; - pey
T

F;, = [Pui puit; + pdi; - pue; + pu;
i,j = 1,2,3

The total energy density is defined as pe; = % pu - U+ ﬁp.

In the following sections (2.1.1) - (2.1.3), the details of the application of “moment
method strategy” to the Boltzmann equation (1.1) for obtaining the Euler equations (2.7)
are described. In the derivations, it is assumed that the gas is always in a state of colli-
sional equilibrium, that is, the convected molecules experience instantaneous collisions

such that the probability density distribution function f is always Maxwellian f(%.

In the derivations of the Euler equations in sections (2.1.1) - (2.1.3), the following

definitions and notations are employed:

1. Non-dimensional thermal velocity and non-dimensional internal energy are

defined as ¢ = VB¢ and € = €/e, respectively;

2. The angle-brackets denote the mathematical operation of taking the moments of

the arguments;

3. The subscripts 7, j, £ run from 1 to 3, representing the three spatial dimensions,

with repeated indices implying summation over the range.



It is important to note that the Boltzmann equation is inherently three-dimensional in
velocity space, which implies that the equations at the continuum level should also be
three-dimensional. Therefore, the terms “1-D” and “2-D”” flows within this context could
be misleading; they only imply that the fluid velocity vector has 2 and 1 vanishing

components of velocity in the physical space for 1-D and 2-D flows, respectively.

2.1.1 Conservation of Mass

The equation for conservation of mass is obtained by employing the mapping operation

defined by equation (2.2) and substituting the collision invariant for the mass ) = m:

(n (P52 4020 0)) = o+ -t =0 @9

where

(fy =1
(vif) = uz<f>+ﬁ<ézf>:ul+0

Thus, the equation for conservation of mass (2.8) becomes:

0

0
o (pus) = 0 2.9)

(’hi

(p) +

2.1.2 Conservation of Momentum

The equation for conservation of momentum is obtained by employing the mapping

operation defined by equation (2.2) and substituting the collision invariant for the

10



components of the momentum ¢ = muv;:

7

(o (2504020 )) = 2 ot + g ol =0 10

where

(vif) = wu; <f>+ﬁ<@jf> = u;
(joif) = wuy (f) + uiﬁ (¢if) + Ujﬁ (Gif) + ﬁ (¢icif)

After substituting the equation of state (2.6) for -, the equation for conservation of

28°

momentum (2.10) can be expressed as:

0 0 0
o (pu;) + 9z (puiuy) + e (p)=0 (2.11)

7 Ij
2.1.3 Conservation of Total Energy

The equation for conservation of total energy is obtained by employing the mapping
operation defined by equation (2.2) and substituting the collision invariant for the total

energy ¢ = fmvk -+ me:

(oo (557 0750 ) =

gt(<€f>+p< )+ 3*<<vz€f>+p<vwkf>) 0 (212

where

(ef) = e(f)=¢6
(vief) = € (uif) =wie, (f) + EOﬁ (Gif) = uieo + 0
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<§U§ > = sup (f) + 7 k(Crf) + < > uj + 0+ 750k
<%vw,§f> = Luu (f) + Wuluk (e f) + 5w <ékf>
\1/- (eif) + Fuk (Cicrf) + ﬁ\/— <0z0i >

= i + 0+ uzékk + 0 + uk&k + 0

Utilizing the definition of the average internal energy (¢,) and the equation of state for

the ideal gas (2.6), the equation for conservation of energy (2.12) can be written as:

0
= (per) + 5 (pusey + pu;) = 0 (2.13)

o

where the total energy is defined as pe; = % pui + ﬁp.

2.2 Explicit Kinetic Schemes (KFVS and KWPS) for the

Euler Equations

The mathematical link between the Boltzmann equation and the continuum equations of
fluid flows demonstrated in the previous section is called “moment method strategy”,
which can also be employed to map an upwind algorithm for solving the Boltzmann
equation to obtain the corresponding algorithm for solving the Euler equations. This

methodology is the philosophical basis of all kinetic schemes.

The moments of the upwind discretized form of the Boltzmann equation result in
upwind schemes for the equations for fluid flows at the continuum level. In this section,
the derivations of the kinetic schemes for the numerical solution of the Euler equations,

namely the KFVS and the KWPS schemes in generalized curvilinear coordinate system,

12



are presented. The Euler equations in a time-invariant generalized coordinate system
(&, 1, C) can be expressed as the follows:
0Q OF; OF OF
ot o on ¢

=0 (2.14)

where the overbar denotes the quantities in the generalized curvilinear coordinate

system, defined as

T
= }QZ}{[) pu; Pet}
Fe — % (&, F, +&,F, +EF)
T
— @ { pue  puguj +p&;  puge, + pug ]
F, = +(0.F.+n,F,+n.F.)
i T
— H%” | Py pUyuy +pi; puner + puy }
F. = L(GF,+(F, +(F.)
_ T
— @ | puc pucy; +pG; pucer + pug ]
o= 7Yz

where

1. Subscripts z,y, z are associated with the Cartesian coordinate system;

—

2. ||-|| denotes the Euclidean magnitude of the transformation metric vectors &, 77, ,

tl= /= /arere

e.g.,

3. The hat (%) denotes the normalized components of the transformation metrics, and
the subscripts &, 77, ¢ on the velocity components indicate the velocity components
in the generalized coordinate system, which can be related to the values in the
Cartesian coordinate system through a rotation operation such as ug = ékuk with

k=uxuy,z.

13



The Jacobian of coordinate transformation is defined as:

fm gy gz Te Ty T¢
J = Ne My Mz | = | Ye¢ Yn Y¢
C.:Jc Cy Cz Z£ Zn ZC

Deshpande et al. [10, 11, 21] apply the idea of moment method strategy by splitting the
molecular velocity (v) into positive and negative parts. In the Cartesian coordinate

system, the split-flux Boltzmann equation (1.1) becomes:

0 (n O oile O vt
<atf> oy (@) + - (5 en) =T (L f) @19

with ¢ = z, y, 2. After applying the simple first-order accurate upwind discretization to
the Boltzmann equation (2.15) and utilizing the moment method strategy, the scheme

called Kinetic Flux-Vector Splitting (KFVS) is obtained. The split-flux terms for the

Euler equations in the generalized coordinate system are obtained as:

Pug P
R 13| lzterf(Sg) ~ exp(sz)
Fe="7>% P puet; + &§;p 72\/75 pu; (2.16)
puge; + uep pe: + p

where S; is the é -component of the velocity ratio vector S =1 3, such that S = f &Sk

with k = x,y, z. The error function erf () is defined as:

erf (z) = \3% idt exp (—tQ) (2.17)
0

In the numerical computation this function must be calculated using numerical

integration schemes such as Gaussian Quadratures [1] or polynomial approximation [24].

Agarwal & Acheson [1] proposed the Kinetic Wave/Particle Split (KWPS) scheme to

upwind split the Boltzmann equation (1.1). The scheme is derived by first decomposing

14



the molecular velocity in the flux terms of the Boltzmann equation into fluid velocity and
thermal velocity (U = i + ¢), and then upwind-splitting the velocities @ and ¢
individually based on their signs. In the Cartesian coordinate system, the split-flux

Boltzmann equation becomes:

HL) 0 (sl ) + o (2552 () +

aaxi (“5 D) + aii (G mp)) =T (1) @18)

After the moments are taken with respects to the collision invariants W, the resulting
split-flux-vectors for the Euler equations in the generalized coordinate system are

obtained as:

p 0 p

Bt el | uet|uel 1|2 ]

Fe=7 "2 |ry | Ta|&p |EToym] (2.19)
pey Ugep pes + 3p

Note the simpler expressions in equation (2.19) compared to the KFVS

formulation (2.16).

2.3 Implicit Kinetic Schemes for the Euler Equations

In order to increase the efficiency of the calculations for steady state cases, the implicit
variants of the kinetic schemes of section 2.2 are derived in this section. For the
derivation of implicit schemes, it is required to obtain the Jacobian matrices of the

flux-vectors.

There are two approaches for deriving the Jacobians:

15



Continuum approach: the Jacobians are obtained from the flux-vectors such as the one
expressed in equation (2.16) of the explicit scheme, for example AL = OF%/0Q

in Cartesian coordinate system.

Molecular approach: the Jacobians of the Boltzmann equation are calculated first and
then their moments are taken with the collision invariant vector ¥, for example

AL = (vE0 (nf) /0Q ¥) in Cartesian coordinate system.

In subsequent derivations, the Jacobians are presented as a matrix product A = BC™!,

where B and C are 5 x 5 matrices with C defined as

I 0Oix3 O

U pl 0341 (2.20)
%U% pu ﬁ

T

and V defined as the primitive variables vector ([ p U p ] ), and I 'is a 3 x 3 identity
matrix. Also, the subscript j € {z,y, z} runs vertically while the subscript [ € {z,y, z}
runs horizontally. The repeated index implies summation over the range {x,y, z}. This
convention on index notations is employed in all the derivations that follow. Also, the

size of the zero submatrices are subsequently dropped for brevity and to avoid clutter.

2.3.1 Continuum Approach
In the continuum (C) approach, the split Jacobian matrices are obtained directly from the

linearization of the flux-vectors at the continuum level. This approach is very

straightforward, and the results are as follows:

16



For KFVS scheme:

£ _ ) [1ert(Se) g1y oe(=5) pa] o1
A= 1 [ o e 220
where
Ug ,051 0
) . .
Bg = Ug pU§I + Pujgl fj
I %ugu% pugu; + Petél + pél ﬁuﬁ U
[ 1
1 0 B
] A . .
B = 3Uj + Ut PL+ L& fuj = Puet,
| 2UE — g5 3Gt e put gpuch S+ G+ e — 5 fug

and j, k,l = x,y, 2.

Applying the continuum approach to the KWPS scheme, the following expression is

obtained:

] [ 1-sen(Fue) B+ 1Bl+ B2 C! (2.22)

L _
Ae=7 "> T

where

Ug P& 0
B2 = | ueu; pud+ pUjél 0

I %ufui pusu; + petél ﬁ%

0 0 0

Bi=10 0 §
| 0 péz Ug

2 0 b

Bi = U al Pu;

1,2 1 1 1 43
| Uk — g5 — 3¢ pu gt it Pe

and j, k,l = x,y, z. Note that sgn (0) = 1.
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2.3.2 Molecular Approach

In the molecular (M) approach, first an upwind implicit scheme is formulated for the

Boltzmann equation. For example, the z-component of the flux terms is approximated as

follows:
(venf)OT2 & (vn )P + Ata(ig:f) ~ v, (nf)° + vxagg)AQ (2.23)
where
agéf) = ()| L(1+@) 28c, 28e, 26c. —1o |CT
@ = 2 pd-pd -

The moment method strategy is then applied to obtain the split-flux Jacobians for the
Euler equations. The results are then utilized in formulating the implicit kinetic schemes

for the Euler equations.

Using the KFVS methodology, the split-flux Jacobians are the same as those obtained

using the continuum approach, expressed in equation (2.21).

On the other hand, by applying the Kinetic Wave/Particle Split (KWPS) methodology,

the resulting split-flux Jacobians for the Euler equations are obtained as:

+ €|l | weE|ue -1
ag=1 [ mie o€ @24

where

1 0 0
Bi=|w pl 0

2 1
uk pul ~—1
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0 P& 0
Bi=10 pu;E; &

0 Peté;z-i‘péz Ug

1
3 0 8
) L
B: = Tu; pL+ p&;& Bu,
L %ui - %et - % puy + Pugél f + + Bey

Note again, the simpler expressions in equations (2.24) and (2.22) compared to

equation (2.21).

2.3.3 Eigenvalues of the Jacobian Matrix

Some further insights can be obtained from the eigenvalue analysis of the Jacobian
matrix A = XAX ™! where A is the diagonal matrix containing all the eigenvalues and
X is the eigenvector matrix. However, the present analysis is conducted on a simpler
diagonal matrix D, which is related to A by the similarity transformation A = CDC™L.
Also, for simplicity, the analysis is limited to 1-D Jacobian matrix only, resulting in a

cubic equation for the characteristics polynomial.

There are three Jacobian matrices that need to be considered: KFVS, KWPS;, and

KWPS ;. Their characteristic polynomials are calculated as follows.

Eigenvalues of the KFVS Scheme

The characteristic polynomial can be written as:

0= |-\ + 1*“\} E! + e}‘p\(/_ﬁa2 (2.25)
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where

S: pvB 0 3 0 3
1 1 2 1 _1
Ei=|0 S VB E2 = 2p\/ESgc 2 S 5:V/B
0 Sz _atl _ y-1g2 S

v
2\/Ep

The calculation can be simplified if the following change of variables is applied:

353 a8 Pz 2\/—,03

_ 1+4erf(Sz) _
Ky = W Ko =

The characteristic polynomial can now be recast as follows:

—A = 5Ky VL B
0= | Sk A+ 1 /B — 158,
(%Sﬁ + v+2) KCo L\?—P’Q — \/—pS Ky —A+ (732 3'y+2) K,
0 = N+ N (=% —1-19) Ka] + A [3K3 +75.K:1K, — K]
+ [1K8 + 35K + (187 - 3) Kike] (2.26)

Eigenvalues of the KWPS Scheme

The characteristic polynomial for the “continuum’ approach can be written as:

0= |~ A4 1S | 1pt QﬁEi (2.27)
where
[ s, p 0 _ 1
NG 0O 0 O 5 0 B
E° — Sz El = 1 E2 —
e 0 NG 0 T 0 O 5 0 1 0
-1 1 3743
0 d 0 o 0 50w
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Define the following the variables:

Kozl_s%(_sz) ’C3:ﬁ S\ZA—ﬁSx/Co—’C:% '7:’7_1

With this change of variables, the characteristic polynomial can be recast as:

A= %]C:a pPKo B3
0 = 0 - =

[16,3]C3 (Ko — 1)} (2.28)

For the “molecular” approach, the characteristic polynomial is given as:

:‘—AI+S’;+\/%”E§+§EQE+2\};B 2 (2.29)
where
1 00 0 p O % 0 B
Eg=]lo10| Ei=|o 0o | El=) 0 2 0
001 0 %p 0 _78%;1 0 %

Again, considerable simplification can be realized by the use of following variables:

_ 1 Yo ) N — A —
K3_2\/ﬁ A=A— [T (Sy +15:])+1]Ks F=v-1

The characteristic polynomial can now be recast as:

-\ - %’Cs %P B3
0 = 0 —;\ + IC3 i
—TEKs e A+ TP
0 = M+X[(-2 1)K + M35 - L] + 2K (K- &) 230
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Eigenvalues of the Kinetic Schemes

The determinants for both KWPS variants are constants. However, the determinant of
the KWPS; switches its sign and becomes positive for S, < 0. The determinant for the

KWPS , stays the same, a negative constant throughout.

Using procedures outlined above, the eigenvalues of the positive split-flux Jacobian
matrices are obtained as functions of the non-dimensional fluid velocity S, and the
equivalent temperature 3 whose value is set to unity for the eigenvalues computations.
When applied to the KFVS split-flux Jacobian matrix, it is revealed that the eigenvalues
are smooth real functions of S,. Furthermore, the eigenvalues associated with the
positive flux Jacobian matrix are all positive, go to zero as S, goes to —oo, and to the
non-dimensional eigenvalues of the Euler equations (Sx, S, \/@ as S, goes to +00.
For the KWPS split-flux Jacobian matrix, for both the molecular and the continuum
approaches, the eigenvalues are positive real functions which are parallel to the
non-dimensional eigenvalues of the Euler equations for positive values of S,. For
negative values of S, however, two eigenvalues of the continuum KWPS Jacobian
matrix become complex numbers, and the remaining eigenvalue, a constant value, is
discontinuous at S, = 0. On the other hand, the eigenvalues associated with molecular
KWPS split-flux Jacobian matrix stay continuous at S, = 0, and stay constant for

S, < 0. Based on this observation, the molecular approach is preferred over the

continuum approach.
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Chapter 3

Derivations of the Kinetic Schemes for

the Ideal MHD Equations

In the previous chapter, a systematic description of the application of the “moment
method strategy” was presented for obtaining the kinetic schemes for the Euler equations
from the “upwind” discretized Boltzmann equation. In this chapter, the methodology is

extended for obtaining the kinetic schemes for the ideal MHD equations.

3.1 Connection between the Boltzmann Equation and

the Ideal MHD Equations

Under the assumption that the viscous effects are negligible and there are no relativistic

effects [22, 6], the governing equations of Magnetohydrodynamics (MHD) are given
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below. Note that V = ia% + )5 + k-2 where i, 7, k; are the Cartesian orthogonal unit

vectors.

Continuity equation:

0
. e p— .1
5 (P)+ V- (o) =0 (3.1
Conservation of momentum:
fa(ﬁ)+v(m)+v< )=V-(LBB) (3.2)
at p p pO - o .

Conservation of total energy:

gt (per) + V - (pies + potl) =V - (ié (ﬂ' E)) (3.3)
Magnetic field induction:
gt (B) =V x (ii x B) (3.4)

The above equations can be combined in the following conservation form. Note that the

repeated indices imply summation over the range.

0Q OF,

= =0 3.5
ot or, )
The components of Q and F are as follows
T
Q = | p pu pe B
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PU;
PUU; +p05ij — iBZBj

puier + poth; — iBiukBk

’LLZ‘BJ‘ — Biu]‘

4.k = 1,2,3
where B is the magnetic field and the constant y, is the permeability of free space
(= 47 x 107" H/m). The total pressure and total energy density are redefined to account
for the magnetic field contribution as p, = p + iB,% and pe; = % pui + Tilp + iB,%
Furthermore, the equivalent temperature is now defined as 3 = 2}%. Thus, the equation

of state for the ideal MHD can be expressed as

p:pRszo—Q;DB,%zjﬁ—i’i (3.6)
To establish the connection between the Boltzmann equation and the ideal MHD
equations it is necessary to derive a suitable distribution function from which the
continuum equations can be recovered. Previous derivations of the kinetic schemes for
ideal MHD [8, 36] simply extend the flux-splitting function of the Euler equations.
Recently, it has been shown [16] that a distribution function can indeed be constructed
for the ideal MHD equations for the conservation of mass, momentum, and total energy,
namely equations (3.1), (3.2), and (3.3). The following sections illustrate this new
approach. However, the methodology does not work in connecting the Boltzmann
equation to the equation of magnetic field induction (3.4). Thus, this approach will not
be followed in this dissertation for the derivation of the kinetic schemes for the ideal

MHD equations.
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Consider the following generalized transport equation:

with W = ﬁé defined as the Alfven wave velocity, and the acceleration terms
a; = a%i (%wfn f ) in conjunction with the following distribution function [16]:

= e ()0 T e ()

1 1 3/2 Cq 2 1 2
- Lo () () e () oo
€o €o T 8w, ws 8wq P 4w,% 4wy,

where ¢, h, q,r, s = 1,2, 3. In the following sections the derivation of the fluid portion of

the ideal MHD equations (3.1), (3.2), and (3.3) from the generalized transport
equation (3.7) is presented. Note that the angle-brackets denote the mapping operation

defined by equation (2.1).

3.1.1 Conservation of Mass

By substituting 1) = m in the generalized transport equation (3.7), the following

equation is obtained:

o () + o (i) = 0 (9)

Since 0v)/dv; = 0, taking the moment of equation (3.9) with ) = m we obtain:

(fH =1
(vif) = w
Thus, the equation for conservation of mass (3.9) can be expressed as:

0 0
ot (p) + oz, (pui) =0 (3.10)
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3.1.2 Conservation of Momentum

By substituting 1) = mw; in the generalized transport equation (3.7), the following

equation is obtained:

3 0 ) + g s ) = 5o (o (1) =0 G.11)

Since 0v/0v; = mJd;;, taking the moment of equation 3.11 with ¢ = mv; we obtain:

(vif) = w4

U — W, L F# ]

(viv; f) = L o
Uiy + 25 — QWiwj, 1=

Substituting for % from the equation of state (3.6), the equation for conservation of

momentum (3.11) can be written as:

0 0 0 1 2 d 11 9\
57 (i) + o, (pusu; — pwiw;) + oz, (po + 3pw?) — o, (3pw7) =0
which simplifies to:
0 0 1 0
& (pu]) + 671’1 (puiuj - EBZBJ) + 671,’] (po) =0 (312)

3.1.3 Conservation of Total Energy

By substituting ¢ = me + %mvi in the generalized transport equation (3.7), the

following equation is obtained:

;@Wﬂ@ﬁ%;ﬁ«HMMM—£@MWMZOQm

Since 0 /Ov; = mugdy, = mu;, taking the moment of equation 3.13 with

¢ = me + $mvi we obtain:

<€f> = 6
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1,2 — 1,2, 3 1,2
<zka> - guk+45 4wk

<’Ul'€f> = U;€p
1o, .02 _ 1,.2 5 1 2 _ 1 2 2
<§vika> = SUUj + 1p Wi — FUiWE — FUW; — Wil Wy + u;w;

The equation for conservation of total energy (3.13) can then be written as:

0
ot (peo + %pui + %po — ipwi)

2 2

+ oz, (puieo + Lpusup, + Spow; — Lpuwy — %Puiwi)
_ ({;i (pwiUkUJk — puiw?) — 381131 (%puzwf) -0

which, after some simplification and applying the definition of the total energy density
(pet = spui + ﬁp + %pw,%), becomes:

0 0
a7 (ped) 5 (puser + pous — - Bau Br) = 0 (3.14)

3.2 Derivations of the Kinetic Schemes for the Ideal

MHD Equations

In section 3.1, it was shown that the ideal MHD equations can be expressed in

conservation form, given by equation (3.5). These equations are:

0Q OF;

. =0 3.15
p pu;
U, ut; + podi; — BiBj
Q- Pu; and F. - PU;U; J J
pet puie; + poty — Biuy By,
i Bj ] L uiBj — Bﬂl/j )
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where

1. i, k=123

2. the total pressure and total energy density are defined as p, = p + %B,% and

pe; = Lpui + ﬁp + 3 BE;

3. the equivalent temperature is now defined as § = 2]_%0 to include the contribution of

the magnetic field;

4. the factor \/% has been absorbed in the definition of B for simplicity and brevity.

3.2.1 One-Dimensional Formulation

Equation (3.15) includes 8 equations: the continuity equation, the three momentum
equations, total energy equation, and three induction equations. Since the eigenvalues of
the Jacobian matrices associated with this system are real numbers, the system is
hyperbolic [15]. Therefore, in the flowfield information is propagated through the wave
speeds. Because the 8 eigenvalues can be related to the wave speeds, the terminology

8-wave formulation is often employed for the system of equations (3.15).

Due to the solenoidal condition required on the magnetic field (V - B= 0) by the
Maxwell equations of electrodynamics, the B, term in 1-D MHD equations becomes a
constant. Therefore, the corresponding induction equation for B, can be dropped, and
the above 8-wave system of equations (3.15) can be contracted to 7-wave formulation for
1-D ideal MHD. The corresponding 7 eigenvalues, in non-decreasing order [22], are:

Uy — Qf, Uy — Wy, Uy — Gg, Uy, Uy + s, Uy + Wy, and u, + ar; where wy, is the
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x-component of the Alfven (intermediate) wave velocity, with ay and a, defined as the

fast and slow magneto-acoustic wave speeds:

af = Jaj +a%

as = /a3 —a%
1,2 2
g = 5(wk+a)
2 _ 4 202
az = /Ay — a"w;

witha =,/ % being the speed of sound, and w} = w? + wf/ + w?.

Some of the eigenvalues can be equal to one another, depending on the values of the
magnetic field components. Hence the ideal MHD equations may not remain strictly
hyperbolic [7]. The following cases may arise depending upon the values of the

magnetic field components:

No magnetic field: B, = B, = B, =0
w, =0 , ap=a , a;=0

In this case, 5 of the eigenvalues are equal to the flow velocity u,., and the fast

magneto-acoustic speed reduces to the speed of sound a.
Zero longitudinal magnetic field: B, =0 and B,, B, # 0
w, =0 af:\/m , ags=20
Again, 5 of the eigenvalues are equal.
Zero transverse magnetic field: B, # 0and B, = B, =0

af = max (|wy|,a) , as;=min(|lw,|,a)
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In this case, there are 2 pairs of the eigenvalues that are equal. Depending on the

magnitude of B,, either the fast or the slow magneto-acoustic wave travels with

the Alfven wave. A special case arises when | B, | = ,/7p. In this case, 3 pairs of

eigenvalues are equal to each other (w, = a5 = a5 = a).

Croisille et al [8] derived an extension of the KFVS scheme to solve the 7-wave MHD

equation. Xu [36] employed a similar methodology to extend his BGK scheme to solve

the ideal MHD equations. The KFVS split-flux-vectors that are obtained can be written

as:

where

Plg
puz +po — B
pugu, — B, B,
pugu, — B, B,

PULE + Poly — Ba:ukBk

uy By — Byu,

u:sz - B:vuz

_ el p 4 exp(—52)

2¢/n8

and

F,

p
PUs

Py

pUz

per + ip, — B2

B.

(3.16)

Employing a similar strategy, the split-flux-vectors for KWPS scheme for ideal MHD

equations can be obtained as follows:

Fr =

x

Upt|ug| 1
=5 Q4 gFi £

e

31

1

F,

(3.17)



where

i ; ] ) p ]
po — B; i,
-B,B, pu,
F, = —B,B. and F,= P
Polly — Byuy By, per + ip, — 3 B2
—B,u, B,
—Bu, B,

The KWPS formulation of the 7-wave ideal MHD equations, studied by Reksoprodjo &
Agarwal [29], gives results that are in excellent agreement with those obtained with

other schemes.

3.2.2 Multi-Dimensional Formulation

The Maxwell equations of electrodynamics require that the magnetic field (B) remains
divergence-free, which is not an easy condition to implement in the numerical schemes
for MHD equations. Thus it is not straightforward to extend the numerical schemes
developed for the 7-wave 1-D ideal MHD equations to multi-dimensional MHD
equations. Till now, there are several ideas that have been proposed in the literature to
satisfy this requirement of divergence free magnetic field. Powell [22] utilized a clever
mathematical trick to ensure that the errors associated with non-compliance of the
solenoidal requirement are advected away. An alternative approach is to solve the
Poisson equation V2¢ + V - B = 0, at the end of each time step to attain a corrected

magnetic field B> B+ V¢, where ¢ is the solution of the Poisson equation.
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Tang and Xu [33] proposed a multi dimensional kinetic scheme for the ideal MHD

equations. The new split-flux-vectors are obtained as follows:

at €]l I:terf(Sg) — exp(fSQ) —
Fg == s F1 £ 2\/:; F, (3.18)
where
pug p
_ uu-—I—A-O—BB' _ U
F, — pugu; + &;p ¢Dj and F, — P
PUgC + UePo — BgukBk per + %po — %Bg
i UgBj - Bfuj ] i Bj - ngg

The above subscript j denotes a 3 X 1 column vector representing Cartesian x, ¥, 2

components.

A similar flux-vector splitting can be employed for the KWPS algorithm. The

split-flux-vectors are obtained as follows:

Bt el [uetlud m L 1g 1 E
Fp = |5 + 4R & =, (3.19)
where i i i i
p 0
_ w; _ 1o — BeB;
F, — PU; P, - &;p ¢bj
PEt UgDo — Beuy By,
| B; — B¢ | | —Be (u; — Gue) |
p
_ WU,
and F, = Pt

pet + %po - %Bg
Bj — & B
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3.2.3 Derivation of Implicit Kinetic Schemes for the Ideal MHD

Equations

The derivation of the implicit kinetic schemes for the ideal MHD equations employs the
same methodology as was used in deriving the implicit kinetic schemes for the Euler
equations in section 2.3. However, due to the unavailability of a distribution function
that completely describes the ideal MHD equations [16], only the continuum approach
can be applied to the KFVS algorithm. The implicit KWPS algorithm for the ideal MHD
equations is derived from the implicit KFVS scheme using the implicit formulation for

the Euler equations as a guideline.

Homogeneity of the Ideal MHD Flux-Vector

Since the flux-vectors of the ideal MHD equations are not homogeneous of degree one
with respect to the conserved variables ((0F/0Q) Q # F), an implicit scheme must be
derived in a somewhat roundabout manner. MacCormack [19, 20] accomplished this by
adding a dummy equation da/0t = 0, with a being a dummy variable, to the system of
equations (3.15), and modified the expressions for the magnetic field components in the
equations as shown in equation (3.20). The resulting system reduces to equation (3.15)
when a = 1. However, the modified flux-vectors in (3.20) can be shown to be
homogeneous of degree one with respect to the modified conserved variable vector. In
all subsequent derivations, the expressions are given only for the £ component of the
generalized coordinate system. The expressions for 7 and ( components are easily

obtained by simply replacing £ with 7 and ( respectively.
The modified conserved variable vector Q and the £-component of the modified flux
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dyad F¢ can be written as follows:

Qi
I
Q=

and

sl
Y
Il

pu
a 1
pucu; + &ipo — (1Be) By
PUc€ + UePo — (éB§> ukBk
ugBj — Beu,
0

(3.20)

where the total pressure and total energy density are now defined as p, = p + iB,% and

per = Lpui + ﬁp + 5= Bf. Without loss of generality, it can be assumed that ¢ = 1.

The homogeneity of the flux-vector can be shown as follows. First, note that F¢ can be

expressed as:

pug
pugu; + &b
PUg€ + UePy
ug B
0

The Jacobian matrix of this flux-vector can be calculated as follows:

Pl

3
”7H PUger + UgPy
ug B;
0
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_ . - . .
B; B;
- (15 i | S| e | | -5 | w | 5 (G%)
u;a u;a
L 0 L 0 .

However, the last term can be dropped because (8 (%Bg) / 8Q) Q = 0. Thus the 9 x 9

Jacobian matrix becomes:

_ Ap
_ 9 _
Ac=ag (R =l
where Ap is the 8 x 8 Jacobian matrix due to Powell [22] and
S R T
b= { 0 5=&BE SmueBt —iBe

2

is the 8 x 1 column vector associated with ¢ flux.

Implicit KFVS Scheme for the Ideal MHD Equations

The implicit KFVS scheme for the ideal MHD equations is derived by utilizing a
methodology similar to that used in deriving the implicit KFVS scheme for the Euler

equations employing the continuum approach. Define the matrix C as:

1 O1><3 0 01><3 0

uj  pI O3x1 O3x3  O3x1
C=7| 3t pu = B 3B}
O3><1 O3><3 03><1 I 03><1

0 Oixz 0 Oixg 1
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where I is the 3 x 3 identity matrix. The subscript j denotes a 3 x 1 column vector, while

the subscript [ indicates a 1 x 3 row vector. The range for j, k, [ subscripts is {z,y, 2}

with repeated indices signifying summation over the whole range. The sizes of the zero

submatrices are dropped in the rest of this chapter for brevity and to avoid clutter.

For the Jacobian matrix of the KFVS ideal MHD split-flux-vectors, the following

expression is obtained:

where

B1 -

Ug

UgUy

%ug@% Pélht + pusu; — BgBl ﬁu,g 2U§Bl — Bgul

0 §Bj — Bel
0 0
1 0 0 0
uj  pl 0 0
gk
0 0 0 I-&6
0 0 0 0
- 1 r AT
1 2
Uj 0
hi—q5 = 3,88 || =P
; (Bj - Bféj) BB
i 0 || 3B |

+ __
Af - J 2
Péz
péluj + ,01651
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exp(-52)
B

0 0
§ §B1 — Bl
0 Ug (I — éjél)
0 0

B,| C!

(3.21)

15 P2
—5&;Bi;
—ue B}

— B¢ (Uj - Ugfj)




0 1] s
é’j — pioBEBj &ip
| 3ue — 5, Be Qui By, — ueBy) —ugf
— B¢ (uj — ugéj) —Byuefs
_ 0 | | 3Biueh |

Implicit KWPS Scheme for the Ideal MHD Equations

The implicit KWPS scheme for the ideal MHD equations is derived by employing the
molecular approach of the implicit KWPS scheme for the Euler equations, and using the
previously obtained implicit KFVS Jacobian for the MHD equations, expressed in
equation (3.21), as a guiding model. The Jacobian matrix of the KWPS ideal MHD

split-flux-vectors is obtained as:

ugE|u _
Af =l [retle 5|B0+;Bli2\}ﬁB2 c! (3.22)
where
1 0 0 0 0
uj pI 0 0 0
Bo = | jui pu & B —3B}
0 0 0 I-§&§ 0
0 0 0 0 0
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0 P&, 0 0 0
0 péiu; & &Bi— Bd —1¢; B}
Bl = 0 pélht — BﬁBl Ug usBl — Bgul —%U§B%
0 &B;—BdI 0 0 —Be (u; — ueé;)
0 0 0 0 0
1 0 0 0 0
u;  pl 0 0 0
BQ - 5uz pu; ﬁ + % %Bl — %éle —%B%
0 0 0 | QS 0
0 0 0 0 0
- 1 r T
1
1 3
Uj 0
— | he ﬁ - 71pB§2 _5
; (Bj - Bgéj) —Bip
o [
- - r 4T
0 0
fj - pioBfBj fzp
+ Ug — p%Bg (2ukBk — Ung) 0
—L B (u; — ue;) 0
0 0

3.2.4 Implementation of the Poisson Solver

The Maxwell’s equations require that the solenoidal condition on the magnetic field is

satisfied in MHD computations. One method to fulfill this requirement is to utilize a
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Poisson solver. The initial step is to solve the following Poisson equation:
Vi+V-B=0 (3.23)

and then to adjust the magnetic field according to §k+1 = B, + V¢y.. The Poisson
equation (3.23) is then solved again based on the new value of the magnetic field. The
application of Neumann boundary condition V;¢ = 0 is to guarantee that the magnetic
field along the boundary is left unchanged. The Laplacian in a generalized coordinate

system can be expressed as follows:

Vo = (£€) dee+ (1.7) by + (C0) dcc
+2 (&) den + 2 (7.) duc +2(C€) e
+ V2€e + V2o, + V(o

where the quantities in parentheses denote inner products and the greek subscripts
denote partial differentiation, e.g., (E, ﬁ) = &My + §yny + &2, and @y, = %. The

Laplacian of the generalized coordinate component £ can be written as follows:

Vi = — (5, E) (Exee + EyYee + Eazee) — 2 (gv 77) (aTen + EyYen + E22¢n)
= (7,17) (Eatny + Eytyny + E22mn) — 2 (77, E) (Eatne + Eytme + E22nc)
— (€.€) (e + &yyec + Eo2ec) — 2 (C,€) (aice + Eybice + Ex2¢e)
The Laplacian of other components 7 and ( can be similarly obtained using appropriate

substitutions. In addition, the following formula can be used to calculate the magnetic

field divergence:

V-B = e (Ba:)g + Nz (Ba:)n + Ca (Bz)g
+ & (By)g + 1y (By)n + Gy (By)g
+ & (Bo)e + 12 (Bs), + G (B2),
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Also, the boundary conditions are applied in the generalized coordinate system as
¢ = ¢y = ¢¢ = 0, similar to ¢, = ¢, = ¢, = 0 in Cartesian system. Finally, the

magnetic field is updated as follows:

0
Bu= 00 = tuge + by + Gt (3.24)

with the other magnetic field components obtained by employing corresponding

substitutions.
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Chapter 4

Code Validation Test Cases

Employing a number of test cases, Reksoprodjo[27] has validated the 1-D and 2-D
explicit KWPS schemes for the solution of Euler and ideal MHD equations. For the
Euler code, the 1-D cases include the Sod’s shock tube test case [31] and the steady-state
shock structure computations. The 2-D Euler cases include the flowfield computations of
a cylindrical blast-wave, and supersonic flow past an axisymmetric blunt body. For the
MHD code, the 1-D case is the standard Brio & Wu magnetic shock tube test case [7]. In
all the above test cases, it is clear that the explict KWPS scheme is able to produce

accurate results.
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4.1 Explicit KWPS Scheme for the Euler Equations

4.1.1 One-Dimensional Test Cases for the Explicit KWPS Euler
Code

The first test case used to validate the explicit KWPS schemes is the Sod’s shock tube
test case. A uniform grid of 2000 mesh points is employed in the computational domain.
This computational domain is divided in two parts which are initially (at time ¢ = 0)
separated by a diaphragm, with density and pressure ratios of 8 and 10 respectively. The

specific heats ratio v is set to g The CFL is defined as the ratio

max (|u,| + a)

CFL =
Az

At (4.1)

where a is the local speed of sound, and Az is set equal to unity. The time step used is
At = 0.4, which corresponds to CFL = (0.877, and the final solution is obtained at

t = 400. This case is widely used as a benchmark for testing the numerical algorithms.
The numerical results are compared with the analytical solution, which can be easily

obtained.

In this case, a gas, initially at rest in a long infinite tube and separated by a diaphragm, is
at a high pressure and density in one chamber and at a low pressure and density in the
other chamber. When the diaphragm is broken, the high pressure gas expands into the
low pressure side and a series of waves generate from the original location of the
diaphragm: these waves constitute a compression wave, an entropy wave, and an
expansion wave. With the assumption that both the ends of the tube to the diaphragm are
infinitely long, the waves that emanate from the diaphragm location are assumed to

never reach the ends of the tube. The flow domain spanned these three waves can be
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Figure 4.1: Analytical solutions for the Sod’s shock tube test case [31]
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Figure 4.2: Explicit KWPS calculations for the Sod’s shock tube test case [27]
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divided into 5 distinct regions, as shown in Fig. (4.1). The undisturbed gas fills regions I
and V. The head and the tail of the expansion wave mark the left and right borders of
region II, which is called the expansion region. On the border between regions III

and IV, the two gases are separated by a contact discontinuity—density shows an
increase but velocity and pressure profiles stay continuous. Finally, a traveling shock is
present on the boundary between regions IV and V across which all flow variables are
discontinuous. The numerical solutions with the KWPS Euler solver are shown in

Fig. (4.2) which compare with the analytical solutions shown in Fig. (4.1).

The second test case is the computation of the structure of a Mach 1.5 steady shock. The
domain consists of 100 uniformly distributed mesh points. For Euler flow, an analytical
solution can be found in standard textbooks on compressible fluid flow, e.g., the book by
Anderson [4]. If the flow starts at ¢ = 0, then linear variations in density, velocity, and
pressure within the computational domain can be calculated using the boundary values at
the left and right boundaries, which are obtained from the Rankine-Hugoniot jump

relations [17] as given below:

o (y+ DM
p (v 1) MP+2
pr_ 29MP—(y—-1)
n v+1
M2 — (7_1)Ml2+2

T 2Mi-(v 1)
where M = “f is the Mach number, ¢ = \/I/f is the speed of sound, and the subscripts [
and r denote pre- and post-shock conditions. A time step of At = 0.3 is used for explicit
KWPS scheme, which corresponds to CFL ~ 0.890. The solution is considered to
converge when Ly — norm < 107°. Results from the steady-state shock structure

computations are shown in Figs. (4.3) and (4.4).
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Figure 4.3: Density & pressure profiles obtained by the explicit KFVS and KWPS

schemes for the shock structure computations[27]
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Figure 4.4: Velocity & Mach number profiles obtained by the explicit KFVS and KWPS

schemes for the shock structure computations[27]
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4.1.2 Two-Dimensional Test Cases for the Explicit KWPS Euler
Code

In the 2-D test case of the propagation of a cylindrical blast-wave, a Cartesian square
domain L x L is discretized into 100 x 100 grid points. In the center of the domain is a
circular region r = %L representing a high pressure pp;gn = 40p;0,, region. The final
solution is computed at ¢ = 2.0, and the time step is set at At = 0.02 for the explicit
KWPS scheme. The numerical results for the cylindrical blast-wave test case are
obtained by using the KWPS scheme; the density and thermal pressure contours as

shown in Fig. (4.5).

The second 2-D case is the supersonic flow past a cylindrical blunt-body, of which the
leading edge is semicircular with a radius R = 0.1 m, and the afterbody extends to 2R

behind the leading edge. The grid consists of 78 x 51 mesh points.

The inflow conditions are set to that of a uniform flow of Mach 5.85 with farfield density
and pressure values of T,,, = 55 K and p,, = 510 Pa. The CFL values used are 0.4 for
the explicit KWPS scheme, and the solution is assumed to converge when the

Ly — norm of changes in density is less than 1077,

The density contour plots are shown in Fig. (4.6) for the explicit and the implicit KWPS
scheme. The stagnation line profiles for the density, thermal pressure, and temperature
are given in Figs. (4.7). It should be noted that at the stagnation point the computed
numerical values of the flow variables are accurate when compared with analytical

values.
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Figure 4.5: Density (L) and thermal pressure (R) contours for the cylindrical blast-wave

test case

Figure 4.6: Density contour plots for the blunt-body computation using the explicit (L)

and implicit (R) KWPS scheme
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Figure 4.7: Density, thermal pressure, and temperature profiles along the stagnation line

of the 2-D blunt body using the explicit KWPS scheme

49



4.2 Explicit KWPS Scheme for the Ideal MHD

Equations

The standard Brio & Wu [7] magnetic shock tube test case is employed to validate the
explicit KWPS scheme for the ideal MHD equations. This test case is similar to that of
Sod’s shock tube except that the gas under investigation is a plasma subjected to a
magnetic field. The initial conditions are the same as that of the Sod’s shock tube test
case (Section 4.1.1), with the additions of a constant longitudinal magnetic field value of
B, = % and a transverse magnetic field value of B, = +1 in the high density/pressure
region and B, = —1 in the low density/pressure region of the magnetic shock tube. The
computational domain consists of 1600 mesh points. The time step is set to At = (.16,
which corresponds to CFL ~ 0.390 for the Euler case and to CFL ~ 0.608 for the MHD

case.

The MHD code is first used to compute the flowfield without the magnetic field. Under
this condition, the code is actually solving the Euler equations. After that, the magnetic
field is imposed on the Euler solution. In the calculations, 7 is set to 2 following Brio &
Wau [7]. Final solution is obtained at ¢ = 160. In the MHD shock tube, there are 5 waves
present within the solution. From the left, they are a fast rarefaction wave, a compound
(shock-expansion) wave, the contact discontinuity, a slow shock, and a fast rarefaction

wave.

Computations with KWPS MHD solvers are in good agreement with those of Brio &
Wu [7]. Figs. (4.8) - (4.10) respectively show the density, pressure and velocity profiles
at ¢ = 160, which are in good agreement with those computed by Brio & Wu [7]. These
calculations validate the accuracy of explicit KWPS scheme for computing ideal MHD

flows.
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Chapter 5

Computation of Inviscid Supersonic
Flow Past an Axisymmetric Blunt Body

Using the 3-D Euler solver

A 3-D computational code for solving the Euler equations in general curvilinear
coordinate system was written based on the explicit KWPS scheme. The code has been
applied to compute the supersonic flow past a cylindrical blunt-body at Mach 5.85 for
angles of attack varying from 3° to 15°. The following sections describe the detailed

results for the computed flow fields.
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5.1 Computational Domain and Grid

A sketch of the computational domain is shown in Fig. (5.1), where appropriate
boundaries are also identified. The leading edge of the blunt body is semi-spherical with

aradius R = 0.1 m, and the afterbody extends to 2R behind the leading edge.

A structured-grid is employed for flow field calculations. The grid consists of
40 x 51 x 10 mesh points for cases with an angle of attack of 0° and 3°. For angles of
attack of 6°, 10°, and 15°, a finer grid of 117 x 51 x 10 mesh points is used to maintain

accuracy. Figures (5.2) - (5.4) show various views of the grid.
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Figure 5.2: View of the Grid in the x — y Plane
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Figure 5.3: Side View of the Grid
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5.2 Flowfield Computations

Computations are performed at Mach number M = 5.85 at angles of attack oo = 0°, 3°,

6°, 10° and 15°

The inflow conditions are that of a uniform flow of Mach 5.85 with farfield density and
pressure values of p,, = 0.0323 kgm? and p., = 510 Pa. The CFL value used is 0.4 for
the KWPS explicit scheme. The solution is assumed to converge when the L, — norm of

changes in density is less than 1077,

5.2.1 Flowfield Computations at M/ = 5.85, a = 0°

In this case, relatively coarse grid of 40 x 51 x 10 mesh points was found to be sufficient
for accurate results. Figure (5.5) shows the convergence history of the Ly — norm of
density which decreases to 10~7 in about 1500 iterations. Figure (5.6) shows the
variation of density along the stagnation line. Figure (5.7) shows the density contours in
the x — y plane and Figure (5.8) shows a 3-D view of the density contours. Figure (5.9)
shows the variation in the streamwise velocity along the stagnation line. Figure (5.10)
shows the contours of the streamwise velocity in x — y plane and figure (5.11) shows the
3-D view of the streamwise velocity. Figure (5.12) shows the variation in temperature
along the stagnation line. Figure (5.13) shows the temperature contours in the x — y
plane and Figure (5.14) shows a 3-D view of the temperature contours. Figure (5.15)
shows the variation in total pressure along the stagnation line. Figure (5.16) shows the
total pressure contours in the x — y plane and Figure (5.17) shows a 3-D view of the total

pressure contours.

58



For this test case the computed shock appears at the right location as seen by the density
profile along the stagnation line. The stagnation value of density is 0.1849kg/m?
compared to the reference value of 0.0323kg/m? in the free-stream; the temperature and
total pressure at the stagnation point increase from 55K and 0.51kPa in the free-stream
to 430K and 23kPa respectively. The velocity along the stagnation line decreases from
the free-stream value of 870m/s to the value of Om/s at the stagnation point. These
computed values at the stagnation point are in excellent agreement with the analytical

values as shown in the table below:

Flow Variables | Units | Analytical Values | Computed Values
Density kg /m? 0.1834 0.1849
Total Pressure | kPa 22.704 22.510
Temperature K 431.45 430.63

Table 5.1: Analytical and computed values of the flow variables at the stagnation point

During computation, it was found that the KWPS scheme has difficulty in converging to
the correct solution when the initial conditions in the interior of the domain are set to the
free-stream conditions. For moderately high Mach number, the bow shock never
detaches from the body, instead it degenerates into a shock layer next to the surface. This
problem has been circumvented by specifying zero velocity vector in the interior and on
the solid wall, while keeping the values of density p and total energy e; to that of the
free-stream. In other words, instead of detaching the bow shock from the body;, it is
allowed to travel into the domain from the free-stream. The computed stagnation values
are in excellent agreement with the analytical values. It is also found that the computed
bow shock is placed correctly in the computational domain in the converged solution

when compared to its analytically determined location along the stagnation line.
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Figure 5.5: Convergent History of the L, —norm of Density for the Supersonic Flow Past

an Axisymmetric Blunt Body; M = 5.85, a = 0°.
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Figure 5.6: Density Profile along the Stagnation Line for Supersonic Flow Past an Ax-
isymmetric Blunt Body; M = 5.85, @ = (°; the stagnation point - nose of the body - is at

x = —0.1.
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Frame 601 | 28 Mar 2010 | Hypersonic flow over blunt body--2D k=16
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Figure 5.7: Density Contours in the x —y Plane for Supersonic Flow Past an Axisymmetric

Blunt Body; M = 5.85,a = 0°.
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Figure 5.8: 3-D View of the Density Contours for Supersonic Flow Past an Axisymmetric

Blunt Body; M = 5.85,a = 0°.
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Figure 5.9: Streamwise Velocity Profile along the Stagnation Line for Supersonic Flow

Past an Axisymmetric Blunt Body; M = 5.85, a = (°.
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Figure 5.10: Velocity Contours in the z — y Plane for Supersonic Flow Past an Axisym-

metric Blunt Body; M = 5.85, a = (°.
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Figure 5.11: 3-D View of the Velocity Contours for Supersonic Flow Past an Axisymmet-

ric Blunt Body; M = 5.85, a = 0°.
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Figure 5.12: Temperature Profile along the Stagnation Line for Supersonic Flow Past an

Axisymmetric Blunt Body; M = 5.85, a = 0°.
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Figure 5.13: Temperature Contours in the x — y Plane for Supersonic Flow Past an Ax-

isymmetric Blunt Body; M = 5.85, a = 0°.
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Figure 5.14: 3-D View of the Temperature Contours for Supersonic Flow Past an Ax-

isymmetric Blunt Body; M = 5.85,a = 0°.
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Figure 5.15: Total Pressure Profile along the Stagnation Line for Supersonic Flow Past an

Axisymmetric Blunt Body; M = 5.85, a = 0°.
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Figure 5.16: Total Pressure Contours in the x — y Plane for Supersonic Flow Past an

Axisymmetric Blunt Body; M = 5.85, a = 0°.
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Figure 5.17: 3-D View of the Total Pressure Contours for Supersonic Flow Past an Ax-

isymmetric Blunt Body; M = 5.85,a = 0°.
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5.2.2 Flowfield Computations at M/ = 5.85, a = 3°

In this case, relatively coarse grid of 40 x 51 x 10 mesh points was found to be sufficient
for accurate results. Figure (5.18) shows the variation of density along the stagnation
line. Figure (5.19) shows the density contours in the  — y plane and Figure (5.20)
shows a 3-D view of the density contours. Figure (5.21) shows the variation in the
streamwise velocity along the stagnation line. Figure (5.22) shows the contours of the
streamwise velocity in x — y plane and figure (5.23) shows the 3-D view of the
streamwise velocity. Figure (5.24) shows the variation in temperature along the
stagnation line. Figure (5.25) shows the temperature contours in the © — y plane and
Figure (5.26) shows a 3-D view of the temperature contours. Figure (5.27) shows the
variation in total pressure along the stagnation line. Figure (5.28) shows the total
pressure contours in the z — y plane and Figure (5.29) shows a 3-D view of the total
pressure contours. The magnitudes of the different flow variables at the stagnation point

are as expected from analytical normal shock theory.
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Figure 5.18: Density Profile along the Stagnation Line for Supersonic Flow Past an Ax-

isymmetric Blunt Body; M = 5.85, a = 3°.
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Figure 5.19: Density Contours in the x — y Plane for Supersonic Flow Past an Axisym-

metric Blunt Body; M = 5.85, a = 3°.
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Figure 5.20: 3-D View of the Density Contours for Supersonic Flow Past an Axisymmet-

ric Blunt Body; M = 5.85, = 3°.
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Figure 5.21: Streamwise Velocity Profile along the Stagnation Line for Supersonic Flow

Past an Axisymmetric Blunt Body; M = 5.85, a = 3°.
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Figure 5.22: Velocity Contours in the x — y Plane for Supersonic Flow Past an Axisym-

metric Blunt Body; M = 5.85, a = 3°.
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Figure 5.23: 3-D View of the Velocity Contours for Supersonic Flow Past an Axisymmet-

ric Blunt Body; M = 5.85, v = 3°.
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Figure 5.24: Temperature Profile along the Stagnation Line for Supersonic Flow Past an

Axisymmetric Blunt Body; M = 5.85, a = 3°.
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Figure 5.25: Temperature Contours in the x — y Plane for Supersonic Flow Past an Ax-

isymmetric Blunt Body; M = 5.85, a = 3°.
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Figure 5.26: 3-D View of the Temperature Contours for Supersonic Flow Past an Ax-

isymmetric Blunt Body; M = 5.85, a = 3°.
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Figure 5.27: Total Pressure Profile along the Stagnation Line for Supersonic Flow Past an

Axisymmetric Blunt Body; M = 5.85, a = 3°.
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Figure 5.28: Total Pressure Contours in the x — y Plane for Supersonic Flow Past an

Axisymmetric Blunt Body; M = 5.85, a = 3°.
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Figure 5.29: 3-D View of the Total Pressure Contours for Supersonic Flow Past an Ax-

isymmetric Blunt Body; M = 5.85, a = 3°.
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5.2.3 Flowfield Computations at M/ = 5.85, a = 6°

In this case, a finer grid of 117 x 51 x 10 mesh points was used to maintain accuracy.
Figure (5.30) shows the variation of density along the stagnation line. Figure (5.31)
shows the density contours in the = — y plane and Figure (5.32) shows a 3-D view of the
density contours. Figure (5.33) shows the variation in the streamwise velocity along the
stagnation line. Figure (5.34) shows the contours of the streamwise velocity in z — y
plane and figure (5.35) shows the 3-D view of the streamwise velocity. Figure (5.36)
shows the variation in temperature along the stagnation line. Figure (5.37) shows the
temperature contours in the x — y plane and Figure (5.38) shows a 3-D view of the
temperature contours. Figure (5.39) shows the variation in total pressure along the
stagnation line. Figure (5.40) shows the total pressure contours in the x — y plane and
Figure (5.41) shows a 3-D view of the total pressure contours. The magnitudes of the
different flow variables at the stagnation point are as expected from analytical normal

shock theory.
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Figure 5.30: Density Profile along the Stagnation Line for Supersonic Flow Past an Ax-

isymmetric Blunt Body; M = 5.85, a = 6°.
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Figure 5.31: Density Contours in the x — y Plane for Supersonic Flow Past an Axisym-

metric Blunt Body; M = 5.85, a = 6°.
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Figure 5.32: 3-D View of the Density Contours for Supersonic Flow Past an Axisymmet-

ric Blunt Body; M = 5.85, o = 6°.
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Figure 5.33: Streamwise Velocity Profile along the Stagnation Line for Supersonic Flow

Past an Axisymmetric Blunt Body; M = 5.85, o = 6°.
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Figure 5.34: Velocity Contours in the x — y Plane for Supersonic Flow Past an Axisym-

metric Blunt Body; M = 5.85, a = 6°.
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Figure 5.35: 3-D View of the Velocity Contours for Supersonic Flow Past an Axisymmet-

ric Blunt Body; M = 5.85, v = 6°.
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Figure 5.36: Temperature Profile along the Stagnation Line for Supersonic Flow Past an

Axisymmetric Blunt Body; M = 5.85, o = 6°.
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Figure 5.37: Temperature Contours in the x — y Plane for Supersonic Flow Past an Ax-

isymmetric Blunt Body; M = 5.85, a = 6°.
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Figure 5.38: 3-D View of the Temperature Contours for Supersonic Flow Past an Ax-

isymmetric Blunt Body; M = 5.85, a = 6°.
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Figure 5.39: Total Pressure Profile along the Stagnation Line for Supersonic Flow Past an

Axisymmetric Blunt Body; M = 5.85, a = 6°.
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Figure 5.40: Total Pressure Contours in the x — y Plane for Supersonic Flow Past an

Axisymmetric Blunt Body; M = 5.85, o = 6°.
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Figure 5.41: 3-D View of the Total Pressure Contours for Supersonic Flow Past an Ax-

isymmetric Blunt Body; M = 5.85, a = 6°.
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5.2.4 Flowfield Computations at M/ = 5.85, a = 10°

In this case, a finer grid of 117 x 51 x 10 mesh points was used to maintain accuracy.
Figure (5.42) shows the variation of density along the stagnation line. Figure (5.43)
shows the density contours in the = — y plane and Figure (5.44) shows a 3-D view of the
density contours. Figure (5.45) shows the variation in the streamwise velocity along the
stagnation line. Figure (5.46) shows the contours of the streamwise velocity in z — y
plane and figure (5.47) shows the 3-D view of the streamwise velocity. Figure (5.48)
shows the variation in temperature along the stagnation line. Figure (5.49) shows the
temperature contours in the x — y plane and Figure (5.50) shows a 3-D view of the
temperature contours. Figure (5.51) shows the variation in total pressure along the
stagnation line. Figure (5.52) shows the total pressure contours in the x — y plane and
Figure (5.53) shows a 3-D view of the total pressure contours. The magnitudes of the
different flow variables at the stagnation point are as expected from analytical normal

shock theory.
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Figure 5.42: Density Profile along the Stagnation Line for Supersonic Flow Past an Ax-

isymmetric Blunt Body; M = 5.85, a = 10°.
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Figure 5.43: Density Contours in the x — y Plane for Supersonic Flow Past an Axisym-

metric Blunt Body; M = 5.85, a = 10°.
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Figure 5.44: 3-D View of the Density Contours for Supersonic Flow Past an Axisymmet-

ric Blunt Body; M = 5.85, o = 10°.
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Figure 5.45: Streamwise Velocity Profile along the Stagnation Line for Supersonic Flow

Past an Axisymmetric Blunt Body; M = 5.85, o = 10°.
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Figure 5.46: Velocity Contours in the x — y Plane for Supersonic Flow Past an Axisym-

metric Blunt Body; M = 5.85, a = 10°.
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Figure 5.47: 3-D View of the Velocity Contours for Supersonic Flow Past an Axisymmet-

ric Blunt Body; M = 5.85, a = 10°.

84



Frame 001 | 28 May 2007 \ Hypesonic flow over blunt hody--1D properties along stagnation line

500

s
o
=]

Temperature

[~
=]
[=1

100

[N
o
=3

S N N e B I D N O B I B

:
o
=
.
[s=)
[e8)
:
o
(o]
\
o

Figure 5.48: Temperature Profile along the Stagnation Line for Supersonic Flow Past an

Axisymmetric Blunt Body; M = 5.85, o = 10°.
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Figure 5.49: Temperature Contours in the x — y Plane for Supersonic Flow Past an Ax-

isymmetric Blunt Body; M = 5.85, o = 10°.
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Figure 5.50: 3-D View of the Temperature Contours for Supersonic Flow Past an Ax-

isymmetric Blunt Body; M = 5.85, a = 10°.
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Figure 5.51: Total Pressure Profile along the Stagnation Line for Supersonic Flow Past an

Axisymmetric Blunt Body; M = 5.85, a = 10°.
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Figure 5.52: Total Pressure Contours in the x — y Plane for Supersonic Flow Past an

Axisymmetric Blunt Body; M = 5.85, o = 10°.
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Figure 5.53: 3-D View of the Total Pressure Contours for Supersonic Flow Past an Ax-

isymmetric Blunt Body; M = 5.85, o = 10°.
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5.2.5 Flowfield Computations at M/ = 5.85, a = 15°

In this case, a finer grid of 117 x 51 x 10 mesh points was used to maintain accuracy.
Figure (5.54) shows the variation of density along the stagnation line. Figure (5.55)
shows the density contours in the = — y plane and Figure (5.56) shows a 3-D view of the
density contours. Figure (5.57) shows the variation in the streamwise velocity along the
stagnation line. Figure (5.58) shows the contours of the streamwise velocity in z — y
plane and figure (5.59) shows the 3-D view of the streamwise velocity. Figure (5.60)
shows the variation in temperature along the stagnation line. Figure (5.61) shows the
temperature contours in the x — y plane and Figure (5.62) shows a 3-D view of the
temperature contours. Figure (5.63) shows the variation in total pressure along the
stagnation line. Figure (5.64) shows the total pressure contours in the x — y plane and
Figure (5.65) shows a 3-D view of the total pressure contours. The magnitudes of the
different flow variables at the stagnation point are as expected from analytical normal

shock theory.
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Figure 5.54: Density Profile along the Stagnation Line for Supersonic Flow Past an Ax-

isymmetric Blunt Body; M = 5.85, o = 15°.
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Figure 5.55: Density Contours in the x — y Plane for Supersonic Flow Past an Axisym-

metric Blunt Body; M = 5.85, a = 15°.
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Figure 5.56: 3-D View of the Density Contours for Supersonic Flow Past an Axisymmet-

ric Blunt Body; M = 5.85, o = 15°.
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Figure 5.57: Streamwise Velocity Profile along the Stagnation Line for Supersonic Flow

Past an Axisymmetric Blunt Body; M = 5.85, o« = 15°.
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Figure 5.58: Velocity Contours in the x — y Plane for Supersonic Flow Past an Axisym-

metric Blunt Body; M = 5.85, a = 15°.
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Figure 5.59: 3-D View of the Velocity Contours for Supersonic Flow Past an Axisymmet-

ric Blunt Body; M = 5.85, o = 15°.
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Figure 5.60: Temperature Profile along the Stagnation Line for Supersonic Flow Past an

Axisymmetric Blunt Body; M = 5.85, a = 15°.
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Figure 5.61: Temperature Contours in the x — y Plane for Supersonic Flow Past an Ax-

isymmetric Blunt Body; M = 5.85, o = 15°.
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Figure 5.62: 3-D View of the Temperature Contours for Supersonic Flow Past an Ax-

isymmetric Blunt Body; M = 5.85, o = 15°.
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Figure 5.63: Total Pressure Profile along the Stagnation Line for Supersonic Flow Past an

Axisymmetric Blunt Body; M = 5.85, a = 15°.
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Figure 5.64: Total Pressure Contours in the x — y Plane for Supersonic Flow Past an

Axisymmetric Blunt Body; M = 5.85, a = 15°.
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Figure 5.65: 3-D View of the Total Pressure Contours for Supersonic Flow Past an Ax-

isymmetric Blunt Body; M = 5.85, o« = 15°.
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Chapter 6

Computation of Inviscid Supersonic
MHD Flow Past an Axisymmetric Blunt
Body Using the 3-D Ideal MHD solver

In this chapter, computations are performed for supersonic flow past an asixymmetric
blunt body in the presence of a magnetic field using the explicit KWPS Ideal MHD flow

solver.
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6.1 MHD Flowfield Computations at M/ = 5.85, a = 0°,

B,=B,=0,B.=0.04T

In this case, the grid of 40 x 51 x 10 mesh points was employed to compute the results.
Figure (6.1) shows the variation of density along the stagnation line. Figure (6.2) shows
the variation in the streamwise velocity along the stagnation line. Figure (6.3) shows the
variation in temperature along the stagnation line. Figure (6.4) shows the variation in
thermal pressure along the stagnation line. Figure (6.5) shows the density contours in the
x — y plane. Figure (6.6) shows the contours of the streamwise velocity in x — y plane.
Figure (6.7) shows the dynamic pressure contours in the x — y plane. These calculations
are compared with the Euler calculations in the absence of magnetic field. As shown in
section (6.3), the application of the magnetic field decreases the strength of the shock
significantly. This effect can be utilized in reducing the shock-wave drag of space

vehicles.
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Figure 6.1: Density Profile along the Stagnation Line for Supersonic Flow Past an Ax-

isymmetric Blunt Body;M = 5.85,a0 = 0°, B, = B, = 0,B, = 0.04T
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Figure 6.2: Streamwise Velocity Profile along the Stagnation Line for Supersonic Flow

Past an Axisymmetric Blunt Body;M = 5.85,a = 0°, B, = B, =0, B, = 0.04T
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Figure 6.3: Temperature Profile along the Stagnation Line for Supersonic Flow Past an

Axisymmetric Blunt Body;M = 5.85, ¢ = 0°, B, = B, = 0, B, = 0.04T
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Figure 6.4: Thermal Pressure Profile along the Stagnation Line for Supersonic Flow Past

an Axisymmetric Blunt Body;M = 5.85,a = 0°,B, = B, = 0,B, = 0.04T

98



Frame 601 | 18 Jun2010 | Hypersonic flow over blunt body-2D k=1,6

Figure 6.5: Density Contours in the x —y Plane for Supersonic Flow Past an Axisymmetric

Blunt Body;M = 5.85,a0 = 0°, B, = B, = 0, B, = 0.04T
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Figure 6.6: Velocity Contours in the z — y Plane for Supersonic Flow Past an Axisym-

metric Blunt Body; M = 5.85,a =0°, B, = B, = 0,8, = 0.04T
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Figure 6.7: Dynamic Pressure Contours in the  — y Plane for Supersonic Flow Past an

Axisymmetric Blunt Body;M = 5.85,a =0°, B, = B, =0, B, = 0.04T
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6.2 MHD Flowfield Computations at M/ = 5.85, a = 0°,
B,=B,=0,B,=006T

In this case, the strength of the magneic field is increased to B, = 0.06 T to see its
effect. Again, the grid of 40 x 51 x 10 mesh points was employed to compute the
results. Figure (6.8) shows the variation of density along the stagnation line. Figure (6.9)
shows the variation in the streamwise velocity along the stagnation line. Figure (6.10)
shows the variation in temperature along the stagnation line. Figure (6.11) shows the
variation in thermal pressure along the stagnation line. Figure (6.12) shows the density
contours in the x — y plane. Figure (6.13) shows the contours of the streamwise velocity
in x — y plane. Figure (6.14) shows the dynamic pressure contours in the x — y plane.
These figures show that the increase in the intensity of the magnetic field further
weakens the strength of the bow shock, thereby resulting in a greater reduction in shock
wave drag. In section (6.3), the results of flow field calculations with and without

magnetic field are compared.
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Figure 6.8: Density Profile along the Stagnation Line for Supersonic Flow Past an Ax-

isymmetric Blunt Body;M = 5.85, a0 = 0°, B, = B, = 0,B, = 0.06 T
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Figure 6.9: Streamwise Velocity Profile along the Stagnation Line for Supersonic Flow

Past an Axisymmetric Blunt Body;M = 5.85,a =0°, B, = B, = 0,8, = 0.06 T
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Figure 6.10: Temperature Profile along the Stagnation Line for Supersonic Flow Past an

Axisymmetric Blunt Body;M = 5.85,a = 0°, B, = B, = 0, B, = 0.06 T
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Figure 6.11: Thermal Pressure Profile along the Stagnation Line for Supersonic Flow Past

an Axisymmetric Blunt Body;M = 5.85,a = 0°,B, = B, = 0,B, =0.06 T
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Figure 6.12: Density Contours in the  — y Plane for Supersonic Flow Past an Axisym-

metric Blunt Body; M = 5.85,a = 0°, B, = B, = 0,8, = 0.06 T
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Figure 6.13: Velocity Contours in the z — y Plane for Supersonic Flow Past an Axisym-

metric Blunt Body; M = 5.85,a =0°, B, = B, = 0,8, = 0.06 T
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Figure 6.14: Dynamic Pressure Contours in the x — y Plane for Supersonic Flow Past an

Axisymmetric Blunt Body;M = 5.85,a =0°, B, = B, =0, B, = 0.06 T
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6.3 Comparison of Euler and MHD Flowfield
Computations at M = 5.85,a = 0°, B, = B, = 0,
B, =0.04Tand 0.06 T

In this section, the comparison of flow fields with and without the magnetic field is
presented. Figures (6.15) - (6.19) respectively show the variation of density, streamwise
velocity, thermal pressure, static temperature and total pressure along the stagnation line.
There are two physical effects that can be clearly observed: (1) The magnetic field
decreases the strength of the bow shock and (2) the magnetic field pushes the shock
further away from the body. furthermore, for higher values of the magnetic field, these
two effects become more pronounced. Thus, the magnetic field can be utilized in

reducing the wave drag of aerospace vehicles at high speed.
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Figure 6.15: Comparison of Density Profiles along the Stagnation Line for Euler and
MHD Supersonic Flow Past an Axisymmetric Blunt Body;M = 5.85,a¢ = 0°, B, =
B,=0,B,=0.04Tand B, =0.06T
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Figure 6.16: Comparison of Velocity Profiles along the Stagnation Line for Euler and
MHD Supersonic Flow Past an Axisymmetric Blunt Body;M = 5.85,a¢ = 0°, B, =
B,=0,B,=0.04Tand B, =0.06T
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Figure 6.17: Comparison of Thermal Pressure Profiles along the Stagnation Line for Euler
and MHD Supersonic Flow Past an Axisymmetric Blunt Body;M = 5.85,a = 0°, B, =
B,=0,B,=0.04Tand B, =0.06T
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Figure 6.18: Comparison of Temperature Profiles along the Stagnation Line for Euler
and MHD Supersonic Flow Past an Axisymmetric Blunt Body;M = 5.85,a = 0°, B, =
B,=0,B,=0.04Tand B, =0.06T
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Figure 6.19: Comparison of Total Pressure Profiles along the Stagnation Line for Euler
and MHD Supersonic Flow Past an Axisymmetric Blunt Body;M = 5.85,a = 0°, B, =
B,=0,B,=0.04Tand B, =0.06T
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Chapter 7

Summary

A class of explicit and implicit kinetic schemes, known as Kinetic Flux-Vector
Split(KFVS) and Kinetic Wave-Particle Split (KWPS), have been developed for the
numerical solution of Euler and ideal magnetohydrodynamics equation in 3-D
orthogonal curvilinear coordinate systems. A 3-D computational code has been written
using the explicit KWPS scheme to solve the 3-D Euler and ideal MHD equations. Other
kinetic schemes can be easily included in the code with minor modifications. The code
has been validated by computing 1-D and 2-D flows for which the computations of other
investigators are available. The 3-D code has been applied to compute the Euler and
MHD supersonic flow past an axisymmetric blunt body at an angle of attack. The
computed Euler flowfields show the location of the shock upstream of the body in
agreement with the prediction of the normal shock theory along the stagnation

streamline.

The 3D codes based on explicit KWPS scheme for both the Euler and MHD equations

have been successfully tested for the supersonic flow past an axisymmetric blunt body.
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The code performed successfully in the 3-D generalized coordinate system. The kinetic

schemes are found to be very robust and efficient.

The code can be used for studying the flowfields in a wide range of aerospace

applications.
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Appendix A

Derivation of the 1-D Kinetic Schemes

for the Euler Equations

In Chapter 2 and Chapter 3, a mathematical connection between the Boltzmann equation
and the Euler equations was presented. In the following sections, the methodology
described as the “moment method strategy” is employed to derive the 1-D kinetic
schemes, namely the explicit Kinetic Flux-Vector Split (KFVS) and the Kinetic
Wave/Particle Split (KWPS) schemes. Note that the term “1-D” in the context of
Boltzmann equation simply means that the other two velocity components of the fluid

vanish (uy = uz = 0).
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A.1 The Maxwellian Gas

The Maxwellian probability density distribution function describes the gas in a state of

collisional equilibrium. It can be expressed as follows:

. 3/2
0= tow(-2)(2) ew-se-n-@-0) A1)

o €o
where = % is the equivalent temperature, p = mn is the fluid density, and p is the
fluid pressure. The internal energy term associated with the non-translational degrees of
freedom is expressed in terms of the ideal gas constant 12 and temperature 7' as
=1 2

€o = (L — 5) RT'. Additionally, the molecular velocity ¢ can also be written as the

sum of the fluid velocity « and the thermal velocity ¢.

The equilibrium Boltzmann equation can be written as:

d(nf) O(nf) _ -
BT + v; oz, =0 , 1=1,2,3 (A.2)

where ¢ is the time, n is the particle number density, f is the probability density
distribution function, v; are the components of the molecular velocity vector, and x; are

the components of the position vector.

The collisional invariant vector W is the vector of quantities that are conserved during
collisional processes, namely the mass, momentum, and the total energy of the

individual gas particles:

T
V=1 m mié me+imv-v (A.3)

In the following sections, the kinetic schemes for the 1-D Euler equations, namely the
KFVS and the KWPS schemes, are derived. It has been noted that certain integrals are

repeatedly used in the derivation of the schemes, therefore they are presented below.
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Internal energy The integrals used are of the form [ exp (—e¢) de.

/exp (—€)de = —exp(—e€)+C
/eexp(—e) de = —eexp( —|—/exp
/62 exp(—e)de = —c’exp(—e) +2/eexp —e)de

Molecular velocity First, note that the definition of the error function is

¢
/ exp
0

since exp (—¢?) is an even function. In particular, erf (co) = 1. In the following

S

¢
erf (¢) = % /exp(
—¢

sections, the integrals involving the molecular velocity are of the form [ exp (—c?) dc.

/ exp (~c)de  see definition of the error function
[eoxp () de = ~low (~2) 4
/ Foxp(~P)de = ~leexp(—) + 1 / exp (~¢*) de
/c3exp (-P)de = —iexp (—c2>—|—/cexp (~c*) de
/c4exp (~A)de = —1fexp (—c2)+g/c2exp (~) de

A.2 Conserved Variables (Field) Vector

The field variable vector Q is obtained by taking the moments of (n f) with respect to
the collision invariant vector. The detailed derivations are given as follows. Note that

1-D flow is assumed, that is uy = us = 0. Taking ¥ = m:

(mnf) = p/—exp —— de/\/>exp vl—ul)Q) dvy
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><_/ \/Eexp (—ﬁv%) d?)g_/ \/Eexp (—ﬁvg) dvs

By substituting ¢ = = and ¢; = VB (v; — u;), simpler expressions are obtained:

(mnf) = pfexp (—€)de 70 ﬁexp (—éf) déy
0 —oo
X 7 Lexp (—63) déy 70 Lexp (—¢3) dés
=/ h R (A4)
Substituting ¥ = mu; gives:
(mnu f) = p7oexp (—€)de 70 <u1 + \}561> #exp (—é?) déy
0 “oo
x 7 Lexp (—63) déy 7 Lexp (—¢3) dés

—_= pul

Yet, when ¥ = muv, and W = mujs are used, the following expressions are obtained:

(mnug f) = p/exp(—é) d€/ﬁexp (—éf) déy
0 —00
X / ﬁégiﬂexp< ég) dcs / fexp< 03) dcs
=0
and
(mnugf) = p/exp (—é) dé/ﬁexp (—éf) déy
0 —00
X / Loxp (~63) déy / Jatasesp (—é2) dé
= 0
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Finally, by using U = me + $m (v + v3 4 v3), the following expression is obtained:

(mnef) = p/éeoexp (—€)deé / ﬁexp (—é%) déy

0 —00

X / Loxp (~63) déy / Lexp (&) déy
—00 —0o0

= peo
[e.e] [e.e]
<mn%vff> = p/exp (—é€)de / <;u? + ﬁulél + ;Béf) ﬁexp (—éf) déq

0 —00

X / Loxp (~63) déy / Loxp (~&3) déy
= 3pui+pi;
<mn%v§f> = p/exp(—é) dé/ﬁexp (—éf) dég
0 —00

X / %égﬁexp (—ég) dés / %exp (—ég) des

1
< 1,2 . ~ ~ 1 ~9 ~
mnzv3f> = p/exp(—e) dé / 77EXp (—cl) déy
0 —0o0
X / Loxp (~63) déy / L& Lexp (—&) dey
—00 —00
1
By using the definition for the average internal energy (eO = (TL — %) %) and the

equation of state for ideal gas (p = p%), the previous expressions can be combined and

written as:

<mn (e + %vi) f> = pey (A.5)

Thus, for the one-dimensional Euler equations, where us = ug = 0, the vector Q can be

expressed as:

Q=[p o pe] (A6)
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where e¢; = %ui + 71 55 is the specific total energy. Note that the equations for the

transverse velocity components (us, u3) have been dropped.

A.3 Kinetic-Flux-Vector-Splitting (KFVS) Scheme

Flux-Vector

The KFVS split-flux-vector along the direction x; can be obtained by splitting (vin f)
based on its sign and then taking the moments with respect to the collision invariant

vector. For the mass conservation equation, ¥ = m, therefore:

<mnvl = p/—exp (—)d /vlgml\/gexp( 5(7}1—u1)2>d7’1
/\/>exp BUQ dvg / \/>exp 51)3 dvg

Substituting ¢ = = and ¢; = VB (v — ),

<mm;1 f> = p/exp (—€)deé / (u1 + \}Eél) ﬁexp (—é%) déy
0 —un\/B

X 7 Jexp (—cg) dé, 7 Jexp (—cg) dés

_ “f<;“\/5) (pu) + "1;(—\/;5) () (A7)

¢
where erf (¢p) = = [ exp (—¢?) dy is the error function.
0

S

By substituting ¥ = mw; the following expression is obtained:
<mnvalf> = p/exp (—€)de / (u1 + \}Bél) #exp (—61) déy
0 /B
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X 7 ﬁexp (—ég) dés 7 %exp (—ég) decs

1+erf(§1\/§) (pu% + p%) 4 exz(\/%ﬁ) (,0U1>

Applying the equation of state of an ideal gas

p
p— T _ —_—
p=pRT =g 3
results in:
1+erf u1\/E ex _U%B

When ¥ = muv, and ¥ = mus are used, the following expressions are obtained:

<mnva2f> = p/exp(—é) de / <u1 + \}Eél) ﬁexp (—6?) déy
0 —unn/B

X 7 ﬁég%exp (—¢3) déz 7 Zexp (—¢3) dés
-0 (A.9)

and

<mm}fv3f> = p/exp (—€)de / <u1 + \}Eél> ﬁexp (—éf) déy
0

x / Loxp (~63) déy / Jatagzenp (~22) des

— 0 (A.10)

And finally by employing U = me + 3m (v} + v3 + v3), the split-fluxes for the energy

equation are obtained:

<mnvfef> = p/éeoexp(—é) de / (u1 + \}Eél> %exp (—éf) déy
0 /B
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X 7 ﬁexp (—ég) dés 7 %exp (—ég) des

= Herf(:l\/g) (pure,) + GXZ(\/%@ (peo)

<mm}f%vff> = p76xp(—€)d€ 7 ;<u1+\}551)3\/1%exp (—éf) déey
0 N
X / Lexp (—é3) déy / Lexp (—&3) déy

14erf (u1 \/E> exp(—u28)

= — (%pu‘f + %pm) + o (%puf +p)

<mnvf%v§ > = p/exp(—é) de / (u1 + \}Eél) %exp (—éf) déy
0

—uin/B

[e.o]

x / L& Loxp (~83) dé, 70\/17?exp (~2) dey

—00

1+erf Ul\/B 1 exp —u% 1
- S () 220 3

<mnvf%v§ > = p/exp (—€)de / <u1 + \}Eél) ﬁexp (—éf) déy
0 /B

X 7 Lexp (—63) déy 7 5565 =exp (—3) dés

1+erf ul\/,g n exp —uf n
- ) () (1)

By using the definition for the average internal energy (EO = (Til — %) i) , the KFVS

split-flux for the energy equation is expressed as:

<m7wfr (6 + %vz) f> = l+erf<§1\/g) (purer + pug) + exz(_\/%ﬁ) (pet + %p) (A.11)
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Thus, the KFVS split-flux-vector for the Euler equations can be written as:

pu1 p
1+erf ul\/E exp(—u?pB
F* = (2) puii+p | E z(\/—W;) pur (A.12)
puier + puy pet + %p

A.4 Kinetic-Wave-Particle-Splitting (KWPS) Scheme

Flux-Vector

In the derivation of the KWPS split-flux-vectors, it is recognized that the molecular
velocity ¢ can be expressed as the sum of the fluid velocity « and the thermal velocity ¢.
Upwinding can then be applied to each of the velocities @ and ¢ separately. This results

in much simpler expressions compared to the KFVS formulation.

By using the fluid velocity « as the basis for the upwinding, the following expression is

obtained when moments are taken with respect to the collision invariant vector:
(ufnfo) = 4wl (o fu) (A.13)

In equation A.13 the fluid velocity can be taken outside the integrations. However, this is
equivalent to:

(ufnfu) = wilg (A.14)

This implies that the information contained in the conserved variable vector is convected

at exactly the fluid velocity, hence the name “particle” flux.

The “wave” flux is obtained by splitting the thermal velocity ¢. The derivation of the

split-flux terms for the “wave” flux is given below.
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Letting ¥ = m, the following expression is obtained:

o o
<mncff> = po/exp(—€) d€0/\}gél\/1;exp (—éf) déy

X / Lexp (~63) déy / Lexp (~&3) déy

—00 — 00

= ——(p) (A.15)

24/ 7

By substituting ¥ = muy, the following expression is obtained:

n woaa [ 1 - 14\ 1 2\ 1A
<mnc1 U1f> = p/exp (—é) de/—cl (u1 + cl) JREXD (—cl> déy
/ I VB

X / Loxp (~63) déy / Lexp (—&2) dey
= 5w ) 3 () (A.16)

<mncfvgf> = pZoeXp (—é) déZ\}Eéllwexp (—éf) déy

and
(mne; _ _avde [ e Lexn (—2) de
mnc; ’U3f> = p [ exp(—¢€)dé \//_361 7rexp( cl) ¢
0 0
= 0 (A.18)

And finally by employing ¥ = me + %m (v? + v3 + v3), the split-fluxes for the energy
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equation are obtained:

<mncfef> = p/eeoexp /\/_clfexp( cl) déy

N
<mnc1 v%f> = p/exp(—é) d€/\}gélé (ul +
0 0

+1,2 2\ 2 1 ~ 1
<mnc1 303 > = p/exp (—é) de/—cl—7r
0 0 Ve

<mnc1 v§f> = p/exp(—€) dé]o\}gél\/l;rexp (—éf) déy
0 0

Simplifying:

<mnc1 (e + Uk> f> =1 (pw) +

1
2,/nf

(pet + %p)

(A.19)

Thus, the KWPS split-flux-vector for the one-dimensional Euler equations is obtained as:

p 0

+ uit|u 1
F* = 12|1| pur | T3] p

p
puy

pey + 3

(A.20)



Appendix B

Metrics of Transformation for the
Generalized Curvilinear Coordinate

System

B.1 Computation of the Metrics of Transformation

The solution of the Euler equations about an arbitrary geometry can be facilitated by
employing a body conforming grid system. The numerical computation, however, is far
more convenient to be conducted over a simple Cartesian grid. To connect both the
physical (consisting of orthogonal curvilinear grid lines) and computational (consisting

of Cartesian grid lines) spaces, a method of coordinate transformation is applied.

Define the following one-to-one relationships connecting the computational coordinates
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(&,m, C) as functions of the physical space coordinates (x, y, z):

£ = §(r,9,2)
n = n(y,z2)
C = C(w7y72)

A differential form of the above expressions can be written as:

d¢ & &y & dz
dp | = | me ny m. | | dy (B.1)
d¢ G G G dz

where the subscripts denote partial differentiations.

In general, it is much easier to define the physical space coordinates as functions of the
computational space coordinates. This can achieved by reversing the role of dependent

and independent variables in equation (B.1) as follows:

dx Te Ty ¢ d¢
dy | = | ve yn yc | | dn (B.2)
dz A s d¢

from which the metrics of coordinate transformation can be obtained as:

-1

g:c 5 Y gz X I3 X n X ¢
Nz My 72 = Ye Yn Y¢
Cx Cy Cz Z& Zn ZC

Yne¢ — Y¢on  ZnX¢ — 2Ty TnY¢ — T(Yn
= T | Yeze — yezc AcTe — 2T TcYe — Tele (B.3)

Yen — Ynke Relp — 2ple TelYn — Tnle
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where J is the Jacobian of coordinate transformation defined as:

-1
Te Tp I¢
1

($£ynz< + TypYcze + xcyfzn) - (nynxc + ZpY¢Te + chixn>

T=1ye yy v | =

cE A &

B.2 Differentiation of the Metrics of Transformation

In the derivation of the Poisson solver, the need to evaluate the spatial derivatives of the
metrics of transformation arises. The Laplacian of an arbitrary function ¢ in the

Cartesian coordinates is defined as:

V2¢ = ¢xx + Qbyy + Cbzz (B4)

In a generalized curvilinear coordinate system, the equation (B.4) becomes more

involved. The following illustrates the additional terms that need to be added:

3
5’
(5@; 85 + nya + Cyag> (£y¢€ + ny¢n + Cy¢()

(@ o g+ c) (6. + 1y + Co)
= (§,6) Gee + (77777) G+ (C, Q) D¢
+2(&,n) pen +2(0,C) Pnec +2(C,€) Pee
+ V2E¢e + V2o, + V(o

where the terms such as (¢, &) = & + £ + £ indicate the inner products. The Laplacian

of the coordinate ¢ is defined as follows:

V2§ = gz ¢ (&) + 7790 (éx) + C:Bag (&2)
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0 0 0
+ gyaig (éy) + ny% (Sy) + Cyaic (gy)

0

0 0
+ 52875 (&) + 772877] (&) + CZFC ()

The Laplacians of the other coordinates 7 and ¢ are obtained by using appropriate
substitutions. Finally, the derivatives of the metrics of coordinate transformation, e.g.

a% (&), can be obtained using the definition of the Jacobian of transformation J as

follows:
0 0
ot (&) = oE (T (Ynze — yczn)]
= T Yen2c — Yeezn + 2ceyn — zenyc) + Te (Ynze — Yezn)
Expanding J:
Te = — T [(weeynzc + Toyczee + TcYeezn) — (ZectnTe + Zn¥cTee + 2cYeecn)]

— T [(weyenzc + TenYcze + cYezen) — (2eYenc + 2zenyce + Zcyeen)]
— T [(weynzce + Toyceze + Teeyern) — (2eYnice + 2qYcee + ZeeYey)]
= T? (e — Yezm) wee — T (2g¢ — 2ct) Yee — T (Tnyc — Tcyn) 2ee
— T% (yeze — Yeze) wen — T* (2cte — 267¢) Yen — T (wcye — eyc) 2e
= T (Yezy — Yn2e) wee — T° (2ety — 2ye) Yee — T* (weyy — Tye) 2ce
= = J (Caee + Syyee + E2ee + Maen + MyYen + 12 %en + Calice + GulYce + Co2ce)

The substitution for J; gives

(&) = 21T~ uc)

= T (Yenzc — Ycean + 2y — Zenyic) + Te (ynzc — Yc2n)
= — & (Somee + §ylee + So2ee)

— 1o (SaTen + EyYen + E22¢n)

— G (Garge + &yYece + E2¢e)
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Likewise, other derivatives can be obtained. After substitution, the Laplacian V3¢

becomes

VI = = (§€) (&amee + Eyyee + Ezee) — 2(6,m) (Cattey + Eyyen + E2en)
— (0:m) (EaTy + EyYny + E2pn) — 2 (1, C) (Eane + §yYne + Ex2nc)

— (G, Q) (Cawee + Eyyee + 22¢c) — 2(C,6) (Caee + Eyyce + Eace)
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Appendix C

Implementation of Boundary

Conditions

Numerical simulations of the Euler equations require a procedure for implementing the
boundary conditions in a manner consistent with the physics of the flow. Incorrect
application of the boundary conditions can lead to wrong solutions, or may result in
instability in the computations. This appendix explains the implementation of the

boundary conditions employed in this dissertation.

C.1 Supersonic Inflow

This boundary condition, applied at supersonic inflows, simply imposes prescribed or
free-stream values on the inflow boundary grid points. This procedure is applied at the

inflow boundary for computation of supersonic flow past a blunt body.
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C.2 Supersonic Outflow

At supersonic outflows, flow variables can be simply extrapolated from the interior
points onto the boundary grid points. This type of boundary condition is implemented on

the supersonic outflow boundaries for supersonic flow past a blunt body.

C.3 Subsonic Outflow

For subsonic outflow boundary, flow variables can be simply extrapolated from the
neighboring interior points onto the boundary grid points. This type of boundary
condition is implemented on the subsonic outflow boundaries for supersonic flow past a

blunt body.

C.4 Solid Wall Boundary Condition

A more general approach in devising a procedure to enforce a solid wall boundary
condition involves the following idea. First, it is assumed that at the wall the normal
gradient of the pressure is equal to zero, therefore its value at the wall can simply be
extrapolated from the interior. Being solid, there is no mass flow across the wall, which
is expressed as « - n = 0, where n is the unit vector normal to the wall. However, the
magnitude of the momentum vector M = pu can be assumed to be the same, only its
direction needs to be set tangential to the wall (velocity slip condition). In other words,
upon encountering the solid wall the momentum vector is rotated to point tangetially

along the wall. The density at the wall can then be obtained using the fact that for steady
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state flow of inviscid, non-heat conducting gas, the total enthalpy h; is constant

throughout the flowfield. Mathematically, it can be expressed as:

1 - -
hy=—M-M+ ng = constant (C.1

- 2p? v—1p

from which density at the wall can then be obtained as a solution of a quadratic equation:

—

B o+ /22 + 2h (v — 12 M - M
’ 2hy (v — 1)

(C.2)

where the positive sign has been chosen to prevent negative values for the density.
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Appendix D

Computational Code (Separate

Document)
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