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Chapter 1

Introduction

Let G be a finite abelian p-group of type A = (\y,...,\,), where X is a
partition, that is \; > A\;y; > 0. By the Fundamental Theorem of Finitely
Generated Abelian Groups [7] we can write G = Z,», X -+ X Zp,, Where
Z,p; is a cyclic group of order pri. Let Ly(p) be the subgroup lattice of G.
We define [0, \;] to be a totally ordered set (or a chain) of integers from 0
to A\;, and [0, A] = [0, A\q] x -+ x [0, \,] to be a lattice of n-tuples (ay, ..., a,),
where a; € [0, \;], with an order relation given by (ai, ..., a,) < (b1, ..., b,) if

a; < b; for all i. We call [0, \] a product of chains of length A; for 1 <i < n.

In [1] and [2] L. Butler categorized Ly (p) as an order-theoretic p-analogue
of [0, A\] = [0, A] x -+ x [0, A\,]. That is, she defined an order preserving map
¢ : Lx(p) = [0, A] such that there are a power of p subgroups of G correspond-
ing to each element of [0, A]. The map ¢ satisfies certain technical proper-

ties that make it very useful in attacking combinatorial problems concerning



Figure 1.1: Subgroup lattice of G = Zza X Z32 on the left and the product of
chains [0, 4] x [0, 2] on the right.

Ly(p). Figure 1.1 represents the correspondence of the lattice of subgroups
of G = Z31 X Zsz» with the product of chains [0,4] x [0,2]. Subgroups in the
lattice of subgroups of Zss x Zs2 are clustered together if they correspond to
the same element of the product of chains. As described in [1] and [2], La(p)
has many very attractive enumerative properties. In [2] L. Butler defined a
set of Hall generators for a subgroup of a finite abelian p-group, which are
defined in Chapter 2. Hall generators proved to be extremely useful tools

that we use extensively throughout the thesis.

We observe that for a finite abelian p-group G of type A such that \; =1
for all 1 < i < n the quotient, Ly(p), of the lattice of subgroups under the
action of a Sylow p-subgroup, SP?, of the group of automorphisms of G is

equal to the product of chains [0, A\]. We became interested in the question

of how the action of S? on L,(p) is related to map ¢ described by Butler,



which will be discussed in Chapter 3. These are our main results related to
this question. In Theorem 3.1 we show that each orbit of the action of SP
is contained in a corresponding fiber of ¢. In Theorem 3.2 we address the
question for which finite abelian p-groups m = [0, A]. We show that if G
is a finite abelian p-group of type A such that A\ = ... = A\, or of type A such
that \; = A\, < 1for all 1 <i <t <n, then m = [0, A]. We observed that
whenever G is a finite abelian p-group of type A such that \; — \; > 2 for
some i and 7, some fibers of ¢ split into orbits of S? whose size is equal to
the same power of p. In Theorem 3.3, we assume that G = Z,m X Z,» such

that m —n > 2 and describe conditions under which the orbits of SP spilt

the corresponding fiber of ¢ into smaller parts of the same size.

In Chapter 4 we will discuss the relationship between the quotient of
Ly(p) under the action of the group of lattice automorphisms of G and the
quotient of Ly(p) under the action of the group of lattice automorphisms of

G induced by group automorphisms.

For elementary abelian groups G = (Z,)" such that n > 3 the Fundamen-
tal Theorem of Projective Geometry implies that every lattice automorphism
is induced by a group automorphism. Moreover, Baer’s Theorem [8] (1939)
states that for every finite abelian p-group of type A such that \; = A3 we
also have that every lattice automorphism is induced by a group automor-
phism. However, this is not the case for every finite abelian p-group. It
is not difficult to see that when G = 7Z, x Z, for p > 5 there are lattice

automorphisms that are not induced by group automorphism. Our main re-



sult is stated in Theorem 4.5 that for G = Z,m x Z,» the quotient of Ly(p)
under the action of the group of lattice automorphisms of G is equal to the
quotient of Ly(p) under the action of the group of lattice automorphisms of
G induced by group automorphisms. This result is particularly striking be-
cause the group of lattice automorphisms of G is often much larger then the
group of lattice automorphisms of GG induced by group automorphisms. The
same result also holds for some larger finite abelian p-groups as described in
Theorem 4.8. However, we conjecture that this is not true in general and
present a potential counterexample at the end of Chapter 4.

Many projects related to the material discussed here remain to be ex-

plored. We will discuss them in Chapter 5.



Chapter 2

Background and Definitions

2.1 Automorphisms of finite abelian p-groups

Since we will be interested in examining the actions of group automorphisms
on the lattice of subgroups of a finite abelian p-group, we begin by discussing
group automorphisms of finite abelian p-groups. Let G be an abelian p-group
of type A and let g; be an additive generator for the group Z,,. (Although
g; is an equivalence class in Z modulo p*, we will abuse notation slightly
by identifying g; with its representative and using the same notation for
both.) We may assume that g; = 1 mod p* for each i. Thus, we can write
G =< gy > %X+ X < g, >. So, an element of g of G can be represented as

a row vector (aygy,...,a,g,) With a; € Z and a;g; taken modulo p.



2.1.1 Extending endomorphisms to automorphisms

First, we will describe F = End(G), the endomorphism ring of G. The
elements of F are group homomorphisms from G into itself and it is clear
that F is a ring under function addition and composition. It is important to
note that we will consider homomorphisms in E to be acting on G on the
right. Each homomorphism in £ is determined by the images of generators
g1,---,9n, of G. Since we can represent elements of G in vector form and

since G has n generators, we can think of elements of E' as n X n matrices.

In order to describe all matrices in End(G), we define R = {(a;;) €

Z’an : p)\jf)\i

a;; for 1 < 57 < i < n}. By noting that every element
A € R can be written in Q™" as A = PA'P~!, where A’ € Z™" and P =
diag(p™, ..., p*), it is straightforward to see (Lemma 3.2, [5]) that R is a
ring under matrix multiplication. Now consider the mapping ¢ : R —End(G)

defined by

(Brs oo R (A) = (R, .. ) A),

where (hy,...,h,) € Z", (h1,...,h,) € G such that h; € Z,; and h; € 7Z
is an integral representative of h; (h; = h; mod p*), A € R, and 7 is the
canonical projection from Z" onto G. By Theorem 3.3 in [5] 1) is a surjective
ring homomorphism. The proof of this theorem is based on the fact that for

A € End(G) and generators w; = (0,...,¢;,...,0), w;A = (hi1,. .., hy) and

0 = (pYw;)A = (p*ihs,...,phi,) imply that pYi | prih;; for all ¢, j and thus



Py

hij when j < i. By Lemma 3.4 in [5] the kernel of ¢ is equal to the
set of matrices such that p% |a;; for all 4,j. Therefore, R/ker ¢ = End(G).

Knowing the structure of End(G), we can describe automorphisms of G, the

units in End(G).

Theorem 2.1. (Theorem 3.6, [5]) An endomorphism M = 1(A) of G is an
automorphism if and only if A (modp) € GL,(F,), where F, is a finite field

with p elements.

The proof of this theorem is also straightforward once a fact from ele-
mentary linear algebra is invoked: for an n x n integer nonsingular matrix A
there exists a unique n X n integer matrix B such that AB = BA = det(A)I.

Now we will look at some examples of group automorphisms of finite abelian

p-groups.

Example 2.1. Suppose A\; = 1 for all . Then G = (Z,)", that is we can
think of G as a vector space. It is clear that End(G) is isomorphic to the

ring of all n x n matrices with entries in F,. Then Theorem 2.1 implies (as

expected) that Aut(G) = GL,(F,).

Example 2.2. The situation is similar to that of the previous example when-
ever G = (Zym )", that is A; = m for all 4, where m > 1. Although we can no
longer think of G as a vector space, we have that End(G) = M, (Z,m), the

set of all n x n matrices with entries in Z,m, and Aut(G) = G L, (Zym).



Example 2.3. Suppose n =3, Ay =5, Ay = 3, and A3 = 2. Then

End(G) = anp® Az ags | Qi € Zp*j

3
a31p”  az2p a33

By Theorem 2.1 every automorphism A € End(G) of G has the form A(mod
p) € GL,(F,). But A(mod p) is an upper-triangular matrix in M, (IF,).
Since det A = Il;a;, for A to be in GL,(F,) we must have that a;; is not
divisible by p for every i, that is each a; € (Z,»,)*, where (Z,»,)* is the group

of multiplicative units of Z;. Thus

Aut(G) = anp®  az  ass | F G € Ly, P tag

3
az1p- azep ass

It is clear from above that a matrix corresponding to an automorphism of
G has entries that lie in different rings. However, the product of two such
matrices is well-defined and corresponds to the composition of two automor-
phisms of G, which is also an automorphism of G. Given A, B € Aut(G),
consider C' = AB. Then ¢;; = a;1b1;pM " + a;0b0p!** A + a;305,p™ 3, where
the sum is taken modulo p*. Then ¢; = a;b; mod p Z 0 mod p, so p { ¢y
Also, for j > i we have ¢j; = ajlblip’\l_)‘f +a]-QbQip’\Q_’\J'J“\i_A2 +aj3b3ip>\i_)\3 =

pAi*)‘j(ajlblip)‘lf)‘i + ajoba; + ajgbgip)‘f*)‘?’) since j > ¢ implies that j > 2 and



i < 2 and where the sum is taken modulo p*. So, C' € Aut(G).

Example 2.4. Suppose \; > \; > --- > \,. Then similarly to the previous

example
( 3\
a1 a19 RN Q1n
A1—A2
a1 p 22 <o Qop
ES
Aut(G) = < L Qg € Zij , Qi € (Zpki)
A1 —A A2—A
Ap1P 1T Ap2p 2o Apn )

Note that the product of two automorphisms of G is again an automorphism
of G which can be seen by performing calculations similar to the ones done

in the previous example.

Example 2.5. In general, suppose G has type A = (Aq, ..o, A1y ooy Adkyov oy k),
—— ——

mi mg

where Ay > --- > A\, > 1 and ¢t; + --- + tx = n. Then an endomorphism

A = (a;;) of G is an n x n block matrix of the form

Ml * %
x M *
)
* * M,

where M; is a t; X t; matrix with entries in prj for 1 < j <k and all entries
below the block diagonal are divisible by p. Therefore, A is an automor-

phism of G, that is A is invertible modulo p, if and only if det(A) mod p =



I1,det(M;) mod p # 0 mod p. Also, notice that det(M;) # 0 mod p for every

j=1,...,k, so each M; is an automorphism of (prj)tj.

2.1.2 Counting automorphisms

Using Theorem 2.1, we start with a matrix M € GL,,(F,) and extend M to
an automorphism of G. First, we define the upper and lower bounds for the

number of identical parts in the partition A
dk = max{l . )\k = )\l}, Cr — min{l . )\k = )\l}

Note that d, > k and ¢, < k. We represent the matrix M in terms of dj’s

and ¢;’s as follows

miz Mz ... Mip
mlcl *
M= md;1 _ Mocy
Mdy2
0 Mne, Mpn
0 md,n

Then, as described in [5], we count the number of possible entries in M.

Since columns of M are linearly independent, there are



possible entries for M. Extending M to an automorphism A of G, we see
that in A lower triangular zero entries in M can be any element of p* *)‘inAj
for j < i in A. Thus, there are II"_,(p*)%~! ways to extend the necessary
zeros in M to A. Also, we can extend the not necessary zero entries in M:
we want all a;; € prj such that a;; = m;;(mod p). For each m;; there are

Aj—1
p~ " such a;;’s. Thus

[Aut(G)| = TIp_, (p™ — p* I, (p) I, (pY )%,

Example 2.6. Let G be a finite abelian p-group of type A = (m,n), where

m>mn. Thend; =1,dy,=2,¢; =1, and ¢c; =2. So

|Aut(G)| = (p—1)@* —p) (™) " @")* ") (")

2.1.3 Sylow p-subgroups of Aut(G)

Now we will discuss Sylow p-subgroups of Aut(G). We begin by examining

the 2-dimensional case G = Zym X Zyn, where m > n > 1. Note that from

a b
examples above we know that A = is an automorphism of G if and

c d
only if a € (Zym)*, b € Zyn, ¢ = kp™™™ € Zym, and d € (Zyn)*. First, we

assume that p is an odd prime. As described in [4], for an odd prime p we

have that (Zy:)* = Zyt-1 X Z,—1y. Note that we will be thinking of Z,:—1 and

11



Zp—1y as subgroups of (Z,)*. Then we can write a = a'u, where a’ € Zym-1
and u € Zg,_1), and d = d'v, where d’ € Zyn—1 and v € Z,_1). Then we can

decompose A into a product of two matrices:

where b’ = bv~! and ¢ = cu™!, where we think of v™! and ™! as inverses of

respectively v and w in (Z,)*. It is crucial to observe (as was done in [4])
a b u 0

that matrices and correspond to automorphisms of G and
d d 0 v

sets of all such matrices form subgroups S, and N respectively of Aut(G)

with the following properties:
(1) S, NN = {e}, the identity of G;
(2) SN = Aut(G);
(3) S, <Aut(G).

Note that the properties (1) and (2) are clear from definitions of S,, N, and

Aut(G). By Example 2.6, |Aut(G)| = (p — 1)*p™ "2 and by construction

m—1+n+n+n—1 m+3n—2 m—1

S, has exactly p =p elements (p choices for a’, p"
choices for b', p™ choices for ¢/, and p"~! choices for d’). Thus, S, is a Sylow
p-subgroup of Aut(G). Since any A € Aut(G) can be written as A = PQ),

where P € S, and Q € N, we have A™'S,A = (PQ)™'S,(PQ) = Q'S5,Q. If

12



Q= and € Sp, then
0 v c d
u 0 a b u 0 a bu~tw
= €S,
0 vt c d 0 v cvlud

Therefore, S, is a normal subgroup of Aut(G) and thus the unique Sylow

p-subgroup of Aut(G). We take another look at the structure of S,. Each

a b
element of S, is of the form , where a € (Zym)*, b € Zyn, ¢ €

c d
P "Lym, and d € (Zyn)*. Since a subgroup of Z,m isomorphic to (Z,m)* is

. (I+p)* b
generated by 1+ p, we can write an element of S, as ,

cp™ " (1+p)
where 0 <k <p™ ' b€ Zp, 0<c<p® and 0 < < pl.

Let us consider G = Zgm X Zgn, where m > n > 1. From [4], for t > 3
we have (Zgt)* = Zgt—2 X Zo and for t < 2 we have that (Zgt)* = Zge—1. If

a b
n > 3, then for an automorphism A = , we can write a = a/u, where

c d
a' € Zom—2 and u € Zs, and d = d'v, where d' € Zign—2, v € Zy. If n < 3, then

in an automorphism A as above, we can write d = d'v, where d’ € Zgn—1 and

v =1 and if m < 3, then we can write a = a’'u, where a’ € Zym-1 and u = 1.

a b u 0
We write A = , where V) = bv~! and ¢ = cu".
d d 0 v

Again,

13



a b u 0
matrices of the form and correspond to automorphisms
d d 0 v

of G and form subgroups S, and N of Aut(G) such that
(1) SaN N = {e};
(2) SoN = Aut(G);
(3) Sy <Aut(G).

Similarly to the argument above, S5 is the unique Sylow 2-subgroup of

3k b
Aut(G). A typical element of Sy is of the form , where 0 <
om—n 3l

Ek<m—2b€Z/2"Z,0<c<p" and 0 <[ < p" 2

Consider G = Zym X Zym for some integer m > 0. Since Aut(G) =
GLy(F,) and |Aut(G)| = p*™3(p? —1)(p—2), a Sylow p-subgroup of Aut(G)
is a subgroup of GLy(F,) and has order p*™3. Notice that Aut(G) con-
tains multiple Sylow p-subgroups. For instance, the subgroup consisting of

elements of the form
(1+p)F  bp

c (1+ p)!

Y

where 0 < k,l < p™ !, ¢ € Zym, and 0 < b < p™ !, is a Sylow p-subgroup

of G since the determinant (1 + p)¥(1 + p)! — bep of every element in the

subgroup is not a a multiple of p and the order of the subgroup is p*™—3

(there are p™~! elements of the form (1 + p) for 0 < ¢t < p™ ! p™ choices

m—1

for b and p choices for ¢). Similarly, subgroup that contains elements of

14



the form

(I+p)  ep

where 0 < k,l < p™ 1 b € Zym,and 0 < ¢ < p™ !, is also a Sylow p-subgroup

of G. Thus, Sylow p-subgroups of Aut(G) are not normal.

Notice that techniques described above can be extended in a straight-
forward manner to an arbitrary finite abelian p-group. For example, for
G = Zyn X Lypn X Zyn, where m > n, |[Aut(G)| = p* " 4(p — 1)*(p* — 1).

Then a subgroup containing elements of the form

(1+p) 12 a3
anp™™ (1+p)2  amp ;

azp” " aso (1+p)he

where 0 < by < p™ 1,0 < bg, by < p" Y, a;j € Lyn for i < j,0 < agy,az < p",
and 0 < agy < p" 1, is a Sylow p-subgroup of G. Notice that the block matrix

in the matrix above
(1+p)»  axmp

a3 (1+p)be

corresponds to a Sylow p-subgroup of Zyn X Zyn.

For convenience, whenever \; = \; 1 for some ¢ and k — 1, we choose

the k£ x k block matrix corresponding to a Sylow p-subgroup of Hé?:lZpA,- to

15



be of the form

a1 @12p ... A1k
Q21 Q22 ... Q2P

)
(075} (057} e Qe ke

where a; = 1 mod p.
For a finite abelian p-group of type A such that \; > \;;; for1 <i <n-—1

a Sylow p-subgroup of Aut(G) is of the form

(]_ + p)bl ai2 e Q1n
CL21]9>\1_)\2 (1 + p)b2 . QAon
AP ™ (L)

where 0 < b; < ph1, a;j € prj for i < j, and 0 < a;; < pMi for i > j. This
is a unique Sylow p-subgroup of Aut(G) and therefore normal. Notice that

a Sylow p-subgroup of Aut(G) is unique if and only if \; > X\;;; for all 4.

2.2 Hall Generators

Let G be a finite abelian p-group of type A = (A1, ..., A,) such that \; > A\;41.
In [2] L. Butler defined a set of generators for a subgroup H of G, called a set
of Hall generators, that will be used extensively in the chapters ahead. Sets

of Hall generators have very nice properties and provide extremely useful

16



tools for working with subgroups of G in a systematic way.

Definition 2.1. Let H be a subgroup of G of isomorphism type p =
(1, .., pix). We call an ordered set {h!,...,h¥} of generators of H a set of

Hall generators for H if it satisfies the following conditions:

1. The order of h' = (hi, ..., h%) is pHi.

Given 4, let I be the largest j such that order(h’) = p*.
2. If j >4, then b} = 0.

3. If j >4 and pu; = p;, then J < I.

Notice that I is the position of the right most component of A’ that
has order p#i, the order of hi. It is always possible to find Hall generators
of a finite abelian p-group and although the set of Hall generators of G is
not unique in general, when we impose restrictions that hi = p*~#i and
h]I < ht € Z; for j < i we fix exactly one set of Hall generators of G.

The following are the assumptions we will be making from now about a

set of Hall generators of a subgroup H of G.

Assumption 1: A set of Hall generators will have restrictions hé = p*r =+

and h} < hi for all j < i.

Assumption 2: If one of the entries of a Hall generator has the form zp*

for some p{ x and k < 0, we assume that xp® = x, that is p* = 1.

17



Now we will present a few examples to clarify the definition of a set of

Hall generators for a subgroup H of G.

Example 2.7. Let G = Z31 X Z32. Let H be a subgroup of isomorphism type
(2,1). Then a possible set of Hall generators for H is h! = (3472 23272t1) =
(3%,3z) and h? = (0,3*!) = (0,3). Notice that the first component of h'
has order 32 and the second component of h% has order 3. So I = 1 when
i =1and I = 2 when i = 2. Since h} < h} for j < i, x = 0. Thus,
Rt = (9,0), h? = (0,3). Another possible set of Hall generators for H is
' = (#3%723%72%) = (3%,1) and h* = (3*71,0) = (33,0). Notice that the
second component of A! has order 3% and the first component of h? has order
3. Again under the restriction hjl < hi for j < i, we have that the possible
values of x are 0,1, 2.

Suppose H has isomorphism type (2,2). Then h! = (23172,3272) =
(3%z,1) and h? = (3*72,0) = (3%,0). Since 3%z < 32, x = 0. Thus the set of
Hall generators of H is {(0,1),(9,0)}.

Suppose H is a cyclic subgroup of isomorphism type (2,0). Then possible
Hall generators of H are h' = (3% z3>72™!) = (9,3z), where z = 0,1, 2.
Other possible Hall generators of H are h' = (y3*72,3272) = (9y, 1), where

y=20,..38.

Example 2.8. Let G = Zyn X Zyn X Zys. Let H be a subgroup of G of
isomorphism type (p1, f2, pg) with gy > po > pg. Then one possible set of

Hall generators is h! = (p™=#1 gpr—rtl yps=mth) p2 = (0, pn—H2, zps—r2tl)
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and h3 = (0,0,p*#3), where xp" Tl < pr=H2 and yp*— it zpsmretl <
p37M3'

Suppose H has isomorphism type (j1, p2) such that gy < Ag and ps < As.
Then a possible set of Hall generators of H is h! = (zp™ 1 pt=H1 yps—H)

and h? = (zp™ 2,0, p*H2), where yp*~1 < p¥H2,

Let H be a subgroup of G of type = (pi1, ..., i) and {h', ..., h*} be the
set of Hall generators of H. Let e; be the n-tuple that has 1 in the I'th

component and 0’s everywhere else.

Definition 2.2. The Hall type of H is an n-tuple ®;u;e;, where I is defined

in Definition 2.1.

The Hall type of a subgroup H of G is a permutation of the isomorphism
type pu of H according to the placement of I. Notice that if two subgroups
H, K of G are isomorphic, then their Hall types are the same when reordered
as partitions. Also notice that a subgroup of Hall type ®;u;e; is isomorphic
to the direct product of Zyu, for 1 < i < k, with the convention Z,x; = {1}
it p; = 0, where the position of Z,u in the direct product is determined by

the position of p; in @;u;e;r.

Example 2.9. In Example 2.7, the Hall type of the subgroup generated by
{(9,0), (0,3)} is (2,1) since the first component of h! has order 3%, while the
Hall type of subgroups generated by {(9z,1), (27,0)} is (1, 2) since the second

component of h! has order 32. The Hall type of a subgroup generated by
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{(0,1),(9,0)} is (2,2). Cyclic subgroups of isomorphism type (2, 0) generated
by (9, 3z) have Hall type (2, 0) and cyclic subgroups generated by (9y, 1) have
Hall type (0, 2).

In Example 2.8, the Hall type of the first subgroup is (1, 2, p3) and the
Hall type of the second subgroup is (0, u1, i2) since the right most component
of order p#t in h! is the second component and the right most component of

order p#2 in h? is the third component.
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Chapter 3

Sylow p-subgroups of Aut(G)
and subgroup lattices of finite

abelian p-groups

Let G be a finite abelian p-group of type A = (A, ..., \,). Let Ly(p) be the
lattice of subgroups of G. It is well-known [1] that there exists a correspon-
dence between L, (p) and the product of chains [0, A] = [0, A;] X - -+ x [0, A,].
The correspondence between L, (p) and [0, A] is defined in [2] as follows: for
@ @ Lx(p) — [0,A] let H be a subgroup of type p = (u1,..., %) in G and
{h',...,h*} is the set of Hall generators of H, then o(H) = Hall type of H.
Using enumerative properties of ¢ presented in [1], L. Butler showed in [2]
that Ly(p) is an order-theoretic p-analogue of [0, \]. We use the following

definition of an order-theoretic p-analogue as defined in [2].
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Definition 3.1. The graded, rank n poset L(p) in a family indexed by an
infinite set of positive integers is called an order-theoretic p-analogue of a

graded, rank n poset L if there is a surjection ¢ : L(p) — L such that
(a) If H < K in L(p), the ¢(H) < ¢(K) in L.

(b) If a < ¢(K), then the cardinality of {H | H < K and ¢(H) = a} is a

power of p determined by a and ¢(K).
(c) If {o]a < @(K)} is achain in L, then {H | H < K} is a chain in L(p).

Let SP be a Sylow p-subgroup of the group of automorphisms of G. Let
m be the quotient of the lattice of subgroups of G under the action of
SP. We refer the reader to Section 2.1.3 for a review of Sylow p-subgroups
of Aut(G) in terms of matrices. Naturally, the orbits of the action of S? in
Ly (p) have size equal to a power of p. Let H be a subgroup of G. We denote
the orbit of H under the action of SP in L(p) by SP(H) = {f(H) | f € S*}.

We begin with several examples.

Example 3.1. Let G = Zs31 X Z3. So, p = 3 and A = (4,1). Figure 3.1
shows the lattice of subgroups of GG represented by Hall generators. Notice
that subgroups inside boxes with thick border surrounding have the same
Hall type and thus correspond to the same element of [0,4] x [0, 2] under the
correspondence ¢ defined above. Subgroups that are not inside a box corre-
spond to exactly one element of [0,4] x [0,2]. By discussion in Section 2.1.3

SP is a unique Sylow p-subgroup of Aut(G). A typical element of S? has
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[(1,0) (1) ((1,2)]((3,0),(0,1))  order 3*

[((3,0) |3, 1))] ((3,2))]((9,0),(0,1))  order 3?

[€9,0)  [((9, D)] ((9,2)[((27,0),(0,1))  order 32

e

(27,0)) {27, D)((27,2)) (0, 1))] order 3
{1}

Figure 3.1: Subgroup lattice of G = Zs1 X Zs.

(1+3)% b
the form , where 0 < k < 3%, b € Zs3, and 0 < ¢ < 3. Then
3te 1

the subgroups ((3%,0)) for a > 1 are fixed by every element of S”. Also,
(9,1) = (9((1 + 3)* + 3¢),1) € ((9,1)). Thus, {(9,1)) forms its own orbit
under the action of SP. Similarly, we can see that subgroups in subdivided
smaller boxes form individual orbits of S? in Ly(p). Note that the fibers of
@ in Ly(p) containing ((3,0)) and ((9,0)) each of size 3 split into the orbits

of SP that have size 1. Figure 3.2 compares the the quotient Ly(p) and the

product of chains [0, 4] x [0, 1]. Notice that we can think of L,(p) as splitting

of certain points and edges of [0, A].

We saw in the beginning of the chapter that the correspondence ¢ between
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Figure 3.2: Quotient of the subgroup lattice of G = Zs31 X Z3 under the action
of S? on the left and the product of chains [0,4] x [0, 1] on the right.

Ly(p) and [0, A] is determined by the Hall type of a subgroup. Although the
process of of determining the Hall type of a subgroup is reminiscent of matrix
row reduction and thus should be close to being a group automorphism, the
correspondence ¢ does not respect group automorphisms as we will see in the
following example. Thus, the advantage of classifying finite abelian p-groups

via the quotients Ly(p) is that this action respects group automorphisms.

Example 3.2. Let G = Zs3 X Zs2. Figure 3.3 illustrates the lattice of
subgroups of G and Figure 3.4 contrasts the quotient of Ly(p) under the
action of SP and the product of chains [0,4] x [0,2]. Note that subgroups
((3,0),(0,3)), ((3,1),(0,3)), and ((3,2),(0,3)) have Hall type (3,1), thus
these subgroups lie in the fiber of (3, 1) under the correspondence . However,
the subgroup H = ((3,0), (0,3)) is fixed by every lattice automorphism, and

thus it is invariant under every group automorphism.

First, we make an important observation that the orbits of the action of
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Lgs X L

N

(10,03)  (11,03) (12,03) (30,01)
(L0Yy(13)(16) (11)(14)(17) (12)(15)(18)  (30,03) (31,03) (32,01) (01,90)

Vie—=7 /|\

(32)(35)(38) (91,270)  (181,270) (01,2

\ ke 27 /)

1)(34)(37
(270,03)  (9.1)(36,1)(63,1) (18,1)(45,1)(72,1) (54, 1)(27, 1)(0.

NN
~

Figure 3.3: G = Zs31 X Zs2.

&

Figure 3.4: Quotient of the subgroup lattice of G = Zz1 X Z32 under the
action of S? on the left and the product of chains [0,4] x [0,2] on the right.
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SP on Ly(p) are contained within subgroups of the same Hall type.

Theorem 3.1. Let G be a finite abelian p-group of type X\. Let H be a
subgroup of G of isomorphism type pu = (u1, ..., ux) and Hall type @i. Then
the orbit of the action of S? on Ly(p) containing H is contained in the fiber
of i under ¢, that is SP(H) C o~ *(11).

Proof. First we note that 71 is a permutation of entries of partition pu, that
is i is not necessarily a partition. Let (a;;) be the matrix associated with a
Sylow p-subgroup of Aut(G) as described in Section 2.1.3. Let {h*, ..., h*} be
a set of Hall generators of H and I; be the index of the right most component
of h' that has order p as described in Section 2.2. Let (h;;) be k x n matrix
representing the set of Hall generators of H chosen above. Then (h;;)(a;;) =
(bij) is a k x n matrix. Since a; = 1 mod p* for all i, by, = cip, pMiTH
where ¢;;, = 1 mod pMi. Also for all other j if hij = dijpkij, then b;; = eijpkij.
Thus, we can row reduce (b;;) so that b;; = 0 for j > I, and b;;, = pi=H,
Therefore, we can reduce matrix (b;;) to represent Hall generators. Since the
location of pivot points in (b;;) is the same as in (h;;), subgroup represented
by (b;;) has the same Hall type as H. Therefore, the orbit of the action of
SP containing H, SP(H), is contained in the fiber of 7z, the Hall type of H,

under the correspondence ¢ defined at the beginning of this chapter. ]

For groups in Examples 3.1 and 3.2 we saw that L,(p) was not equal to
the product of chains [0, \]. However, there are certain finite abelian p-groups

for which Ly(p) is equal to [0, A]. We will discuss such subgroups next.
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Theorem 3.2. Let G be a finite abelian p-group of type X such that A =
.. = Ay or of type A such that either \j — Ay = 0 or \; — Xy = 1 for all

1 <i<t<n. Then Ly(p) = [0, A].

Proof. First, we let G = Zym X Zpm. Let H be a subgroup of isomorphism
p = (p, o), where py > po. Suppose H has Hall type (u,p2), where
g1 > pp. Then a set of Hall generators for H is h! = (p™# zp™#11) and

h? = (0,p™ #2). An element of a Sylow p-subgroup of Aut(G) has the form

a bp
, where ¢ € Zym, a = (1+p)*, and d = (1 +p)". Let a =1 =d and
c d
¢ = 0. Then
pm—ul xpm—m-&-l 1 bp pm—m pm—m—i-l(b 4 x)

0o pre Jlo 1 0 prH

Thus, S? maps H to a subgroup {((p™ #, p™ 11 (b+x)), (0, p™#2). Since
b is free, H can be mapped to every subgroup of the same Hall type. Thus,
o ' ((p1, p2)) = SP(H), where SP(H) is the orbit of H in Ly(p) under the
action of SP.

If H has Hall type (p2, 1), where py > po. Then a set of Hall gener-
ators for H is h' = (zp™#1, p™ ) and h* = (p™#2,0). Then choosing
a =1=dand b = 0, we see that H maps to a subgroup ((p™ ' (x +
c),p™ ), (p™#2,0)). Since ¢ is free, H is mapped to every subgroup of Hall

type (p2, ).
If H has Hall type (ju1, i11), then the set of Hall generators of H is h! =
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(0,p™™#1) and h% = (p™#1,0). Thus there is only one subgroup of such Hall

type and it is fixed by every element of SP. Therefore, Ly(p) = [0, A].

Similar calculations although cumbersome extend to the general case
when G has type A and H is a subgroup of G of type pu = (1, ..., ux) under
the action of Sylow p-subgroup of the form (a;;), where a; = 1 mod p™,
a;; = pb;j for i < j and a;; € Zym for j <.

Now suppose G' = Zym+1 X Zym. Let H be a subgroup of G' of Hall
type (p1, po), where py > po. The set of Hall generators of H is h! =
(pm—tl ppm—mitly and h? = (0,p™#2). A Sylow p-subgroup of Aut(G)

a

b
has the form , where b € Zym, a = (1 + p)¥, and d = (1 + p)".
cp d

Choosing @ = d = 1 and ¢ = 0, we have that H maps to a subgroup
K = ((pm—mtt pm=mtl(p + 2)), (0,p™#2). Since b is free, k is an arbi-
trary subgroup of Hall type (u1,p2). Thus, the orbit SP(H) is equal to
o (1, p2)).-

Let H be a subgroup of G of Hall type (us, pt1) with gy > ps. Then a set
of Hall generators for H is h! = (xpm 1L pm=r) and h? = (pm+2t10).
Letting a =d =1 and b =0, H maps to K = {(p™ " (z + ¢),p™ ),
(pm~#2*t10)). Since ¢ was arbitrary, K is an arbitrary subgroup of Hall type
(f12, f11)-

Similarly to above G contains a unique subgroup of type (u1, 1), which

is fixed by every element of SP. Thus, L,(p) = [0, A].

For a general group G of type A such that \; — A\, = 0 or 1 for all
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1 <i<t<n,let k besuch that \,_;1 — Ay = 1. A Sylow p-subgroup of
Aut(G) is of the form (a;;) such that

o a; = (1+p)lifor0<b; <plfori<kand0<b <p'tfori>k,
° aijEprj fori < j, 7>k, and i <k,

® a;; = c;;p for all other 7 < 7,

® a;; =cypfori>j, j<k, andi >k,

® a;; € Z,p; for all other i > j.

Similar computation as above can be done with this matrix to show that
a subgroup of Hall type p = (p1, ..., ptx) can be mapped by an element of a

SP to an arbitrary subgroup of Hall type pu. Thus, Ly(p) = [0, A]. ]

If we examine Examples 3.1 and 3.2, we notice that orbits of SP split up
fibers of the correspondence ¢ in a systematic manner. In the next Theorem
we classify quotients of subgroup lattices of G = Z,m X Z,» under the action
of SP. Notice that the cases when m = n and m = n + 1 are covered in

Theorem 3.2.

Theorem 3.3. Let G = Zym X Zyn, where m—mn > 2. Let H be a subgroup of
G of isomorphism type p = (1, o). If the Hall type of H is (p1, u2), where
m > g > po, then SP(H) is strictly contained in the fiber o= ([u1, po]), which

splits into smaller orbits of SP of equal size. Otherwise, p(u) = SP(H).
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Proof. Suppose the Hall type of H is (u1, i2), where uy > po, then a set of
Hall generators of H has the form h! = (p™—#1 zp"~#1T1) and h? = (0, p"~+2).
Then multiplying the matrix representation of Hall generators of H on the
left by a matrix representation of an element of the Sylow p-subgroup of H

we get the following

PR gpnTiitl a b

O pn—,u,z Cpm—n d

P (a4 cop)  prtH(bpm T 4 2d)
prTiEe prted
where ¢ = 1 mod p and d = 1 mod p. Since a + cxp = 1mod p, it is a unit,
call it u. Notice that u™" is also of the form 1+ ap for some « € Z,m. By
multiplying the first row by —cu='p#1=#2 and adding it to the second, we
see that the coefficient of p"~#2 in the lower right entry is a unit since d was
a unit. Thus, after row reduction the second row has the form (0, p" #2).
Multiplying the first row by u™!, we have u~!(bp™ "1 + xzd)p" "1, Since
b is arbitrary and d = 1 mod p, the upper right entry of this matrix does not
depend on u~!. Thus, subgroups that H maps to under S? have generators

of the form
pm—,ul pn—,ul—l-l(bpm—n—l + Id)

0 P

Whenever p; = m, p"~*1+ (bp™=""! + zd) = b+ xd in the matrix above.
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Since b is arbitrary, H maps to an arbitrary subgroup of the same Hall type

as H. Therefore, in this case the orbit of S? is equal to ¢~ ([u1, u2)).

Suppose that i; < m. Let d = 1 + ap, where « is arbitrary, and z = Bp'

for some 0 <[ and p1 3. Then

bp"™ "+ wd = bp™ " (1 + ap) (3:1)
_ p(bpmfn72 T B&pl> + (32)
P e e 69

where t = min{m — n — 2,l}. Since both b and « are arbitrary, the or-
bit of H consists of those subgroups K that have Hall generators k! =
(pm=r ypt~ ) and k? = (0,p"#2) with y = 2 mod p'*t. Notice that
the orbit of H depends completely on the selection of h'. Notice that the

size of the orbit of H is equal to pt*!.

Suppose H has Hall type (u2, pt1) such that g > pe. Then a set of Hall
generators of H is h! = (zp™ ! p"=#1) and h? = (p™#2,0). Then applying
1 0 pm—u1(x+c) pn_ﬂl

matrix to H gives the matrix , which
Cpm—n 1 pn—,u,g 0

corresponds to an arbitrary subgroup of Hall type (p2, f11) since ¢ is arbitrary.

Therefore, S*(H) = ¢~ ([, p1)).

Let H be a subgroup of G of Hall type (p1,41). Then it is unique and

thus SP(H) = o~} ([p1, pu])-
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Although computations are significantly more cumbersome in a general
case the computations done in the previous Theorem could be extended to

an arbitrary finite abelian p-group.

Corollary 3.1. Let G be a finite abelian p-group of type A and let H be a
subgroup of G of isomorphism type = (p1, ..., ). Suppose that H has Hall
type 0 = (fky -, pt1) or Hall type T such that mu; = A; for 1 <i<k—1 or
p = pj for all1 < j <k, then SP(H) = ¢~ (). Otherwise, the orbit of S?
15 strictly contained in the inverse image of the correspondence function of

fi, o~ (R) (unless [~ ()] = 1).

It is well-known that for a partition A = (Aq, ..., \,,) the product of chains
[0, A is self-dual lattice, that is there exists an order-reversing mapping from
[0, A] to itself. From Figure 3.2 and Figure 3.4 we see that Ly(p) is a self-dual
lattice. For G = Zym X Z,» where m > n + 2 we have seen many examples

that strongly suggest that Ly(p) is a self-dual lattice.

Conjecture 3.1. For G = Zym X Ly, where m > n+2, Ly(p) is a self-dual

lattice.

The idea for the possible proof was to find an order-reversing involution
that normalizes orbits of SP in the lattice of subgroups of G. However, we first
needed to examine the relationship between the orbits of the actions of the
group of lattice automorphisms and the subgroup of lattice automorphisms
induced by group automorphism. This topic will be examined in the next

chapter.
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Chapter 4

Orbits of Autoprojectivities in
Subgroup Lattices of Finite

Abelian p-groups

Let G be a finite abelian p-group of type A = (A1, ..., A\,). Let L(G) be the
lattice of subgroups of G. We call an automorphism of L(G) an autoprojec-
tivity of G. Let P(G) be the group of all autoprojectivities of G and PA(G)
be the group of all autoprojectivities of G induced by automorphisms of G.
Notice that PA(G) is the quotient of the automorphism group of G, Aut(G),

by the subgroup of all automorphisms fixing every subgroup of GG, that is

PA(G) =2 Aut(G)/{y € Aut(G) | ¢(H) = HY H < G}.
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We say that two subgroups H, K in L(G) are in the same orbit of P(G) (or
PA(Q)) if there exists ¢ € P(G) (or ¢ € PA(G)) such that o(H) = K. It is
clear that if H and K are in the same orbit of PA(G), then H is isomorphic
to K. Since every subgroup of an abelian p-group is an abelian p-group
and since an abelian p-group is distinguished among abelian p-groups by its
subgroup lattice, we have that if subgroups H and K of G are in the same
orbit of P((), they are isomorphic. We will be interested in comparing the

orbits of actions of P(G) and PA(G) on the subgroup lattice L(G).

We will explore these ideas in an example below.

Example 4.1. Let G = Z3s X Z3. So, p = 3 and A = (3,1). In the
Figure 4.1, subgroups of G are represented by Hall generators, which will be
defined later. In Figure 4.1 subgroups enclosed in a box represent subgroups
in the same orbit of P(G). Subgroups not enclosed in a box represent the
orbits of P(G) that contain exactly one element. These subgroups are fixed
by every autoprojectivity of GG. For instance, subgroup generated by (9, 0)
cannot be moved by any autoprojectivity because there is no other subgroups
order 3 that is contained in four subgroups of order 32. In this case there are
three nontrivial orbits of P(G).

Now we will calculate the orbits of PA(G). We refer the reader to Sec-
tion 2.1 for a review of group automorphisms of a finite abelian p-group. In
our case, a group automorphism of G looks like , Where a,b € Zgs,

3%c d
c,d € Z3, and a, d are not divisible by p. We can map the subgroup generated
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Z33 X Zg

L

((1,0)) (1, 1)) {(1,2))]((3,0),(0,1))  order 3

V=i

<(37 O <(37 2)> <(97 0)7 (07 1)) order 32

///

N

{1}
Figure 4.1: G = Z3s X Zs3.

((9,0))

((0,1)) order 3

by (0, 1) to subgroups generated by (9, 1) and (9,2) via the group automor-

1
phism , where d = 1,2. Also, we can map the subgroup generated

3% d
y (3,1) to the subgroup generated by (3,2) via the group automorphism

10
. Finally, the subgroup generated by (1,1) can be mapped to sub-

1 0
groups generated by (1,1) and (1,2) via , where d = 1,2. Thus, the

0 d
orbits of PA(G) are the same as the orbits of P(G).
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4.1 Elementary Abelian Groups

First, we consider the most basic of finite abelian p-groups: elementary
abelian groups. Let G be an elementary abelian group of order p", where
n > 1. Then G = (Z,)". We can think of G as an n-dimensional vector
space over the field IF, with p elements. The lattice of subgroups of G cor-
responds to the projective geometry of GG as a vector space, where subspaces
are subgroups of GG. For reference check Figure 4.2 where a subgroup lattice
of G = Z3 x Zs x Z3 is pictured. A projectivity of a projective geometry of a
vector space is a bijection from one projective space to another that preserves
the ordering of subspaces under inclusion. Then an autoprojectivity of G is
a projectivity in the sense of projective geometry. Since the group of auto-
morphisms of G, Aut(G), is isomorphic to the general linear group of n x n
invertible matrices over F,, GL(n,p), we have that PA(G) = PGL(n,p), the

projective linear group of n x n matrices over [F,,.

Suppose n > 3. The Fundamental Theorem of Projective Geometry
([8], p- 25) states that every autoprojectivity of G is induced by a semilinear
transformation f : G — G, where a semilinear transformation f is a mapping
such that given a field automorphism ¢ of F, for all z,y € G and k € F,
we have f(x +y) = f(z) + f(y) and f(kx) = 6(k)f(z). Since the only
field automorphism of I, is the trivial automorphism, we have that every
autoprojectivity of GG is induced by a linear transformation of G. Thus,

every autoprojectivity of G is induced by a group automorphism, that is
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Figure 4.2: G = Zg X Z3 X Z3.

P(G) = PA(G). Therefore, trivially the orbits of P(G) are equal to the
orbits of PA(G).

Suppose n = 2. Then the only nontrivial subgroups of G are cyclic
subgroups of order p. There are p + 1 cyclic subgroups of G which form an
antichain in L(G)/{G, {1}}. Figure 4.3 provides an example of the subgroup
lattice of G = Z3 x Z3. Notice that an autoprojectivity of G can be described
as a permutation of these p+1 subgroups. Thus, P(G) = S,1, the symmetric
group on p + 1 symbols. Notice that |PGL(2,p)| = (p* — 1)(p* — p)/(p —
1) =(p— 1p(p+1). It is well-known that the action of PGL(2,p) on the
set of projective lines IP’}D induces an injection from PGL(2,p) to Sy11. By
comparing the sizes of groups we have that PGL(2,2) = S3 and PGL(2,3) =
Sy. Thus, for n = 2 and p = 2,3 we have that PA(G) = P(G). For p > 5,
(p—1)p(p+1) = |PA(G)| < |P(G)| = (p+1)!. Therefore, PA(G) is a proper
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ZgXZg

((L,o)  ((1,1))  ({(1,2)  ((0,1))
{1}
Figure 4.3: G = Z3 X Z3.

subgroup of P(G). Since PA(G) is much smaller than P(G) it is not clear
whether the action of PA(G) on L(G) would create smaller orbits than the
action of P(G). Further analysis is needed to determine whether there exist
subgroup H, K in L(G) such that H and K are in the same orbit of P(G)
but it is not possible to find a group automorphism mapping H to K.

We collect results discussed above in the following Theorem.

Theorem 4.1. Let G be an elementary abelian group of order p™ withn > 1.
Then for n > 3 and for n = 2 and p = 2,3 the orbits of PA(G) are equal to
the orbits of P(G).

In 1939 R. Baer generalized Theorem 4.1 to a much larger class of finite
abelian p-groups than elementary abelian groups with n > 3 without the use

of Fundamental Theorem of Projective Geometry.

Theorem 4.2. Baer’s Theorem (Theorem 2.6.7, [8]) Let G be a finite abelian

p-group of type X such that G contains at least 3 independent elements of or-
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der p*, then every autoprojectivity of G is induced by a group automorphism

of G.

In other words, if a finite abelian p-group G has type A such that A\; = s,
then P(G) = PA(G). For such a finite abelian p-group, the orbits of P(G)
and PA(G) in L(G) are equal trivially. Notice that elementary abelian groups
with n > 3 form a special case of Baer’s Theorem.

We will examine the rest of finite abelian p-groups and their subgroup
lattices under the actions of P(G) and PA(G). We begin with finite abelian

p-groups of the form Zym X Zyn, where m > n.

4.2 Autoprojectivities of Subgroup Lattices
of me X an.

Let G = Zym X Zyn, where p is prime and m > n. The structure of P(G) is
well-known and was described by C. Holmes in [6]. Let SL(G) be the meet
semi-lattice of cyclic subgroups of G and Aut(SL(G)) be the group of all

automorphisms of SL(G). Holmes showed that the following result holds.

Theorem 4.3. (Theorems 1, 2, [6]) Suppose G = Zym X Zyn. Then P(G) =
Aut(SL(G)). If G = Zym X Zym, then P(G) = (S,)" ' 1. Spi1, where (S,)"
is the n-fold wreath product. If G = Zym X Zyn with m > n, then P(G) =
S (SIS, 1) X x (ST S,1) X SP

,» where there are m —n+1 factors

in the direct product.
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It is particularly interesting that by Theorem 4.3 we see that P(G) is
completely determined by Aut(SL(G)). It is true because, as Holmes showed
in [6], every automorphism of SL(G) can be extended to an automorphism
of L(G). In particular, if H is a subgroup of G of isomorphism type (a,r)
with a < m, r < n, and a > r, that is H = Zy. X Z,, then H can be
written as H = C'V G(r), where C is a cyclic subgroup of H of order p*
and G(r) is the unique subgroup of H isomorphic to Z, X Z,. If f is an

automorphism of SL(G) then f extends to f, a map on L(G), as follows

~ A

fH) = f(CVGEr) = f(C) v GE(r).

Notice that although a restriction of an autoprojectivity of G to the meet
semi-lattice of cyclic subgroups is an automorphism of SL(G), it is not al-
ways possible to extend an automorphism of SL(G) to an automorphism of
L(G). For instance, if G = (Z,)" for n > 3 and H and K are non-trivial
cyclic subgroups of G of the same order, then since G is vector space over
the finite field F, a permutation (H, K) is an automorphism of SL(G). This
automorphism is not linear, but as we discussed in Section 4.1 every auto-
projectivity of GG is linear as a consequence of the Fundamental Theorem
of Projective Geometry. Therefore, this automorphism of SL(G) cannot be

extended to an automorphism of the subgroup lattice of G.

The explicit structure of P(G) in terms of wreath products comes from
the structure of SL(G) which is straightforward to understand and will be

discussed later.

We use the explicit structure of P(G) described in Theorem 4.3 to gain
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insight into the relationship of orbits in L(G) under the actions of P(G) and

PA(G). We begin with a definition.

Definition 4.1. Let SL be a meet semi-lattice such that each element of
dimension k contains exactly one element of dimension £ — 1. We define S
to be of type (n(1),...,n(k)) if every element of dimension j — 1 is contained

in exactly n(j) elements of dimension j.

First, we consider the case when G = Zym X Z,m. The identity subgroup
is contained in p+ 1 cyclic subgroups of order p. Let H be a cyclic subgroup
of G of order p* for 1 < k < n. Then H is generated by a Hall generator
m—k)

h = (zp™ " yp , where either x = 1 mod p or y = 1 mod p. Then H

k+1 that are generated by Hall

is contained in cyclic subgroups of order p
generator of the form (zp™~* + ap™= 1, yp™=* + bp™~1), where a = 0 mod
p™if x = 1modp and b = 0 mod p™ if y = 1 mod p. Thus, there are p
cyclic subgroups of order p**! that contain H. Therefore, SL(G) is of type
(p+ 1,p,...,p). Lemma 5 in [6] states that if SL is a semi-lattice of type
(n(1),...,n(k)), then Aut(SL) = (Sp) - - 1Sn(2)) 1Sn(1y- Thus, Aut(SL(G))
- (Sp>n_1 U Spt1-

The structure of P(G) implies that for every of p + 1 cyclic subgroups
of order p there exists an autoprojectivity mapping it to another cyclic sub-
group of order p. The (n — 1)-fold wreath product of S, in P(G) implies
that there exists an autoprojectivity among every of p cyclic subgroups of

1

order p? < p* < p™ lying above a certain cyclic subgroup of order p*~!.
b b p lying Yy group p

Thus, the structure of P(G) implies that there exists a lattice automorphism
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Z32 X Z32

(10,03) (11, 30) (12, 30) (01, 30)
(03, 30) /Ln 8,1)  (3,1)(6,1) (0, 1)

\\//

Figure 4.4: Lattice of subgroups of G = Zzs2 X Zs2.

between any two cyclic subgroups of the same order. Since by results in [6]
every lattice automorphism on cyclic subgroups can be extended to a lat-
tice automorphism of L(G), there exists an autoprojectivity between every
two isomorphic subgroups of G. We refer to Figure 4.4 for an example of a
subgroup lattice of G = Z32 X Z3e.

Notice that although the orbits of P(G) are relatively easy to see by
looking at the shape of the subgroup lattice, the same is not true for the
orbits of PA(G) since group automorphisms are more restrictive than lattice
automorphisms. Thus, just by looking at the subgroup lattice of G it is very
difficult to understand how group automorphism act on the subgroup lattice
and get our hands on the orbits of PA(G). To describe group automorphism
explicitly we need to work with some specific information that comes from

subgroups. We discovered that a set of generators of a subgroup of a finite
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abelian p-group described by L. Butler in [2] has a particularly nice structure
and provide a convenient way for describing orbits of P(G) and PA(G) in
L(G) in a systematic way. We invite the reader to review the definition of
Hall generators in Section 2.2.

Suppose there exists an autoprojectivity between subgroups H, K of G.
Then as noted above H and K have the same isomorphism type p = (p1, i2),
where 1y > po. Then either H and K have the same Hall type or the Hall
type of K is a nontrivial permutation of the Hall type of H. Notice that
there is only one subgroup of type (u1, pe) when py = ps. Thus, without
loss of generality, we can assume that pq > ps and we have to consider three

distinct cases:

Case 1: H and K have Hall type (p1, u12).
Then we can write Hall generators {h', h*} of H and {g', g°} of K as
ht = (pr= apm = ), b = (0,p™742) and gt = (pmT ypm T,

g* = (0,p™#2), where z,y € Zym. Then a group automorphism

1 bp

¢ defined by the matrix , where b,d € Z,m, takes h' to
0 1

(pm=om, bp™ =t ppm ity = (pmo, pm (b + ). Since b s

arbitrary, b +x = y has a solution for any y € Z,~. Moreover, ¢ takes

h* to g?. Thus, H and K are in the same orbit of PA(G).

Case 2: H and K have Hall type (psg, 111).
Then we can write Hall generators {h', h*} of H and {g*,¢*} of K

as hl = (xp™=m pmTi), h? = (p77H2,0) and g' = (yp" T, p" ),
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g*> = (p™#2,0), where z,y € Zym. Then a group automorphism ¢

10
defined by the matrix , where ¢ € Z,m, takes h' to (zp™** +

c 1

cp™ T pMm L) = (p™ T (x + ¢), p™ ). Since ¢ is arbitrary, x + ¢ =1y
has a solution for every y € Z,m. Also, ¢ takes h? to g?. Thus, H and
K are in the same orbit of PA(G).

Case 3: H has Hall type (u1, p2) and K has Hall type (2, 1)
Then we can write Hall generators {h', h?} of H as h'! = (p™ 1,
xpm i) h? = (0,p™ #2) and Hall generators {g', g?} of K as g' =
(yp™—r1 pmTr) g% = (p™#2,0), where 2,y € Zym. Then a group au-
a 1

tomorphism ¢ defined by the matrix , where a € Z,n, takes
10

hl to (ap™ H 4 gpmTHTl pmTa) = (pMmTHL (g + ¢p), p™ 1), Since a is
arbitrary, a + c¢p = y has a solution for every y € Z,». Moreover, it is
clear that ¢ takes h? to ¢g?. Thus, H and K are in the same orbit of
PA(G).

All of three cases above are still valid for cyclic groups, when ps = 0.

Thus, we have shown that

Theorem 4.4. When G = Zym X Zym, the orbits of P(G) and PA(G) on
L(G) coincide.

Now, suppose G = Zym X Zpn, where m > n. Let F' be the intersection of

all cyclic subgroups of order p™ in GG. Notice that p™ subgroups of order p™
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in G have Hall generators (1, ), where € Z,». So, F' is a cyclic subgroup

of order p™—"

with Hall generator (p”,0). The chain of subgroups of F,
including F', has m — n + 1 element. Every non-trivial subgroups of F' has a
Hall generator of the form (p™~* 0), where 0 < k < m — n. Since no other

m—n

subgroup of order p is contained in every subgroup of order p™, F' and
the chain of its subgroups is fixed by every autoprojectivity of G.

We can describe the meet semi-lattice of cyclic subgroups SL(G) in terms
of semi-lattices of cyclic subgroups of various types attached to the chain of
subgroups of F'. We attach semi-lattices of cyclic subgroups of type (p, ..., p)
to F' and the identity subgroup and to all other m — n — 1 subgroups in
the chain of subgroups of F' we attach semi-lattices cyclic subgroups of type
(p—1,p,...,p). We say that two cyclic subgroups H and K are in the same
branch collection if H N F = K N F. We associate a branch collection with
the corresponding subgroup of F and call it a k-branch collection, where

0 <k <n—m and p* is the order of the corresponding subgroup of F. We

clarify these ideas in the following example.

Example 4.2. Figure 4.5 illustrates the meet semi-lattice of cyclic subgroups
of G = 731 X Z32. The filled-in circles represent cyclic subgroups of G of order
3%. The filled in diamond node represents the intersection of all cyclic sub-
groups of order 3* and the thick line segments and white diamond nodes rep-
resent the chain of cyclic subgroups of F. Notice that F' and the chain of its
subgroups cannot be moved by any automorphism of SL(G) and also by any

automorphism of L(G). The bottom node is the identity subgroup. Notice
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Figure 4.5: Meet semi-lattice of cyclic subgroups of G = Zs1 X Zs2.

that 3 branches of cyclic subgroups are attached the identity. These branches
can be permuted among themselves via automorphisms of SL(G). Also, two
branches of cyclic subgroups are attached at a cyclic non-trivial subgroup of
F and can be permuted among themselves. Lastly, three branches of cyclic

subgroups are attached at F' and also can be permuted among themselves.

We can extend the characterization of SL(G) in terms of the chain of
subgroups of F' to the entire subgroup lattice of G' as follows: we say that
a subgroup H of G with isomorphism type (1, j2), where g > ps, is con-
tained in the k-branch collection if the Hall generator of H of order p/' is
contained in the k-branch collection. In other words, if {h', h?} is a set of
Hall generators of H, then H belongs to the same branch collection as h'.

We first consider the 0-branch collection, that is all subgroups of G that
intersect the chain of subgroups of F' at the identity subgroup. Notice that
subgroups of order p are all cyclic and either have Hall type (1,0) or (0, 1).
Subgroups of Hall type (1,0) are cyclic subgroups that are generated by a

Hall generator of the form (p™~! zp"~1+1) = (p™~! ap™) = (p™~1,0). Thus,
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there is only one subgroup of Hall type (1,0) and it is a subgroup of F. Thus,
all of subgroups of order p that are contained in the O-branch collection have
Hall type (0,1). Then a cyclic subgroup of order p*, where 1 < k < n,
containing a subgroup of Hall type (0,1) has Hall type (0,k). Therefore,
cyclic subgroups contained in the 0-branch collection have Hall type (0, k).
We will show that all subgroups contained in the O-branch collection have

Hall type (2, p1), where pg > po.

Proposition 4.1. If subgroups H and K are contained in the same branch
collection and have the same isomorphism type, then they have the same Hall
type.
Proof. Suppose H is a subgroup of G of Hall type (i1, p2), where py > po.
Then the set of Hall generators for H is h' = (pm=#1 xp"~1 1) and h? =
(0,p" *#2), where ap" 1 < p"#2 € Z,n. By definition, H is contained
in the branch collection of h!, which has Hall type (p1,0). In fact, we can
calculate the exact branch collection of H. Suppose x = ap®, where p does
not divide @ and 0 < a < p; — 1. Then pm~17p! = (p™~2~10). So H is
contained in the (m —a —1)-branch collection. Since py < mand a < g —1,
m—a—1%# 0. So, H is not contained in the 0-branch collection. Therefore,
if a subgroup is contained in the 0-branch collection, it has Hall type (ua, i11),
where (1 > ps.

Suppose subgroups H and K have the same isomorphism type (pu1, i12),
where p; > g, but different Hall types. Suppose H has Hall type (u1, i2)

and K has Hall type (ug, £1). Then K is contained in the O-branch collection
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and H is not by the argument above. Therefore, H and K are not contained

in the same branch collection. O

Now we will examine the relationship between orbits of P(G) and branch

collections.

Proposition 4.2. Subgroups H and K of G are in the same orbit of P(G) if
and only if H and K have the same isomorphism type and they are contained

mn the same branch collection.

Proof. Suppose H and K are in the same orbit of P(G). Then there exists
an autoprojectivity ¢ between H and K. Then H and K are finite abelian
p-groups and since finite abelian p-groups are completely distinguished by
their subgroup lattices among other finite abelian p-groups, H and K have
the same isomorphism type (1, p2), where pq > po > 0 (if o = 0, then
we have a cyclic subgroup and from the discussion prior to Example 2 H
and K have belong to the same branch collection). Let {h', h?} and {k*, k?}
be sets of Hall generators for H and K respectively. Then ¢ restricted to
the meet semi-lattice of cyclic subgroups belongs to Aut(SL(G)). Thus,
o((h)) € K is a cyclic subgroup of K of order p* that belongs to the same
branch collection as (h'). Suppose ¢((h')) and (k') are cyclic subgroups that

belong to different branch collections.

Case 1: Suppose the Hall type of H is (p1, p2), where p; > pg > 0. Then
ht = (pm, zpt~MH) where o = ap* for some 0 < k and p ¢ a, and

h? = (0,p"#2). Then (p((h'))) = ((p™ ", yp"~**1)) for some y = bp*
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such that b such that p 1 b. Also, (k') has Hall type (u1,0) or (0, pu1).
If (k') has Hall type (u1,0), then (k') = (p™~#1, 2p"~#1+1) for some
z = cp' for some t # d and p t ¢ and k? = (0,p"#2). By exchanging
H and K and replacing ¢ by ¢!, without loss of generality we may
assume that ¢ < k. Since we are assuming that (k') belongs to a
different branch collection than (h'), we assume that p; < n. Since K is
generated by k! and k? and contains {(p™#1, bpdp"~#171)) | we can write
(pm—r bpdpt =ity = q(pm i eptp™ L) + B(0, pH2), which implies
that o = 1. Then we can write bpip"—#+l = cptpn—rm+l 4 Bpn—h2 =
pit I (¢ pprimH2=t=l) gince by definition of Hall generators n —
w+ 1+t < n— o, thus uo + 1+t < py. Thus, since t < d we
have ¢ + fp1=#2=t=1 i5 a power p, which implies that pt1—r2=t=1 = 1,
Thus, gy —pe —t—1<0= p; < pg+t+1, which is a contradiction.
Therefore, z = 0. Since cyclic subgroup ((p™#1,0)) is invariant with

respect to lattice automorphisms of G, H would have to be equal to K.

If K has Hall type (uo, gt1). Then k! = (zp™~#1, p"~#1) for some z = cp'
for some t > 0 and p t ¢ and k* = (p™ #2,0). Then the subgroup
((pm—r, yp"~H1F1)) cannot be contained in K since (p™~#1, bpkpnritl)
= afcp'p™ 1 p" ) + B(p™H2,0) since m — g > m — py implies that
B =0,t=0and o = ¢~!. This is a contradiction since bpFpr—+1+! £
ctpnH,

Therefore, we can assume that ¢((h')) belongs to the same branch

collection as k'. Thus, H and K belong to the same branch collection.
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Case 2: Suppose the Hall type of H is (ug, pt1), where g > ps > 0. Then
hl = (xp™r ph~H1) and h? = (p™#2,0). Notice that h' and thus H
belongs to the 0-branch collection, as does any subgroup of Hall type
(g2, pt1). Thus, o((h')) = ((yp™*1,p" 1)) belongs to the 0-branch
collection. If k! belongs to a different branch collection than (h'), then
K has Hall type (u1, pto) with Hall generators k' = (p™ 1, 2p"~#1 + 1)
and p f ¢ and k* = (0,p™ #2). Then since p"# + 1 and p™ #2 are
strictly greater than p"~#!, we cannot write (yp™ #,p"~#1) as a linear

combination of k' and k2.

Therefore, we can assume that k! belongs to the O-branch collection

and thus H and K are in the same branch collection.

Case 3: Say H has Hall type (u1, p1). There is a unique subgroup of Hall
type (p1, pt1), thus if H has Hall type (u1, pt1), then H = K and H and

K are contained in the same branch collection trivially.

By results in [6], since every automorphism on the semi-lattice of cyclic
subgroups could be extended to an automorphism of L(G), every autopro-
jectivity is completely described by autprojectivities of its cyclic subgroups.
Since by the structure of P(G) in Theorem 4.3 a lattice automorphism among
cyclic subgroups exists only if they are in the same branch collection. Thus,
H and K are in the same branch collection.

Suppose H and K have the same isomorphism type and belong to the

same k-branch collection. We will show in Theorem 4.5 that H and K belong
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to the same orbit of PA(G). Since PA(G) is a subgroup of P(G), H and K

also lie in the same orbit of P(G).

We would like to establish the relationship between orbits of lattice auto-
morphisms and orbits of lattice automorphisms induced by group automor-

phisms but first we will examine an example.

Example 4.3. Let G = Z31 X Zs2. Figure 4.6 contains the lattice of sub-
groups of G and orbits of P(G) and PA(G). Cyclic subgroups of order 3%
are of the form ((1,z)), where x = 0,...,8. The intersection of all cyclic
subgroups of order 3* is the cyclic subgroup F' = ((9,0)), which has order
32. Notice that ((9,0)) and its subgroups are stable under the action of lat-

tice automorphisms and therefore under the action of group automorphisms,

a b
since a group automorphism , Where a,c € Zza, b,d € Zs2 and

32 d
a,d not divisible by p, maps (3*,0), where 2 < k < 4, to (a3¥,0).

As described in Example 4.2, cyclic subgroups H,K of G are in the same
P(G)-orbit if and only if |H| = |K| and HNF = KNF. Cyclic subgroups in
the same orbit of P(G) are enclosed in boxes. Cyclic subgroups that are not
enclosed in a box, are fixed by every autoprojectivity of G and form orbits
of P(G) that contain exactly one element. It is straightforward to calculate
that orbits of P(G) containing cyclic subgroups are also orbits of PA(G). For

instance, (0,1) is mapped to (z,1) for 0 < 2 < 8 via group automorphisms
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x3? 1
Notice that only cyclic subgroups in the branch collection that attaches
at the identity have Hall type (0, p;). Also, notice that although cyclic
subgroups ((9,3)) and ((9,0)) have the same Hall type (2,0), they do not
belong to the same branch collection since ((9,3)) is intersects the chain of

subgroups of F at ((27,0)).

Recall that a noncyclic subgroup H of G with Hall generators h!, h? is
said to be in the same branch collection as the subgroup generated by h'.
For example, H = ((0,1),(27,0)) is in the branch collection of the iden-
tity since h' = ((0,1)). An important observation is that subgroups that
belong to the same branch collection have the same Hall type as subgroups
((3,1),(0,3)) and ((3,2), (0,1)) have Hall type (3,1). However, it is also pos-
sible for subgroups to have the same Hall type, but belong to different branch
collections as both ((3,0), (0,3)) and ((3,1), (0,3)) have Hall type (3,1) but
((3,0),(0,3)) belongs to the branch collection of ((9,0)) and ((3,1), (0, 3))

belongs to the branch collection of ((27,0)).

Let H be a subgroup of G of isomorphism type (p1,p2). Since every
automorphism of the meet semi-lattice of cyclic subgroups extends to a lattice
automorphism of L(G) and by definition the extension depends only on cyclic
subgroups of H of order p*', we see that subgroups that are of the same
isomorphism type and are in the same branch collection lie in the same orbit

of P(G). The boxes surrounding two-generator subgroups represent orbits of
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Zigs X Ly

[(ro.03) " (11,03 (12,03)] (30,01)

[toasyae anayarn a2asas] (30,03 [31.03) (3201 (01,90)

vz =

(300 7 (33~ 36) 90,03 BLEHET) 3235 B8) [91.270) (181,270) (01,270]

=7/

74
(9,0) 9.6 (270,03)  [(9.1)(36. 1)(63. 1) (18,1)(45, 1)(72,1) (54, 1)(27, 1)(0, 1)

Figure 4.6: Orbits of P(G) and PA(G) for G = Zss X Zs2.

P(G). We can also show that these orbits are also orbits of PA(G). In other
words, for every subgroup in the box there exists a group automorphism that
box moves one subgroup in the box to another. For instance, ((0,1), (27,0))

could be mapped to ((k, 1), (27,0)), where k = 9, 18 by group automorphisms
1 0

, where ¢ = 1, 2, respectively.
3%c 1
It is interesting to notice that this example is the smallest group such
that p > 2 and the chain of subgroups of F' includes a non-trivial subgroup.
Also, this is the smallest group that contains orbits of P(G) whose size is a

multiple of p, but not a power of p. The orbits whose size is not a power

of p come from the branch collections that are attached at non-trivial cyclic
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subgroups of F.

Observations presented in the example above are generalized in the fol-

lowing Theorem.
Theorem 4.5. Orbits of P(G) in L(G) coincide with orbits of PA(G).

Proof. Suppose subgroups H and K of GG are contained in the same orbit of
P(G). Then by Proposition 4.2, H and K have the same isomorphism type
and belong to the same branch collections. By Proposition 4.1, H and K

have the same Hall type.

Case 1: H and K have Hall type (p1, 2), where p; > po. Then sets of Hall
generators {h!, h?} for H and {g', ¢*} for K are h! = (p™—#1 gpn—rtl),
h* = (0,p"#2) and g' = (p™ ", yp" Mt ¢g* = (0,p"#2), where
T,y € Ly, x = ap, y = Pp°, with a, 8 not divisible by p and 0 <
a,b < pp — 1, and apr—tt yprmtl < g2 Since H and K are in
the same branch collection, h' and ¢! are in the same branch collection.
Since the branch collection depends exclusively on the power of p in the
second component of h', we have that h' is in the (m — a — 1)-branch
collection. Since ¢! is in the same branch collection as h', b = a. Since

both o and § are units in Z,n, there exists d € (Z,»)* such that a = df.

10
Then the automorphism maps h! to g' and h? to dh?. Since

0 d

d is a unit in Z,n, dh? is also a generator for K. Therefore, H and K

are in the same PA(G) orbit.
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Case 2: H and K have Hall type (ug, pt1), where py > po. We can assume
that gy < n. The Hall generators {h',h?} of H and {g',¢*} of K

can be written as h' = (zp™ M, p" M), h? = (p™2.0) and ¢! =

2 a

(yp™ =, p" ), g* = (p772,0), where x,y € Zpm, x = ap”, y =
Bp?, with «, 8 not divisible by p and 0 < a,b < puy — 1, and ap™ 1,
ypm it < pm=k2 . By Proposition 4.1, H and K belong to the 0-
branch collection. Since a and (3 are units in Z,m, there exists ¢ €

(Zym)* such that = ca.

c 0
Suppose a > b or a < b, then the automorphism
(y —cx)p™™ 1
maps h' to g' and h? to ch?. Since c is a unit in Z,m, ch? is also a

generator for K.

c 0
Suppose a = b, the the automorphism maps h! to ¢g* and h?

01

to ch?. Since ¢ is a unit in Z,m, ch? is also a generator for K.

Therefore, H and K are in the same PA(G) orbit.
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4.3 Autoprojectivities of Subgroup Lattices
of Finite Abelian p-groups of type A\ such

that \; > A3 and )3 7& 0.

Let G be a finite abelian p-group of type A = (A, ..., \,,), where A; > A3 and
Az # 0.

First, we will consider finite abelian p-groups of type A such that A\; >
A2 > ... > \,. While the situation becomes more complicated in the case
when n > 3 than it is when n = 2, we can gain some insight through the

examination of the meet semi-lattice of cyclic subgroups

Example 4.4. Let G = Zs31 X Zsz2 x Z3. Figure 4.7 represents the meet
semi-lattice of cyclic subgroups of GG. Notice that this meet semi-lattice of
cyclic subgroups looks quite different than the meet semi-lattice of Zza x Zs2
illustrated in Figure 4.5. Subgroups on the same level are of the same order.
Cyclic subgroups at the top level are subgroups of order 3*. The intersection
of all cyclic subgroups of order 3% is a cyclic subgroup of order 3%~2 = 32.
We call this subgroup F' and it is represented by the top-most diamond
node. The thick black line and diamond nodes represent the chain of cyclic
subgroups of F'. Notice that every element of the chain of subgroups of F' is
stabilized by every autoprojectivity of G.

We can think about the meet semi-lattice on Figure 4.7 in terms of sub-

trees being attached at the identity subgroup in the following way: we group
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Figure 4.7: Meet semi-lattice of cyclic subgroups of G = Zs1 X Zs2 X Zs.

cyclic subgroups into a subtree if their Hall types have non-zero entries in the
same position. For example, all cyclic subgroups that have Hall type (u, 0, 0),
where 1 < p < 4, belong to the left most subtree on Figure 4.7 which ends
on the diamond node on the second from the bottom level. We label subtrees
by the corresponding Hall types (0, ...,0, 1,0, ...,0) with 1 < g < A; in the
ith position. Note that the height of a subtree labeled (0, ...,0, 11,0, ...,0) is
equal to )\;, where p* is the order of the largest cyclic subgroup contained
in that subtree. The height of the subtree (x,0,0) in the example above is
4. Subtree (0, i, 0) has height 2 and consists of three points on the second
from the bottom level with nine subgroups attached to each point. Notice
that G on Figure 4.7 has three distinct subtrees attached at the identity with

corresponding heights 4, 2, and 1.
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One of the main difference between the meet semi-lattice of a finite abelian
p-group containing three components in the direct product and two compo-
nents in the direct product is that a subtree of subgroups that lies above a
subgroup may not be symmetric. As we can see in Figure 4.7 F' is contained
in three subgroups that have subtrees of cyclic subgroups above them and
six subgroups that are not contained in any cyclic subgroup of higher order.
Notice that F' = ((p*,0,0)) and three subgroups with subtrees above them
are ((p,ap,0)) with a = 0,1,2 and six subgroups that contain F' have the
the form ((p, b, ¢)), where b € (Z,2)* and c € Z,,. Notice that if a cyclic sub-
group has Hall generators that are all powers of p and it is not the top level
subgroup in its subtree that attaches at the identity subgroup, then there is
a subtree of cyclic subgroups above it. Also, if such a subgroup is contained
in a cyclic subgroups where one of the Hall generators is not a power of p,

then the subtree of cyclic subgroups above it is asymmetric.

In general, if G is a finite abelian p-group of type A such that A\; >
Ay > ... > \,. We would like to describe the structure of L(G). Let F
be the intersection of all cyclic subgroups of order p*, which have the form
((1,2,...,2,)), where z; € Z», for 2 <i < n. There are pr2 Tt of cyclic
subgroups of order p*. Then F = ((p*?,0,...,0)) and is a cyclic subgroup
of order p*~*2 and Hall type (A\; — X2,0,...,0). The chain of subgroups

of F, including F, is fixed by every autoprojectivity of G. There are p"!

—Ao+1

cyclic subgroups of order p™ containing F'. These subgroups have the

A1—1 ,A2—1
’

form ((p Ty, ..., p* Lx,)), where z; € Z,»;. Notice that if a cyclic

p
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subgroup of GG has at least one of the components in its Hall generator that
is not a multiple of p, then it is not contained in any cyclic subgroups. A
cyclic subgroup H of G of Hall type (0, ...,0, i;,0,...,0) for 1 < i < n such
that all components of its Hall generator are multiples of p is contained in

"1 of cyclic subgroups.

p

Notice that if G is a finite abelian p-groups of type A such that A\; > Ay >
... > A\, the meet semi-lattice of cyclic subgroups of G has n distinct subtrees
that attach at the identity of respective heights \; as described in the example
above. If H and K are subgroups of G that lie in the same orbit of P(G),
then cyclic subgroups of H have to be mapped to cyclic subgroups of K via
an autoprojectivity. Since an autoprojectivity of G restricted to the meet
semi-lattice of cyclic subgroups is an automorphism on the meet semi-lattice
of cyclic subgroups. Clearly, an autoprojectivity maps cyclic subgroups of
to cyclic subgroups of the same order. Notice that cyclic subgroups of the
same order that belong to different cyclic subgroup subtrees that attach at
the identity cannot be mapped to each other via an autoprojectivity because
of the different height of subtrees they belong to.

Now we describe the dependency of subgroups of in the same orbit of

P(G) and their Hall types.

Theorem 4.6. Let G be a finite abelian p-groups of type \ such that \y >

Ao > ... > \,. Suppose subgroups H and K of G are in the same orbit of
P(G). Then H and K have the same Hall type.

Proof. Since H and K are in the same orbit of P(G), they have the same
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isomorphism type g = (p1, ..., 7). If all y; are equal, then the subgroup of
this isomorphism type is unique. So, we may assume that not all of u; are
equal. Let {h!, ..., h'} and {k',...,k'} be sets of Hall generators for H and
K, respectively. Suppose H and K have different Hall types. Since the Hall
type of a subgroup is a permutation of u, the subgroup’s isomorphism type,
there exists 1 < i <[ such that the ith position in the Hall type of H is the
first position where Hall types of H and K differ. Without loss of generality
the entry in the ith component of the Hall type of H is greater than the
entry in the 7th component of the Hall type of K. Suppose p; is in the ith
component in the Hall type of H. Then there exists ¢ < ¢ < such that p; is

the tth component in the Hall type of K. Note that p; < A; and p; < A,

By definition of a set of Hall generators, Hall generators h’ and k’ have
order p* in H and K respectively. A cyclic subgroup generated by h', (h'),
has Hall type (0,...,0, 4;,0,...,0), where p; is in the ith position. A cyclic
subgroup generated by k7, (k7), has Hall type (0, ...,0, 5,0, ..., 0), where y;
is in the tth position. If H and K belong to the same orbit of P(G), then
there exists an autoprojectivity of G that maps the subgroup lattice of H
onto the subgroup lattice of K. Therefore, (h’) has to be mapped onto a
cyclic subgroup of K of order p*. However, since \; > X, (W) and (k7)
are contained in subtrees of different height in the meet semi-lattice of cyclic
subgroups of G, (h’) could not be mapped by an autoprojectivity of G to
(k7). But since H maps to K via an autoprojectivity, (h’) has to map

to a cyclic subgroup of K that is in the same subtree in the meet semi-
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lattice of cyclic subgroups as (h’), which means that some cyclic subgroup
of K has to be of Hall type (0, ...,0, 41;,0,...,0), where y; is in the i¢th posi-
tion. Suppose K contains a subgroup of Hall type (0, ...,0, z;,0,...,0) with
ft; is in the ¢th position. Then it contains a cyclic subgroup of the form
((arp™M=H, .. a;_phi-t=H phiH gy pri TR g pN L)Y which could
be chosen to be one of Hall generators for K, which would change the Hall
type of K. But this is a contradiction since the Hall type of a subgroup is

well-defined (In other words, if K contains both

)\¢+1*Mj+1’ B Al*uj+1)>

<g> = <(a1p)\17”j7 [ERE) ai—lp)\iili‘uj ) p/\ii‘uja Qjr1p - QIp

and

<k3> - <(b1p>\1—ﬂj7 ceey bt—lp)\til_“j ) p)\t_ﬂja bt-‘rlp)\prl_ﬂj—i_la ) blpAl_#j+1)>7

where some of b; could be equal to 0, then (g) V (k?) is a subgroup generated
by k’/ and

-1 ;
(1 —ahy)  (—ak? + g) =
A1 — Nic1—MG o Ai— b i1 —pi+1 A —pi+1
(Clp ! MJ)"'aciflp ot Mjap ' “Jaciﬂp R a"'?Oa"-clpl Hi )7

where 0 is in the tth position. Therefore, this subgroup is isomorphic to the
direct product of Z,u; in the 7th and ¢th positions and {1} everywhere else,
which cannot be contained in K since by assumption K is isomorphic to a

direct product of Z,u.’s with Z,u, for some s < j in the ¢th component of
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the direct product.) Therefore, H and K cannot be in the same orbit of
P(G). O]

We explore application of Theorem 4.6 in an example.

Example 4.5. Suppose G' = Zpm X Zipn X ZLyps, where m > n > s. Let H
and K be subgroups of G of isomorphism type pu = (p1, fo, t3) such that
p1 # pe, that is gy > po. Suppose H has Hall type (uq, g2, 3) and K has
Hall type (u2, i1, 3). Then H has a Hall generator h' of order p#t and (h'),
the cyclic subgroup generated by h', has Hall type (u1,0,0). Also, K has a
Hall generator k' of order p** and (k') has Hall type (0, xt1,0). Since (h') and
(k') belong to subtrees in the meet semi-lattice of cyclic subgroups of G that
have different height, (k') cannot be mapped to (k') via an autoprojectivity
of G. If H and K are in the same orbit of P(G), then K should contain
a cyclic subgroup that (h') could be mapped to and that cyclic subgroup
should be contained in the same subtree as (h') and have Hall type (u1,0,0).
But if K contains a cyclic subgroup of Hall type (11,0, 0) then it is of the form
(pm=r apt—tl ppsTHitly could be written as a linear combination of k! =
(xpmra pr ypsTit ) D E2 = (pmTr2 0, zp*H2 T and B3 = (0,0,p°Hs).
The only way to get ap” ! is to multiply &' by ap, but then there exists
¢ such that p™ = = qxp™ M+l 4 cpmr2 = pmmmtl(qr 4 cpr7H271) since
{1 > po. This is a contradiction. Therefore, H cannot be mapped to K by

a lattice automorphism.

When G is of type A such that \; = \; + 1 for some i, then it is clear
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that in the meet semi-lattice of cyclic subgroups of G has subtrees attached
at the identity of the same height, that is subtrees of type (0, ...,0, A;, 0, ..., 0)
and (0, ...,0, A\i11,0,...,0) have the same height A;. Then it is possible for two
subgroups of different Hall type to be in the same orbit of P(G) and PA(G).
For instance, if G = Zs2 X Zs X Zs, then subgroups H = ((0,1,0)) and
K = ((0,0,1)) have different Hall types (0,1,0) and (0,0, 1) respectively,
100

but the group automorphism of G represented by the matrix |0 0 1

010
maps H to K. Thus, H and K belong to the same orbit of PA(G) and the

same orbit of P(G). It is interesting to notice that if Ay = Ay for some k > 2,
then there is no unique subgroup that is an intersection of all subgroups of
order pM that is fixed by every automorphism. We called such a subgroup
F above. Notice that there are k F’s in such a G that could be permuted
among themselves. From proof of Theorem 4.6 and discussion above we get

the following Corollary.

Corollary 4.1. Let G be a finite abelian p-group of type X. Suppose subgroups
H and K of G are in the same orbit of P(G) and have isomorphism type .
Then either H and K have the same Hall type or H and K have the same

Hall type up to permuting p; = p; for some i and j whenever \; = A;.

Let G be a finite abelian p-group of exponent p" such that G = H & C,
where H = (a) @ (b) and |a| = p™ > |b] = p™ > exp C' = p® # 0 such that

either |a| > |b| or |a| = |b| and s < n.
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First, we define some useful subgroups of P(G). Let

Ry(G) = {p € P(G)[Q(G) = 1}, R(G) = {p € R:(G) | H* = H}.

Since (a,b) is a basis of H, we call A = ({a), (b)) the frame associated to

(a,b) and u = (p"™a + b) a unit point. Also, we define

Ra(G) ={p € R(G) | A" = A}, Rau(G)={p € Ra(G)|u" = u}.

Let ¢ € P(G). Then we define A, = ((a)?, (b)¥) and u, = u?. Similarly

to above, we define

R (G) =1{p € R(G) | A} = Ao}y Ba,u,(G) = {p € Ra,(G) | uf = u,}.

In 1998 Constantini, Holmes and Zacher proved the following theorem

defining the structure of P(G).

Theorem 4.7. (Theorem 1.1 [3]) P(G) = Rau(G)PA(G), where Ra.,(G)N
PA(G) =1.

In lattice theoretic terms a subgroup basis is a set of all subgroups of GG
such that the join of all basis elements is equal to G and and the meet of
a basis element with the join of all other basis elements is the identity of
G. Notice that A is a lattice theoretic basis for G. Since any ¢ € P(G)

preserves the group structure of G, ¢ takes lattice basis elements of G' to
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basis elements, thus A, is also a lattice theoretic basis for G. We would like
to extend Theorem 4.7 to Ry, 4, (G) for any ¢ € P(G).

First, we need a Lemma.
Lemma 4.1. Let ¢ € P(G). Then ¢ 'Raup = Ra, ., (G).

Proof. Let p € Ra.(G). Then applying ¢~ !py to (a)? we get ((a)?)¥ % =
(a)P? = (a)? since p € R 4,(G) implies that p € R4(G) and thus (a)” = (a).
Similarly, (<b>¢)wl’w = (b)¥ and (u“")“"flw = u?. Therefore, Aflp“" = A,
and uiilw = u,. S0, ¢ 'pp € Ry, ., (G).

Now, let 7 € Ru, 4, (G). Then applying ¢7o~" to (a) we get (a)™ =
((a)?)™" = (a)#*" = (a) since 7 fixes (a)?. Similarly, since 7 fixes (b)?

and u?, (0)?™# = (b) and u™ ' = u. So, pre~' € Ruu(G). Thus,

T=¢ et o € o' Raup and ¢ 'Ry = Ra,u, (G). O

We also need the fact from [3]: If G = A+ B an abelian p-group of finite
exponent such that exp B = exp (AN B) = p® and p* 1A is not cyclic, then
for a, f € PA(G) a = B if and only if a|A = §|A and «|B = §|B.

The proof of the following Corollary will closely follow the proof of The-
orem 4.7 in [3]. As a reminder Q,(G) = ({g € G| g*" = 1}).

Corollary 4.2. Let ¢ € P(G). Then P(G) = ¢ 'R4.(G)pPA(G), where
0 'R4.(G)p N PAG) =1.

Proof. Let (¢;) be a basis of C' and let » € P(G). Since ¢ preserves the

group structure of G, there exists a € PA(G) such that for 7 = o we
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have A7 = Ay, u], = uy,, and ((¢;)?)” = (c;)¥. Now, consider 7 = 7] (G).
Since 4(G) has at least 3 elements of order p®, by Baer’s Theorem ([8])
we have that 7 is induced by a group automorphism on §24(G), that is 7 €
PA(Q(G)). Since C' C Q4(G), T is induced by a group automorphism of
the form 1 @ ~, where 1 is the identity map on H and v € Aut(C). Let
S =1®~t Clearly, § is a group automorphism of G. Consider 74. Then
by definition 73 € Ra_ ., (G) = ¢ 'Rau(G)¢ by Lemma 4.1. Then since
76 = Yaf and aff € PA(G), we have ¥ € ¢ 'R4.,(G)pPA(G). Now, let
p € ¢ 'Rau(G)e N PA(G). Since by Lemma ¢ 'R0 = Ra,u,(G), we

have p|H = 1 and p|Q2s(G) = 1 Thus, by the fact mentioned above p = 1. [
Now we would like to discuss orbits of P(G) and PA(G) in

Theorem 4.8. Let G be a finite abelian p-group of type A = (A, ..., \,) such
that Ay < 2 and A3 = 1. Then orbits of PA(G) are equal to the orbits of
P(G).

Proof. Suppose subgroups H and K of G are in the same orbit of P(G).
By Theorem 4.7 we have that P(G) = R4.(G)PA(G). Then there exists
¢ =1 € P(G) with 7 € Rau(G) and a € PA(G) such that p(H) = K.
Then H and «(H) belong to the same orbit of PA(G) and o(H) and K are
in the same orbit of R4,(G) and thus in the same orbit of P(G). Thus,
without loss of generality we may assume that H and K are in the same

orbit of R4,(G). By Theorem 4.6 H and K have the same Hall type.

Case 1: Suppose Ay = 2 and H has Hall type (1, ..., p) such that u; > Ao,
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o = 2, and k > 3. Notice that 3 = ... = pp = 1. Then Hall generators
for H ht = (ph=m alpr2=mtt al  pro—mtl) = (phi—m gl el )

n—1

: 2 _ Xo—pz 2, Aa—pa+1 2 An—patly _ 2
since py > Ao, h* = (0, p*2F2 aips—F2tl a2  prH2tl) = (0,1, a7,

. al_y) and B' = (0,0,...,a},0,1,0,...,0), where 3 < i < k and 1 is
in the same position as u; for 3 < ¢ < k in the Hall type of H and
a; € Z,, where 3 < j <k —1 and aé- is to the left of 1. Also, a} = 0
and a§~ = 0 for t = 1,2 in the same position as 1 in h’ for 3 < i < k. By
Corollary 4.1, K either has the same Hall type as H or K has Hall type

i such that py and po are in the first and second positions respectively

and ps through py are permuted among positions 3 through n.

A group automorphism of G looks like a matrix A = (a;;) such that
ayi € (Zyy,)* for i = 1,2, ay € Z, for i > 3, a;; € Zp; for i < j,
aij = byph N € Zp; for i > j, and the n — 2 x n — 2 matrix (a;;) for
3 <i,7 < n has determinant not equal to a multiple of p. Then there
are enough free variable in the matrix A to map H to K via a group

automorphism.

(For instance, if G = Z, X Zy» X Z, < Z, and H has Hall type (y1,2,0,1)
with gy > 2, then K could have the same Hall type as H or (u4,2,1,0).
Then ht = (p#1,0,ak,0), h* = (0,1,a3,0), and h® = (0,0,a3,1).
Then either k' = (p*~#1.0,0bL,0), k2 = (0,1,62,0), and k% = (0,0,53,1)
or k! = (pM1=,0,0,b3), k* = (0,1,0,b2), and k* = (0,0,1,0). Then the
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1 0 0 O
. 0 1 23 0
group automorphism , where aass = b}, ag3 + aaszz =
00 ass 0
0 0 43 1
b2, and adazz+asz = b3, maps H to K if K has the same Hall type as H.
1 0 0 0
o1 0 a
Moreover, the group automorphism , where ajazq = b,
0 00 a34
001 Q44

aps + atazy = b3, and a3asy + agyy = 0, maps H to K if K has Hall type

(11,2,1)).

Suppose Ay = 1 and H has Hall type p = (p1, ..., pt) such that gy > 1
and k > 2. By Corollary 4.1 K either has the same Hall type as H or
a permutation of uy through py, in positions 2 through n. Then h! =
(pM~Hal ... al ) and k' = (0,0, ...,a},O, 1,0,...,0), where 2 <i <k
and 1 is in the same position as pu; for 2 < ¢ < k in the Hall type of
H and a;'» € Zy, where 2 < j <k —1 and a;'» is to the left of 1. Also,
a} = 0 in the same position as 1 in A’ for 2 < i < k. We can define the

Hall generators k' similarly to above except maybe for a permutation

of the position of 1’s in &7 for 2 < j < k.

A group automorphism of G looks like a matrix A = (a;;) such that
a € (ZpAl)*, a;; € Zp for i > 2, aij € Zij for i < 7, Qi = bijp’\j_)‘i €

Z »; for i > j, and the n — 3 X n — 3 matrix (a;;) for 2 < i,5 < n
p
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has determinant not equal to a multiple of p. Counting the number of
aj that are not equal to 0 and considering the entries of A we can see
that there are enough variables in the group automorphism matrix A

so that H maps to K.

Case 2: Suppose 1 = 2, o = 1, and H has Hall type u = (i1, ..., ). Then

the Hall generators of H ht = (pM = aipr2—mtl gl  prn—mtl) =

(pAl*z,a%p)‘2*1, as, ...,a,ll_l), h? = (O,p’\T“Q,O, ...,0), and h* = (0, ..., 0,

...,aé, ., 1,0,...,0), where 3 < i < k and 1 is in the same position as y;

for 2 <4 <k in the Hall type of H and a} € Z,, where 3 < j <k —1
and a} is to the left of 1. Also, a; = 0 in the same position as 1 in

hi for 2 < i < k. Hall generators of K can be described similarly to
the case above. Also, similarly to the case above we have enough free

variables in A to map H to K.

Suppose 11 = 2, pe = 2, and Hall type of H is u = (u1, po, ..., fix)-
Then h' = (0,1,al,...;al ), h* = (p*72,0,a2,...,a>_,), and h' =
(0,...,0, ...,aé, ., 1,0,...,0) as above. Also, similarly to the case above

we have enough free variables in A to map H to K.

Case 3: Suppose the Hall type of H is u = (2, ft1, ..., ptx) such that py =2
and gy =1 or 0. Then k' = (aip*~2,1,dd,...,al _,), h' =(0,...,0, ...,
aé, ..,1,0,...,0) such that 2 < i < k and 1 is in the same position as y;

f0r2§i§kintheHalltypeofHanda;'-eZp,whereQSjgk—l

and aé is to the left of 1.
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Suppose the Hall type of H is p such that u; = 1 for all 1 < i < k.
Then h' = (0, ...,0, ...,a§-, r;1,0,...,0) such that 1 <i¢ < k and 1 is in

the same position as pu; for 2 < i < k in the Hall type of H and aé- € Zy,

where 1 < j <k —1 and a} is to the left of 1.

For both options in Case 3 there are enough free variables in A that

map H to K.

Thus, H and K are contained in the same orbit of PA(G).

]

Theorem 4.6 is a generalization of Proposition 4.1, however, we conjecture
that conclusions of Theorem 4.4 do not necessarily extend to finite abelian
p-groups of type A such that A3 > 1 as we will see in the discussion that
follows.

Consider G = Z,r X Zys X Zy,2, where p > 3. Let H = ((p*,p,2), (0,p? 1),
(0,0,p)) and K = {(p*,p,1),(0,p? 2),(0,0,p)), represented by sets of Hall
generators. Then H and K have order p° and Hall type (5,3,1). If two
subgroups of G belong to the same orbit of P(G), then by Theorem 4.6 they
have the same Hall type. Moreover, in order to for an autoprojectivity of G
to map one subgroup of G to another, subgroups lattices of both subgroups
have to be of the same shape as well as shapes of subgroup trees above these
subgroups. We would like to show that H and K belong to the same orbit
of P(G). A subgroup of Hall type (5,3,1) could be contained in groups of
order p'® of Hall types (6,3,1), (5,4,1), and (5, 3,2).
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. Subgroups of Hall type (6,3, 1) have Hall generators of the form

g = (p7_67 a1p5_6+17 a2p2_6+1) = (p7 aq, 0’2)7

92 = (07p5_37 a3p2_3+1) = (07p27 a’3)7

> =1(0,0,p*71) = (0,0, p), where a; < p?, as,az < p.

. Subgroups of Hall type (5,4, 1) have Hall generators of the form
gt = (P75, bup® 5t bop?51) = (p2, bup, by),

g% = (0, p> 4, byp? 1) = (0,p, by),

> =1(0,0,p>71) = (0,0,p), where bip < p, ba, b < p.

Thus g* = (p*,0,b2), g* = (0,p,b3), ¢° = (0,0,p).

. Subgroups of Hall type (5,3,2) have Hall generators of the form

7—5 5—5+1

gt =" ap -5t

, C2p = (p27 c1p, 62)7
92 = (07p573763p273+1) = (07p2763)7
> =1(0,0,p*2) = (0,0,1), where ¢; < p, ca,c3 < 1.

Thus7 gl = <p27clp7 0)7 92 = (07p270)7 g3 = (0707 1)

By inspecting Hall generators of subgroups of Hall type (6,3, 1), we see

that pg' + ag® # (p*,p,2) or (p?,p,1) for any a € Z. Thus, subgroups of
Hall type (6,3,1) cannot contain either H or K. Also similarly, subgroups
of Hall type (5,4, 1) cannot contain either H or K since they cannot contain

cyclic subgroups (0, p?, 1) or (0, p?, 2) (since pg®+bg> # (0,p?, 1) or (0, p?,2)).
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Both H and K are contained in exactly one subgroup of order p'° of Hall type
(5,3,2) with Hall generators h' = (p?, p,0), h* = (0,p%,0), and k> = (0,0, 1).

Notice that cyclic subgroups of G generated by Hall generators of H, (h'),
could be mapped to cyclic subgroups generated by Hall generators of K of
the same order (k%) by a lattice automorphism since for instance h' and k'
are of the same Hall type, attach at the same point to the chain of subgroups
of F' and don’t have subgroup trees above them. Since subgroups H and
K and their subgroup trees are contained in the same types of subgroups,
pending a computation in GAP we conjecture that H and K belong to the
same orbit of P(G).

Suppose H and K are in the same orbit of PA(G). Then there exists a

group automorphism ¢, represented by a matrix (a;;), such that p(H) = K.

p2 p 2 a Q12 413
0 p2 1 Cbzlp2 Qg2 Q23 | —
0 0 p a31p5 a32p3 a33

anp? + anp® + 2a310°  a1ap® + agp + 2a30p®  assp + 2as;
anp* + azip® anop? + azp® ass =

6 4
a31p EDYY a33p

p*(a11 + aoip + 2a31p°)  p(arep + aga + 2a39p?)  agsp + 2ass
p4(a21 + az1p) p? (a2 + aszap) ass =

6 4
asip azzp assp
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where a;; € (Z,,;)* for i =1,2,3 and a;; € prj for i < j.

Notice that ayy + aoip + 2a31p® € (Zy7)* and ass + azep € (Z,5)* since ay;
and agy are units. We start row reduce the resulting matrix. By multiplying
the first row by (a1 +a21p+2a31p3)_1 and equating it with the matrix entries
for k', we see that ajop + as + 2a3p* = a1 + aaip + 2a31p° = ai = ag.
Also, we have agsp + 2as3 = a11 + agip + 2az1p* = a1 + anp € Zy2. Thus,
2a33 = ay; and ass = ag;. Multiplying the first row by —(a1; + a2ip +
2a31p%) " (ag1 + azi1p)p? and adding it to the second row we have ass — (ay; +
anp + 2a31p*) (a2 + az1p)p?(agsp + 2a33) = azs € Zyz. Then agg = 2. Also,
p*(as2 + asap — plars + anp + 2a31p*) " (a1 + az1p) (arap + ass + 2azsp?) = p
= ag = 1. Since 2ag3 = a1 = a9, agz = 2~ !. But above we determined that

az3 = 2, which is a contradiction. Therefore, there is no group automorphism

between H and K.
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Chapter 5

Future Work

Many future projects related to the questions discussed in the chapters above
remain to be completed. In Theorem 4.5 we have shown that for G = Z,m X
Zyn such that m > n the orbits of P(G) and PA(G) in the subgroup lattice
of G are equal. We would like to analyze the relationship between Sylow p-
subgroup of P(G) and Aut(G), which we hope would shed light on the proof
of our conjecture that the quotient of the lattice of subgroups of G under
the action of a Sylow p-subgroup of Aut(G). It seems less likely that for a
finite abelian p-group of type A = (Aq,..., \,) such that n > 3 and \3 > 2

Ly(p) is a self-dual lattice. We would like to further explore combinatorial
and enumerative properties of Ly(p). Another goal is to understand whether
the action of S? on subgroup lattice of finite non-abelian p-groups would be

useful in classifying certain non-abelian p-groups in combinatorial terms.
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