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ABSTRACT

We show that for a general smooth rational curve on a general hypersurface of degree
d < N in PN, N > 4, the restriction map of global sections is of maximal rank, and

therefore the regularity index of such curves is as small as possible.
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Chapter 1

Normality of curves

1.1 Introduction

Recall that a coherent sheaf F on PV is called m—regular if H'(PY, F(m —14)) = 0
for all i > 1. A closed subvariety Z C PV is called m—regular if the corresponding
ideal sheaf Z; C Opn~ is m—regular. By [11] (lecture 14), for an m—regular sheaf F,
F(m) is generated by global sections.

Several bounds are known for regularity the of smooth varieties. In the case of

smooth curves, the following is proven in [5]:

Theorem 1.1. Let C C PV be a (reduced and irreducible) non-degenerate curve of

degree e. Then C' is (e +2 — N)-reqular.

For a smooth rational curve C' in PV, consider the restriction map
ro(n) : HY(PY, Opx (n)) — HO(C, Oc(n)).

By the proposition below, to compute the regularity of a smooth rational curve, we

only need to verify the vanishing of the first cohomology group.

Proposition 1.2. For a smooth rational curve C in PV, if the map rc(n) is surjective
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for some n > 1, then C' is m—regular for all m > n + 1.

Proof. For a smooth rational curve if the map ro(n) is surjective for some n > 1,
then H'(Opn,Zc(n)) = 0. But we also have H'(C,Oc(m)) = 0 for all m > 0, as C

is a smooth rational curve. From this and the long exact sequence of cohomology

. = HYC,0c(m)) — H* (PN, Zo(m)) — H*(PY, Opn (m)) — ...

we get H2(PN, Zc(m)) = 0 for all m > 0. Therefore H*(PY, Zo(n)) = H*(PN, Zo(n —
1)) =0, so C'is (n+ 1)-regular. One can then use [11] (lecture 14) to show that C' is

m—regular for all m >n + 1. O]

Corollary 1.3. The surjectivity of rc(n) for some n > 1 implies the surjectivity of

ro(m) for allm > n.

The map r¢(n) is said to be of mazimal rank if it is either injective or surjective.
The curve C is said to be of mazimal rank if for any integer n > 1, r¢(n) is either
injective or surjective.

It was conjectured by J.Harris [6] that for a general smooth rational curve of
degree e, the map r¢(n) is of maximal rank for all n. It is shown by Hartshorne [9]
that a union of general lines in projective space is of maximal rank, using induction
both on n and N. By similar methods Hartshorne and Hirschowitz [7] (and Ballico
and Ellia [1]) proved that the union of a general rational curve and lines in P? (union
of general rational curves in PV, N > 4, resp.) is of maximal rank.

The method used in all these cases is the degeneration method. First, one de-
generates a curve into a nodal rational curve (with embedded points) which satisfies
the conjecture. Then one uses deformation theory to say there is a smoothing of
such nodal curve, and hence conclude the conjecture for a general member of the

smoothing family.



The main result of this note is a similar statement for rational curves on a general
hypersurface of degree d < N. For numerical reasons, degenerating the curve alone,
does not work for the case of curves on a hypersurface. What we do to resolve the
issue is to degenerate the hypersurface as well as the curve and show the theorem
for a rational tree on a union of two smooth hypersurfaces (therefore we induct not
only on n but also on d, the degree of the hypersurface). Of course, our construction
should be done in such a way that allows us to deform the curve and the hypersurface.

We prove the following:

Theorem 1.4. For N > 4, let Y C PV be a general hypersurface of degree d < N.

If for some positive integers e and n

1+ne§<N;n)_<N+}3—d> "

then for a general rational curve C' of degree e on'Y', the map rc(n) is surjective.

Note that equation (1) is the numerical condition h°(Y, Oy (n)) > h°(C,Oc(n)).
For any given degree e we show that there is a rational tree (without embedded points,
unlike previous works) of degree e on a singular hypersurface of degree d satisfying
the statement of the theorem and then we use some deformation theory to conclude
the same result for a general curve of degree e on a general hypersurface of degree d.
We will prove several numerical lemmas which are needed throughout the arguments.
These will be shown in the appendix.

Our theorem has the following nice application. Recall that a projective variety
Y of dimension m is called uniruled if there is a variety Z of dimension m — 1 and a

dominant rational map

ZxPl———>Y.

For a general hypersurface X C PV of degree d, let R.(X) be the parametrizing space

of all smooth irreducible rational curves of degree e on X. In [2], R. Beheshti proves
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that :

Theorem 1.5. Let X C PV (N > 12) be a general hypersurface of degree d. If a gen-
eral smooth rational curve C' C X of degree e is m—normal (i.e rc(m) is surjective)
and if

d+2m+1)d> (m+1)(m+2)N +2

then R.(X) is not uniruled.

Our theorem improves the range of integers m that satisfy the above theorem.
Note that the right and left hand side of the numerical inequality in the theorem above,
are degree two and degree one polynomials in terms of m, respectively. Thus finding
smaller m’s for which a curve is m—normal, makes this inequality more possible to

hold.

1.2 Definitions

We make a few definitions which will be used throughout.

Definition 1.1. A rational tree is a connected projective curve C' whose singular

points are nodes and x(C, O¢) = 1.

The above definition is equivalent to saying that irreducible components of C' are
smooth rational curves and there are Card(Sing(C)) + 1 of them. A smoothing of a
rational tree C' consists of a smooth pointed 1-dimensional scheme (7',0) and a flat
relative projective curve C — T whose fiber over 0 is C' and and all other fibers are

smooth rational curves.
Theorem 1.6. A rational tree in PV is smoothable, i.e it has a smoothing.

Proof. See [4], page 101. O



Definition 1.2. An admissible curve X C PV of type (e, k) is defined as a disjoint

union of a rational tree of degree e and k lines.

Definition 1.3. A projective scheme X C P" is n—normal if the restriction map

rx(n) : HY(PY, Opn(n)) — H°(X,Ox(n)).

is surjective.

Definition 1.4. A vector bundle £ on P! is called balanced, if it’s splitting as sums

of the line bundles is in the following form:

and |a; —a;| <1 for all 4, j.



Chapter 2

Rational curves in projective space

In this chapter we investigate the maximal rank property of smooth rational curves
in a projective space. It is known by Hartshorne and Hirschowitz [9] that disjoint
union of general lines in a projective space is of maximal rank. In [7] they prove
that general disjoint union of one smooth rational curve and several lines in P? is of
maximal rank. This result was later generalized by Ballico and Ellia in [?] for disjoint
union of general rational curves in PV for N > 4. Here we reprove a similar result

without using embedded points.

2.1 Preliminaries

Fix a hyperplane H C PV. For integers ¢t > 0, k' > 0 and b > 1, let ) be the

parametrizing space of ordered tuples (C,ly, -+ ,l;, L1, , L), where C' is a non-
degenerate 'rational curve of degree b in PV and Iy, ---l;, Ly - - - , Ly are disjoint lines
and

X =CU(U_;)u (Uf;lﬂj)

is a smooth admissible curve of type (b,t + k') intersecting H transversely.

By non-degenerate we mean the linear span of the curve has maximum possible dimension.



Lemma 2.1. Let T be the parametrizing space of t + 1 distinct ordered points in H.

We have the incidence correspondence

7= {(Callv'” 7lt7L17”' 7Lk’7Q7p17'-'7pt)|qE CQH,])T EZTQH
(Cvlh“' 7lt7L17"' 7Lk’) Ey}

and the two projections my and my from I to its factors

T

Y

,(\\/

»

N4 T
Then m, is surjective and mo is dominant.

Proof. Under the assumptions, ) is irreducible and smooth. It is clear that m; is
surjective. First we calculate dimZ. For (C,ly,--- ,l;, L1, - , L) € Y and X :=

C'U (U_y1;) U (UKL, L;) we have
hY(Nx/pn) = h°(Nejpw) 4 (84 K )RO(N,) = (b+ 1)(N +1) — 4+ 2(t + k) (N — 1).

Thus dimY = (b+ 1)(N + 1) — 4+ 2(t + k')(N — 1). Note that fibers of 7, are zero
dimensional, hence dimZ = dim ).

FOI'p = (qapb e 7pt) € 7-‘-2(:2’-)7

dim ' (p) = R®(Ngypn (—q)) + t[h°(Np, pv (—p1))] + 2K/ (N — 1)
=(N+1)b—2+t(N—-1)+2K(N-1)

=(N+1)b+ (2K +t)(N—-1)—2



But the fiber dimension also satisfies:

dim 7 > dim m5(Z) > dimZ — dim 7w, (p)
=(b+1)(N+1) —4+2t+E)N-1)
—[(N+1)b+ (2K +¢)(N —1) — 2]

= dim 7. (2.1)

Hence dim m5(Z) = dim 7 and therefore 7y is dominant. O

Corollary 2.2. Keeping the notation of the above lemma, assume that there exists a
smooth admissible curve Xo parametrized by Y of type (b,t + k') which is n—normal

for some integer n > 1. Let
M= {Wfl(X)][X] €Y and is n—normal}

Then M C T is dense and open, and the restriction of o to M is dominant.

In other words, over a dense non-empty set in T, the fibers of my are non-empty and
contain a smooth admissible curve of type (b,t + k') which intersects H transversely

and is n—normal.

Proof. Let Z be the parametrizing space of all ordered tuples (C,ly,- -+ ,l;, L1, -+, Lgr),
where X := C U (Ut_,l;) U (U?;ILJ-) is a smooth admissible curve of type (b,t + k')
and C' is non-degenerate. Note that Z is irreducible because the parametrizing space
of non-degenerate smooth rational curves is irreducible, so is the parametrizing space
of t + k' disjoint lines in PV. Note that Y C Z is open (the curves intersecting H
non-transversely form a closed set), and therefore dense since Z is irreducible.

The existence of such Xy C PV (by our assumption) implies that there exists a

non-empty open set U C Z of smooth elements which are n—normal and of type



(b,t + k'). Hence U N'Y C Z is open and non-empty. But m is surjective, therefore

7 (U NY) C T is open and T2l x1@ny) 15 dominant. O

Lemma 2.3. Lett, H and T be as in the previous lemma and let V be the nonempty
open subset of Hilbert scheme of smooth non-degenerate rational curves of degree b in

H. Furthermore let

j = {<C7p17 "'aptapt+1|pi SNONS V}

Ifb > t+1, then the projection m : J — V is surjective and oy : J — T is dominant.

Proof. With a similar calculation as in the previous lemma (except that the fibers of
m are t + 1 dimensional) we get dim J = (b+ 1)N —4 + (¢ +1). For a general point
p = [p1, -, Pea] € mo(J), dimmy~ (p) = h*(Neyu(=p1 — - — pis1))-

By [12], we know for a general rational curve C in the projective space PY~! = H, the
vector bundle N¢,y is balanced. We first show that H'(Ne/y(—p1 — ... — pey1)) = 0.
Note that N¢ /g is a balanced vector bundle of degree Nb—2 and rank N —2; therefore,

to show H'(Ng/p(—p1—...—pey1)) = 0, it suffices to check | X2=2 | —(t+1) > —1, which

is true because ¢t +1 < b. Hence we get h°(Nejp(—p1 —... = prs1)) = N(b—1t)+2t — 2,

which is the fiber dimension of m5. Hence

dim 7y(J) = dim J — dim m,*(p)
—(b+1)N+t—3—N(b—t)—2t+2

— (N = 1)(t+1) =dimT. (2.2)

Hence 5 is dominant. O

Corollary 2.4. With the same notation as in the last lemma, suppose that there

exists [Co| € V such that Cy is a degree b smooth, irreducible and n—normal for some



n>1. Let

M= {Wfl(C’)HC] €V and C is n—normal} :

Then M C T is dense and open and the restriction of mo to M is dominant.
In other words, there exists an open dense subset of T over which the fibers of

are non-empty and contain an element which is n—normal.

Lemma 2.5. Suppose X C PV is a smooth irreducible rational curve such that rx(n) :
HO(PN, Opn(n)) — HY(X,0x(n)) is surjective for some positive integer n. For a
non-negative integer 8, let X; denote the union of X and & general points in PVN.

Then for 0 < § < h%(PN, Opn(n)) — h%(X, Ox(n)), the map
rx;(n) : H(PY, Opn(n)) — H(X;, Ox,(n))

18 surjective.

Proof. We use induction on 9. The statement is correct when § = 0. Assuming

the lemma for 6 — 1, we prove it for . Note that surjectivity of rx, ,(n) implies
hO(Ix; ,(n)) = RPN, Opn(n)) — h°(X5_1, Ox,_,(n)), where Ix,(n) is the ideal sheaf

of X5 in PV twisted by n. So

h(Ix,_,(n)) = B°(PY, Opn (n)) — h°(X5-1, Ox,-1)

= WO(PY, Opw (n)) — hO(X, Ox(n)) — (5 — 1) > 0.

Now let Y C PV be a hypersurface of degree n containing Xs_; and let ps ¢ Y be
a general point. Therefore if Y = {f = 0}, we have that Y € H%(Ix, ,(n)), but
Y ¢ H(Ix,(n)) for this ps. Hence h°(Ix,u,,(n)) = h°(Ix, ,(n)) — 1. Hence the map

rx,;(n) is surjective. 0O
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2.2 Induction Argument

Let N >4, k>0 and e > 1 be integers. Set

N
V(e,k:,N):min{m21|1+me+k(m+1)§( ]_I\}m)}

We call v(e, k, N) the value of (e, k) with respect to N.
Note that if X is an admissible curve of type (e, k) and m is a positive integer,
then

1 +me+ k(m+ 1) = dim H°(Ox(m)).

If H(Opn(m)) — H°(Oc(m)) is surjective, then m > v(e, k, N).

For integers n > 1 and N > 3, let H(n, N) be the following statement:

H(n,N): For all choices of £ > 0 and e > 1 such that v(e,k,N) < n, and k < n
there exists an admissible curve X of type (e, k) such that the restriction map

rx(n): HY (PN, Opn(n)) — H°(X, Ox(n)) is surjective.

The main goal is to prove H(n, N), using induction on both n and N.
Theorem 2.6. H(n, N) holds for alln > 1, N > 3.

An important consequence of this theorem, we get the following corollary regarding

the regularity of a general rational curve.

Theorem 2.7. A general rational curve of degree e in PN, N > 3, is [v(e,0,N) +

1]—regular.

Proof. By the last theorem above for a given e > 1, there exists a rational tree of
degree e which is v(e,0, N)—normal. By Theorem (1.6) a rational tree is smooth-
able. Normality is an open property, hence the lemma follows by the semi-continuity

theorem. ]

11



2.2.1 The Base case of the induction

Proof. By [7], we know H(n,3) holds for any n. It is proved in [7] that a general
disjoint union of a rational curve and lines in P3 is of maximal rank. So we can take

the rational tree in the definition of H(n,3) to be a smooth irreducible rational curve.

H(1,N) is a statement about linear normality. H(1, N) states that if for some
integerse > land 0 < k <1, v(e,k,N) =1 (l.eif 1 +e+2k < (N§1) = N +1), then
there exists an admissible curve X C PV of type (e, k), such that ry (1) is surjective.

First assume that £k = 0 and let ¢ < N be some integer. Let C' C PV be a
non-degenerate rational normal curve of degree e. Hence r¢(1) is surjective. Now if
e < N — 2, we can always find a line L such that it does not intersect the linear span
of a non-degenerate rational normal curve C' of degree e. Therefore, royr (1) remains

surjective. O

2.2.2 The Induction Step

Proof. We want to show H(n,N) for n > 2 and N > 4. Assume H(i, N) for
1 <i<n-—1and H(n,N —1). Note that when e = 1, H(n,N) is a statement
about a disjoint union of lines. But by [9], we know that a disjoint union of gen-
eral lines is of maximal rank, so we may assume e > 2. To prove H(n, N) assume
e >2and 0 < k < n are integers satisfying v(e,k, N) < n. But the cases where
vie,k,N) <n—1and k <n—1 are already known by our assumption H(n — 1, N),

so we only need to consider the cases v(e, k, N) =n and v(e,n, N) =n — 1.

Consider the case v(e, k, N) = n. Let 1 < a < e be the largest integer such that
I+ (n—1)a < (NJFJ\’;A) (note that e > 2 and therefore such a exists). Having fixed

a, let 0 < k' < k be the largest integers satisfying 1 + (n — 1)a + k'n < <N+]\7_1>.

12



So by definition v(a, k', N) < n — 1 and hence by the induction hypothesis H(n —
1, N) and Theorem(1.6), there exists a smooth admissible curve X; := C1UL;U...ULy,

of type (a, k") such that ry, (n — 1) is surjective.

The argument in our proof below depends on whether v(e, k, N) = v(e + 1,k, N)

or not. So here we discuss the two cases:

Case(A): v(e,k,N) =v(e+1,k,N)

Let a and k' be as defined above, which implies v(a, k', N) < n — 1 and there-
fore we can apply H(n — 1, N). Also by the remark after Lemma (4.1), we have
vie—a,k—kK,N—1) <n,so we can use H(n, N —1). Now we apply Lemma (2.1)
and its corollary in the case t = 0, b = a, also Lemma (2.3) and its corollary in the
case b = e —a and t = 0. So for a hyperplane H C PV we can find a point p € H
so that there exists a smooth admissible curve X; := C; U L; U ...U Ly C PV of
type (a, k') which intersects H transversely and rx, (n— 1) is surjective, and a smooth
admissible curve Xy = Co Ul U+l C H of type (e — a, k — k') such that rx,(n)
is surjective and X; N Xy = C; N Cy = p;. We take X so that X; N H are in general

position in H.

Let X = X; U X5. The inclusion X N H C X implies we have an exact sequence

Ox(—H> — OX — OX(‘]H — 0

and since Xy C H, the above sequence reduces to the short exact sequence

O-)O)(l(—H) _>OX —)OXQH—>O

Twisting by Op~(n) and taking cohomology, we get

13



Figure 2.1: Case(A)

0 —— HOpv(n—1)) — H'(Opx(n)) —— H'(Og(n)) — 0

rx,(n — 1)l J TXQH(n)J

0 —— HO(OXI(TL—l)) — HO(OX — HO(OXQH(TL)) — 0

The left vertical map is surjective by H(n — 1, N). For the vertical map on the
right, note that we chose X; so that the points in X; N H are in independent positions.
Lemma (4.1) provides the dimension requirement for the right map to be sur-
jective. Then one can use the smoothing theorem (1.6) along with H(n, N — 1) to
conclude the right vertical map is surjective. Note that X N H contains the points
X1 N H which are chosen to be in independent position. Thus by Lemma (2.5), the

surjectivity of rx,(n) is preserved after adding this point.

14



Figure 2.2: Case B

Case(B): v(e,k,N) =n <wv(e+1,k,N)

In this case, one can easily find examples of such values e such that the right map
in the diagram above can not be surjective by comparing the dimensions of the two
spaces. To remedy the problem we first modify our choice of the curve X;. Define a,
k' and H as before, and let T be the parametrizing space of ordered ¢ + 1 points in
H, where t := (NJF]?_I) —1—(n—1a.
By the Lemma (4.3) in the appendix, in this case ¥’ = 0 and t < n — 1. Hence
v(ia —t,t,N) < n—1 while t <n — 1, so we can apply H(n — 1, N) and Theorem
1.6 to conclude that there exists a smooth admissible curve of type (a — t¢,t) which is
n — l-normal.

Similar to the previous case, we have v(e—a,k—k', N—1) =v(e—a,k, N—1) <n
by Corollary (4.5). Hence we may apply H(n, N—1) and Theorem 1.6 to get a smooth

admissible curve Xy C H of type (e — a, k), so that X5 is n—normal.

Let P = (p1,--- ,pey1) € T, and use Corollary (2.2) and Corollary (4.6) in the

15



case b = a — t, and Corollary (2.4) in the case b = e — a to get that there exists a
smooth n — I-normal admissible curve X; := C; Ul U...Ul; C PV of type (a — t,1),
and a smooth n—normal admissible curve Xy := Co U L] U ... U Ly_p» C H so that
PcCXiNH.

Note that C5 intersects C; and [;’s each at a single point, and these are the only
points in X; N Xs.

Therefore X; U X5 is an admissible curve of type (e, k) with ¢ + 1 nodal singularities.
We consider the previous diagram in this case and make a similar argument to get
that the middle map is surjective. The left vertical map is surjective by H(n — 1, N)
and Theorem (1.6). Lemma (4.4) implies that we have the numerical requirement for
the right vertical map to be surjective. Then H(n, N — 1) along with Lemma (2.5)

imply that it is indeed surjective.

We are left to consider the case v(e,n, N) = n—1, which is a possible situation for
H(n,N). By H(n — 1, N) and the smoothing theorem (1.6), we know there exists a
smooth admissible curve X; of type (e,n—1) which is (n—1)—normal, that is because
v(e,n—1) < n—1. Now consider a line L on a hyperplane H. To get the surjectivity
of rx,ur(n) (which is a smooth admissible curve of type (e,n) we argue as in the
above cases. The only thing to check is the dimension requirement for surjectivity of

rrux;nm(n). That is to check

Ntn—1
2n+6—1§< o )

N -1

But this holds because the assumption v(e,n, N) =n — 1 implies

e <

1 N+n—-—1 n?+1
N

n—1 n—1"
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Chapter 3

Rational curves on hypersurfaces

The main result of this chapter is to prove a similar theorem to the previous chapter,
for general rational curves on general hypersurfaces. We basically follow the same
idea as in the case of curves in projective space. For numerical reason we will need
to degenerate the curve along with the hypersurface. This will naturally add some

complications to our arguments.

3.1 Preliminaries

First we review some known facts about rational curves on Fano hypersurfaces. For

the next two definitions we assume Y is a smooth projective variety.

Definition 3.1. Let r be a nonnegative integer. A rational curve f : P! — Y on a
smooth variety is r—free if f*Ty ® Op1(—r) is generated by its global sections. We

will say free instead of 0—free.

Recall that a variety Y of dimension n is called uniruled if there exists a variety
of dimension n — 1 and a dominant rational map P! x Z — —— > Y. In other words
a variety is uniruled if every closed point p € Y is contained in the image of a finite

map f: Pl =Y.

17



Theorem 3.1. (Mori) Every Fano variety of positive dimension is uniruled.
This fact and Proposition (4.9) in [4] imply that:

Proposition 3.2 ([4], corollary 4.11). If the characteristic is zero and Y is uniruled

and projective, there exist a free rational curve through a general point of Y .

Therefore when Y C PV is a smooth irreducible hypersurface of degree d < N (i.e
a Fano hypersurface), through a general point p € Y there exists a free rational C.
Hence

Tyle = O(a1) ® ---Olan-1)

where a; > 0,i=1,...,N —1. So H(Ty|c(—1)) = 0, i.e Ty|¢ is semi-positive. From

this and the short exact sequence

0—>Tc—>Ty|0—>Nc/y—>0

we get that H'(Ng/y(—1) = 0.

Corollary 3.3. Let Y C PV be a smooth irreducible hypersurface of degree d < N.
Through a general point of Y there exists a rational curve C such that Noy is semi-

positive.

For N > 4, let Y C PY be a smooth irreducible hypersurface of degree d—1 < N—1
and H C PV a hyperplane intersecting Y transversely. For integers ¢t > 0 and b > 1,
let Y be the parametrizing space of ordered tuples (C, L1, ..., L;), where CU!_; L; C Y
is a smooth admissible curve of type (b,t) intersecting H properly and C' is a non-
degenerate rational curve of degree b. Let T be the parametrizing space of ¢t + 1

distinct ordered points in H N'Y. We have the incidence correspondence:

7:= {(Ca L17 "'7Lt7Q7p17 7pt|q € Capr € Lr N H, (C, L17 ---aLt) € y}
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Lemma 3.4. If m; and 7 denote the projections from I to Y and T respectively,
then 1 is surjective and the restriction of wo to every irreducible component of T is

dominant.

Proof. First we calculate dimZ. We know by Lemma (3.2) and its corollary that for
general C' on Y, the normal bundle N¢y is semi-positive, i.e dim H'(N¢/y(—1)) = 0.
Hence for [X] € Y where X = C U Ly U--- Ly, we have H'(Nx,y(—1)) = 0 and

W (Nxsy) = h%(Ty|x) — h°(Tx)

=b(N—-—d+2)+N—-4+t(2N —d—2)

implies that there is an irreducible component U of ) of dimension at least b(N —
d+2)+ N —4+t(2N —d—2). So we replace Y by U. The fibers of 7 are zero

dimensional, hence

dimZ =dimU > b(N —d+2)+ N —4+t(2N —d —2).

FOI‘p = (qapla "'7pt) € 7T2<I)7

dim ! (p) < h*(Neyy(—q)) + h* (N, vy (=p1)) + .. + B (N v (—p1))
=t(N—d)+bN—-d+2)—2

—(b+t)(N—d+2)—2(t+1),
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which is strictly positive by the assumption d < N. Thus

dim 74(Z) > dimZ — dim 7, (p)
>N —-d+2)+N—-4+t(2N —d—-2)
—[(b+t)(N—-d+2)—2(t+1)]

=(N—-2)(t+1)=dimT.

Hence 5 is dominant. O

Corollary 3.5. Using the notation of the above lemma, assume that there exists an
[Xo] € Y where Xy is a smooth admissible curve of type (b,t) which is n—normal for

some integer n > 1 and its relative normal bundle N,y is semi-positive. Let
M = {Wfl(X)][X] €Y and X is n—normal}.

Then M C T is dense and open and the restriction of mo to M is dominant.

In other words, over a dense non-empty set in T, the fibers of my are non-empty and
contain a smooth admissible curve of type (b,t) which intersects H transversely and

18 n—normal.

Proof. Let Z be the parametrizing space of all ordered tuples (C,ly,--- ,l;) where
X = CU(U_l;)) C Y is a smooth admissible curve of type (b,t) and C' is non-
degenerate. Suppose such an X, € Y (by our assumption) exists. This implies that
there is an irreducible component of Xy € U C Z of smooth elements which are
n—normal and of type (b,t). Note that by [3], the parametrizing space of smooth
rational curves of a given degree on Y is irreducible when degY < N/2; so is the
parametrizing space of ¢ disjoint lines in Y. Note that )} C Z is open (the curves

intersecting H non-transversely form a closed set) and Xy € Y NU.
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Hence Y NY C Z is open and non-empty. But 7, is surjective, therefore 7 * (U N

Y) C T is open and |, -1y is dominant. O

Lemma 3.6. Let t, b and H be as in the previous lemma. Furthermore let

\7 = {(O7p17 ---»ptapt+1)|pi € 07 [C] € V}?

where V is the parametrizing space of smooth rational curves of degree b on the hy-

perplane H. Then the projection 1 : J — V is surjective and if L]X,b_’fj —t >0, then

me o J — T is dominant.

Proof. With the same calculation as in the previous lemma (except that there are no
L;’s here) we get dim J = (b+1)N —4. For p := (p1, ..., pe31) € m(T), dim w1 (p) <
h(Neya(=p1 — -+ = Peta))

By [12], for a general curve C'in the projective space PY~! = H | the vector bundle
Neyy is balanced. We first show that H'(N¢/p(—p1 — ... — pi1)) = 0. Note that

Ne¢yn is a balanced vector bundle of degree Nb—2 and rank N —2. Therefore, to show

H'(Neyu(—=p1 — ... — peg1)) = 0, it suffices to check |32=2] — (¢t + 1) > —1, which is
part of the assumption. Hence by Riemann-Roch we get h°(Neyp(—p1 — ... —pes1)) =

N(b—t) + 2t — 2 which is the fiber dimension of 7. Thus,

dim my(J) > dim J — dim 7, (p)

> (b+1)N —4— [N(b—t) +2t — 2

(N —2)(t+1) = dimT.

Hence 5 is dominant. O

Corollary 3.7. With notation of the previous lemma, let M be the subscheme of V

parametrizing smooth irreducible n—normal curves with semi-positive relative normal
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bundle. Then m ' (M) is open and hence if it is non-empty the restriction of my to
71 (M) is dominant.

In other words, there exists an open dense subset of T over which the fibers of
Ty are non-empty and contain an element which s n—normal and its relative normal

bundle is sami-positive.

Lemma 3.8. Suppose C' C PV is a smooth curve (possibly not connected) such that
re(n) « HO(PY, Opn(n)) — H(C,Oc(n)) is surjective for some n > 1. Let Vg 1=
H°(Io(n)) and for any hypersurface Y C PN of degree r, let Vy := H(Iy(n)). Then

for a hypersurface Y of degree r not containing any component of C':
1. Ve NVy = H(Io(n — 1)) and hence dim(Vo N'Vy) = h%(Ic(n —1)).

2. For an integer 6 > 0, let Cs denote the union of C and § general points in'Y .
Then for
0<36<h(Is(n)) —h'(Ic(n —1)),

the map rc,(n) : HO(PY, Opn (n)) — H°(Cs, Oc,(n)) is surjective.

Proof. Let f € Vo N Vy. Then f is a polynomial of degree n vanishing on C' and
divisible by the equation defining Y, call it gy. But gy does not vanish on any
component of C', therefore % (which is a polynomial of degree n —r) has to vanish on
C. This gives a bijection between Vo N Vy and H(Io(n —r)).

For (2) we do induction on d. The statement is correct when 6 = 0. Assume the

lemma holds for § — 1. To prove it for § note that surjectivity of r¢,_, (n) implies

W (Ic,_,(n)) = h°(PY, Opn (n)) — h*(C5-1, Oc,_, (n))

= WO(PY, Opx (n)) — hO(C, Oc(n)) — (6 — 1) > 0.

Now let Z C PV be a hypersurface of degree n such that Z O Cs_; and let ps ¢ Z be
a general point. Let Z = {f = 0}, then f € H(I¢,_,(n)) but f ¢ H°(Ic,(n)). Hence
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hY(Igs(n)) = h°(I¢,_,(n)) — 1. Thus the map is surjective. O

3.2 Deformation of nested schemes

The aim in this section is to show that rational trees on certain singular hypersurface
are smoothable along with the hypersurface. We first discuss some general facts about
deformation of nested(flag) schemes. More details on nested (flag) Hilbert schemes
can be found in [13] and [8].

Let X C Y C PV be two closed subschemes of the projective space PV, with
Hilbert polynomials P and () respectively. Then there exists a projective scheme
HF = Hilb"? called the Hilbert-Flag scheme of the pair X C Y, parametrizing all

such pair of closed subschemes of PV having Hilbert polynomial P and Q.

Definition 3.2. ([13], D.1) An embedding of schemes j : X C Y is a regular embed-
ding of codimension n at the point = € X if j(x) has an affine open neighborhood
Spec(R) in Y such that the ideal of j(X) N Spec(R) in R can be generated by a
regular sequence of length n. If this happens at every point of X we say that j is a

regular embedding of codimension n.

Remark: A flag X C Y of closed subschemes of a projective scheme Z is said to be

reqularly embedded in Z if both X C Y and Y C Z are regular embeddings.

Remark: If X C Y is a regular embedding of codimension n, then Z /I2 and Ny y

are both locally free of rank n.

For closed subschemes X C Y C PV, let Ny := Homo, (Ix/Ix* Ox) and Nx)y =
(IX/Y/IX/YZ)Y be the normal sheaves of X in PV and relative normal sheaf of X in

Y respectively. When both X and Y are smooth, we have the short exact sequence
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of locally free sheaves:
O-)NX/Y—)NX—>Ny®OX—>O

Let NV be the pullback in the following diagram:

N — Ny

l l (3.1)

NX —_— Ny X OX
We will need both parts of the following proposition ([13], prop 4.5.3):

Proposition 3.9. Let X C Y be a flag in PY. Then:

(I) There is a natural identification: Tixcyiur = H°(PY,N). Hence with N
defined as the pullback in the above diagram, we get

Tixcvinr = HY(Nx)X gony eox) H (Ny).

(I) If X CY and Y C PN both are reqular embeddings, then the obstruction space
of the local ring Oz xcy) is contained in H* (PN, N).

With the same assumptions as in Proposition (3.9), let Tixcy] be the tangent

space of Flag-Hilbert scheme at the point [X C Y]. From the two projections of this

tangent space to its factors along with the long exact sequence of cohomology induced

by the above short exact sequence of normal bundles, we get

Tixcy; ——  H°(Ny)

! !

0 — H%Nyy) — HY(Nx) —%— HO(Ny ® Ox) — H'(Ny,y)

where H°(Ny) is the space of infinitestimal deformations of Y. To show X can

be smoothed along with Y, it suffices to show the map HF — ) is dominant,
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where Y is the Hilbert scheme of Y C PV. For that we will show the corresponding
map of tangent spaces i.e Tixcy] — H°(Ny) is surjective at some smooth point

[X C Y] € HF. But by the above diagram it is equivalent to show

Y H'(Nx) — H°(Ny ® Ox)

is surjective, i.e we need to show H'(Nx,y) vanishes.
In order to compute the above cohomology, we first show the relative ideal sheaf

Ixy/1 2y /v is locally free and the sequence of normal sheaves is exact. Then we prove

HI(NX/Y) =0,

which we need to get the surjectivity of ¢, also holds.

Lemma 3.10. Let Y := Y, UY5 be the union of two smooth irreducible hypersurfaces
in PN meeting transversally. Suppose X C Y is a rational tree so that the singular
points of X lie on Y1 NY5, but none of the irreducible components of X lie on Y1 NY5.

Then the relative ideal sheaf IX/Y/IX/Y2 is locally free.

Proof. The statement is local and correct away from singular points of the curve.
Hence we only have to verify the lemma at singular points. Let p be the nodal
singular point of the smooth irreducible curves C; C Y; and C'; C H meeting at
p. Let the regular sequence (z1,...,zy) be the maximal ideal of p € PY. We may
assume I¢, , = (22, ..., N ), where Iy, , = (z2). Now suppose I¢, , = (Y2, ..., yn) where
Iy, = (y2). By the assumption of Cy € Y; and Cy € Vi, we have x5 ¢ (y2, ..., yn)
and yy ¢ (x2,...,xy). Using the transversality of Cy and Cy, we get (zq,...,zx) =

(y2, T2, ..., xx) and therefore can write:

Yo = A1 + ...+ aNTnN,

25



Ir1 = byg + bgl’g =+ ...+ bNZEN.

Hence, modulo (zs,...,xy), we have y = yo. Therefore, Ic,, = (21,y3, ..., yn)

where Iy, , = (z1). Using the transversality one more time, we get (z1, 22, ...,xx) =

(1, 22,93, ...,yn) which implies (x3,...,2x) = (y3,...,yn) modulo (z1,x2). Hence
Ix—ciue, = (T2y2,23,...,xn) = (2172, %3,...,2n) and Ixyy = (23,...,2n). Thus,
IX/Y/IX/Y2 is locally free. O

Corollary 3.11. With the same assumptions of the lemma above, we have the se-

quence of locally free sheaves:

0—)Nx/y—>NX—>NY®OX—>O.

Proof. Y is a hypersurface of degree d, so Ny = Oy (d). The first term in the sequence
below is a line bundle. A non-zero map from a line bundle to a locally free sheaf is

injective, so the first map in this sequence is an injective map of sheaves:

0— Iy/[y2 ® Ox — Ix/IX2 — IX/y/Ix/y2 — 0.
However, we already showed that the cokernel is a vector bundle, which makes this
an exact sequence of vector bundles. O

For the next lemma, we need the following form of Grothendieck duality:

Proposition 3.12. If X C Z is a closed subscheme of codimension d, and if both X

and Z are Cohen-Macauly, then Ext*(Ox,wy) = wx.

Corollary 3.13. For Z a rational tree and X C Z an irreducible subcurve, we have

Hom(Ox,wz) = wx.

Lemma 3.14. Keeping the hypothesis of Lemma (3.10), further assume degYs = 1,

degVy =d—1< N —1, and that X := C1; UCy U ... U Cyio is a rational tree with
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t + 1 singular points. Assume C; C Yy, 1 < i < t+ 1, are disjoint union of general

smooth rational curves, and Cy o C Y5 is a general smooth smooth rational curve

meeting every other C; at exactly one point. If L]JVVI’_}QJ >t where b = deg Cy12, then

H'(Nx/y) = 0.

Proof. We already showed that Ix/y /1 X/y2 a locally free sheaf. Hence

HI(NX/Y) = HO(]X/Y/]X/Y2 ® wx).

To show it vanishes, tensor the inclusion below by wx:

Ixpy [ Ixyy? oy /oy @ Loy oy @

D ICt+1/Y1/‘[Ct+1/Y12 D Ict+2/Y2/ICt+2/Y22'

It suffices to show H°(Ic, ,/va/Ic,a/va” @ wx) = H'(Ic, vy /Ioyv,” ® wx) = 0 for all
1 S ) S t+ 1. Let (Cl U..u CtJrl) N Ct+2 = {pl, ---,pt+1} where {pl} = CZ N Ct+2.

Consider the following exact sequence
0 —= Ocyu..uciy, (=1 — .. = pe1) = Ox = O¢,,, — 0.
Taking Hom(—,wy) of this exact sequence we get
0 = Weyo = WX — WU UG, (P1 + - + De1) — 0.

Restricting this exact sequence to C; and the fact that restriction is right exact, we

get wx|q, ~ we, (p1). Hence
HO(‘[Cl/YI/‘[Cl/Y12 O wx |Cl) = HO(Icl/Y1/IC1/Y12 ® wC1(p1)) = Hl(Ncl/Yl(_p1>)'
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But deg(Ne,/v,) = e1(lN —d+2) —2 > 0 where e; and d — 1 are the degrees of
Cy and Y; respectively. Because degY; = d —1 < N, by Corollary (3.3) N¢, v, is
semipositive and therefore H'(N¢, /v, (—p1)) = 0. Similarly, H'(N¢, v, (—p;) = 0 for
all 1 <7 <t.

To show the vanishing of HO(IXCH2/Y2/IXCHQ/YQ2 ® wx), recall that Cyio C Y5.

Restricting the above sequence of canonical sheaves to Cy., we get:

H(Ie, o /va/ T Crpapye @ wx lca) = H(Ioy 02/ I Cria/ve @ Wepaa(prtoctpn))
= Hl(th+2/H(p1 + oo 4 D))
By the main result of [12], we know that the normal bundle of a general smooth
rational curve is balanced. Therefore Y5 being a hyperplane and Cy o C Y5 a general
rational curve, it follows that N¢, ., y, is balanced. But deg(N¢,,,/v,) = bN —2 where

deg Ci12 = b and the rank of N¢,,,/yv, is N — 2. Therefore the degrees of the line

bundles appearing in the decomposition of N¢, .,/ are at least Lb]J\,V__;J So, in order to
get the vanishing of H'(Ne,,,/v,(—p1 — ... — Piy1)), we require |2=2] — (t+1) > —1.
But this inequality holds by the assumption. O

Proposition 3.15. For a rational tree X, H'(Nx) = 0.

Proof. By the following two short sequences, it suffices to show H'(X,Ox) = 0.

0—0x —0x(1)®...00x(1) — Tpn|x — 0,

0 — Tx — Tpn|x — Nx — 0.

We show H'(Ox) = 0 by induction on r, the number of irreducible components.
When r = 1, X is a smooth irreducible rational curve and H'(Nx) = 0 by Riemman-

Roch. Suppose the lemma holds for trees with » — 1 components and let X =
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C1U...UC, be a rational tree with » components. Consider the following sequence
O — Ocr(_p) — OX — OC&U...UCT,1 — 07

and note that H'(O¢,u..uc,_,) = 0 by induction and H'(O¢,(—p)) = 0 because C, is
a smooth irreducible rational curve. Hence, the first cohomology of the middle sheaf

1S zero. O

Proposition 3.16. Let X C Y be as in Lemma (3.10). If H'(Nx/y) = 0, then the

Hilbert-flag scheme HF is smooth at the point [X C Y].

Proof. By Proposition (3.9), to show the smoothness of HF at the point [X C Y], it
suffices to show H1(PN, N) = 0.

0 —— IxNy —— N —— Nx —— 0

Y

O—>IxNy—>Ny—)Ny‘X—>O

Therefore we get the long exact sequence of cohomology:

O%HO(IxNy) —>HO(N) —>HO(N)() —)Hl(IxNy) —)Hl(N)—>O

\ 1 \ \ \
O%HO([XN}/) —)HO(Ny) —>HO(Ny|X) —>H1(IxNy) —)Hl(Ny):O

So an element o € H'(N) corresponds to some element in H'(Ix Ny ), which by
surjectivity of the maps it finally corresponds to an element in H°(Ny). But by
exactness of the sequence, an element in H°(Ny) is mapped to zero in H'(N), hence
a=0. So H'(N) = 0. Noticed that we used the fact H'(Nx) = 0 which was proved

in the previous proposition. O

Corollary 3.17. Under the assumption as in the proposition above, the map v :

H°(Nx) — H(Ny ® Ox) is surjective and the therefore X can be smoothed along
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with Y.

3.3 Induction Argument

Fix integers N > 4,1 <d < N and k > 0, e > 1. Let n := v(e, k,d, N), which we
call the value of (e, k) with respect to N and d, is defined as the minimum over all
positive integers m satisfying the following:

N N —d
n::min{mzl\l—i—me—i—k(m—i—l)S( j\;m)_( +;\7 >}

For integers n > 1 and 1 < d < N, let H(n,d) be the following statement:

H(n,d) : For all choices of integers k > 0 and e > 1 such that v(e, k,d, N) < n, if
k < n then there exists a possibly singular hypersurface Y C PV of degree d and an
admissible curve X C Y of type (e, k) such that the relative normal bundle of all its
irreducible component in Y are semi-positive and X is n—normal. We require that
if Y is singular, then Y should be the union of two smooth irreducible hypersurfaces
meeting transversely. Also the number of singular points of X should be less than n.

We will use the following proposition throughout the proof of the main theorem.

Proposition 3.18. Suppose X is a rational tree and Y s a hypersurface satisfying

H(n,d). Then X is smoothable along with the hypersurface Y .

Proof. The proposition follows by the definition of a curve satisfying H(n, d), along
with corollary (3.17). O

We prove H(n,d) by induction on both n and d. We fix N > 4.

Theorem 3.19. H(n,d) holds for anyn >1,1<d < N.
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Corollary 3.20. Let n =v(e,k,d,N). Let C be a general rational curve of degree e
on a general hypersurface of degree d < N in PN. Then the reqularity index of C' is
v(e,0,d,N)+ 1.

3.3.1 Base case of the induction

Proof. As a result of [1], H(n, 1) holds for any n. It is proved in [?] that a disjoint

union of general rational curves in PV for N > 4 is of maximal rank.

H(1,d): The case d = 1 has already been considered above. So we show H(1,d)
for 2 < d < N. By definition of H(n,d) and the fact that n —d = 1 —d < 0 and
hence (N +]:;_d) = 0, we need to prove that for a fixed N, if e + 2k < N then there
is a hypersurface Y C PV of degree d and X C Y where X is a disjoint union of a

rational tree of degree e and k lines and is of maximal rank, meaning:
rx(1) : HY(PN, Op (1)) — HO(X, Ox (1),

So fix 2 < d < Nande < N. Let C C PV be a smooth rational normal curve
of degree e. Its ideal is generated by quadric terms, and therefore there are always

hypersurfaces of any degree d > 2 containing it.

Now if e+ 2k < N for some k > 1, let C' C Y be a normal rational curve of degree

e as above (i.e. so that ro(1) is surjective). Let L; C Y be a line so that
Ly Nlinspan(C) = ()

Note that this is possible since & > 1 and hence dimlinspan(C) = e < N — 2. Thus
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rour, (1) is surjective. We can inductively find a line L, C Y such that

L.Nlinspan(CU Ly U...U L, 1) =

as long as 2r < N — e. Hence we get H(1,d) for d < N. O

3.3.2 The Induction Step

The aim of this section is to prove H(n,d) for n > 2 and d > 2. Before we proceed
let’s note that if n > 2 and v(e, k,d, N) = n for some k < n, then e > 2 except when
N =4andn =k = 2, by (4.7). We first prove H(2,d) when e = 1 and k = 2,
and then prove H(n,d) for all other cases, for which the assumption e > 2 will be
essential.

When e =1 and k =n =2, H(2,4) is a statement about a disjoint union of three

lines. We prove the following:

Proposition 3.21. Let L be the parametrizing space of disjoint union of three lines

in P* and H be the set of all hypersurfaces X C P* of degree d, 2 < d < 4.

Iy := {(Ll,LQ,Lg,X)‘LZ' CcXe H}

S 7
L* H
Let w1 and my be the projections from Iy to L and H. The map ms is dominant.

Proof. Note that for a line L C PV, the normal bundle is of the form

Ny = @ON_l(l).

Hence when N = 4, dim£ = 3h°(N7) = 18. Note that for (L, Ly, L3) € L,
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7Y (Ly1, Lo, L) € L is the space of hypersurfaces of degree d in P* containing (Ly, Lo, L3).
So

dim 77171([/17 L27 LS) = hO(OIP’4 (d)) - hO(OLlUL2UL3 (d))
4+d
= ( 4 ) —3d — 3,

is a positive number for values d = 2,3,4. Hence m; is surjective. Therefore we can

compute the dimension of Z; as

4+d
dimId:dim£+< Z >—3d—3

41 d
_< Z >—3d+16.

Now if 75 is not dominant, then dim I'm(ms) < dimH — 1. Hence by a fiber dimension

consideration we get that for X € ‘H

3h0(Nyx) = dimmy ' (X) > dim Z; — [dim H — 2]

— 16 — 3d. (3.2)
But for L € X C PV where L and X are general, we have (see [10], p. 269)
NL/X — Odfl D ONflfd(l)

when d < N — 1, and
NL/X — 0271—3—d D Od—n+1(_1>

for d > N — 1. Therefore for d = 2,3,4 the inequality (3.2) is reduced to 9 > 10,
6 > 7 and 3 > 4, respectively, contradiction in all cases. Therefore 7y is dominant.

]
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Proof. Assume H (i, j) fori <n—1and j < d. Toshow H(n,d), note that we already
discussed the cases d = 1 and n = 1, and so we may assume from now on that n > 2
and d > 2. Suppose e > 1 and 0 < k < n are integers satisfying v(e, k,d, N) < n.
But the cases where v(e, k,d,N) < n —1and k < n — 1 are already known by our
assumption H(n — 1,d). So we may only consider the cases v(e, k,d, N) = n and
vie,n,d,N)=n— 1.

Suppose v(e, k,d, N) = n. Let a < e be the largest integer such that

D < <N+]$—1> B <N+]<fl—d>‘

Having fixed a, let k' < k be the largest integer satisfying

N+n-—-1 N+n—d
— 'm < — .
1+ (n 1)a+k:n_< N ) ( N )

Then by the induction hypothesis H(n—1,d— 1) and proposition (3.18), on a general

hypersurface Y; C PV of degree d — 1, there exists a smooth admissible curve
Xl :ClL.JLlUULk/ C}/l

of type of type (a, k") which is (n — 1)—normal and N¢, /y, is semi-positive.
Now let H be a general hyperplane containing neither X; nor Yj, but such that
they both intersect H transversely. Suppose HNCy = {p1,p2, ..., pa} and HNL; = p,.
Now the idea is to attach to our curve X, a rational curve (or a disjoint union of
them) lying on H and passing through some p;’s. The choice of what curves to add
in H dependents on whether or not the critical value jumps when e is increased by
one. That is, depends on whether v(e, k,d, N) = v(e + 1, k,d, N) or not. We discuss

the two cases:
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Figure 3.1: Case(A)

Case(A): v(e,k,d,N)=v(e+1,k,d,N).

By the first remark after Lemma (4.9) in the appendix, we have v(e — a,k —
k',1,N) < n. Thus we can use H(n,1) foré = e —a and k =k — k'. So by H(n,1)
on a general hyperplane H (with the properties described in the paragraph above)

there exists a smooth admissible curve

XQZOQULk/+1U...ULkCH,

of type (e —a, k — k') such that N¢, p is semi-positive, the L;’s are disjoint lines and
rx,(n) is surjective. We may assume Cy passes only through the point p; but the
L;’s do not pass through any of the points in H N X;. Note that here we require the
curve Cy to pass through only one point. That such Cy exists is easy to verify. So
X = X U X5 is a disjoint union of a reducible connected rational curve of degree e

(with a single nodal singularity) and k disjoint lines.
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The inclusion X N H C X implies we have an exact sequence
Ox(—H) = Ox = Oxng — 0
and since Xy C H, the above sequence reduces to the short exact sequence
0—Ox,(—H) > Ox - Oxng — 0

Twisting by Op~(n) and taking cohomologies we get,

0 —— HOpv(n—1)) — H'(Opx(n)) — H'(Og(n)) — 0

rx,(n— 1)l l TXQH(n)J

0 —— H°(Ox,(n—1)) — HO(OX —— H%Oxnu(n)) —— 0

The map on the right is surjective by H(n, 1) and Proposition (3.18). By Corollary
(4.9) and its following remark the right vertical map has the dimensional condition
that is required for it to be surjective. Also, Lemma (3.8) ensure to us that adding
the points ps, ..., Pa, P}, .-, D} to the right vertical map does not affect the surjectivity.

The map on the left is surjective by H(n — 1,d — 1) and Proposition (3.18).

Case(B): v(e,k,d,N)=n<v(e+1,k,d,N) and (e, k,d, N) # (7,3,4,4).
One can easily check that for such values of e, the right map in the diagram above
cannot be surjective by comparing the dimensions of the two spaces. To remedy the
problem we modify our choice of the curve X;. Recall that ¥; C P¥ is a smooth
irreducible hyersurface of degree d — 1 and H C P¥ is a hyperplane meeting Y;

transversely. Set
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Figure 3.2: Case B

Let T be the parametrizing space of ¢t 4+ 1 ordered points in H NY;. Note that by
Lemma (4.12) we have v(a —t,t + k',d — 1, N) < n — 1 and by Lemma (4.11) we
have t + k' < n — 1. Hence we may use H(n — 1,d — 1) and Proposition (3.18)to
conclude that there exists a (n — 1)-normal, smooth admissible curve X; C Y] of type
(a —t,t+ k).

Also by Lemma (4.14), v(e —a,k — k', 1, N) < n. Therefore we may apply H(n,1)
and Proposition (3.18) to conclude the existence of a n—normal, smooth irreducible
curve Xy C H of type (e —a, k — k).

Now we apply Lemma (3.4) and its corollary in the case b = a — ¢, and Lemma
(3.6) and its corollary in the case b = e — a, to conclude the following.

There exists a point P = (p1,--- ,pir1) € T and a smooth (n — 1)—normal curve

X1 :OlLJllUUltULlUULk/C)/l
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of type (a —t, k" 4t) such that N¢,,y, is semi-positive and a smooth n—normal curve
X2 = 02 @) Lll U...u Lk—k’ CH

of type (e — a,k — k') (that meets both Y} and X, transversely) such that N, /g is

semi-positive and X7 N Xy = {py, - prs1}, where
q; = Hﬂ Li, Pi = Hﬂ li, H N Cl = {pt+1> ...,pa}.

By our construction, CoNXy = {p1, -+, pir1}. Therefore X;UXj, is a disjoint union of
k disjoint lines and a rational tree of degree e with ¢+ 1 singular points. Note that the
curve X;UX, satisfies the assumptions of Lemma (3.14), hence H'(Nx,ux,/Huv;) = 0.
Thus by Corollary (3.17), X; U X3 is smoothable along with Y; U H.

To show X; U X5 is n—normal, consider the following diagram:

0 —— HY(Opn(n—1)) —— H°(Opn(n)) —— H°(Og(n)) —— 0
rx,(n — 1)l rx(n) rxnu(n)

0 —— H°(Ox,(n—1)) —— H(Ox(n)) —— H°(Oxnu(n)) —— 0

That rx,ux,(n) is surjective is equivalent to the left and the right vertical maps
being surjective. The argument is similar to the the previous case. Indeed, the left
vertical map is surjective by H(n — 1,d — 1) and Proposition (3.18). The numerical
condition for the right vertical map to be surjective is provided by Lemma (4.13).
Then Proposition (3.18) and H(n,1) imply the surjectivity.

Recall that the case (e, k,d, N) = (7,3,4,4) was excluded from the above con-
struction. Note that v(7,3,4,4) = 3 < v(8,3,4,4) and correspond to these values

we have a = 6,k' = 0,t = 2. Therefore Lemma (4.15) does not hold and the above
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construction we made for Case(B) does not hold. We modify our construction for the

case (e, k,d, N) = (7,3,4,4) by letting
X1 =CiULiUL, ULz CY,
to be a smooth curve of type (4,2), and
Xo=CyUL,CH

be a smooth curve of type (3,1) such that X; N Xy = C; N Cy and it is a single
point. Then the rest of the argument above holds to conclude X; U X5 is 3-normal
and smoothable.

Now we consider the case v(e,n,d, N) = n—1 ( that by definition, this is a possible
case in H(n,d)). Note that v(e,n,d, N) = n — 1 implies v(e,n — 1,d,N) < n — 1.
Now we apply to v(e,n—1,d, N) = n—1 the same construction as in case (A) or (B)
and define X; and X5 correspondingly, depending on whether v(e+1,n—1,d, N) =
v(e,n —1,d, N) or not. Note that in both cases (A) and (B) (applied to an element

in H(n —1,d)) we had

h(Ox,(n — 1)) + Card{X; N H} < (N n- 2).

N (3.3)

Now to recover the case v(e,n,d, N) = n—1, we need to add a line L to X5 and show
that ry,ur(n) is surjective (we are proving a case in H(n,d), hence we want to show

n-normality). The requirement for this to happen is to have

hO(OX2uL<n)) + Card{Xl N H} S (N]—\i/: ﬁ; 1),

which holds by (3.3). O
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Chapter 4

Appendix

4.1 Appendix A

In this section we prove the numerical lemmas which are required through out the
second chapter. Fix integers N >4, k > 0 and e > 1. Let n := v(N,e, k) (see 2.2 for
definition).

Lemma 4.1. Suppose v(e,k,N) = v(e+ 1,k,N) = n for some fited N > 4,n > 2,

k<nande > 2. Let a < e be the largest integer such that
N+n-1
1 —1a < )
+(n—1)a< ( N )

Now having fized a, let 0 < k' < k be the largest integer such that

N -1
1+(n—1)&+k’n§< e )

Then14+n(e—a)+ (k—kK)n+1)+(a—1)+Fk < (N;El)

Proof. The assumption v(e + 1, k, N) = n implies

I+n(e+1)+kn+1)< <N+n>.

N
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Note that a is the largest number which is strictly smaller than e and 1+ (n —1)a <

(N—l—n—l

N ) This implies that if we increase a by one, then either a + 1 = e or the last

inequality does not hold if we replace a by a + 1. That is (n — 1)(a + 1) > (Nig*l).

Now if (n —1)(a+1) > (NJF](}_l) then (NJF]’V"”_l) —(n—1a—1<n-2,andso k' =0

by definition. Then by this inequality and (4.1) we get:

N -1
1+n(e—a)+k(n+1)+a+1§< ;ﬁl )

which is stronger than the desired inequality. Hence the lemma follows.
Suppose a = e — 1 (which is the case for the rest of the proof). By definition

k' < k is the largest integer with

14+ (n—1)(e—1)+kn< <N+]$_1>.

We will have the following cases:
(I) ¥" =0, which happens if £ <1 or if (NJFJ:;A) —(n=1)(e—=1)—1<n-1
(ID) k' =k —1

(III) k& > 2,k <k —2. Then because k' is maximal, increasing k&’ by one implies:

—1
(n—l)(e—1)+n(k’+1)2<N+](; ) (4.3)
In case (III), we need to show
N —1
1+n+(n+1)(k—k’)+k"+e—2§< ]j/—ﬁl )
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Note that multiplying (4.3) by minus one and adding it to (4.1) implies:

N —1
1+n+(n+1)(k:—k’)+k;’+e—1§< o )

N -1

which is stronger than the desired inequality and the lemma follows.

In case (I) when k£ < 1 (and therefore k' = 0), the lemma asks to prove 1+ n +

(n+1k+e—-2< (N;,rf;l) Because k < 1, so it’s enough to show 2n+e < (N;ﬁ?)

By (4.2), we have:

1 N+n-—1 1
2 <2 — 1.
n+e< n—l—n_1< N ) n—1+

Rewriting <N+”—1) _ %(N—i—n—l

N N-1

1 n N+n-—1
SR I £ S I

Note that for a fixed n, the right hand side of the last inequality is an increasing

), it suffices to prove:

function of N. Therefore it is enough to verify this for N = 4. For N = 4, (4.4)

reduces to:

2n(n—1) -1 _ &r—4<n+3>

n—1 —4n-1)\ 3
-4 (n+3)(n+2)(n+1)
C4(n—1) 6 ’ (4:5)

which reduces to showing 0 < (3n—4)(n+3)(n+2)(n+1) —24 2n(n — 1) — 1]. This
holds for n > 0.
Suppose k' =0 and 1 + (n — 1)e > (N W*l). Multiplying this last inequality by
N-1

—1 and adding with (4.1) implies (n+ 1)k +n+e < <N+"_1), which is stronger than

what we wanted. We are left with the case(Il), i.e whena =e—1and k' = k—1. We
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want to show 2n +k+e—1< (N;ff) Note that (4.2) along with our assumption

k' =k — 1, implies

1 [N+n-1 n 1
2n+k+e—1<2n+k - k—1)—
n+k+e—1<2n+ +n_1< N ) ( )

N+n—1

Hence it is enough to show the right hand side is less than ( N1

) . Rewriting

N+n—1\ _ n (N+4+n—1
N - N N-—1

), we need to show

(2n+1)—nﬁ1 S[l_z\f(:—l)m]v;\;ﬁ;l)'

For this we show

1+2n <

n N+n—-1
1— — .
N(n—1) N-1
Similar to the previous case, this has to be verified only for N = 4 and n > 2, in

which case we need to show:

Bn—4)(n+3)(n+2)(n+1)
1+2n§4(n_1) 5

Again one verifies that 0 < (3n —4)(n + 3)(n +2)(n + 1) — 24(n — 1)(1 + 2n) for

n > 2. ]

Remark(1): The above lemma implies v(e —a, k — k', N — 1) < n, which enables
us to use H(n, N — 1) in Case(A) of the proof of theorem.
Remark(2):The way we define a and k' implies v(a, k', N) < n — 1. Hence we
could use H(n — 1, N) in proof of theorem, Case(A). In fact one can show that

v(a, k', N) =n — 1, but we did not need this fact.

Lemma 4.2. Suppose v(e,k,N) =n < v(e+1,k, N) for fized integerse > 1, N > 4,

where 0 < k <mn. Then v(e,0,N)=n if n > 5.

Proof. Suppose on the contrary that v(e,0,N) < n — 1. Then by the definition
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of the critical value 1 4+ e(n — 1) < (NJFJ\’;*l). So e < (nil) (Ni:;*l). Also, from

n<vie+1,k,N) we get
N
< ;n> <(e+1Ln+k(n+1)<(e+1)n+n(n+1),
where the last inequality is because £ < n. From this we get

N
eZl/n( ;n>—n—2.

But then it forces

1N+n o< 1 N+n—1'
n N n—1 N

Hence by simplifying further

(RN — N —n)/n] <N +17v1 - 1) <n(n—1)(n+2), (4.6)

which is a contradiction. Indeed the left side of the above inequality is an increasing
function of N. So to show (4.6) cannot hold it suffices to check the case N = 4. That

is,

<3n—4>(n+3) _ Bt et D0ED o yt2)

n 4 4]

which holds when n > 5.

]

Lemma 4.3. Suppose v(e,k,N) =n < v(e+ 1,k,N) wherek <n. Let 1 <a<e
be the largest integer such that 1 + (n — 1)a < (N+]:,‘_1). Now let 0 < k' < k be the

largest integer so that

N -1
1+(n—1)a+nk"§< n )

N
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Then k' =0 and
(1): a>n

(2):0<t<n-—1wheret:= (NJFJ’V”‘*l) —1—(n—1)a.

Proof. We prove this for the following cases separately:

Case: N >4, n>5:
Let 1 < a < e be as defined in the lemma, which implies v(a,0, N) < n — 1. Note
that by the previous lemma, v(e, 0, N) = n and therefore such a would be the largest
integer such that v(a,0, N) = n—1 and therefore in this case t < n— 1 by maximality
of a, where by definition ¢ := (NJF]:}_I) —1—(n—1)a. Toshow a >niea>n-+1,

by maximality of a it is enough to show 1+ (n+1)(n — 1) < (Ni:;*l). It suffices

to check it when N = 4, i.e to verify n? < (”13) = (”+3)(”Z!2)(”+1)”. This reduces to

showing n* + 6n® — 13n? + 6n > 0, which holds for all n. Hence a > n.
Case: N =4, n < 4:
We need to check all the remaining cases one by one, so need to check the three parts
of the lemma for the cases: (N,n) = (4,2), (4,3), (4,4).
Case (N,n) = (4,4). By the assumptions v(e,k, N) =n < v(e+ 1,k, N), it is forced
that

1+4e+ 5k < <i> =70 < (e+1)4 + 5k,

which implies that we can only have the pairs (e, k) = (12,4), (13, 3), (14, 2), (16, 1), (17, 0).
Now we find the largest integer a in each case such that it satisfy both parts of the
lemma, i.e the largest a < e so that 1 4 3a < (D = 35 and we see that for all pairs

of (e,k) we havea=11>4=n,t=1, kK =0andsot+k =1<3=n-1.

Case (N,n) = (4,3). Then we are looking for the pairs (e, k) where k < n = 3 and
7
14+ 3e+4k < (4> <3(e+1)+4k

. Possibilities are (e, k) = (8,2),(10,1),(11,0), and corresponding to all these pairs
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wegeta=7>2=n—1. Also k' =t =0.

Case (N,n) = (4,2). Then the pairs (e, k) should satisfy & < 2 and
6
14 2e+3k < (4) < (e+1)2 + 3k.

The only possibilities are (e, k) = (7,0),(5,1),(4,2). Then correspond to (e, k) =
(7,0), (5, 1) weget a=4>1=n—1and t =k =0.
Correspond to (e, k) = (4,2), we get a = 3,k' =0,t = 1.

0

Lemma 4.4. Suppose v(e,k,N) =n < v(e+ 1,k,N) where k < n. With a,k' and t
as in lemma (4.3), then

(4.7)

! / N+n—-1
l+nle—a)+(k—K)n+1)+(a—t—1)+k S( N1 )

Proof. Use the definition of ¢ as in lemma (4.3) and rewrite the left side of (4.7) as

below:

l+nle—a)+(k—K)Yn+1)+(a—t—1)+F

=1l+nle—a)+k—K)n+1)+a—1+F

<N—|—n—1

N >+1+(n—1)a+nk'

N -1
—1+ne—|—k(n+l)—< n )

() () ()

Thus the lemma follows. O
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Corollary 4.5. Suppose v(e,k,N) =n <wv(e+ 1,k, N) where k <n. Let a,k’ and t

be as in lemma(4.3), then v(e —a,k — k', N — 1) < n.

Proof. We need to show

l+nle—a)+ (k—FK)n+1)< (N;ﬁzl>

But (4.7) is stronger and would imply this one, because (a —t —1) + %" > 0 by lemma
(4.3). O

Lemma 4.6. Suppose v(e,k,d,N)=n <v(e+1,k,d,N) where k <n. Let a and t

be as in lemma (6), then we always have e —a >t + 1.

Proof. First note that by definition ¢ < n — 1, so it suffices to show n < e —a. By the
proof of lemma (4.3), a is the maximal integer so that v(a,0, N —1) = n— 1. In order
to show e —a > n (i.e e—n+1 > a), it suffices to show v(e—n+1,0, N —1) > n—1.

Hence we need to show that (n —1)(e —n+1) > (Nt(,“l), ie:

@—n+4)zni1<N+£_1> (4.8)

Note that the assumptions n < v(e + 1,k, N) and k < n imply

(N—l—n

N )Sn(e+1)+/€(n+1)

<n(e+1)+n(n+1)

=n(e+n—1).

Hence
1

N 1
( +n>——2n+2§e—n+L (4.9)
n

N n
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By (4.9), to show (4.8) it suffices to prove:

1/N+n 1 1 N+n—-1
— —— =2 2> )
n( N ) n ne _n—1< N )

.. (N N+n—1
Rewrite ( ;\;") = %( +]\7 ), we want to show

1 N+n 1 N+n-—1
2 ——2< —
n+n _{ n? n—l]( N )
Nn—N-—-n| [N+n—-1
= . 4.1
S ) (410

The right hand side of (4.10) is an increasing function of N. Thus it suffices to verify
(4.10) only for N = 4. That is

2n+i_2§ 3n —4 <n+3>:(Sn—4)(n+3)(n+2)(n—|—1)

n?(n—1)\ 4 24n(n — 1) ’

which holds for n > 2. ]

4.2 Appendix B

In this appendix we prove the numerical lemmas which are required in the third

chapter.

Lemma 4.7. Ifv(1,k,d,N) =n > 2 for some N >4 and2 < d < N, then k > n+1

unless whenn =k =2 and N = 4.

Proof. If v(1,k,d, N) =n > 2, then by definition of v we get

N -1 N - 1-
(n—l)e+nk:n—1+nk2< +]$ )—( +nN d)

. <N+]$—1>_<N+]3—3>
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where the last inequality is because d > 2. Now if £ < n, by above inequality we get

N+n—-—1 N4+n—3
2 —1> - . 4.11
n“+n = N N ( )

Note that the right hand side of (4.11) is an increasing function of IV, so suffices to
check it does not hold for N = 4. When N = 4 it reduces to

3+n 1+n
2 —1> —
n°-—+n > 4 4 ,

which only holds when n = 1,2. Thus the lemma follows. O]

Lemma 4.8. Suppose v(e, k,d, N) = v(e+1,k,d, N) =n for some N >4,n>d > 2.

Let 1 < a < e be the largest integer such that

L n < <N+]7Vz—1> B <N+]<fz—d>.

Let 0 < k' < k be the largest integer such that

N4+n-—1 N+n—d
1 -1 E'n < — )
+ (n Ja + n_( N ) ( N )

Then

h 1 < <N+n—1>_<N+n—d

N1 N1 )—(d—l)(e—a+k—k').

Proof. We need to prove

a2—d)+(e+k—K)d—1)—1< (N;iT) - (N;Vrﬁid) (4.12)
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The assumption v(e + 1, k,d, N) = n implies

N+n N+n—d
1 1 k 1) < — 4.1
+n(e+1)+k(n+ )_( N ) ( N ) (4.13)
and hence
1| /N+n N+n—d k+1
E< = — — —1 4.14

The maximality of a implies that if we increase a by one, then either a +1 = e or

the last inequality does not hold if we replace a by a + 1, i.e

(n—1)(a+1)> <N+£_1> - <N+£_d> (4.15)

But this last inequality implies

N+n-1 N+n—d
( N )—( N )—(n—l)a—lgn—2

and hence k' = 0 by definition of £’. Also (4.15) implies

—a< _nil KN +]$_ 1) - (N +]$_dﬂ s (4.16)

Therefore by (4.16), (4.14) and the fact that 2 —d < 0 we get

a(2—d)+(e+k)(d—1)—1§—d_2 [<N+n_1> — <N+”_d>] +(d—2)

n—1 N N
+d;1[(N;n)_(NnLﬁ—d)]_(kﬂrl)n(d—l)_(d_l)
_ (d—l)(2N+n)_d—_2 Nn—1) Z:Q_d;1 N+n—d
e LR
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Therefore to prove the lemma it suffices to show

(d—=1)(N+n) d-2](N+n-1 d—2 d-1](N+n—d
)

n
< N+n—-1 B N+n—d
- N -1 N—-1 )

which simplifies to showing

(d—1)(N+n) d—2 N|[N+n-1
n? n—1 n
. d—2_d—1+ N N+n—d
n—1 n n—d+1 N
kE+1)(d—-1
ckFDE=Y (4.18)
n
Let zn ::(d_lzl(ijvm—%—%and YN ::%—%—l—nﬁﬂ. Therefore (4.18)
simplifies to
N — 1)(d—1
F(N)( +]$ d)_(]” =1 (4.19)
n

where
(N+n—-1)---(N+n—-d+1)
mn=1)---(n—d+1)

+ yn (4.20)

First note that (4.19) holds when d = n = 2. So from now we exclude this case.
To prove (4.19), it suffices to show it’s left hand side is non-positive, i.e we show

F(N) < 0. We do this by showing that it’s derivative with respect to N is negative
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and that F'(4) < 0. For now assume that xy < 0 for all V.

, , (N+n—-1)---(N+n—-d+1
F(N):xN( (n—li--~£n—d+1) )
e (N+n—1)~-(J\f+n—d+1)(id‘1 1 >+ 1
N m=1)(n—d+1) “~ Nin—i)] n—d+1
C(N4n—1)-(N+n—d+1) 1
SN T (edt ) T n—dtd
_(d=1-=n)(N+n—-1)---(N+n—-d+1) 1
(n?) n—=1)--(n—d+1) n—d+1

First note that for d = 2 we get the valid inequality below:

—(N+n+1) 1
F'(N) = ( <0
(V) n? +n—1_

(note that N > 4 and n > 2). For 3 < d < n, to say that F'(N) above is non-positive

is to say
(d=1-n)(N+n—-1)---(N+n—d+1) <
n*(n—1)---(n—d+2) -

Because d — 1 — n < 0 the left hand side above, is a decreasing function of N, and

therefore the last inequality only needs to be verified at N = 4, which is to check

(d—=1—n)(n+3)---(n—d+5) <
n*(n—1)---(n—d+2) -

~1 (4.21)

which holds for all 3 < d < n. Therefore F'(N) is a decreasing function of N. We

now check our claim that xy < 0. By definition

(d-=D)(N+n) d-2 N

N = n2 n—l_ﬁ
_ (n=1)(d=1)(N+n) —n*(d—2) —n(n— 1N
n?(n —1)
:thﬁﬂw+$éfﬂj”+mn_® (4.22)
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Because 3 < d <n,sod—n <0and 1 —d < 0 and so for fixed n and d, = is a
decreasing function of N. So suffices to check xy < 0 when N = 4, in which case we

are reduced to show
~3n*+3nd —4d+4+n=n(-3n+3d+1)+4(1—-d) <0

which holds since 3 < d < n (we only needed to check the numerator in x in non
positive).

So far we showed F(N) in a decreasing function of N, and so to prove (4.19), it
suffices to show F'(4) < 0, because the right hand side in (4.19) is always greater than

one.

For the rest of the proof we consider the case a = e — 1.

Let as defined above, k' < k be the largest integer with

1—|—(n—1)(e—1)+k’n§<N+£_1>—<N+Nn_d) (4.23)

We will have the following cases:

(I) k¥ =0 which happens if £ <1 or if

() - () (e - 1) —1<n -1

() ¥ =k—1

(III) k> 2,k < k — 2. Then because k' is maximal, increasing k' by one implies:

(n—1)(e—1)+nk +1) > <N +]$ N 1) - (N 7; - d) (4.24)
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Case (II), where a = e — 1 and k' = k — 1. So the lemma asks to prove

N+n-1 N+n—d
s (VT (Y

But the assumption v(e + 1,k,d, N) = n implies 1 + n(e+ 1) + k(n+ 1) < (N;\;"> —

(N +”_d) and hence

N
1{/N+n N+n—d k+1
k<= — — —1 4.2
s |05 (120

Therefore to show (16) it suffices

1|(N+n N+n—d k+1 N+n-—1 N+n—d
OO e < () (N1

Which simplifies to showing

N I

_N+n—nN<N+n> nN—n—i—d—l(N—i—n—d)

n(N +n) N n(n—d+1) N
[(N+n—nN)(N+n)---(N+n—-d+1) +nN—n—|—d—1 N+n—d
| nm+N) n---(n—d+1) n(n—d+1) N
k+1
<" oat6 (4.27)
n
Similar to the previous case, we make the following definitions
ry = Sy = St nd F(V) =y SRS |y o the
inequality above can be written as
N —d k+1
F(N)( +]$ ) <P 9d46 (4.28)
n

which holds when d = 2, the case which we exclude from now on. To prove the last

inequality above we first will show F'(N) is a decreasing function of N (by showing
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that it’s derivative with respect to N is negative) and then show that F'(4) < —2d.

v s (N+n)---(N+n—-d+1)
FN) =2y n---(n—d+1)

(N+n—1)~-(J\f+n—d+1)(id‘1 1 >+ 1

+ TN

(n=1)--(n—d+1) ~ Nin—i) n—d+1
g W) (Ndn—d+1) 1
- () (n—d+ 1) n—d+1
~ (=n) (N+n)---(N+n—d+1) 1
 (n+N)? () (n—d+1) +n—d—|—1 (4.29)

To say that the equation above is non-positive is to say

—(N+n—-1)---(N+n—d+1) <
m+N)(n—1)---(n—d+2) —

~1 (4.30)

the left hand side above, is a decreasing function of IV, and therefore the last inequality

only needs to be verified at N = 4, which is to check

—(n+3)---(n—d+5) B
m+4)n—-1)---(n—d+2) —

1 (4.31)

which holds for all 3 < d < n.

Hence we got that F'(IV) (N +]\T;_d) is a decreasing function of N. Again by Mathemat-
ica we show F(4) (") < —2d and hence F(N) ("™ < —2d for all N > 4 (this
suffices to prove (4.28), as the right hand side in (4.28) is larger than —2d because
k> 0).

We now consider case (III), i.e when a = e — 1 and

(n—1)(e—1)+n(k +1) > <N+]$_1> - (Ni?v“d).
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By the last inequality

_k,g_l[(N—l—n—l)_<N+n—d>]+(n—1)(e—1)+1 (4.32)

n N N n

Also by (4.14) we have

N +n N+n—d kE+1
o T Gt | TS

1
n
Note that the lemma asks to prove that

=24 (d—1)(k+1)—K(d—2) < (N;ff) - (N;Ed> (4.34)

But by (4.32) and (4.33) we get

e—2+(d—1)(k+1)_k/(d_2)§i (N;n> - <N+J$_d>]

k+1 ) (= D(e=1)(d=2)

—(k:+1)—T—3+(d—1)(k:+1 " + (d—2)
(g

_ [N;n_d;Z] <N+]:[z—1>+ld;2_711] <N+]<]1—d>

+(d—2)(k 2)—":;1 ~3 (4.35)

N+n—1\ _ (N+n—d ie
N-1 N—-1 >

[N+n_d—2_N] <N+n—1>+[d—2_1+N] <N+n—d>

n? n n N n n n—d+1 N
k+1
< —(d-2)(k+2)+——+3 (4.36)
As before let zy = 242 — 2 _ N oqpd gy, = &2 1 %m, therefore (4.36) can be

56



written as

S—(d—2)(k:+2)+knl+3 (4.37)

where

quy:meHz;:3Z§5j;gg+l)+%f (438)

Note that zx = W < 0, because n > d > 2 and N > 4. Also xny;1 — oy =

1n;2n <0and yyy1 —yn = n%w. Therefore

m—1)---m-d+1) ¥ @m-1-(n-d+1)

+ (ynt1 — Un)

_(N4+n—-1)---(N+n—d+2)
= 1) di D) [(N+n)zyy — (N+n—d+1)xy]
1

+n—d—|—1

_(N+n—=1)--(N+n—d+2)
N n—1)--(n—d+1) (N +n)(xyy —2zn)+ (d— 1Dy

<-1 <0
1
- 4.
oy <0 (4.39)

The above expression is negative because the term inside the bracket is less than —1

and (NYZ:B:::ENNLZT){H) > —L —- Therefore F(N) is a decreasing function of N. We

check by Mathematica that F'(4) < 0 for n > d > 2 (except for d = n = 2 in which
case F'(4) = 1). Therefore F'(N) (N +]<;_d) < 0 and is a decreasing function. Again by
Mathematica we check that F'(4) (4+Zfd) < —(d—2)(n+2)+ L+ 3. Which implies

(using the fact that k < n)

F(N)<N+£_d> §—(d—2)(n+2)+i+3§—(d—2)(/€+2)+k;;1+3

forall N > 4 and n > d > 2 except when n = d = 2. When n = d = 2, (4.36) is
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reduced to
(N+1)(2—N)
2

1
+N—§§(k+1)/2+3

which holds for all N > 4 because k& > 0 ( the left hand side above is always negative

for N > 4). So the lemma holds for all N >4 and n > d > 2. O

Corollary 4.9. Under the assumption of the previous lemma,

1+”(6_“)+(k5—/€')(n+1)+(a—1)+k;’S(N;frﬁ;1>

Remark(1): The above lemma implies v(e — a,k — k', 1, N) < n, which enables

us to use H(n,1) in Case(A) of the proof of theorem one.

Remark(2):The way we define a and £’ implies v(a,k’,d — 1, N) < n — 1, and
hence we could use H(n —1,d — 1) in proof of theorem one, Case(A) (in fact one can

show that v(a,k’;d — 1, N) = n — 1, but we did not need this fact)

Lemma 4.10. Suppose v(e,k,d,N) =n < v(e+ 1,k,d,N) for fized integers e > 1,
N>d>2, N>4, where 0 <k <n. Thenv(e,0,d—1,N)=n ifn>5.

Proof. Suppose on the contrary that v(e,0,d — 1, N) < n — 1, then by definition of

the critical value

N+n-—1 N+n—d
1 —1) < — .
rew- < (V) -
And therefore

e<1/(n—1) KN +]7V”‘_ 1) - (N +A’;_d>] (4.40)

58



Also from n < v(e+ 1,k,d, N) we get

(N;n> - <N+]7V7’_d) <(e+Dn+k(n+1)

<(e+1)n+n(n-+1)

=n(e+n+2)
where the last inequality is because k£ < n. From this we get

ezl/nKN;n)—(NjLﬁ_d)]—n—Q (4.41)

But then (4.40) and (4.41) forces

() e () (73

Rewrite (N;\;") = %(N?;_l), the last inequality simplifies to

[N+n_ 1 }<N+”_1>_n—2<[1— L }<N+”_d> (4.42)

n? n—1 n n-—1 N

But the right hand side in the last inequality is non positive and hence it forces the

left hand side to be non positive, i.e

nN—N—n)<N+n—1

<
n?(n—1) N )_n+2

Therefore we should have
N —1
(nN—N—n)< +]:; ) <n*(n—1)(n+2) (4.43)

Note that the lest hand side of (4.43) is an increasing function of N, therefore if

(4.43) does not hold for some N it holds for no N > N;. First let N =5, then (4.43)
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simplifies to

(4n — 5) (n;4> <n*(n—1)(n+2)

which further implies
(4n —5)(n+4)(n+3)(n +2)(n + 1)n < 120n*(n — 1)(n + 2) (4.44)

Using WolframAlpha we can check the last inequality is invalid for n > 2. Therefore
(??) gives a contradiction for all N > 5 and n > 2. Now let N = 4, then (4.43)
simplifies to

(3n — 4) <3Z"> <n2(n—1)(n+2)

which is equivalent to
(Bn—4)(n+3)(n+2)(n+ )n < 24n*(n —1)(n + 2)

We check by WolframAlpha that the last inequality is invalid for n > 5. ]

Lemma 4.11. Suppose v(e,k,d,N)=n <v(e+1,k,d, N) where k <n. Then there
erists a < e and 0 < k' <n —1 such that:

(1): a>n

(2): 0<t<n—1 wheret:= (N”L]?_l) - (N’L]:;_d) —1—(n—=1)a—nk

(3):t+K <n-1

Proof. We prove this for two different cases separately:
Case: N >4, n>5:

Choose the maximum a < e such that

N+n—-1 N+n—d
t::< N )—( N )—(n—l)a—lzo

Note that by lemma(7), v(e,0,d—1, N) = n and therefore such a would be the largest

60



integer such that v(a,0,d — 1, N) = n — 1 and therefore in this case t < n — 1 by
maximality of a, and hence k' = 0, hence we get (2) and (3). Note that lemma(4.10)
is essential to get the maximality of a.

Now to show a > n i.e a > n+ 1, (again by maximality of a) it is enough to show

L+ (n+1)n—1) < (") = (M%), Note that

L4t 1) —1) < <N+]$—1>_<N+£—2> < <N+£—1>_<N+Nn—d>

where the left inequality holds for N > 4 and n > 2. So we get a > n.

Case: N =4, n <4:

We need to check all remaining cases one by one, so need to check the three parts of
the lemma for the cases: (N,n)= (4,2),(4,3),(4,4) and d can take values 2, 3, 4

we check the lemma for (N;n)=(4,4) and the rest can be checked similarly.

Case (N,n,d)=(4,4,4) by the assumptions v(e, k,d, N) =n and n < v(e+ 1,k,d, N),
it is forced that

4
1+4e+5k < (i) — (4> =69 < (e+1)4+5k

which implies that we can only have the pairs (e,k)=(12,4),(13,3),(14,2),(15,1),(17,0).

Now we find the largest integer a in each case such that it satisfy both parts of the

lemma, i.e the largest a < e so that 1+ 3a < (D - (j) = 34 and we see that for all

pairs of (e,k) we have a =11 >4 =nk'=0andt+k' =0<3=n-1

In the case (N,n,d)=(4,4,3), we have (e,k)=(11,4),(12,3),(13,2),(14,1),(16,0) In all
cases we get a = 9, k¥’ = 0 and ¢t = 2, and the lemma holds.
In the case (N,n,d)=(4,4,2), we have (e,k)=(8,4),(9,3),(11,2),(12,1),(13,0) and for all

these pairs we get a = 6, = 1 and k' = 0 and again the lemma holds.
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Below we write the result of computation for the remaining cases and see that lemma
holds in all of them:

(n,d) = (3,4) then either (e, k) = (7,3) which implies a = 6,k' =0t =2 or e > 7 in
which case a =7,k =t =0

(n,d) =(3,3) then 11 > e >T7and a =6,k =0,t =1

(n,d) =(3,2)then9>e>5anda=4,k =0,t =1

(n,d) = (2,4),(2,3) then 7 > e > 4. For e = 4, we get a = 3,k = 0,t = 1 and for
e=56,7Twegeta=4k =t=0

(n,d) = (2,2) then either e = 3 in which case a = 2,k =0,t = 1 or e = 4, 5,6 and so
a=3,t=k =0.

Corollary 4.12. By the assumption of the previous lemma, we have v(a—t,t+k',d—

I,N)<n-—1.

Proof. We already have v(a, k', d—1, N) < n—1. The lemmas follows by the definition

of t. 0

Remark: One can see that in cases that v(e,0, N,d) = v(e, k, N, d)
<v(e+1,k,n,d), we get K =0 and t < n— 1. The t here is going to be the number

of lines we need to add to the curve X; in Case(B) of proof of theorem one. O
Lemma 4.13. Suppose v(e,k,d,N) =n < v(e+ 1,k,d, N) where k < n. Let a,k’

and t be as in lemma(4.11), then

L+n(e—a)+(k—K)(n+1)+(a—t—1)+k < <N+"— 1) - <N+n—d

v v ) (4.45)

Proof. Use the definition of ¢ as in Lemma (4.11) and rewrite the left side of (4.45)

as below:
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l+nle—a)+(k—K)n+1)+(a—t—1)+F

=l+nle—a)+k—K)Yn+1)+a—1+F

N -1 N —d
—( o >+< o >+1+(n—1)a+nk"

N N
N+n-1 N+n—-d
=1 k 1) —
+ne+k(n+1) < N >+< N )
< N+n)y (N4+n-1\ (N+n-1 (4.46)
N N N -1
Note that to get the last inequality the fact that v(e, k,d, N) = n is used. ]

Corollary 4.14. Suppose v(e,k,d,N) =n < v(e+ 1,k,d, N) where k < n. With

a,k’ and t as in lemma(4.11), then v(ie —a,k — k', 1,N —1) <n

Proof. To prove v(e —a,k — k', 1, N) < n we need to show

N+n-1 N+n—d
1 — k—Fk 1) < -
+n(e—a)+ ( J(n+ )_( N1 ) ( N )
But the inequality (4.45) in the previous lemma is stronger and would imply this one,

because (a —t — 1) + k' > 0 by the first and the third part of lemma (4.11). O

Lemma 4.15. Suppose v(e,k,d,N) =n <wv(e+1,k,d, N) where k <n. Let a and t
be as in lemma(4.11), then except when (e, k,d, N,n) = (7,3,4,4,3), we always have

|22 — (k4 1) > -1
Proof. The lemma holds for N = 4 and 2 < n < 4 except when (e, k,d,N,n) =
(7,3,4,4,3), as in the proof of lemma (4.11), we computed all possible e, a, k' in this

range. Assume n > 5. To prove the lemma is for n > 5, we prove e —a >t + 1 (from

which lemma follows). By the proof of Lemma (4.11),

(n—1)(a+1)> (N +]$ N 1) - (N 7; - d) (4.47)

63



By definition t = (N?,%l) - (Ni:;*d) —1—(n—1)a so the lemma asks to show

<N+]\T;—1>_<N+£—d> <e—at(n—1a
=e+(n—2)a (4.48)

— <N +]3_d). Hence by

But v(e + 1,k,d, N) > n, therefore (e + k + 1)n + k > (N+">

this last inequality and (4.47) which give us an inequality for e and a respectively, we

get
et (n— ;(N n) <N+]G_d>]_§_(k+l>
)
P () 0
7]2 (k+1)

Therefore to show (refcorrectlines3) it suffices to prove that the right hand side of the

last inequality is greater than (N’L]’Vl_l) — (NJF]’V"”_d), i.e to prove

) [1_77,—2 1] <N+Nn—d> Zi+(k+1)
(4.49)

n—1 n

N+n
L+
n

N

n—2] N+n-—1
n—1

Because k < n, we get % + (k+1) <n+ 2. So to prove the last inequality it suffices

to show

N +n n—21(N+n-1 Nn—N-n{N+n-1
-1 = > 2 (4
+n—1}< N ) n?(n—1) ( N )_n—i— (4.50)

n2

Note that the left hand side of last inequality is an increasing function of N, therefore
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it suffices to check the inequality for N = 4, in which case it reduces to showing

3n—4 (n+3\  (Bn—4)(n+3)(n+2)(n+1)
nQ(n—1)< 4 >_ 24n(n — 1)

>n+2 (4.51)

But that is to show (3n —4)(n + 3)(n + 1) > 24n(n — 1), which holds for n > 5 and
we are done (recall that we already discussed cases n = 2, 3,4 at the beginning of the
proof).

O

Lemma 4.16. Suppose v(e,k,d,N) =n <wv(e+1,k,d,N) where k <n, N >4 and

2<d<mn. Leta and t be as before. Then

<N+n—d

N1 )§1+(e—a)(n—d+1)+k(n—d+2)

Proof. By assumptions v(e + 1, k,d, N) > n and the definition of a we get

N +n N+n—d
n(e—|—1)+l€(n+1)2< N >—< N >

N+n-—1 N+n—d
s () (]

respectively. Therefore
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So to show the lemma it suffices to prove the last inequality in (4.52) below

e—a>l N +n B N+n—d —ﬁ—k—l— 1 N+n-—1 B N+n—d +71
n N N n n—1 N N n —
1 N4+n-—d 1 k
—— - k- — 4.52
_n—d—i-l( N -1 ) n—d-+1 K n—d+1 (4.52)

But the last inequality in (4.52) simplifies to showing

[N—i—n 1 } N+n-—1 n 14_ 1 N N+n—d
n? n—1 N n n—1 (n—d+1)2 N

L1 kd-)
~ n—1 n—-d+1 nh-d+1)

+1 (4.53)

Because k > 0, to prove (4.53) it suffices to show

N +n 1 N+n-—1
N,d) := —
G(N,d) { n? n—l}( N >
n 1+ 1 N N+n—d
n n—1 (n—d+1)? N
1 1
-1>0 4.54
+n—1+n—d—|—1 - ( )
First consider the case d = n, where we are reduced to show
—N>0

N +n 1 ] N4+n—1 n+1
n? n—1 N

which is an increasing function of N and therefore suffices to be verified only when

N =4, in which case we need to show

n—4 (n+3 n+1
T T 4>
n%n—l)( 4 ) n(n —1) -
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But that simplifies to the inequality below

Bn—4)(n+3)(n+2)(n+1) n+1
24n(n — 1) n(n —1) —420

which is valid for n > 2, hence the lemma holds when d = n. From now on we assume

n>d>2.

Now we show that for fixed N and n, G(n,d) is an increasing function of d.

G(N,d+1) - G(N,d) = [n(nl_ - ]_Vd)Ql <N+n]\7 d— 1)

B [n(nl— 1) (n-— izv+ 1)21 (N +]:fl ) d)

1 1
n—d n—d+1

_|_

(4.55)

Rewrite (NJFﬁ_d) = %(NM];CI_I) and note that n > d, so (4.55) simplifies to

l 1 N = N+n-d N N(N +n—d) ](N—i—n—d—l)
nn—1) (m—=d? nn-1)n-d nm-—dn-—d+1)? N
1
+(n—d)(n—al—l—l)
B —N N[n—-d)(N-2)—1]| ([N+n—-d-1
- e ) x )
+ ! (4.56)

(n—d)(n—d+1)

Note that the last term above is positive. Therefore to show (4.56) is positive, it

N+n—d—1

v ) in (4.56) is non-negative, that is to show

suffices to show the coefficient of (

1 <(n—d)(N—2)—1
nn—1) ~ (n—d)(n —d+1)?

(4.57)

The coefficient of NV in the inequality above is positive, so it is an increasing function

of N and suffices to check the last inequality only when N = 4, in which case it
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simplifies to showing
nn—1D2n—-d) -1 - n—-d)(n—d+1)*>0

which holds because n(n —1) > (n —d+1)? and 2(n —d) — 1 >n —d.

So far we have shown that for a fixed N, G(NV,d) is an increasing function of d

and we need to check (4.54) only when d = 2, in which case we need to prove

N+n 1 N+n-—1 1 N N+n-—2
n? _n—1]< N >+ln(n—1)_(n—1)2]< N )

2
— - 1>0 4.58
to—y 12 (4.58)

which simplifies to showing

[(Nn—n—N)(N—l—n—l)_n—l—Nn] <N+n—2>

n?(n —1)2 n(n —1)2 N
B LA

which is again an increasing function of N and needs to be verified only when N = 4,

in which case it is easy to see it holds for all n > 2. O

Lemma 4.17. If for somee >2 and 2 <d < N, v(e,k,d,N)=n and 1 <a < e is

the largest integer such that

1+(n—1)a§<N+"_1>—<N+"_d> (4.60)

thena+n—2< (N]’\;El) - (N+"_d>.

68



Proof. By (4.60) we get a < - [(NJF"A) — (Ni(;*d)}. So it suffices to show

1 N+n—-1 N+n—d N+n-1 N+n—d
) (1 s () 577 e

Rewrite (NJFJQ‘_I) = %(N;\;f;l) and (NJF]:;_d) = ”’Tf”l(N;f;d), then (4.61) simplifies

) ()

But 2 < d < N and therefore the left hand side of the last inequality is less than

n—N+1| [N+n-—-2
o) ()

to

n—d+1 N+n—d
p_n-aet? _9<
[ N(n—n]( N1 )*” =

Therefore to show (4.62), it suffices to show

[ _n—N+1] <N+n—2

S _92<
Nin-1) |\ N—1 )*" =

e (80) e

N +"_1) = M(N +"_2) and the last inequality simplifies to showing

Again write ( N1 - N1

2<'1 n N+n-1 1+n—N+1 N+n-—2
n_ —_ R e —
— | N(n—1) n N(n—1) N-—-1
[N+n-1 1+n(n—N—|—1)—n(N—|—n—1) N+n—2
| n n(n—1)N N-—-1
[N +n—1 20— N)| ([N+n—2
— 1 A 4.63
n +(n—l)N}( N -1 ) (4.63)
For a fixed n, ¥ +:_1 -1+ (2751:1? ]3 is an increasing function of N ( for that we need
N+n—1 2(1-N) N+n —2N : =1 -2
to check M=l 4 N < o4 (D e to check Tt < oS5, But

2n < N(N +1)(n — 1) because N > 4 and n > 2). Hence to prove (4.63) it suffices
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to prove it only when N = 4, in which case we need to show

n+3 —6 n+2
”_23[ n ‘”4@—1)]( 3 )

_ 6(n—2) (n+2

_4n(n—1)< 3 )

_ (n—2)(n+2)(n+1)
4(n—1)

(4.64)

Hence we are reduced to showing 4(n—1) < (n+2)(n+ 1) which holds for n > 2. O
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