






mixture of structured orbits mixed surrounded by potential chaotic seas (Figure 5.6). The

‘moon’ billiard, recently shown to exhibit ergodic behavior for some parameters [12], does not

appear to be ergodic in the no-slip case. Along with the mushroom billiard, its phase portrait

exhibits segments along which orbits linger before moving to apparent chaotic regions. This

behavior is qualitatively similar to the known marginally unstable periodic orbits of standard

billiards which both the moon [12] and mushroom [1, 15] are known to exhibit.

Figure 5.6: Velocity phase portraits of the stadium (upper left), the mushroom (lower left), a
pocketed rectangle (upper right), and a moon billiard (lower right) exhibit closed orbits from bounded
regions, but possibly large ergodic components as well.

Looking at the differential of the no-slip map in the case of 2-periodic orbits between

collisions at boundary points with parallel tangents, Wojtjowski [29] showed ellipticity and

linear stability for a sufficiently small product of curvature and orbit length relative to the

moment of inertia. Applying this result to a Sinai billiard with a single dispersing disk on a

torus, we may increase the curvature by decreasing the radius. By the formula in [29] applied
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to this model, the breakdown in ellipticity should occur at the point when the radius becomes

smaller than 2
3 . Looking at a small perturbation of the horizontal orbit, one finds that indeed

the dispersion occurs rapidly once the threshold is passed.

Figure 5.7: The orbit in the upper left corner is stable, with radius very slightly larger than 2
3 .

The radius is increased slightly until in the bottom right (r = .664) the orbit is no longer stable and
dispersion occurs.

Unlike the case of standard billiards, periodic points for this dispersing billiard may also

appear for horizontal trajectories colliding at any point on the disk, with the appropriate

rotational velocity to align with the axis of periodicity. Figure 5.8 shows the result of the

corresponding experiment, which suggests that a similar dispersion occurs.
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0.67 0.66 0.65

0.65 0.64

0.60 0.59

0.43 0.42 0.41

Figure 5.8: By row, trajectories at height 0.1, 0.2, 0.3, and 0.4, near an axis of periodicity. Numbers
give the radius of the dispersing disk. More curvature is required than for the parallel case, but
dispersion appears to occur. Note that the r=0.42 example (bottom middle) will continue until it
reaches the bottom of the disk and then disperse, as the rotation will be reversed.

95



Bibliography

[1] E. G. Altmann, T. Friedrich, A. E. Motter, H. Kantz, A. Richter, Prevalence of
marginally unstable periodic orbits in chaotic billiards. Phys. Rev. E 77, 016205
(2008).

[2] V. Arnold, Sur la géométrie différentielle des groupes de Lie de dimension infinie
et ses applications à l’hydrodynamique des fluides parfaits. Annales de l’institue
Fourier, tome 16, n1 (1966), 319-361.

[3] A.M. Bloch, Nonholonomic Mechanics and Control, Springer, 2003.

[4] B. Hasselblatt and A. Katok, eds. Handbook of Dynamical Systems, V.1A, Elsevier
2002.

[5] D.S. Broomhead, E. Gutkin, The dynamics of billiards with no-slip collisions.
Physica D 67 (1993) 188-197.

[6] L.A. Bunimovich, The ergodic properties of certain billiards. Funkt. Anal. Prilozh.
8 (1974) 73-74.

[7] L. A. Bunimovich, Mushrooms and other billiards with divided phase space. Chaos,
11 (2001) 802-808.

[8] L. A. Bunimovich Dynamical billiards. Scholarpedia, 2(8):1813 (2007).

[9] N. Chernov, R. Markarian, Chaotic billiards. Mathematical Surveys and Monographs,
V. 127, American Mathematical Society, 2006.

[10] N. Chernov, R. Markarian. Introduction to the Ergodic Theory of Chaotic Billiards.
http://people.cas.uab.edu/ mosya/papers/rbook.pdf.

[11] S. Cook, R. Feres, Random billiards with wall temperature and associated Markov
chains. Nonlinearity 25 (2012) 2503-2541.

[12] M. F. Correia, H. K. Zhang, Stability and ergodicity of moon billiards. Chaos, 25
083110 (2015).

[13] C. Cox, R. Feres, W. Ward, Differential geometry of rigid bodies collisions and
non-standard billiards. (arXiv:1501.06536)

[14] R. Cross, Measurements of the horizontal coefficient of restitution for a superball
and a tennis ball. American Journal of Physics, (5) 70 (2002), 482-489.

[15] C. Dettmann, O. Georgiou, Open mushrooms: stickiness revisited. Journal of Physics
A: Mathematical and Theoretical, vol 44, (2011).

96



[16] R. L. Garwin, Kinematics of an ultraelastic rough ball. American Journal of Physics,
(1) 37 (1969), 88-92.

[17] J. Hadamard, Les surfaces à courbures opposées et leurs lignes géodésiques. J. Math.
Pures et Appl. 4: 27–73, (1898).

[18] S. Kerckhoff, H. Masur, J. Smillie, Ergodicity of billiard flows and quadratic differ-
entials. Ann. of Math. (2) 124 (1986), no. 2, 293-311.

[19] V. Kozlov, D. Teshchëv, Billiards: a genetic introduction to the dynamics of
systems with impacts, Translations of Mathematical Monographs, V.89, American
Mathematical Society, 1991.

[20] R. D. Lorenz, Spinning flight: dynamics of Frisbees, boomerangs, samaras, and
skipping stones, Springer 2006.

[21] J.E. Marsden, T.S. Ratiu, Introduction to mechanics and symmetry, Springer 1999.

[22] I. Niven, Irrational Numbers, Wiley, 1956, p. 41.

[23] Y. G. Sinai, On the foundations of the ergodic hypothesis for a dynamical system of
statistical mechanics. Sov. Math Dokl. 4 (1963) 1818–1822

[24] Y. G. Sinai, Dynamical systems with elastic reflections. Ergodic properties of
dispersing billiards. Uspehi Mat. Nauk 25 (1970), no. 2 (152), 141-192.

[25] Y. G. Sinai, ed. Dynamical Systems, Ergodic Theory and Applications. Encyclopedia
of Mathematical Sciences, V.100, Springer 1999.

[26] J. Stillwell, 2003: Elements of number theory. Springer, 256 pp.

[27] S. Tabachnikov, Billiards, in Panoramas et Synthèses 1, Société Mathématique de
France, 1995.

[28] T. Tokieda, Spinning bodies: a tutorial, in Dynamics of Extended Bodies and of
the Rings, J. Souchay, ed., Lect. Notes Phys. 682, 2006.

[29] M. Wojtkowski, The system of two spinning disks in the torus. Physica D 71 (1994)
430-439.

97



Appendix A

General Billiards (1.03)

import copy

#constants
m=1 #positions
n=1 #velocities
eps=0.000000000001 #approximation error
res=21 #circle resolution
large=1000
eps2=.001

#rough collisions uniform distribution constants
a=1/3
b=2*sqrt(2)/3a=1/3
b=2*sqrt(2)/3

#position and velocity matrices
P0=matrix(RR,m,n)
V0=matrix(RR,m,n)
P1=matrix(RR,m,n)
V1=matrix(RR,m,n)
P2=matrix(RR,m,n)
V2=matrix(RR,m,n)

def rot(x):
return matrix(RR,[[-1,0,0],[0,cos(x),-sin(x)],[0,sin(x),cos(x)]])

U=matrix(RR,[[-a,b,0],[b,a,0],[0,0,-1]]) #rough collision with upward normal
S=matrix(RR,[[1,0,0],[0,1,0],[0,0,-1]]) #specular collision with upward normal

#defaults
# coordinates [angle position, x, y]
p=[[0,0,0],[0,-.1,.1],[0,.1,-1],[0,.1,.1]]
# velocities
v=[[0,.1,1],[.1,1,2],[-.1,-1,-1],[-.1,2,-1]]

#filling matrices from position and velocities, allowing for an mXn array
def create_matrices(p,v):

98



P0=matrix(RR,m,n)
V0=matrix(RR,m,n)
P1=matrix(RR,m,n)
V1=matrix(RR,m,n)
P2=matrix(RR,m,n)
V2=matrix(RR,m,n)

for i in range(0,m):
for j in range(0,n):

P0[i,j]=p[i][0]

for i in range(0,m):
for j in range(0,n):

P1[i,j]=p[i][1]

for i in range(0,m):
for j in range(0,n):

P2[i,j]=p[i][2]

for i in range(0,m):
for j in range(0,n):

V0[i,j]=v[j][0]

for i in range(0,m):
for j in range(0,n):

V1[i,j]=v[j][1]

for i in range(0,m):
for j in range(0,n):

V2[i,j]=v[j][2]

return (P0,P1,P2,V0,V1,V2)

#default graph
graph=Graphics()

# Catalogue of boundaries
# wall_segment= [ starting x, starting y, ending x, ending y, starting vector x,
# starting vector y, 1=line 0=circle, 0=not end 1=end, number of component,
# 0=smooth 1=rough (,associated wall)]

easy_walls=[[1,1,-1,1,-1,0,1,0,1,0],[-1,1,-1,-1,0,-1,1,0,1,0],[-1,-1,1,-1,1,0,1,0,1,0],
[1,-1,1,1,0,1,1,0,1,0]]
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rough_square=[[1,1,-1,1,-1,0,1,0,1,1],[-1,1,-1,-1,0,-1,1,0,1,1],[-1,-1,1,-1,1,0,1,0,1,1],
[1,-1,1,1,0,1,1,0,1,1]]
pretty_easy_walls=[[0,1,-1,0,-1,-1,1,0,1,0],[-1,0,0,-1,0,-1,0,0,1,0],
[0,-1,1,0,1,1,1,0,1,0],[1,0,0,1,-1,1,1,0,1,0]]
medium_walls=[[0,1,-1,0,-1,-1,1,0,1,0],[-1,0,0,-1,0,-1,0,0,1,0],[0,-1,1,0,1,1,1,0,1,0],
[1,0,0,1,-1,1,1,0,1,0],[.5,.2,-.5,-.2,0,1,1,0,2,0],[-.5,-.2,.5,.2,-.2,.5,0,0,2,0]]
medium_walls2=[[0,1,-1,0,-1,-1,1,0,1,0],[-.5,-.2,.5,.2,-.2,.5,0,0,2,0],
[-1,0,0,-1,0,-1,0,0,1,0],[0,-1,1,0,1,1,1,0,1,0],[1,0,0,1,-1,1,1,0,1,0],[.5,.2,-.5,-.2,0,1,1,0,2,0]]
astroid=[[0,1,-1,0,0,-1,0,0,1,0],[-1,0,0,-1,1,0,0,0,1,0],[0,-1,1,0,0,1,0,0,1,0],
[1,0,0,1,-1,0,0,0,1,0]]
astroid2=[[-.1,1,-1,.1,0,-1,0,0,1,0],[-1,-.1,-.1,-1,1,0,0,0,1,0],[.1,-1,1,-.1,0,1,0,0,1,0],
[1,.1,.1,1,-1,0,0,0,1,0]]

astroid3=[[.1,1,-.1,1,-1,0,1,0,1,0],
[-.1,1,-1,.1,0,-1,0,0,1,0],
[-1,.1,-1,-.1,0,-1,1,0,1,0],
[-1,-.1,-.1,-1,1,0,0,0,1,0],
[-.1,-1,.1,-1,1,0,1,0,1,0],
[.1,-1,1,-.1,0,1,0,0,1,0],
[1,-.1,1,.1,0,1,1,0,1,0],
[1,.1,.1,1,-1,0,0,0,1,0]
]

astroid4=[[.1,1,-.1,1,-1,0,1,0,1,1],
[-.1,1,-1,.1,0,-1,0,0,1,1],
[-1,.1,-1,-.1,0,-1,1,0,1,1],
[-1,-.1,-.1,-1,1,0,0,0,1,1],
[-.1,-1,.1,-1,1,0,1,0,1,1],
[.1,-1,1,-.1,0,1,0,0,1,1],
[1,-.1,1,.1,0,1,1,0,1,1],
[1,.1,.1,1,-1,0,0,0,1,1]
]

stadium=[[1,1,-1,1,-1,0,1,0,1,1],
[-1,1,-1,-1,-1,0,0,0,1,1],
[-1,-1,1,-1,1,0,1,0,1,1],
[1,-1,1,1,1,0,0,0,1,1]]

starsmooth=[[0,1,-.3,.3,-.3,-.7,1,0,1,0],
[-.3,.3,-1,0,-.7,-.3,1,0,1,0],
[-1,0,-.3,-.3,.7,-.3,1,0,1,0],
[-.3,-.3,0,-1,.3,-.7,1,0,1,0],
[0,-1,.3,-.3,.3,.7,1,0,1,0],
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[.3,-.3,1,0,.7,.3,1,0,1,0],
[1,0,.3,.3,-.7,.3,1,0,1,0],
[.3,.3,0,1,-.3,.7,1,0,1,0] ]

starrough=[[0,1,-.3,.3,-.3,-.7,1,0,1,1],
[-.3,.3,-1,0,-.7,-.3,1,0,1,1],
[-1,0,-.3,-.3,.7,-.3,1,0,1,1],
[-.3,-.3,0,-1,.3,-.7,1,0,1,1],
[0,-1,.3,-.3,.3,.7,1,0,1,1],
[.3,-.3,1,0,.7,.3,1,0,1,1],
[1,0,.3,.3,-.7,.3,1,0,1,1],
[.3,.3,0,1,-.3,.7,1,0,1,1] ]

partrough=[[0,1,-.3,.3,-.3,-.7,1,0,1,0],
[-.3,.3,-1,0,-.7,-.3,1,0,1,0],
[-1,0,-.3,-.3,.7,-.3,1,0,1,0],
[-.3,-.3,0,-1,.3,-.7,1,0,1,0],
[0,-1,.3,-.3,.3,.7,1,0,1,0],
[.3,-.3,1,0,.7,.3,1,0,1,1],
[1,0,.3,.3,-.7,.3,1,0,1,1],
[.3,.3,0,1,-.3,.7,1,0,1,0] ]

roughstar=[[0,1,-.3,.3,-.3,-.7,1,0,1,1],
[-.3,.3,-1,0,-.7,-.3,1,0,1,1],
[-1,0,-.3,-.3,.7,-.3,1,0,1,1],
[-.3,-.3,0,-1,.3,-.7,1,0,1,1],
[0,-1,.3,-.3,.3,.7,1,0,1,1],
[.3,-.3,1,0,.7,.3,1,0,1,1],
[1,0,.3,.3,-.7,.3,1,0,1,1],
[.3,.3,0,1,-.3,.7,1,0,1,1] ]

triangle=[[1,1,-1,1,-1,0,1,0,1,0],
[-1,1,0,-1,1,-2,1,0,1,0],
[0,-1,1,1,1,2,1,0,1,0]]

rough_triangle=[[1,1,-1,1,-1,0,1,0,1,1],
[-1,1,0,-1,1,-2,1,0,1,1],
[0,-1,1,1,1,2,1,0,1,1]]

circle=[[1,0,-1,0,0,1,0,0,1,0],[-1,0,1,0,0,-1,0,0,1,0]]
circle2=[[1,0,0,1,0,1,0,0,1,0],[0,1,-1,0,-1,0,0,0,1,0],
[-1,0,0,-1,0,-1,0,0,1,0], [0,-1,1,0,1,0,0,0,1,0]]
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circlesr=[[1,0,0,1,0,1,0,0,1,1],[0,1,-1,0,-1,0,0,0,1,0],
[-1,0,0,-1,0,-1,0,0,1,1], [0,-1,1,0,1,0,0,0,1,0]]

delta=.1
stadiumdelta=[[delta,1,-delta,1,-1,0,1,0,1,1],[-delta,1,-1-delta,0,-1,0,0,0,1,1], [-1-delta,0,-delta,-1,0,-1,0,0,1,1],[-delta,-1,delta,-1,1,0,1,0,1,1],
[delta,-1,1+delta,0,1,0,0,0,1,1], [1+delta,0,delta,1,0,1,0,0,1,1]]

# basic functions concerning wall segments
def qb(wall_segment):

return (wall_segment[0],wall_segment[1])
def qe(wall_segment):

return (wall_segment[2],wall_segment[3])
def diff(u1,u2):

return (u2[0]-u1[0],u2[1]-u1[1])
def veclen(u):

return (u[0]^2+u[1]^2)^.5
def innprod(u1,u2):

return u1[0]*u2[0]+u1[1]*u2[1]

# this returns the (smallest) angle between two vectors
def vecang(u1,u2):

return RR(arccos(innprod(u1,u2)/(veclen(u1)*veclen(u2))))

# print(vecang((0,1),(0,-1)))

def ub(wall_segment):
w=(wall_segment[4],wall_segment[5])
l=veclen(w)
return (wall_segment[4]/l,wall_segment[5]/l)

# Testing simple functions above:
# show(veclen(diff(qb(easy_walls[1]),qe(easy_walls[1]))))

# normal vector from qb and qe
def normal(u1,u2):

w=diff(u1,u2)
l=veclen(w)
return (-w[1]/l,w[0]/l)

#show(normal(qb(easy_walls[1]),qe(easy_walls[1])))

def curv(u1,u2,u3):
# u1=qb, u2=qe, u3=ub
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norm=normal(u1,u2)
return 2*(u3[0]*norm[0]+u3[1]*norm[1])/veclen(diff(u1,u2))

#show(curv(qb(easy_walls[1]),qe(easy_walls[1]),ub(easy_walls[1])))

def ue(u1,u2,u3):
# u1=qb, u2=qe, u3=ub
norm=normal(u1,u2)
#show(norm)
#show(u3)
l=(2*(u3[0]*norm[0]+u3[1]*norm[1]))
w=(norm[0]*l,norm[1]*l)
return diff(w,u3)

#show( ue( qb(easy_walls[1]),qe(easy_walls[1]),ub(easy_walls[1])) )

def theta(u1,u2,u3,u4):
# qb,qe,ub,ue
if innprod(diff(u1,u2),u3)>=0:

return arccos(innprod(u3,u4))
if innprod(diff(u1,u2),u3)<0:

return 2*pi-arccos(innprod(u3,u4))

# show(theta(qb(easy_walls[1]), qe(easy_walls[1]), ub(easy_walls[1]), ue(qb(easy_walls[1]),qe(easy_walls[1]),ub(easy_walls[1]))))

def center(u1,u2,u3):
#qb,qe,ub
cu=curv(u1,u2,u3)+eps
return diff((-u3[1]/cu,u3[0]/cu),u1)

#show(center(qb(easy_walls[1]), qe(easy_walls[1]), ub(easy_walls[1])))

def pdistance(u1,u2):
return ((u1[0]-u2[0])^2+(u1[1]-u2[1])^2)^(1/2)

def getangle(A):
# return the angle of the vector A relative to the pos x-axis
if A[0]>=0:

if A[1]>=0:
return (arcsin((A[1]-eps)/veclen(A)))

if A[1]<0:
return (arcsin((A[1]+eps)/veclen(A)))
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else:
#print(’down here’)
return RR(pi-arcsin((A[1]-eps)/veclen(A)))

def circ_or(v,w):
if v[0]*w[1]-v[1]*w[0]>0:

#print(’counter clockwise’)
return 0

else:
#print(’clockwise’)
return 1

def draw_table(wall_segments):
#print(len(wall_segments))
newgraph=Graphics()
for i in range(0,len(wall_segments)):

#print(’i’,i)
if wall_segments[i][6]==1:

# draw line
newgraph+=plot(line([(wall_segments[i][0],wall_segments[i][1]),
(wall_segments[i][2],wall_segments[i][3])]))

else:
u1=qb(wall_segments[i])
u2=qe(wall_segments[i])
u3=ub(wall_segments[i])
u4=ue(u1,u2,u3)
#print(u1,u2,u3,u4)
C=center(u1,u2,u3)
#print(’center’,C)
arc_angle=RR(theta(u1,u2,u3,u4))
#print(’total angle’, arc_angle)
radius=1/abs(curv(u1,u2,u3))
#print(’radius’, radius)
x0=u1[0]
y0=u1[1]
startvec=diff(C,u1)
#print(’start vector’,startvec)
alpha=getangle(startvec)
#print(’alpha’,alpha)
for j in range(0,res+1):

omega=(-1)^(circ_or(u3,diff(u1,u2)))*j/res*arc_angle
#print(omega)
#print(alpha)
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#print(radius*cos(alpha+omega),radius*sin(alpha+omega))
#print(j,alpha+omega)
x1=radius*cos(alpha+omega)+C[0]
y1=radius*sin(alpha+omega)+C[1]
#print(x1,y1)
L=line([(x0,y0),(x1,y1)])
newgraph=newgraph+plot(L)
x0=x1
y0=y1
#show(newgraph)

#show(newgraph)
return newgraph

def pointonarc(x,y,wall):
u1=qb(wall)
u2=qe(wall)
u3=ub(wall)
u4=ue(u1,u2,u3)
C=center(u1,u2,u3)
thet=theta(u1,u2,u3,u4)
v1=diff(C,(x,y))
v2=diff(C,u1)
ori=circ_or(diff(C,u1),diff(C,u2))
#print(’ori’,ori)
ang=vecang(v1,v2)
#print(’theta’, thet, ’ang’,ang)
if circ_or(v1,v2)==0:

angdis=2*pi-ang
else:

angdis=ang
if ori==1 and (thet>pi+eps or thet<pi-eps):

if thet>2*pi-angdis:
#print(’1’)
return True

if thet<2*pi-angdis:
return False

if ori==0 and (thet>pi+eps or thet<pi-eps):
if thet>angdis:

#print(’2’)
return True

if thet<angdis:
return False
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if thet==pi:
if innprod(v1,u3)>0:

return True
else:

return False

def wall_collide(pos,vel,wall):
#print(’in collide’)

# first check if the trajectory intersects the segment for linear boundaries
# Note: works for only some circles--need better solution
# It will excluse some legitimate circles if the trajectory passes in and out the arc
if wall[6]==1:

v1=diff(pos,(wall[0],wall[1]))
v2=diff(pos,(wall[2],wall[3]))
#print(v1,v2,(vel[1],vel[2]))
#print(vecang((vel[1],vel[2]),v1),vecang((vel[1],vel[2]),v2),vecang(v1,v2))
#print(vecang((vel[1],vel[2]),v1)+vecang((vel[1],vel[2]),v2))
angle_difference=vecang((vel[0],vel[1]),v1)+vecang((vel[0],vel[1]),v2)-vecang(v1,v2)
#note cannot use vel directly as it is 3D
#print(angle_difference)
if angle_difference>0.001:

#print(’does not collide’)
return (0,0,large+1)

# m2 is the slope of vel, handling infinite case by making it large
if vel[0]==0:

m2=1000000000
else:

m2=vel[1]/vel[0]

if wall[6]==0:
#print(’checking arc’)
u1=qb(wall)
u2=qe(wall)
u3=ub(wall)
C=center(u1,u2,u3)
radi=pdistance(C,u1)
#print(’radius’,radi)
A=1+m2^2
B=-2*C[0]+2*m2*(pos[1]-m2*pos[0]-C[1])
c=C[0]^2+m2^2*pos[0]^2+2*m2*pos[0]*(C[1]-pos[1])+(pos[1]-C[1])^2-radi^2
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x1=(-B+(B^2-4*A*c)^(1/2))/(2*A)
x2=(-B-(B^2-4*A*c)^(1/2))/(2*A)
# This handles the cases where the trajectory misses the circle entirely
if x1.imag()<>0:

return (0,0,large+1)

#if x2.real==False:
# return (0,0,large+1)
else:

y1=pos[1]+m2*(x1-pos[0])
y2=pos[1]+m2*(x2-pos[0])
#print(x1,y1,pointonarc(x1,y1,wall))
d2=pdistance(pos,(x2,y2))
d1=pdistance(pos,(x1,y1))
#print(d1,d2)
if pointonarc(x1,y1,wall):

#print(’made it here’)
pointonarc(x2,y2,wall)==False, (vel[0]<0 and x2-pos[0]>0) or (vel[0]>0 and x2-pos[0]<0) )
if d1>eps and ((vel[0]>0 and x1-pos[0]>0) or (vel[0]<0 and x1-pos[0]<0)) and (d1<d2 or pointonarc(x2,y2,wall)==False or (vel[0]<0 and x2-pos[0]>0) or (vel[0]>0 and x2-pos[0]<0)):

#print(’returning x1’)
return (x1,y1,d1)

#print(x2,y2,pointonarc(x2,y2,wall))
if pointonarc(x2,y2,wall):

#print(’made it to x2 part’)
#print(d2>eps,d2,eps)
if d2>eps and ((vel[0]>0 and x2-pos[0]>0) or (vel[0]<0 and x2-pos[0]<0)):

#print(’returning x2’)
return (x2,y2,d2)

#print(x1,y1,d1)
#print(x2,y2,d2)

return(0,0,large+1)

if wall[6]==1:
# find the intersection point
if wall[2]==wall[0]:

m1=(wall[3]-wall[1])/(eps)
else:

m1=(wall[3]-wall[1])/(wall[2]-wall[0])

if m2==m1:
m2=m2-eps

x=(m2*pos[0]-pos[1]-m1*wall[0]+wall[1])/(m2-m1)
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y=pos[1]+m2*(x-pos[0])
if ((x-pos[0])^2+(y-pos[1])^2)<eps:

#print(’not supposed to be here’)
return (0,0,large+1)

else:
#print(’found a collision’)
return (x,y,((x-pos[0])^2+(y-pos[1])^2))

def next_wall(walls,rotational_position,x,y,rotational_velocity,vx,vy):
#print(’in next wall’)
best_dist=large
bestx=x
besty=y
best_wall=0
for i in range(0,len(walls)):

#print(’wall’, i)
#note: dist=distance squared
(xnew,ynew,dist)=wall_collide((x,y),(vx,vy),walls[i])
#print(’dist’,dist)
if eps<dist<best_dist:

bestx=xnew
besty=ynew
best_dist=dist
best_wall=i

return ((best_dist/(vx^2+vy^2)^(1/2))*rotational_velocity+rotational_position,bestx,besty,best_wall)

def new_positions(walls,M0,M1,M2,N0,N1,N2):
#print(’new positions’)
Mw=matrix(QQ,m,n)
for i in range(0,m):

#print(i)
for j in range(0,n):

#$print(j)
#show(M1)
(M0[i,j],M1[i,j],M2[i,j],Mw[i,j])=next_wall(walls,M0[i,j],M1[i,j],M2[i,j],N0[i,j],N1[i,j],N2[i,j])

#show(Ptemp)

return (M0,M1,M2,Mw)

def get_tangent(wall,x,y):
if wall[6]==1:
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return getangle(diff(qb(wall),qe(wall)))
if wall[6]==0:

#print(’circ tan’)
u1=qb(wall)
u2=qe(wall)
u3=ub(wall)
C=center(u1,u2,u3)
perp=getangle(diff(C,(x,y)))
return perp+pi/2

else:
return False

def reflect(wall,x,y,vr,vx,vy):
V=matrix(RR,3,1)
V[0,0]=vr
V[1,0]=vx
V[2,0]=vy
#show(V)
# omega is the angle of the line or tangent to the circle, oriented by the direction
omega=get_tangent(wall,x,y)
U1=rot(omega)
U2=rot(-omega)
if wall[9]==0:

#print(’here thu’)
#show(U1,U2)
T=matrix(RR,n,n)
T=U1*S*U2
#show(V)
V=T*V

else:
V=rot(omega)*U*rot(-omega)*V

#show(V)
return (V[0,0],V[1,0],V[2,0])

def new_velocities(walls,P1,P2,V0,V1,V2,Pw):
for i in range(0,m):

for j in range(0,n):
(V0[i,j],V1[i,j],V2[i,j])=reflect(walls[Pw[i,j]],P1[i,j],P2[i,j],V0[i,j],V1[i,j],V2[i,j])

return (V0,V1,V2)

def Draw_paths(X1,Y1,X2,Y2):
paths=Graphics()
#show(X1,X2,Y1,Y2)
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for i in range(0,m):
for j in range(0,n):

#print((O[i][j][1],O[i][j][2]),(N[i][j][1],N[i][j][2]))
paths+=plot(line([(X1[i,j],Y1[i,j]),(X2[i,j],Y2[i,j])]))
#show(paths)

return paths

# This tests Draw_paths
# P1=[[[1,1,1],[1,1,1],[1,1,1]],[[1,1,1],[1,1,1],[1,1,1]],[[1,1,1],[1,1,1],[1,1,1]]]
# P2=[[[1,2,2],[1,0,0],[1,2,4]],[[1,12,12],[1,12,12],[1,11,1]],[[1,11,1],[1,11,1],[1,11,21]]]
# testgraph=Draw_paths(P1,P2)
# show(testgraph)

# wall_segments is a k by 10 matrix, Renato’s 9 plus the tenth: 0=smooth, 1=rough
# N_max is the maximum iterations before stopping
# draw
def aalpha(x):

return RR(arccos(32/9*(cos(x))^4-16/3*(cos(x))^2+1))

def Billiard(wall_segments, N_max, draw, p, v, theta):
print(RR(pi/2+aalpha(theta)/2))
if draw==1:

graph=draw_table(wall_segments)
(P0,P1,P2,V0,V1,V2)=create_matrices(p,v)
graphtemp=Graphics()
graphtemp1=Graphics()
graphtemp2=Graphics()
v1=1
x0=5
r0=0
pl=[]
su=0
su2=0
count1=0
count2=0
maxx=0
for i in range(0,N_max):

v0=v1
v1=abs(V2[0,0])
#print(’loop’,i)
OP1=P1[:]
OP2=P2[:]
or0=r0
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r0=P0[0,0]
#print(r0)
ox0=x0
x0=P1[0,0]
y0=P2[0,0]
#print(x0)
r0p=RR((2^.5*sin(theta/2)*y0+r0)/(1+2*(sin(theta/2))^2))
y0p=RR((2^.5*sin(theta/2)*(2^.5*sin(theta/2)*y0+r0))/(1+2*(sin(theta/2))^2))
#r0ps=RR(r0p/(x0*tan(theta/2)))
#if r0p>0:
# par=0
#else:
# par=1
#r0ps=RR((r0p^2+y0p^2)^.5*(-1)^par/(x0*tan(theta/2)/v0))
#print(r0,r0p)
#print(x0,x0p)
#show(V1,V2)
(P0,P1,P2,Pwall)=new_positions(wall_segments,P0,P1,P2,V0,V1,V2)
#print(’made’)
rv0=V0[0,0]
xv0=V1[0,0]
yv0=V2[0,0]
rvp0=RR((2^.5*sin(theta/2)*yv0+rv0)/(1+2*(sin(theta/2))^2))
(V0,V1,V2)=new_velocities(wall_segments,P1,P2,V0,V1,V2,Pwall)
rv1=V0[0,0]
xv1=V1[0,0]
yv1=V2[0,0]
rvp1=RR((2^.5*sin(theta/2)*yv1+rv1)/(1+2*(sin(theta/2))^2))

pathgraph=Draw_paths(OP1,OP2,P1,P2)
#show(pathgraph)
r1=P0[0,0]
x1=P1[0,0]
if x1>x0:

col=’red’
else:

col=’blue’
y1=P2[0,0]
r1p=RR((2^.5*sin(theta/2)*y1+r1)/(1+2*(sin(theta/2))^2))
#r1ps=RR(r1p/(x1*tan(theta/2)))
y1p=-RR((2^.5*sin(theta/2)*(2^.5*sin(theta/2)*y1+r1))/(1+2*(sin(theta/2))^2))
#if r1p>0:
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# par=0
#else:
# par=1
#r1ps=RR((r1p^2+y1p^2)^.5*(-1)^par/(x1*tan(theta/2)/v1))
lineover=line([(x1,r1),(x0,r0)], thickness=.3, dpi=200,color=col)
PP0=point((x0,r0),size=40)
PP1=point((x1,r1),size=40)

lineover1=line([(x1,r1p),(x0,r0p)], thickness=.3, dpi=200)
PP0p=point((x0,r0p),size=40)
PP1p=point((x1,r1p),size=40)
graph=graph+pathgraph
if x1>maxx:

if (-1)^i>0:
maxang=getangle([xv1,rvp1])

else:
maxang=getangle([xv1,-rvp1])

maxx=x1
if i>0:

#print(RR(xv1^2+rvp1^2))
if (-1)^i>0:

pl+=[[getangle([xv1,rvp1]),x1]]
else:

pl+=[[RR(getangle([xv1,-rvp1])),x1]]
#pl+=[[xv1,rvp1],[xv0,rvp0]]
#pl+=[[i,(getangle([xv1,rvp1])+getangle([xv0,rvp0]))/2]]

if x1>5 and x0>5:
if r1>r0:

count1+=1
tem=(r1-or0)/(x1-ox0)
su+=tem

if r1<r0:
count2+=1
tem2=(r1-or0)/(x1-ox0)
su2+=tem2

graphtemp=graphtemp+plot(lineover)+plot(PP0)+plot(PP1)
if i>0:

graphtemp1=graphtemp1+plot(lineover1)+plot(PP0p)+plot(PP1p)
#lineover2=line([(x1,r1ps),(x0,r0ps)], thickness=.3, dpi=200)
#PP0ps=point((x0,r0ps),size=40)
#PP1ps=point((x1,r1ps),size=40)

112



#if i>0:
# graphtemp2=graphtemp2+plot(lineover2)+plot(PP0ps)+plot(PP1ps)
if OP1==P1 and OP2==P2:

print(’error’)
print(i)
#return

#if i>14:
# print(’P1’,P1)
# print(P2)
# print(V1)
# print(V2)
#print(P0)

#P=NewP
#V=NewV
#print(2*su/N_max)
#print(RR(2*su/N_max/theta))
#pl+=[[RR(theta),2*su/count1],[RR(theta),2*su2/count2]]
print(maxang,maxx,aalpha(theta))
pl2=[[theta,maxang]]
return (P0,P1,P2,V0,V1,V2,graph,graphtemp,graphtemp1,pl)

graph=Graphics()
graphlist=[]
def triangle(theta,s):

y=RR(s*tan(theta/2))
return [[s,y,0,0,-s,-y,1,0,1,1],[0,0,s,-y,s,-y,1,0,1,1],[s,-y,s,y,0,1,1,0,1,1]]

for i in range(0,10):
print(i)
graph=Graphics()
graphpr=Graphics()
graphax=Graphics()
graphax2=Graphics()
table=triangle(.01+pi/25*i,1+5*(i+1))
p=[[0,5,0]]
v=[[-.1,.1,RR((1-.1^2*2)^.5)]]
(P0,P1,P2,V0,V1,V2,graph,graphpr,graphax2,pl)=Billiard(table, 500, 1, p, v,.01+pi/25*i)
graphlist+=pl
#graph.show(aspect_ratio=True,axes=False)
#graphpr.show(axes=1, figsize=10)
#graphax.show(axes=False)
#graphax2.show(axes=False)

graph2=list_plot(graphlist,size=5,color=’black’)
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graph2.show(axes=1, figsize=5)
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