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ABSTRACT

An approach to high-resolution restriction-fragment DNA mapping, known as Multiple-Restriction-
Enzyme mapping (MRE mapping), is presented. This approach significantly reduces the uncertainty of
clone placement by using clone ends to synchronize the positioning of clones within different maps, each
map being constructed from fragment-length data produced by digestion of each clone with a specific
restriction enzyme. Maps containing both fragment-length data and clone-end data are maintained for each
restriction enzyme, and synchronization between two such maps is achieved by requiring them to have
“compatible” clone-end map projections.

Basic definitions of different kinds of maps, such as restriction site maps, restriction fragment maps and
clone end maps, are presented. Several specification notations, such as sequence-set notation and
sequence-set-tree notation, for describing the structure of these maps, are defined. Basic concepls, such as
the match/merge approach to map incorporation, extension vs. assimilation and ambiguity, are exposed.
Supporting techniques, such as window sizing, window placement, and ambignity resolution, are also dis-
cussed. A mathematical analysis of how MRE mapping effects false positives and false negatives is pre-
sented.

For concreteness, MRE mapping is presented using a specific methodological framework. However, many
of the concepts and techniques have a wider range of use than just high-resolution restriction-fragment

mapping,
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MRE Mapping -1-
1. Introduction

1.1, An Overview of DNA Restriction Mapping

Deoxyribonucleic acid (DNA) is the genetic malerial that supplies the blueprint for an organism’s
development. A DNA molecule is composed of nucleotides, each nucleotide consisting of a sugar, a phos-
phate, and one of the four bases: A (Adenine), T (Thymine), C (Cytosine), and G (Guanine). A nucleotide
is distinguished by the base it contains. Sugar-phosphate bonds link the nucleotides into strands, and a base
on one strand can "bond” with a base on another strand. However, only certain base bondings are allowed:
A bonds with T, and C bonds with G. Thus, A and T are known as complementary bases, as are C and G.
A DNA molecule is made of two complementary DNA nucleotide strands bound together by this base pair-
ing, the base sequence on one strand determining the complementary sequence on the other strand.

DNA restriction mapping U8 deals with determining the positions of specific sites of interest along a
given DNA strand, or genome. The sites of interest are called restriction sites, and consist of a specific
subsequence of DNA, often six nucleotides long. These restriction sites are recognized by specific
enzymes, known as resfriction enzymes; a restriction enzyme cleaves (or cuts) DNA that it encounters at
exactly these restriction sites. Thus, given sufficient time a restriction enzyme reacting with a strand of
DNA will completely digest it, producing fragments of DNA whose Iengths are exactly the distance
between two successive restriction sites. The process of electrophoresis can be used to measure the
approximate lengths of these fragments, which are known as restriction fragments. If it were possible to
() identify each restriction fragment present in the genome, (b) determine the length of each restriction
fragment, and (¢} determine the order of the restriction fragments in the genome, then it would be possible
to construct the map of the restriction sites,

The mechanism for obtaining this information is somewhat indirect. Ordering of the restriction frag-
ments is achieved by cleaving multiple copies of the original DNA at random positions to produce ran-
domly overlapping strands of DNA, known as clones, Each clone is then completely digested by the
restriction enzyme (of interest), and electrophoresis is used to determine the lengths of the resiriction frag-
ments within it. This set of restriction fragment lengths is known as the fingerprint of the clone. Overlap
between the clones is inferred based on the similarity of the fingerprints, and the order of the clones is
inferred based on multiple clone overlap. As overlap between the clones is inferred due to a significant
number of restriction fragments of similar (within measurement error bounds) lengths, the exact order of
the restriction fragments within each clone may remain unknown; only the relative (partial) order of large
groups of fragments may be inferrable. As more clones are found to overlap a specific region of the origi-
nal genome, the random positions of the clone ends are used to refine the original partial order (of the
restriction fragments) by reducing the size of the groups for which the fragment order is unknown.

This process of DNA restriction mapping is analogous to solving a large jigsaw puzzle. However,
the uncertainty of where a clone should be placed can be significant, due 10 measurement error {produced
during electrophoresis), experimental error {produced during cloning or digestion with the restriction
enzyme), and certain biological properties of the DNA being mapped (e.g., two fragments of the same
length do not necessarily contain the same sequence of nucleotides). When putting together a jigsaw puz-
zle, the pieces of the puzzle have several cues (shape, color, pattern on the surface) which can be used to
guide their ultimate positioning in the final solution. In DNA restriction mapping, the clones have no shape
or color, but the fingerprint information can be viewed as a "pattern” to be matched between potentially
overlapping clones. The objective is lo find a consistent positioning of clones with respect to one another
in which fragments in different clones can be identified with one another, while all fragments of each clone
remain contiguous (i.e., no "gaps” or unpaired fragments are present internally). There may be multiple
"solutions” 1o this restriction map puzzle, and, in the absence of supplementary data that distinguishes
between them, the one (or ones) which is most compact is preferred.



MRE Mapping -2- Section 1.1.

1.2. Formalization of the DNA Mapping Problem

The DNA mapping problem can be abstracted to the Shortest Common Maiching String (SCMS)
problem, as defined by Turner™”. Within this absiraction the clones are abstracted to bags, and the lengths
of the restriction fragments in the clone are abstracted to symibols. {In this abstraction of the lengths to
symbols, it is assumed that there is no measurement error and that all fragments of the same length are
identified with the same symbol.) A bagb =<a,, a,, -+-, ay> i5 a multi-set in which a symbol (a; € Z,
where Z is some finite alphabet) can occeur more than once. This mathematical formalism is appropriate
because a clone (i.e., 2 bag) can contain more than one fragment (i.e., a symbol) of the same apparent
Iength (i.e., fragments of the same length, within measurement error bounds).

If s = a, - - - &, is a sequence of symbols, then et <s> denote the bag <ay, ag, « - -, a,>. The same bag
<s> represents all strings that can be obtained by permuting the symbols in s. s can be thought of asa
sequence of fragments (in the order that they actually occur in the genome), and <s> can be thought of as
the same data from which the ordering information has been removed. A bag b and a string s are said to
match if s contains a subsiring 5" such that <s”> = b. The SCMS o] problem can now be defined as fol-
lows:

Given a set of bags B = { by, ---, b, }, find 2 minimum length string s that maiches every bag in B.

The sequence of symbols (i.e., fragment len%gths) in s constitntes a solation to the DNA mapping
problem, given the bags (i.e., clones) in B, Tumer 1 proved that the SCMS problem is NP-hard. Similar
work has been done by Turnerm], Rhee!!: 12 and Lewis and Gilleu!*],

1.3. Data Collection

The type of data considered in DNA mapping is the clone fingerprint data. Prior to any mapping, the
original genome to be mapped is duplicated using "traditional biological means". Then, the DNA is ran-
domly cleaved into smaller sections by partially digesting it with a cloning restriction enzyme; this pro-
duces random clone inserts. The partial digestion process causes different copies of the DNA to be
cleaved at some (randomly selected) restriction site, but not at all restriction sites. This tends to produce
clone inseris which have random overlap with one another. This is depicted in Figure 1.1, where four clone
inserts (which will be nsed later in a running example) are shown in their positional context within the
genome from which they come, The ends of these clones correspond to sites randomly cleaved by the
cloning restriction enzyme during the partial digestion; other sites are present within the clones at which
cleavage did not occur,

The cloning restriction enzyme is usually selected to be different than any of the restriction enzymes
being mapped; in the protocol described here, it is assumes that they are different. This implies that clone-
end sites do not coincide with the sites of any of the restriction enzymes being mapped. Clone inserts are
inserted into a biological organism known as the A phage, which is a virus used as a cloning vector (i.e., a
mechanism used to reproduce many copies of a clone insert), This is depicted in Figure 1,2, The body of
the 2 phage is removed (leaving a left and a right A arm) and a clone insert is replaced in its stead. The A
arms are engineered so that they do not contain restriction sites corresponding to any of the restriction
enzymes being mapped. Since the site at the end of the clone insert does not correspond to a site of any
restriction enzyme being mapped, there is always a partial fragment at the end of each clone ingert which
remains attached to the A arm as the clone is digested with a restriction enzyme being mapped. The 4 arms
{with the partial fragment attached) are large, and are thus easily identified during subsequent processing,
Only the complete fragments (i.e., those for which there are two delimiting restriction sites within the
clone insert itself) are selected for inclusion in the mapping activity.
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Figure 1.2: Making a Clone from a Clone Insert

The size of the clone inserts is limited by the packaging mechanism of the A phage. This size range
lies roughly between 10,000 and 25,000 base pairs (bp); The combination of the A phage and the inserted
DNA is known as a clone, because the A phage will be used to reproduce mulliple copies of the clone
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insert.

Duting the creation of these initial biological data, enough independent A clones must be created so
that randomly selected clones will cover all (or almost all) of the genome. The overlapping regions of
clones can be viewed as redundant copies of the underlying genome. The redundancy factor of a set of
clones with respect to the underlying genome is the average (over all nucleotides) of the number of times
the underlying genome is duplicaled. The higher the redundancy factor, the higher the probability of “cov-
ering" the entire genome. A redundancy factor of between five and ten is not uncommon. This implies that
any region of DNA from the original genome is likely to appear in between five to ten clones, on the aver-
age.

Since the inserts of DNA are the result of random cleavings, each insert may or may not contain
some overlap with another insert from roughly the same region. This overlap may range from partial
overlap, where each insert contains DNA besides the region of overlap, to total overlap, where one insert
is a subsection of another. The success of DNA mapping depends on the fact that the clones contain these
overlapping regions of DNA. It is this overlap which will allow the clones 1o be “rejoined” in the order in
which they existed in the original genome.

After the clones are formed, further processing is done on them. First, the clones are separated by a
multi-level dilution process, and in vive DNA reproduction is employed to obtain enongh DNA for subse-
quent processing. For each clone, the clone DNA exiracted from this amplification process is completely
digested by a restriction enzyme {the restriction enzyme being mapped), producing fragments of DNA
called restriction fragments. The lengths of these fragments (in base pairs) are then measured using
agarose electrophoresis gel technology, When an electric current is passed through an agarose gel in
which DNA fragments have been placed, the fragments will migrate down the gel. It is easier for smaller
fragments to move through the gel than it is for larger ones, so the fragments arrange themselves in order of
decreasing length. This creates lanes of DNA fragments in which bands of DNA of the same length have
migrated to the same position on the gel. After the gel has been stained, these bands can be detected and
their positions on the gel determined. Reference lanes, containing DNA fragments of known length, are
also present on the gel, Using (he positions of the bands present in these reference lanes and the process of
interpolation, it is possible to estimate the lengths of restriction fragments in the data lanes. Unfortunately,
standard agarose electrophoresis technology is limited to detecting fragments in a particular size range;
here the range of detectable fragments is taken (o be approximaltely 400 bp to 15 kilobase pairs (kb). How-
ever, restriction enzymes can be chosen whose specificity assures that most of the restriction fragment-
length data fall in this range.

There are (at least) two significant sources of error which create uncertainty about the data produced
by eIectroPhoresis. The first is the classical problem of measurement error. From experimental
evidence! 4], it is known that the measured lengths of the same fragment measured multiple times (say as it
occurs in different clone inserts) are normally distributed about the true length of the fragment, This nor-
mal distribution is often characterized by giving an error window (a percentage difference around the true
length) into which almost all measured lengths of the fragment will fall. Under some circumstances, it is
possible to obtain a 3% error window around the true length of the fragment, 1.5% on either side of the
actual length. Thus, a fragment which is actually 1000 bp in length may be measured as anywhere from
985 bp to 1015 bp. The second deals with determining the multiplicity of different genomic fragments of
similar length; these are referred to as comigrating fragments. Two fragments of identical (or nearly identi-
cal) length will comigrate to the "same" location on (he gel. Thus, it is possible for two {or more) frag-
ments to be in the same band when the gel is stained. If this is not taken into account, the set of fragment
lengths will not accurately reflect the number of fragments present in the clone. It is possible but difficult
to identify this situation reliably. The intensity of the stained DNA bands should decrease along the
expanse of the gel, due to the fact that there is less DNA material to stain in smaller fragments. Deviation
from this expected intensity distribution can be used to estimate the number of multiple restriction frag-
ments present in a band.
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1.4. Definitions

In this section an example genome is presented. A number of important definitions are given, and
data from the example genome are used to clarify and illustrate their meanings.

1.4.1. An Example Genome

For simplicity, ali exampies will be based on one DNA sample and set of accompanying clones. This
hypothetical example is represented in Figure 1.3. A DNA segment is shown, along with a number of ran-
dom clones which have been derived from the original DNA sample. In this example, the sites of two
restriction enzymes, named o« and #, are represented as "ticks" along the sample DNA. In this presenta-
tion, & sites are represented as ticks above the base line and f sites are represented as ticks below the base
line. Note that o fragments are labeled using numbers and 8 sites are labeled using capital letters. Details
about the lengths of the fragments (and possible confusion between them) are presented in Table 1.1. The
specific composition of the clones is presented in Table 1.2. (The symbol "=" indicates possible fragment
confusion.) Apparent fragment overlap between the clones C1, C2, C3 and C4 is shown in Table 1.3, Vari-
ous examples will rely on different aspects of the data present in this example genome,
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Figure 1.3: Example Genome and Random Clones
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Table 1.1
Fragmenis from the Example Genome

Underlying Reality about Fragments
Fragment Name | Fragment Length (kb)
1(=9) 1.5
2(=8) 2.0
3(=11) 0.5
4(=10) 3.0
5 3.5
o 6 4.0
7 2.5
8(=2) 2.0
9(=1) 1.5
10(=4) 3.0
11(=3) 0.5
12 1.0
Fragment Name | Fragment Length (kb)
A 4.0
B 1.25
C 2.5
D(=J) 1.0
E 4.5
B F 3.5
G 2.0
H 3.0
I 1.5
J(=D) 1.0
K 0.5
L 4.75
Table 1.2
Clones from the Example Genome
Underlying Reality about Clones
Clone Fragment-length Data
a B
Cl 3(=11), 4(=10), 5,6, 7 DEDLE.EG
C2 5,6,7, 8(=2), 9(=1) E,FG,H,I
C3 7, 8(=2), 9(=1), 10(=4), 11(=3),12 | G,H,LJ{=D),K,L
C4 1(=9}, 2(=8), 3(=11), 4(=10}, 5 A,B,C,DEI,EF
C5 1(=9), 2(=8), 3(=11), 4(=10) B, C, D{=])
C5° 8(=2), 9(=1), 10{=4), 11{=3) L,J=D), K
C6 3(=11), 4(=10), 5, 6, 7, 8(=2) DL, E,F G, H,I
Co6’ 4(=10), 5,6, 7, 8(=2) D(=ILE,F G, H,1
Ce” 5,6,7,8(=2) DN, E,F G, H,1
Ce™” 3(=11), 4(=10), 5, 6, 7, 8(=2),9(=1) | D{=D,E,F,G,H,1I
c6 4(=10), 5,6, 7, 8(=2), 9(=1) DEDLE, FG,H, 1
cor 5, 6,7, 8(=2), 9(=1) D(=I},E,F,G, H,1
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Table 1.3
Apparent Clone Overlap in the Example Genome
C1 C2 C3

a B i B & B
33 | DD | 55| EE 19 | DJ
44 | EE | 28 | F-F | 28
55 | F-F | 1-9 3-11
4-10

C4

7-7 1GG | 77 | GG
C3 | 104 | DJ | 88 | H-H

112 9-9 I
5-5 | EE

Cz 66 | F-F
7-7 | GG

In this example, the data are assumed to be perfect. Specifically, there are no missing fragments, and
for simplicity of presentation there is no measurement error. Although experimental error is of paramount
pragmatic importance, it is not important to the exposition of the basic concepts presented here.

1.4.2. Maps

There are several different kinds of maps that can be constructed, given random clones extracted
from a genome. Several of these are discussed here. They include; restriction-site maps, resiriction-
fragment maps, clone-end maps, and compositions of these.

1.4.2.1. Restriction-Site Maps and Restriction-Fragment Maps

Given a restriction enzyme whose sites are to be mapped, the objective is o determine the sequence
of restriction sites along the genome, i.e., their placement in terms of base pairs within the genome. If all
the resiriction fragments produced by a complete digestion of the genome could be totally ordered, and
their lengths precisely determined, then the map could easily be constructed. Thus, a Restriction-Site Map
(RSM) can be characterized as a sequence of integers, each of which expresses the distance (in base pairs)
from one restriction site Lo the previous restriction site. A Restriction-Fragment Map (RFM) will be con-
structed in lien of an RSM. An RFM is similar to an RSM, except that the positions of the restriction frag-
ments are determined instead of those of the sites. Given a total ordering on the restriction fragments
(along with their iengths}), the RFM can be expressed as the sequence of the fragment lengths, as defined by
the total ordering. A common mechanism for ¢xpressing the map is graphical, in which ling segments
(whose lengths are proportional to the fragment lengths} are concatenated with one another, separated by
vertical bars. Figure 1.4(a) shows an example of this notation for the @ RFM of the genome shown in Fig-
ure 1.3; Figure 1.4(b} shows the corresponding # RFM. In general, it may not be possible to reconstruct
the completely refined REM, given the fingerprint data. It may only be possible to determine a partial
ordering of the restriction fragments in which the relative order of groups of fragments is known, but the
order of the fragments within the group is not known. Such a partial ordering constitutes a Partially-
Ordered Restriction-Fragment Map (PORFM). Figure 1.5(a) shows the most refined & PORFM that can be
produced given the fingerprint data for clones C1 through C4 of Figure 1.3; Figure 1.5(b) shows the corre-
sponding # PORFM. Here, the vertical bars delimit the groups of fragments, and the tick marks inside a
group indicate fragment boundaries if multiple fragments are present. The order of the groups is known,
but the order of the fragments within the groups is not known. Of course, a cione by itself is a PORFM; it
is very unstructured, consisting of a single group of fragments about which no order information is known.



MRE Mapping -8- Section 1.4.2.1.

(b) B REM

Figure 1.4: @ and # RFMs for the Example Genome

A completely refined RFM can be produced if enongh clones can be incorporated so that there exists a
clone end between every pair of adjacent restriction sites.

Besides this graphical notation for representing PORFMSs, two other notations are of interest. The
first notation is the sequence-set notation. In this notation a sequence of objects is represented by placing
the objects between square brackets ([ 1) (in the order that they occur in the sequence) and separating the
objects with commas. A set of objects is represented by placing the the objects between set brackets ({ })
(in any order) and separating the objects with commas. These two notations are mutually recursive, and
can be "mixed" in any way (o any level of inclusion. For example the @ PORFM of Figure 1.5(a) can be
denoted by [{1,2}, {3.4}. {5}, (6], {7}, {8.9]). {10,11,12}]; the 8 PORFM of Figure 1.5(b) can be denoted
by [{A.B,C}, (D}, {EF}, (G}, {H[I}, (J.KL]].

The second notation is the sequence-set-iree (SST) notation™ This is a graphical tree notation
which is conceptually identical 1o the sequence-set notation. Here, a sequence-node denotes sequence
information, and a set-node denotes set information. The order of the children of a sequence-node implics
the sequence of the corresponding object, whereas the order of the children of a set-node implies no knowl-
edge of their order. For example the @ PORFM of Figure 1.5(a) can be denoted by the SST shown in Fig-
ure 1.6(a); the 8 PORFM of Figure 1.5(b) can be denoted by the SST shown in Figure 1.6(b).

2 |3 4 I 5 | 6 |7 | 8 9| 10 {1'12|

| | | | ] | |

(b) # PORFM

Figure 1.5: o and S PORFMs for the Example Genome
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(a) @ PORFM

{b) # PORFM

Figure 1.6: & and # SSTs of the PORFMs for the Example Genome

1.4.2.2. Clone-End Maps

In a simjlar way that restriction sites can be delineated along the expanse of the genome in an RSM,
the clone ends (which are also sites) can be mapped. Here, the term clone end refers to the size at the end
of a clone insert. It is nor the partial fragment which remains attached to the A-arm (one of two DNA com-
ponents of the A phage used to reproduce the clone insert) as the clone is completely digested with one of
the restriction enzymes being mapped; it is instead the site at which the clone insert and the A-arm are
Joined. (The best analogy is that of a point and a line segment, as in Geometry. A resiriction fragment
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corresponds to a line segment; a restriction site and a clone end correspond to a point.) A Clone-End Map
(CEM) is the sequence of left and right clone ends as they occur along the expanse of the underlying
genome, Notice that the CEM does not give the exact position {in base pairs) along the genome; it only
gives the relative position of the clone-end sites along the genome. Given the usual clone fingerprint data,
in which the restriction enzyme used to produce the clones by partial digestion is not any of the restriction
enzymes being mapped, it is not possible to determine the exact placement of the clone ends along the
genome. For instance, using the sequence-set notation, the « CEM for the genome in Figure 1.3 is given
by [{Lea), {La1}s {Lez)s {Lea), {Resds {Re}, {Rezl, {Res}l; the # CEM is, as it must be, identical. This
can, of course, be transformed to the SST notation. Here, the notation 1 stands for left clone end of clone
X, and Ry stands for right clone end of clone Y. As with REMs, the clone fingerprint data may not be suffi-
cient to construct the total ordering. A Partially-Ordered Clone-End Map (POCEM) may be the best that
can be constructed. The most refined & POCEM that can be constructed for the example genome and
clones C1 through C4 of Figure 1.3 is [{Lcs}, {La1). {Lea), {Leas Rea)s {Rai ), {Rez), {Realls the most
refined § POCEM is the totally ordered CEM shown above.

1.4.2.3. Composite PORFMSs and POCEMs

1t is possible to combine PORFMs and POCEMSs into a single notation in which the relative order of
fragments and clone ends is well-defined; this will be referred to as a Composite Map (CM and POCM).
For instance, the most refined o POCM (using only o fragment-length data) that can be produced using
clones C1 throngh C4 is [{Les), {1.2.Let ), {34.Le2}, (5], {Les.6.Reals {7}, {Re1,8.9], [(Ree,10,11,12},
{Rcall; the most refined g POCM that can be produced is f{L¢cs}, {A,B.Clct}, {D,Lez), {(EELel,
{G.Rasl}, (Rar.H.1}, [Re2 J KLY, {Rea}). The corresponding SSTs are shown in Figure 1.7. Note that
with the introduction of clone end information into the map, the graphical form of maps becomes less effec-
tive, because there is no "natural” notation for combining fragment information and site information. How-
ever, the sequence-set and SST notations are abstract enough that such a combination can cagily be
expressed. The SST for an unstructured POCM (the o digestion of Clone C1) is shown in Figure 1.8.

Note that the clone ends and fragments have an order relation with respect to each other; clone ends
and fragments can co-exist within sets or set-nodes. The analogy of a fragment 10 a line segment and a
clone end to a point is very useful and appropriate here. In fact, the actual clone end resides in the interior
of one of the fragments present (assuming that there are no undetected fragments). More specifically, if a
left clone end is present in a set {or set-node) with fragments, (hen it resides in the interior of the rightmaost
fragment present in the set. For instance, consider the third set-node from the left in Figure 1.7(a). There
are three objects present: fragment 3, fragment 4, and L. Loy resides on either fragment 3 or fragment 4,
whichever is the rightmost fragment in the underlying genome. Similarly if a right clone end is present in a
set {or set-node) with fragments, then it resides in the interior of the leftmost fragment present in the set.

1.4.3, Incorporating PORFMs and POCMs

In DNA mapping, the nltimate goal is 10 uncover the actual sequence of the restriction fragments in
the original genome. For various reasons it may not be possible to reconstruct the actual ordering of the
fragments present in the original genome, given only the fingerprint fragment-length data of the clones.
For instance, there may be missing undetectable fragments (because they are too short or too long for elec-
trophoresis technelogy to detect) or there may be regions of the genome which are unclonable. There may
be regions of the genome in which a number of restriction sites are distributed in such a way that there is no
set of clones with clone ends which can separate the restriction fragments; thus, a completely refined RFM
wili be impaossible to construct, and a partially refined PORFM must suffice. It may also be that the finger-
print data are consistent with many different underlying genome configurations containing different distri-
butions of restriction sites. Some of these altemate configurations may be more compact that the one from
which the fingerprint data actually came. Thus, a map constructed by even the most exhaustive and
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Figure 1.8: & SST POCM for Clone C1

meticulous algorithmic approaches may still produce a map which is different from the underlying reality.

Knowledge about what restriction fragments are present in the genome is distributed throughout the
fingerprint data of the clones. Two fragments (in different clones) will be referred to as identifiable with
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one another if they are equal in length within measurement error bounds. Any specific restriction fragment
from the underlying genome (i.e., a genomic fragment) will be represented by an instance of a restriction
fragment in each clone {referred 10 as a real fragment) which overlaps the same region of the genome.
Thus, two real fragments of identical length (within measurement error bounds) in different clones are
potentially instances of the same genomic fragment, and thus should be identifiable with one another.
Unfortunately, all fragments of the same length (within measurement error bounds) do not represent
instances of the same genomic fragiment. The choice as to which fragments actually will be declared to
represent the same genomic fragment is determined during the process of building the PORFM. When two
fragments are declared to represent the same underlying genomic fragment they will be referred to as being
paired with one another.

Given these observations, the objective is the following: Find as compact an "overlaid” positioning of
the clones as possible in which (a) the fragments within each clone can occur in any order, (b) the frag-
ments of each clone remain contiguous with each other, and (¢) paired fragments in all the clones which
have overlap align with one another. The general approach to discovering the desired PORFM is to attempt
to pui clones together incrementally while complying with the above constraints. The term incorporate
will be used to denote the process of taking two PORFMSs and "puiting them together” (o form a third,
potentially more refined, PORFM. At any point in the overall mapping process, the two PORFMs being
incorporated might be two clones, two structured PORFMs, or a clone and a structured PORFM. Many dif-
ferent strategies can be employed; one will be presented in Section 2.

Restriction fragments in the original clones will be referred to as real fragments because they repre-
sent a specific instance of a restriction fragment from the underlying genome and have an actual measured
length. As fragments from different clones are combined (by pairing during incorporation) to represent an
inferred fragment from the underlying genome, the resulting fragment will be referred o as a virtual frag-
ment. A virtual fragment has no actual measured length; its Jength will be taken to be the average of the
measured lengths of the real fragments which compose it. Thus, many of the fragments in a structured
PORFM will be virtual fragments. Even the real fragments present in a PORFM can be considered to be
virtual fragments composed of only one real fragment,

1.4.4. The Working Assumption

In general, two PORFMs will be allowed to incorporate if there is sufficient apparent evidence that
there is significant overlap between them, One approach for declaring that sufficient evidence is present is
based on the fundamental working assumption that fragments which are identifiable with one another corre-
spond to the same genomic fragment. Of course, this working assumption is often false. This working
assumption is based on a combination of the converses of the following two theorems; neither of the con-
VErses are frue.

Theorem 1:
If two instances of restriction fragments in two different clones are instances of the same genomic
fragment, then they have the same sequence,
The converse is not true. Just because two fragmenis have the same sequence does not imply
that they are instances of the same genomic fragment.

Theorem 2:
If two instances of fragments have the same sequence, then they have the same measured length
(within measurement error bounds).
The converse is not true. Just because two fragments have the same measured length does not
imply that they have the same sequence.
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Although this fundamental working assumption has a significant probability of being wrong for indi-
vidual fragments, the joint probability of being wrong is significantly reduced by requiring multiple frag-
ments within the perceived region of overlap to be identifiable with one another. Often, requiring some
specific number of fragments to be present in the apparent overlap increases the probability that the joint
working assumption is true to a sufficient extent that it is appropriate to declare the presence of significant
actual overiap (even though the actual overlap may be less than the apparent overlap).

1.5, The Process of DNA Mapping
1.5.1. Mapping Two Clones Together

The reason that clone data can be used to create a map of a genome is the fact that fragments which
come from a single clone must be contiguous in the original DNA sequence. Given fragment-length data
for just one clone, it is impossible to know the ordering of the fragments within it; it is only known that
they are contiguous in a certain region of the original DNA. A more refined view of that region can be cre-
ated by considering other clones which are suspected to overlap the same region. Consider the & data for
C1 and C2 from the example genome. C1 has fragment-length data {4000, 3500, 3000, 2500, 500}, and C2
has fragmenti-length data {4000, 3500, 2500, 2000, 1500}. Since these two clones appear to share three
fragments of the same lengths (4000, 3000, and 2500), it may be considered probable that they are partially
overlapping clones from the same general region of the original DNA. However, it is impossible to deter-
mine how they actually overlap without doing more biological work. Simply because they contain three
fragments having the same length is no guarantee that they actuaily overlap, since two fragments of the
same (apparent) length do not necessarily correspond to the same genomic fragment. One of the ways that
this is taken into account while mapping is to require multiple (apparent) fragment overlap before assuming
an actual overlap is present. Often, given the type of data presented here (i.e., fragment-length data for A
clones) the minimum number of fragments which must seem to overlap (before actual overlap is inferred)
is taken to be 4 or 5; here, the value is taken to be 3 to reduce the amount of data required to expose the
concepts. The probability that two clones actually share some region of the underlying genome increases
as the number of fragments of apparent overlap increases.

Returning to the example, it is known that the five @ fragments in C1 must be contiguous; similarly,
the five & fragments of C2 must be contignous. This is all that can be determined from examining the
clones independently of each other. However, more information can be extracted by examining the two
clones in concert,

There appear to be three genomic fragments in common. Assuming the postulate that these three
fragments should be paired is accepted, these three fragments must also be contiguous. This means that
cach clone can be divided into two sets, one set containing the fragments which apparently overlap and the
other set containing all the remaining fragments in the clone. In Cl, these two sets are {4000, 3500, 2500}
and {3000, 500}, while in C2 they are {4000, 3500, 2500} and {2000, 1500}. Since each of the two clones
contains an overlapping region with the other clone, it is possible to "fit" the two back together into one
partial sequence. This sequence is shown in Figure 1.9 and corresponds to the PORFM shown in Figure
1.10. In Figure 1.10, the fragments are displayed in the order that they occur in the underlying example
genome, in order to correlate the PORFM with the underlying reality: this ordering is not actually available
during the mapping process, so the fragments in each group are usually sorted in descending order, as
depicted in Figure 1.9,

The ordering in Figore 1.9 contains more information than either of the original two clones provided,
Specifically, it is now known that there is a restriction site a distance of 3500 (3000+500) bp in from the
first restriction site occurring at the left end of C1. (The concepts of "left" and "right" are, of course, arbi-
trary orientations which come from the human-oriented notations used to present the structure of the data.
Given any map, the reflection, exchanging "left" with "right”, is just as valid. The important relationship
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{3000, 5060} {4000, 3500, 2500} {2000, 1500}
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Figure 1.9: Two Overlapping Clones
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Figure 1.10: PORFM for C1 and C2

here is the partial ordering of the fragments, not the orientation.) Similarly, there is a resiriction site a dis-
tance of 3500 (2000+1500) bp in from the first restriction site occurring at the right end of C2. The infor-
mation about this particular region of the genome is still refatively unrefined. It is known that there are
three sets of fragments, with two fragments in the first set, three fragments in the second set, and two frag-
ments in the last set. These subdivisions, or sets, will be referred to as groups in the abstract POREM. It is
known how the three groups are positioned in relation to each other. However, the exact order of the frag-
ments in any one of the groups is not known.

1.5.2. Mapping a Set of Clones

Given a set of clones, perceived to come from a contiguous region of the underlying genome, it is
possibie to continue to refine the positioning of the fragments by incorporating more clones into the
PORFM. New clones can be incorporated into 2 PORFM in two different ways: by extension or by assim-
ilation. An extension cccurs if the number of fragments in the resulting PORFM ig greater than the num-
ber of fragments in the previous PORFM, i.e., some fragment of the clone extends beyond the boundaries
of the original PORFM. An assimilation occurs if the number of fragments in the resulting PORFM is
equal to the number of fragments in the previous PORFM, i e., every fragment in the clone pairs with an
already existing fragment in the original PORFM.

It might be possible to incorporate a clone into a PORFM in more than one position. Such a situation
is referred to as ambiguous. Ambiguous incorporations are, in general, not allowed; they must be resolved
(by some external means) or be deferred until more structure is available (which might eliminate the ambi-

guity).
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Consider attempting to incorporate C3 into the PORFM in Figure 1.10. Unfortunately, C3 can be
incorporated in two different positions, on the left (as shown in Figure 1.11(a)) or on the right (as shown in
Figure 1.11{b)). Note that in Figure 1.11(a) it is necessary to reorder (i.e., change the order from that in the
underlying genome) the fragments in each of the three clones in order for the incorporation to take place.

Here, assume that Figure 1.11(a) is discarded by some external mechanism and Figure 1.11(b) is
selected as the appropriate PORFM. Then C4 can be incorporated in only one way, as shown in Figure
1.12. Note that Figure 1.12 represents the same underlying reality as that shown in Figure 1.5(a).

3-11
3 9 12 4-10 73 52 62 8 9
123 | i ! b | | 1 | ] ]
AP0 I | | | I i
3 4 7 5 6
cl |1 1 I I |
p [ [
7 5 6 8 9
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(a) Incorporation of C3 on left
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{b) Incorporation of C3 on right

Figure 1.11: PORFMs for C1, C2, and C3
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Figure 1.12: PORFM for C1, C2, C3, and C4

There are several types of ambiguity. Global ambiguity occurs when it is possible to incorporate a
clone into a PORFM in distinctly different regions of the PORFM (i.e., regions which have no overlap).
Local ambiguity occurs when the clone can be incorporated in the same general region in a number of dif-
ferent ways (i.c., the regions of incorporation have non-null overlap).

As an example of global ambiguity, consider the incorporation of C5 into the PORFM in Figure 1.12,
C5 can be incorporated in two distinetly different regions, as shown in Figure 1.13.

As an example of local ambiguity, consider the incorporation of C6 into the PORFM in Figure 1.12.
C6 can be incorporated into the same general region in two different positions, as shown in Figure 1.14;
note that the regions of incorporation have significant overlap. This often occurs when there are two differ-
ent genomic fragment of roughly the same size, approximately one clone length apart; in this case these are
fragments 2 and 8, each of length 2.0 kb.

1.6. Puzzle Construction

The process of performing DNA restriction mapping can be likened to that of putting together a large
figsaw puzzle. In a jigsaw puzzle the pieces usually have a variety of shapes (which help determine their
placement) and a pattern on the top surface (which helps to discriminate between pieces with "similar”
shape}. Every piece of the puzzle is present once and only once, and there is usually a composite picture
created by the aggregate of the patterns once the pieces have been put together completely. A variety of
heuristic techniques can be used to sort the pieces into collections which have higher than random probabil-
ity of having close proximity. Selecting pieces with similar color is one such technique; separating pieces
which have at least one straight edge (straight edges occur on the boundary of the puzzie) is another,

In DNA mapping, the jigsaw pieces correspond to the clones. Their shape is not distinctive (which
might be considered analogous to jigsaw pieces in which all shapes are constructed from straight lnes), but
there is a pattern associated with each piece, the fragment-length data (which might be considered
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Figure 1.13: Global Ambiguity



MRE Mapping -18 - Section 1.6.

1 2 3 43 5 6 7 8 92 10 11 12
12346 | 1 [t | | | | ] | Lt
P | I | | 1 l — l
3 4 5 6 7
Cl [1 ! ! I |
[ [
5 6 7 8 9
C2 i ! t l L |
] ]
7 8 9 10 1112
| t 1 I I
c3 ! i
1 2 3 4 5
| I [ I |
C4 | |
3 4 5 6 7 8
C6 [ 1 | i ) |
a I ]
(a) incorporation of C6 in rightmost position of region
1 2.8 3? 4 5 6 7™ 8 92 10 11 12
. | | [0 | | L1
apl2346, — i 1 | | | ] |
3 4 5 6 7
cl 1 1 ! 1 |
a | l
5 6 7 8 9
2 ! I 1 | 1 [
a [ |
7 8 9 10 11 12
3 [ L L ] i1
P | |
1 2 3 4 5
C4 | 1 1 1 |
o | |
8 3 4 5 6 7
6 | I 1 l L ! ]
« | i

(b) incerporation of C6 in lefimost position of region

Figure 1.14: Local Ambiguity
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analogous to a random pattern, such as popcorn). A piece may be missing compleiely, present multiple
times, or partially overlap with other pieces. (In fact this third situation predominates and is what allows
the map to be assembled.) No information (or at least little information) is available @ priori about how the
final map should look. Contig building (the process of identifying sets of clones which statistically have a
high probability of coming from a common contiguous region of the genome) is ofien used as a heuristic
for subdividing clones into collections which have higher than random probability of having close proxim-

ity.

In DNA mapping, the objective is to find as compact an alignment of the ciones as possible such that,
as fragments within each clone are allowed to rearrange in any order, the fragments of each clone remain
contiguous with each other while simultaneously pairing with identifiable fragments in all the aligned
clones.

Given a jigsaw puzzle whose surface pattern is relatively random (say something like popcorn) and
whose pieces do not have distinctive shapes (because all their edges are straight), there is a high probability
of misplacing a piece during the incremental construction of the jigsaw puzzle. If a piece "seems to fit" at a
specific position (because the surrounding pattern in the puzzle as constructed so far roughly matches that
on the piece being considered) but, in fact, belongs somewhere else, the piece may inappropriately be
placed at this wrong position. Construction of the puzzle may continue for quite some time before the
inconsistency becomes apparent. However, if the piece truly has been placed in the wrong position, the
puzzle cannot be correctly completed until this error has been identified and correcied.

In DNA mapping, similar pitfalls occur with the placement of clones. If a clone is placed in the
wrong position in the map, it may not be possible to complete the map.

In the “end game" of constructing a jigsaw puzzle, it is often easy (a) to determine that a piece has
been placed incorrectly and (b) 1o determine what picce is in the incorrect position. However, in DNA
mapping these determinations are not so obvious. Backiracking is sometimes attempted as a remedy for
this problem. However, the computational complexity of this solution makes it completely unacceptable,
especially since the erroneous placement often occurs very early in the construction of the map. Instead, a
mechanism for reducing the uncertainty of placing a clone in a map is what is truly needed. MRE mapping
supplies just such a mechanism.

Given the previous analogy to a jigsaw puzzle, whose picture is a random pattern and whose pieces
have nondistinct shape, what could be done to reduce the possibility of placing a piece in the wrong posi-
tion? The jigsaw puzzle actually has two surfaces, a top surface and a bottom surface. If another random
pattern (independent from the first) were placed on the bottom surface, this second pattern could be used to
verify the placement of any specific piece. Specifically, if a given piece seems to fit at a specific position
because the pattern on the top surface matches the sarrounding pattem, but it fails to match the surrounding
patiern on the bottom surface, then this piece clearly does not belong at this specific position.

MRE mapping constitutes the DNA mapping counterpart of the two-sided jigsaw puzzle. Assume
that each clone has been digested with two independent restriction enzymes, say « and 38, and that as map-
ping proceeds, two maps are constructed in parallel, one using the @ fragment-length data and the other
using the 8 fragment-length data. Assume further that each of these maps contains exactly the same
clones, and the clones occur in "the same positions”. As a new clone is considered for insertion into the
maps, one of two maps is selected as a primary search domain, If a clone seems to incorporate at a specific
position in the & map (based on the ¢ fragment-length data), it may be (but not necessarily will be) merged
into the compound POCM only if it also incorporates into "the same position” in the 8 map (based on the 8
fragment-length data). The resolution of whether two clone are in "the same position" can be achieved by
synchronizing the two maps with respect to the clone ends present prior o attempting to incorporate the
new clone. This is valid because the clone ends occur at specific sites along the original underlying DNA.
The juxtaposition of these sites, although originally unknown, is fixed and independent of any specific
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restriction enzyme fragment-length data. In fact, the juxtaposition of these clone end sites is discovered
during the process of mapping.

Unlike a jigsaw puzzle, which can only use two surfaces to help reduce the uncertainty of piece
placement, it is possible to use virtually any number of restriction enzymes to help reduce the uncertainty
of clone placement. A probabilistic analysis will be presented (in Section 4) showing how the uncertainty
of clone placement, jointly consistent across multiple restriction enzymes, is related to the uncertainty of
clone placement for each restriction enzyme independently. The decrease in uncertainty is exponential in
the number of restriction enzymes used. Thus, given reasonable estimates of the uncertainty of placing a
clone using only one restriction enzyme (based on specific criteria by which clones are allowed to be incor-
porated into maps), it is possible to determine g priori how many restriction enzymes should be used in
order to achieve any specific desired level of joint uncertainty.

The remainder of this report presents general approaches and algorithms for reducing the uncertainty
of clone placement. Section 2 presents many of the general techniques used in SRE mapping; these include
window tiling and the match/merge approach. Section 3 shown how these incorporation techniques can be
extended to facilitate MRE mapping. Section 4 presents a Bayesian analysis of the probability of false pos-
itives and false negatives in MRE mapping, as a function of the corresponding probabilities in SRE map-
ping. Section 5 presents a number of details which were suppressed in previous sections (in order to
expose the concepts without excessive detail). Section 6 takes a broader view, discussing variations and
extensions to the MRE mapping technique and showing how it can be effectively applied within a number
of strategies.

2. Single-Restriction-Enzyme Mapping

In general, the mapping approach uses a greedy algorithm“ﬁ] in which two POCMs (or PORFMs)
are selected for an attempt at incorporation. For simplicity, the selection criterion is suppressed here, but
can be based on many different properties of the POCMs involved. One POCM is incorporated into
another; the incorporation candidate (IC) is incorporated into the incorporation target (IT). Although
the approach works for ITs and ICs having arbitrary structure, it is probably easiest to understand the
approach by perceiving the IC to be a clone (with no stracture) and the IT to be a highly structured POCM
containing many clones.

There are two fundamental ways that the IC can incorporate into the IT: it can assimilate within the
IT, or it can extend the IT. Assimilation occurs when every fragment of the XC pairs with a fragment in the
IT. Extension occurs when there is at least one fragment in the IC that fails to pair with a fragment in the
IT; any unpaired fragment in the IC will constitute an extension onto the IT afler incorporation has
occurred.

Assimilation of the IC into the IT is always attempted first. If this succeeds, extension is not
attermpted. This approach is consistent with preferring POCMSs which are as compact as possible.

2.1. Assimilation

In order to determine whether or not the IC assimilates into the IT, the IC must be allowed to be posi-
tioned anywhere within the internal boundaries of the IT. For each such possible positioning, it is deter-
mined whether or not there is a topologically valid set of pairings (i.c., pairings which allow the fragments
of each clone to remain contiguous) between the fragments of the IC and the fragments in the region of the
IT in which the IC has been positioned.
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2.1.1. Window Tiling

The concept of a "window” in the IT is used to achieve this goal of considering every possible posi-
tioning of the IC within the IT. A window is a contiguous set of groups in a POCM (i.e., a contiguous set
of set-node siblings in an SST). The window can be specified by designating the two outermost groups in
the set of contiguons groups that constitute the window. A window (of size just slightly larger than the IC)
is positioned within the IT, and an attempt is made to incorporate the IC within the confines of the window.
(Details about how to select a window of the appropriate size are given in Section 5.2.1.1.1.) The IC either
does or does not incorporate within the window; in either case, the window is "moved"” to an "adjacent”
position and incorporation is attempted there. (Details about how windows are "moved” across the IT are
given in Section 5.2.1.1.2.) In essence, the window is "dragged" across the IT, incorporation being
attempted at each discrete position. The collection of different window positions constitute a "tiling" of the
IT; this "tiling" must allow the IC to attempt to incorporate in any position of the IT. If the IC can incorpo-
rate in different positions within a window, then internal ambiguity is present. Internal ambiguily nsually
implies local ambiguity, because the incorporation regions within a single window usually have some over-
lap (if the window is chosen appropriately). If an IC can incorporate in different positions in different win-
dows, then external ambiguity is present. External ambiguity usually implies global ambiguity, because
there s usually no overlap in the incorporation regions in different windows. (However, since adjacent
windows do have overlap, it is possible for incorporation regions in different windows to have overlap.)
The presence of any form of ambiguity causes the incorporation attempt to fail and to be deferred until
later. The introduction of more strocture into the IT (or IC), caused by incorporation with other POCMs,
may eliminate the current ambiguity, Thus, a simple deferral stralegy often is sufficient to resolve ambigu-
ity problems,

The use of windows serves two purposes. First, windows supply a conceptual tool for organizing the
computation and focusing on a specific region of interest within the IT. Second, their use tends to make the
underlying computation linear with respect to the length of the IT, instead of exponential. If windows were
not used, and fragments in the IC were allowed to attempt to pair with all fragments in the IT at the same
time, then an exorbitant number of fragment matchings (see next section) could be created, most of which
are topologically infeasible. The number of fragment matchings tends to be exponential in the number of
fragments available for pairing. Since the maximum size of a clone is effectively bounded by a constant,
the maximum size of a window is similarly bounded. Thus, there is effectively an upper bound on the
number of fragment matchings that can be produced within a window. The number of windows in a tiling
of an IT is linear in the length of the IT. Thus, the number of fragment matchings produced across the
entire I'T using windows is linear in the length of the IT,

When the IC being incorporated is not a clone, but is instead a structured POCM, there is no upper
bound on the size of the IC, Thus, this claim of lingarity on the number of fragment maichings produced
does not hold. However, the use of windowing significantly reduces the number of fragment matchings
produced in this situation also.

A two-phase approach is used to determine whether or not an IC incorporates into the current win-
dow of the TT. These are known as the match phase and the merge phase.

2.1.2. Match

During the match phase, all of the structure present in the IC and in the window of the IT is ignored,
and the fragmenis in each are aggregated together to create multisets (or bags). The individual fragments in
the IC are compared to the fragments in the window of the IT to determine fragments that can be identified
with one another. All possible individual pairings between fragmenis in one set and fragments in the other
set are considered. An aggregate of such pairings, which allows the use of any specific fragment no more
than once, is referred to as a fragment matching or fragmat, for short, A fragmat whose cardinality is
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greater than or equal to the cardinality of all other possible fragmats is known as a maximum fragmat. All
maximurn fragmats are considered, and any "similar” fragmats are represented by one of the "best” fragmat
among those which are similar. (For instance, if two fragments in the same group in the IC pair with a sin-
gle fragment in the IT, then the two fragments in the IC are considered "indistinguishable" for this purpose,
and the fragment whose length is closest to the length of the fragment in the IT is selected as the represen-
tative for pairing.} All fragmats are created ignoring any information about the topology or structure in the
region from which the fragments come.

As a first example, consider attempting to assimilate the & digestion of C3 into ,map12 (shown in
Figure 1.10). Assume that the incorporation window in ,map12 is the entire map. There is one and only
one maximum fragmat possible:

fm; = {(3,1),,10),(7%,7),(8,8),(9.9}.
Note that fragment 12 from C3 is not represented in this fragmat, fragment 3 of ,mapl2 is confused with
fragment 11 of C3, and fragment 4 of ,map12 is confused with fragment 10 of C3.

As a second example, consider atiempting tc assimilate the o digestion of C5 inlo ,map1234, shown
in Figure 1.12. Here, for illustrative purposes, assume that the incorporation window in ,map1234 is cho-
sen to be the entire map. (A more rational tiling is shown in Figure 5.6) Three maximum fragmats (of the
16 maximum fragmats possible) are shown here:

fmy = {(1,1,(2,2),(3%.3),@*4),

fm; = {(8%,2),(9%,1),(10.4),(11,3)}, and

fmy = {(1,1),(82,2),(3%,3),(104)).
Fm, corresponds to the one used in Figure 1.13(a), and fms corresponds to the one used in Figore 1.13(b).
Nole that fm, contains two fragment pairings which involve fragment confusion.

2.1.3. Merge

During the merge phase, the topologies of the regions are reintroduced. Each fragmat constructed
during the match phase is checked, one at a time, to determine whether or not the pairings specified by the
fragmat allow the existence of a topologically feasible sequence of the fragments in both POCMs, i.e.,
whether or not the pairings in the fragmat allow the real fragments of each clone to remain contiguous.
Incorporation occurs for any fragmat which is topologically feasible. If two or more fragmats allow incor-
poration, then internal ambiguity is present.

Consider the two examples presented in the previous subsection. First, consider the assimilation of
C3into ,mapl2. fin, has a cardinality of 5, one less than the cardinality of the fragments in the « digestion
of C3. Since there cxists a fragment in C3 (the IC),in this case fragment 11, which does not pair, the assim-
ilation of C3 into ,mapl2 is not feasible. (Even if this fragmat is considered for the purposes of extension,
Le., fragment 12 of C3 waould be an extension beyond ,map12, the fragmat is topologically infeasible,
since the presence of fragments 52 and 62 of ,map12 would not allow the fragments of C3 to remain con-
tiguous). Thus, this fragmat is discarded. Since this is the only maximum fragmat, assimilation is declared
to be impossible

Next, consider the assimilation of the ¢ digestion of C5 into ,mapl1234. fm, and fms are topologi-
cally feasible, as depicted in Figure 1.13(a) and 1.13(b), respectively. However, fing is topologically infea-
sible, because this fragmat does not allow the fragments of C35 to remain contiguous. Thus, fmy is dis-
carded. The successful incorporations of C5 using fm, and fm, signal ambiguity; this is global ambiguity,
since the regions of incorporation have no overlap.
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2.2, Extension

If incorporation by assimilation was not successful, then incorporation by extension is attempted.
Here, an attempt is made to use the IC to extend the IT. Excluding trivial POCMs with no structure, there
are four possible ways that the IC might extend the IT: (1) the left end of the IT might incorporate with the
left end of the IC, (2) the left end of the IT might incorporate with the right end of the IC, {3) the right end
of the IT might incorporate with the Ieft end of the IC, and (4) the right end of the I'T might incorporate
with the right end of the IC. All of these possibilities are considered.

In general, the process of exlension is similar to that of assimilation. A window of appropriate size
and position is constructed at the end of each POCM. Several different approaches to determining the
placement of these windows are presented in Section 5.2.1.2. Given these windows, a match/merge
approach is again used. During the maich phase, knowledge of the structure of the fragmenis in the win-
dows is suspended. Again maximum fragmats are created. However, in the case of extension, fragmats
with cardinality less than that of the maximum fragmats may be required to allow the POCMSs o incorpo-
rate. An example of why this is true is shown in Section 5.2.1.2.

The process of mapping POCMs (ogether using maximum fragmats is known as 0-bye mapping,
because none of the fragments which potentially can pair are allowed not (0 pair. However, lhe inclusion of
a specific pairing of fragments in a maximum fragmat may cause the corresponding topological structure to
be infeasible. The deletion of that one pair of fragments may produce a topological structure which is fea-
sible, thus allowing the two POCM:s 1o incorporate; the region of overlap which allows the two POCMs to
incorporate will be less (by one fragment) than that which would have been produced by a maximuom frag-
mat, but as long as the minimum overlap requirement is still met, the incorporation is a valid one. The term
1-bye mapping is used to describe the process when fragmats with cardinality one less than that of the max-
imum fragmats are created and used. In this form of mapping, all maximum fragmats are created; also for
each maximum fragmat, all sub-fragmats containing one less pair are also created. Thus, for each maxi-
mum fragmat of length » present in 0-bye mapping, there are an additional n fragmats present in 1-bye
mapping. Similarly, 2-bye mapping allows two arbitrary pairings form e¢ach maximum fragmat to be

nin—1)
2

. The combinatorial explosion implied here

deleted, resulting in an expansion factor of 1+ n+

continues for k-bye mapping, where k > 2. The actual expansion factor applied over all maximum fragmats
can, in fact, be either larger or smaller than the factor suggested above. For example, the factor can be
smaller because two different maximum fragmats may produce a common sub-fragmat when k-bye map-
ping is used. The factor can be Jarger because some k-bye fragmats may not be subsets of any maximum
fragmat. However, it should be clear that O-bye mapping is preferable.

The merge phase nsed during extension is identical to that used for assimilation. Each fragmat pro-
duced in the match phase is checked, one at a time, to determine whether or not it produces a topologically
feasible incorporation. If the POCMs can be incorporated together in more than one way, then ambiguity is
present, and the attempt at incorporation is deferred.
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3. Multiple-Resfriction-Enzyme Mapping

Multiple-Restziction-Enzyme (MRE) mapping is a technique which jointly (concurrently) uses the
fragment-length data from multiple digestions of the clones to aitempt to reduce the uncertainty of placing
aclone. In this technique, each clone is digested separately by two or more restriction enzymes. In this
presentation for illustrative purposes, only two restriction enzymes, named « and §, are assumed. The
mapping process builds companion POCMs in both the & domain and the # domain; the resulting pair of
companion POCMs will be referred to as a compound POCM. These two companion POCMs are con-
structed in unison, and there are two important invariants which must be maintained. (1) Each companion
POCM must contain exactly the same clones. (2) Each clone must occur in "the same position” in both
POCMSs. (The concept of "the same position" will be based on the consistency of the relative positions of a
clone’s clone ends with respect to the other clone ends present.)

3.1. The Approach

Assume that two companion IT POCMs, ,map and gmap, have been previously constructed which
satisfy the two invariants above. (Note that a companion pair of POCMs consisting of the « digestion of a
clone and the £ digestion of the same clone satisfied these invariants.) When a new clone is introduced as
an IC for incorporation into this pair of companion POCMs, one of the two domains is chosen as the pri-
mary search domain; here, & is chosen as the primary search domain. The « digestion is "dragged” across
«MAap, searching for a window in which it can incorporate, If such a window is found in ,map, a compan-
ton window is found in gmap which covers roughly (at least as much, but possibly more) the same region
of the genome as the original window in ,map. The combination of the two companion windows is
referred to as a compound window, An attempt is made to incorporate the clone within the companion
window in gmap using the § digestion of the clone. If the incorporation in gmap is successful, then the
two newly created POCMs are checked to determine if their clone-end maps are compatible. (The exact
details of clone-end map compatibility will be discussed in detail in Sections 3.3 and 5.3.) If they are com-
patible (indicating that all clones are in "the same position"), then a successful compound incorporation is
declared and the resulting companion POCMs constitute a new pair satisfying the two invariants above and
having one more clone present than the original ITs. If the incorporation in gmap is not successful or the
resulting clone-end maps are not compatible, then it is assumed that the apparent incorporation of the clone
in this window in ,map was in error due to the fact that the working assumption was false.

Although the technique of MRE mapping has been expressed in terms of incorporating an IC clone
into an IT, the technique works equally well for incorporating an IC with structure into an IT.

3.2. The Two-sided Puzzle

The requirement that clones occur in the same position in both of the companion POCMs is analo-
gous to the construction of a jigsaw puzzie with patierns on both its top and bottom surface. As in Secticn
1.6, assume that each pattern is somewhat random, such as a picture of popcorn, and that the edges of each
piece are straight, so that the shape of the piece supplies little or no information about its placement in the
overall puzzle. In such a puzzle, each piece would have a pattern on each side. (Assume that it is possible
to differentiate the top side of the piece from the bottom side.) A specific piece may appear 10 fit in a par-
ticular position based on the correspondence between the pattern on the top of the piece and the pattern on
the top of the partially constructed puzzle so far. This apparent incorporation may be (&} correct, caused by
the fact that the piece actually originated from this position, or {(b) incorrect, cansed by random chance,
given the high uncertainty of placing a picce. A partial confirmation of whether the placement of this piece
is comrect or not is to determine whether the patterns match on the bottom surface. If the patterns do not
match on the bottom surface, the placement is probably incorrect (situation (b) above). If the patterns do
match, there is a high probability that this is the correct placement of the piece; at least the uncertainty that
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this is the correct placement of this piece has been significantly reduced. An analysis of how the uncer-
tainty is reduced by MRE mapping is presented in Section 4.

3.3. Clone-end Maps and Their Compatibility

Clone ends can be used as a synchronizing mechanism to find corresponding regions in companion
POCMSs. This synchranization is based on the following observation,

Given a genome and a set of clones (from which the POCMs will be constructed) there must be a
total order (<) for the clone ends in the underlying genome. The order of these clone ends is inde-
pendent of the placement of any specific restriction site of any kind. Thus, in a POCM for any spe-
cific restriction enzyme, the placement of the (abstract) clone ends in the POCM should be consis-
tent with the order of the actual clone ends in the underlying genome. As POCMs are constructed
for two or more restriction enzymes, this consistency constraint should be truze of all the POCMs
constructed. If there is ne total order for which the (abstract) clone ends of both POCEMs are con-
sistent, then there is no concrete underlying reality from which both POCEMs can validly have been
abstracted; thus, at least one of the POCEMSs must be incorrect. If there is some total order for
which the (abstract) clone ends of both POCEMs is consistent, then there is a concrete underlying
reality from which both POCEMs could validly have been abstracted. (The two POCEMSs may not
correspond to the actual underlying reality, but at least there is 2 potential reality for which they are
valid abstractions.)

Thus, given two POCMs, ,map and zmap, both assumed to be valid abstractions of same region of
an underlying genome, the POCEMs extracted from both must be consistent with the underlying genome,
and thus compatble with one another. Two POCEMSs are compatible if there exists a total ordering of the
clone ends which is consistent with both POCEMs. The term "consistent" means that there is a refinement
of the POCEM which is the total order. Here, the term "refinement” refers to the process of ordering the

. . o . >
members of a set into a specific order. This is best shown by example. Consider the refinement lattice
of three (abstract) clone ends, as shown in Figure 3.1, Here, a line between two sequence-sets means that
the sequence-set at the top of the line is a refinement of the sequence-set at the bottom of the fine. In this
example, A is consigtent with H through M; B is consistent with H and I; C is consistent with K and M; etc.
B is compatible with E because there is a total ordering of the clone ends (I) which is consistent with both
B and E. B is compatible with G because there is a total ordering of the clone ends (H) which is consistent
with both B and G. However, E is not compatible with G, because there is no total ordering of the clone
ends which is consistent with both E and G. (Note that this compatibility relation is reflexive and symmet-
ric, but not transitive.)

As a more concrete example, consider three sequence-sets of clone ends:
ssl=T{Les}.{ler} {lesslca}-{Reasles} {Rer }{Res ). {Re2 ), (Res)]
552 = [{Lea).{lce.Lar J.{Lea) - {Lea}. (Res b {Re1 }.{Res. Rz} [(Res

553 = [{Lesl {Laa ) {Leesbca)s{bea) . {Rea ). {Rer 1. {Rea ) [Reg 1L (Real]
These are extracted from Figures 3.21, 3.18, and 3.19, respectively. ss! is compatible with 552 because
there is a total order, [{Lea} {Le1}.{Les} {Lea} {Lea),{Rea ). {Bai }.{Res). { Rzl [Re3}] with which both
ssi and 552 are consistent. However, ss] and ss3 are not compatible, because ssl requires that Reg precede
Hez, and ss3 requires that Rep precede Reg. There is no total order which is consistent with both of these.

There is a simple algorithm for determining whether or not two POCEMs are compatible; this is
shown in Figure 3.2, Here, the symbol "<=" refers to the operator which extracts one object from the front
of a list and "«" is the assignment operator.

This algorithm is based on a technique of rearranging the clone ends to find the least upper bound
(lub) in the refinement lattice™” . A simple variant of this algoerithm can construct and return the hyb itself.
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Hifell{e2},(e3]]  Ll{el).{e3}.{e2}]  T:[{e2},{el},(e3]] K:f{e2}.{e3)}.{el}] L:f{e3}{el}{e2}] M:{e3},[e2},{cl]]

B:{el}.[e2.e31] Ci{{e2,e3}Tel)] D:f{e2}.{el,e3}] E:[{el,e3],{e2]] E[f{e3},{ele2}]

G:{[61,e2},{e3])

Acf{el,e2,e31]

Figure 3.1; Clone End Lattice

In order to understand how the algorithm works, consider a trace of the algorithm when applied to ss! and
ss2 defined above. Table 3.1 shows the individual values of set1, set2, and inter at the point just
after intex is computed. In fact, in general the sequence of values computed for inter is the lub of the
sequences which were input. This algorithm assumes that there are no undetectable (due to the elec-
trophoresis technology) fragments missing in the POCM from which the sequence-sets are extracted. The
presence of missing undetectable fragments can disturb the companion POCMs sufficiently that they seem
to be incompatible. This is discussed in more detail in Section 5.3, where a variation of the algorithra in
Figure 3.2, which adjusts for this anomaly, is presented.

3.4. An Example using MRE Mapping

In this section, an extended example of how MRE mapping can help in determining the placement of
clones is presented. The example genome shown in Figure 1.3, augmented by Tables 1.1-1.3, are the daia
used in this example. It will be shown that MRE mapping can be a significant help in resolving global
ambiguity, and can be of some help in resolving local ambiguity. In the scenario to be presented, a clone is
always selected as the IC, for simplicity; however, the technique works equally well if the IC has signifi-
cant structure. First, clones C1 through C4 (in that order) will be incorporated; during the process one
instance of global ambiguity will occur {during an extension) and be resolved by the MRE mapping tech-
nique. Next, an example of global ambiguity {during assimilation) will be exposed and resolved while
attempting to incorporate clones C5 and C5°. Then, local ambiguity will be addressed while attempting to
incorporate clones C6 through C67""; some local ambiguity problems will be resolvable by MRE map-
ping, and some will not be resolvable.
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BOOLEAN
cem_compat {ssl, ss2)
setl < ssl /* the empty set if ssl is empty */
set?2 % ss2 /* the empty set if ss2 is empty */
while {setl # ¢ and set2 # @) |{ /* not at end */
inter « setl (M) set2 /* compute the intersection */
if {inter = setl) { /* if set2 subsumes setl */
setl <= ssl /* extract new setl from ssl */
if (inter = set2} /* if setl = set2 */
set2 <= ss2 /* extract new set? from ss2 %/
else /* otherwise */
set2 « set? - inter /* construct residue */
}
else |
if (inter = set2) { /* if setl subsumes set2 */
set2 <= ss2 /* extract new set2 from ss2 */
setl]l & set]l - inter /* construct residue */
}
else return (FALSE) /* neither set subsumes the other */

}
}
if {setl = setl? = ¢) return{TRUE)
else return (FALSE)

Figure 3.2: Algorithm for Clone End Compalibility

Table 3.1
Trace of cem_compat
setl set2 inter
{Lea) {Lea} {Lead
{Lei) {Lesslci} | {Lai}
{Leglea} | {bce) {Lcs!
{Lea) {Lea) {Leal
{(Reates} | {Les) {Lcs)
{Rea) {Req} (Res}
(Rei} {Ret1} {Rei}
{Rcs) {Rcs.Rez} | [Res!
{Rez) {Rez) {Rez)
{Res) {Rcs) {Res)

Assume that 3-fragment overlap will be required in order to incorporate POCMs (this value is used (o
keep the example genome small), and that only O-bye incorporations are considered. Assume that the pri-
mary search domain is the & domain. Assume C1 is selected as the original IT, and C2 is selected as the
original IC. In attempting to incorporate the ¢ digestions of C1 and C2, only one POCM is possible; this is
shown in Figure 3.3. (Note the format of this figure, Componeni (a) shows how the PORFMs of the IT
and IC were incorporated to produce the resulting map. The IT is presented above the IC; this is followed
by the resulting PORFM. Component (b) shows the abstracted sequence-set notation for the POCM, which
presents the combined relationship between the restriction fragments and clone ends. Component (c)
shows the sequence-set-tree notation for the POCM, including the lengths of the fragments. Component {(d)
shows the sequence-set notation for the POCEM. This format will be used in the suite of figures that fol-
low.) Here, the notation 5% means that fragment 5 is present twice in the corresponding virtual fragment.
The companion window in the 8 domain (the entire POCM) is found in the § IT. There is only one way to
incorporate the g digestion of C2 into the g IT, this is shown in Figure 3.4, The POCEMs are checked for
compatibility, and the result is positive (because the POCEMSs are identical). Since there are no ambiguity
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or compatibility problems and 3-fragment overlap was achieved in both domains, the atempted compound
incorporation is successful. Thus, ,map12 becomes the new e IT, and smap12 becomes the new 5 IT.

Assume that C3 is selected as the next IC, Unfortunately, there are two positions for the & digestion
of C3 to incorporate into ,map12; this constitutes external ambiguity. These two incorporations are shown
in Figures 3.5 and 3.6. In the POCM in Figure 3.5, C3 has been incorporated onto the wrong end of the IT.
(The notation 3-11 indicates that the virtual fragment is composed of real fragment 3 and real fragment 11.)
This is cansed by confusion of fragment 3 in the IT with fragment 11 in the IC and fragment 4 in the [T
with fragment 10 in the IC; fragment 72 in the IT was correctly identified with fragment 7 in the IC. (In
this figure, the underlying confusion is being exposed, but the incorporation algorithm cannot detect the
actual errors because it has only the fragment-length data in which fragment 3 and fragment 11 are per-
ceived 1o be identical.) In the map in Figure 3.6, C3 has been incorporated onto the correct end of the IT,
and in fact corresponds to the underlying reality.

‘When companion windows for these two maps are found in the 8 IT and incorporation is attempted,
only one possible map can be constructed; this is shown in Figure 3.7. The POCEM of zmap123 is com-
patible with the POCEM of ,map123,, but it is not compatible with the POCEM of ,map123,. Thus, the
algorithm discards ,map123, as a possible solution because it is not compatible with any of the 8 POCMs.
It is able to produce a unique pair of POCMSs (,map123,,,map123) whose POCEMs are compatible, and
declares a successful compound incorporation. These POCMs become the new pair of companion I'Ts.

If only & data were being used to map C3, the global ambiguity present would have been unresolv-
able. The inclusion of g data and the use of clone end compatibility allows resolution of the ambiguity, and
aliows the appropriate compound POCM to be constructed.

Assume that C4 is selected as the next IC. As the « digestion is incorporated into ,map123, only
one possible result is obtained; this is shown in Figure 3.8. The companion window is found in zmap123,
and only one incorporation is found possible; this is shown in Figure 3.9. The corresponding POCEMSs are
found to be compatible. Since a unique pair of maps is found, (,map1234,;map1234), for which the
POCEMs are compatible, the algorithm declares a successful compound incorporation. These POCMs
become the new pair of companion ITs.

In the remainder of this running example, (,map1234, ;map1234) is repeatedly taken as the com-
pound IT. Inthe next phase of the example, clones C5 and C5” will be used 1o illusirate the use of MRE
mapping to resolve global ambiguity. Note that the fragment-length data of the « digestions for C5 and
C5” are identical. However, they originate from different regions of the genome. If only « data were used
1o attempt to incorporate either C5 or C5” into ,mapl234, global ambiguity would be present and unresolv-
able. However, inclusion of the # fragment-length data can be used to resolve this ambiguity.

First consider the incorporation of CS5 into the IT (,map1234,,map1234). As assimilation windows
are dragged across ,mapl234, two windows are found in which the & digestion of C5 will incorporate.
Each of these windows produces one incorporation; the resuiting POCMs are shown in Figare 3.10 and 14.
Thus, global ambiguity is present in the & domain. When the companion window corresponding to
«Mapl2345, is found in smap1234, no incorporation of the § digestion of C5 is possible. Thus, this com-
pound window is discarded. When the companion window corresponding to ,map12345, is found in
pmapl234, there is exactly one way to incorporate the g digestion of C5 into the window; this is shown in
Figure 3.12. The POCEMs of ,map12345, and ;map12345 are compatible, and thus a unique pair of com-
panion POCMs has been found. These POCM:s represent the correct positioning of C5.

Now consider the incorporation of C5” into the IT (,map1234, ;map1234). Analysis in the o domain
produces essentially the same results as those oblained for C5; these resulis are shown in Figures 3.13 and
3.14. When the companion window corresponding 10 ,map12345°; is found in zmapl1234, no
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3 4 5 6 7
c1 [ | I ! |
a [ |
5 6 7 8 g
c2 ! L ! | l [
a [ |
3 4 5 6 7* 8 9
Lt [ 1 1 | 1 i
cmap]2 i | [ i
{a) graphical form of the PORFM

[{Lei Li3.4Lea L{5%6% 771 (Re1.89L{Re )]

{b) sequence-set form of the POCM

(c) sequence-set-tree form of the POCM

[{La bbezh (R L Rezl]

(d) sequence-set form of the POCEM

Figure 3.3: amaplz
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D E F G
fe — ; : {
B F G H I
[

£~ [ T f ¥ T I

D B2 P G* H I
! | | ]
frepi? — I ' I l E

(a) graphical form of the PORFM

E{LCI}!{D:LQ}-[EZIFzﬁGz}'[ RC]_,H,I},{ RCZ}]

(b) sequence-set form of the POCM

(c) sequence-set-tree form of the POCM

[{Lcr il (Ra L {Rez ]l

(d) sequence-set form of the POCEM

Figure 3.4: ﬁmap12
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3 4 7 5% 62 8 9
Jmapl2 |r L L ! g

3 9 12 11 10 7
€3 il I bl 1 I
3-11

8 g 12 4-10 7 5 6* 8 9

B e e —
(a) graphical form of the PORFM

[{Les}i8.9,12.L¢; {311,410, Ly }{7*},{Bcs,5%6° 1, (R 890, (R 1

{b) sequence-set form of the POCM

(c) sequence-set-tree form of the POCM

(sEQ

Hleshilei bl {Res Lh{Re JRea

{d) sequence-set form of the POCEM

Figure 3.5: amap1231

RCI
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3 4 52 6% 72 8 9

|1 | I i | i |

amap12 | l | |
7 8 9 10 11 12
3 | ] | ] | !
@ [ |
3 4 52 &% Vid 82 9? 10 11 12
2 L1 | ! | | I | L |
Jmapl23, | I | i i I

(a) graphical form of the PORFM

[fLles 163,42 1.(5%.6% Les ). {771 { Ry .82,91,{Rez, 10,11,12}, [Res 1

(b) sequence-set form of the POCM

SEQ

Rez
{c) sequence-set-tree form of the POCM

[Hleihibeal il LiRa h{Be: ) {Reall

(d) sequence-set form of the POCEM

Figure 3.6: amap1232
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(a) graphical form of the PORFM
[l 1 DL L{EA P Les LGP L {Rer HE P {Rea J K LL{R3 ]
(b} sequence-set form of the POCM
SEQ)
(=r) &), O C) (=) ()
2
L Lea 2 Les g; 2 iI.S 4% 5 Ros
1D0 gz 35 . 3.0 .
: 45 ‘

{c) sequence-set-tree form of the POCM

Hlerhileahiles ) {Re L Rea) . (Reall

(d) sequence-set form of the POCEM

Figure 3.7 ﬁmap123
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3 4 52 62 73 8% g* 10 11 12
|1 ] I } | I ] 1|
P12, | s i | l |
] 2 3 4 5

Cca [ ! I L |

a [ i
1 2 3 42 53 62 7 52 92 10 11 12
| I [ 1 | f | | | [ Ll
mapl234 | i 1 | 1 | | 1

(a) graphical form of the PORFM

[{Lc4},{],2,l.c1 ]:[32:42v|-02}|{53 ]:{Rmr62!LC3}if73]v[RC1 -82-92}:{Rczam-llalz}-{Rcs ]]

(b) sequence-set form of the POCM

Lo

20
L5

{c) sequence-set-tree form of the POCM

Lo ddba h{leahiResles} IR LR L Res )l

(d) sequence-set form of the POCEM

Figure 3.8: rJemapl234
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D E2 F* a? H2 P IK L
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{(a) graphicat form of the PORFM

[{Lesh{AB.CLloi LD L LB P Les ) (Res G L{ R HE 2}, (R J K LL{Rea )]

(b) sequence-set form of the POCM

@),

SENG) & e & - @) )

Loy o G* L
Les 2.0 IZ 475 Ba
Res e 15 K

J
2.5 g 33 Re, 30
125 45 Rea

(c) sequence-set-tree form of the POCM

{los hllerh{lez)i{lesh{Resh{Re1 1 {Rea ). (ResH

{d) sequence-set form of the POCEM

Figure 3.9: ﬂmap1234
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1 2 32 4 52 6% 7 g2 92 10 11 12
map1234 } ! I I E I I % | } L1 I
1 2 3 4
5 E I 1t {
12 2 3 4 5? 62 7 82 92 10 11 12
napl2345, I I { I I E % I | Il L1 I

(a) graphical form of the PORFM

[HLlesbes {1225 Ler L{3% 4 Lo ) [Res 5% L Rea 62 Les {7 LR 82971, { Rz 10,11,121,{Res )1

(b) sequence-set form of the POCM

R . : 11
33 3.0 5 Res 4.0 Res 2.0 0.5

{c) sequence-set-tree form of the POCM

[{leslealilct Ll Lea L{Res L{Rcabea} {Rei LB L{Res 11

(d) sequence-set form of the POCEM

Figure 3.10: Nap12345,
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_mapl1234 } i L } ; { L1
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et ' }
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mapl2345, { E L % E |[ l I %
(a) graphical form of the PORFM

[{Leah1.2.Ler ), 03%4% L} {5° LiRca 6% Les 17 Les )[R, 822,9%1), [ Ry 104,113 1, {Res, 12}, {Res )]

SET SET
Les
L
2
1 2.0
1.5

SET

(b) sequence-set form of the POCM

PO

SET SET @ SET
L 92-1
5 2 “ Les 2, 1.5
3.5 6 - 822
R, 40 15 Re 20

(c) sequence-set-tree form of the POCM

[{Leahibo il hiRosla hiles). IR L{Rcz L{Res LR 1

(d) sequence-set form of the POCEM

Figure 3.11; amap123452

SET

SET SET
12
R
Res 1.0 3
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A B c D B P G? H? P JIK L
| P | | | |
frap123 | 3 ] ! | | T |
B cC D
C3 I_I—V—l
8
A B2 ¢ p B} 253 G? HZ ? 1K L
12345 | | || | | | I
qnee 1 1 1 I | | T T1 |

(a) graphical form of the PORFM

[{Laed (A Les L {B%CE Loy WD Lep L(Res. B2 P Les LI Ree G2 1 {Res H2 121, [Rez K L) {Res )

{b) sequence-set form of the POCM

{c) sequence-set-tree form of the POCM

{leah{leshila hile2h{Res.bea b {Ros h{Rai LiRcz ). {Res ]

(d) sequence-set form of the POCEM
Figure 3.12; ﬁmap12345

incorporation of the 8 digestion of C5° is possible. Thus this compound window is discarded. When the
companion window cormresponding to ,mapl2345°7;, is found in ;map1234, there is exactly one way to
incorporate the # digestion into the window; this is shown in Figure 3.15. The POCEMs of ,map12345°,
and pmapl12345° are compatible, and thus a unique pair of companion POCMs has been found. These
maps represent the correct positioning of C53°. Here, the global ambiguity present in the « domain for both
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C5 and C5” was correctly resolved by looking for confirmation in the £ domain.

1 2 32 42 53 62 e g2 9% 10 1 12
1234 | | [ | i | } I | | |
TP ! | n i | i | |
9 g 11 10
cs | L Lk |
a I I
3211
19 28 4%.10 5 6% 7 g o2 10 it 12

mapl23457 | L |t | [ | } [ } [ I
(a) graphical form of the PORFM

[{LesLos L{19.2-8,Ly L{3%-11,4%10,L 2 ) {Res .5 L{Roe . 6%.L s ), {7 1,[ Rer, 82,921, {Rez, 10,11,12),{ Rea 1]

(b) sequence-set form of the POCM

{c) sequence-set-tree form of the POCM

[{LessLeahila h{lez b {Bes- L{Realcah{Rea LRz L (R 1)

(d) sequence-set form of the POCEM

Figure 3.13: mapl12345°,
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1 2 3 £ 52 62 7 32 92 10 12
1234 | | |1 l | | | | | 11 |
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1 2 3 4% 5 6% 7 8 9 102 11212

_mapl23457, | ! g ! I } % l
(a) graphical form of the PORFM

Hlea L1201 1.{3%4% Lea) (5P L R 6 Las U P Les 1, (Rer 8.9 1 {Res 10%,112),{ Res 120, {Res 1

{b} sequence-set form of the POCM

G/ G A O C N O O R SR O AN C)

3
Lea Le, b 3 Les Les 9 112

2.0
1.5

(¢} sequence-set-tree form of the POCM

[{Lealiler Ll {Rowlea Libes L {Ret LB L{Res L. {Res 1

(d) sequence-set form of the POCEM

Figure 3.14: map12345°,
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(a) graphical form of the PORFM
[{Les).{AB.Clc LD Lea (B P2 Les ) [ ReasGP 1L {Ren 2 Les ") [P L {Rea 2 K}, (Res” L1, (Res})
(b) sequence-set form of the POCM
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g 25 g 3.5 Re, 30 . L0
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{c) sequence-set-tree form of the POCM

[{Les)dber Lile2) [ Lest{Res ) {Rebes L {Re2 ) {Res 1, (Res 1

{d) sequence-set form of the POCEM
Figurs 3.15: ﬁmap12345’

These two situations, in which MRE mapping has been shown to resolve global ambiguity, are not
anomalcus or contrived. The kind of resolution shown here occurs in almost all global ambiguity cases in
which the companion ITs and ICs are "correct” in the first place. Clearly, MRE mapping supplies signifi-
cant help in resolving global ambiguity. This should not be surprising, since the motivation for construct-
ing this kind of algorithm comes from the two-sided puzzle analogy, in which the ambiguous placement of
the puzzle pieces corresponds to the global ambiguity of clones. Perhaps a more surprising result is that
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MRE mapping can sometimes help in resolving very subtle ambiguity in the placement of the clones, i.e.,
local ambiguity.

In this last phase of the running example, clones C6 through C6°"*" will be considered for incorpora-
tion into the IT (,map1234,,map1234). To preview the results here, ambiguity can be resolved for C6” and
C6" and cannot be resolved for the other four,

Note the relationship between these six clones, All have the identical fragment-length data in their
digestions. They all have similar o fragment-length data, with fragments being either present or absent on
cach end. All contain fragments 5 through 8 in their & fragment-length data. Clones C6 through C6°" do
not have fragment 9 on the right end, whereas clones C6" through C6™"""" do have fragment 9 on the right
end. Clones C6 and C6”"" have fragments 3 and 4 present on their left ends; clones C6” and C6°""" have
only fragment 4 present on their left ends; ¢lones C6” and C6”"7 have neither fragment 3 nor fragment 4
present. These six clones represent all possible configurations which have identical g fragment-length data

in this region of the genome,

Assume that C6 is the IC selected for incorporation into the IT (,map1234,;map1234). There is
only one window into which the « digestion of C6 will incorporate. However, two incorporations are pos-
sible; these are shown in Figures 3.16 and 3.17. In Figure 3.16, fragmeni 2 of the IT is confused with frag-
ment § of C6; Figure 3.17 corresponds to the underlying reality. The corresponding companion window is
found in the £ domain, and there are two possible incorporations of the 8 digestion of C6; these are shown
in Figures 3.18 and 3.19. Figure 3.18 corresponds to the underlying reality; in Figure 3.19, fragment J of
the IT has been confused with fragment D of C6. The POCEMSs of both ,map12346, and ,map12346, are
compatible with that of ;map12346,; neither are compatible with that of ;map12346,. Even if this analy-
sis eliminates ;map12346, as a possible result (leaving only one possible map in the # domain,
pmMap12346,), a unique pair of solutions still has not been found, since there are still two o POCMs possi-
ble. Thus, local ambiguity in this case has not been resolved by MRE mapping.

As clones C6” through C67""" are considered for incorporation into the IT, the possible outcomes in
the B domain remain ;map12346, and pmapl12346,, since the # fragment-length data for ali of C6 through
Cem are identical,

Assume that C6” is now chosen as the IC for incorporation into the IT. There is only one window in
which the & digestion of C6” will incorporate, and only one incorporation is possible; this is shown in Fig-
ure 3.20. The exclusion of fragment 3 from C6” eliminates the possibility of confusing fragment 2 of the IT
with fragment 8 of C6”, because such a pairing of fragments would be topologically infeasible. The
POCEM of ,map12346° is compatible with that of gmap12346; but not that of ;map12346,. Thus, a
unique pair of POCMS, (. map12346°, ;map12346,), has been found, and MRE mapping has been able to
resolve the local ambiguity in this case.

Moving to C6™", we find a similar situation. There is only one window in which the « digestion of
C6"" will incorporate, and only one incorporation is possible; this is shown in Figure 3.21. The POCEM of
«mapl2346° is compatible with that of ;map12346, but not that of zmap12346,. Thus, a unique pair,
(-mapi2346”,;mapl2346,), has been found, and MRE mapping has been able to resolve the local ambigu-
ity in this case.

Now assume that C6™"" is chosen as the IC; this introduces fragment 9 to the o digestion. There are
seven possible incorporations of the « digestion of C6”"" into ,map1234; these are shown in Figures 3.22
through 3.28. Figure 3.22 represents the correct underlying reality. In the other POCMs, fragment 2 can be
confused with fragment 8, as was true with C6. However, the introduction of fragment 9 allows confusion
of fragment 9 with fragment 1, and introduces a secondary confusion pattern involving the confusion of
fragment 10 with fragment 4 and fragment 11 with fragment 3, The POCEMSs of all of these POCMs are
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1 2 3 42 53 6* 7 g2 92 10 i1 12
| ] | 1 | | | | 1 | 11
Jmapl234 | ] | ] ! i i I
8 3 4 5 6 7
6 | Il I I 1 |
a [ |
1 28 3 4 5% & 7 82 92 10 it 12
123 I | | | | | 1 i ! | 1 1 |
Jnap12346, — i | i ; ] | |

(a) graphical form of the PORFM

[{ LC4}'[ llLCGIa[Z'S-LCl ]:[33-43:1'-(1]:[54]:{ HC¢16JILC3]:[74]|[RC6»RCI tszcgzs:{ﬂc‘liloli 1 »12]:[RC3 3]

(b) sequence-set form of the POCM

SEQ !

Les
1.5 33 30 Res 4.0 Rel 2.0 10

(c) sequence-set-tree form of the POCM

H{Eeshileshibla Lleah{Reles b {Res. R LIRc IR 1

(d) sequence-set form of the POCEM

Figure 3.16: map12346,
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1 2 32 4 52 62 7 52 92 10 112
1234 i ! | 1 ! ] | | ! | | i
P | | i i | | | !
3 4 5 6 7 8
C6 |I 1 1 I 1 H I
1 2 3 4 54 6* 74 g g* 10 112
[ t | 1 ] | I ] | | r 1|
Jmapl2346, | i i | i : — |

(a) graphical form of the PORFM

Hleed (1,2 beg ber 13243 Loy L (5910 Reas6® Les 1 7% [ Ret 8% 1 {Res. 921 {Rex, 101,121, {Rea 1]

{b) sequence-set form of the POCM

& @& @ ¢ @ o v e e

12
La 74 2.0 92 4 10 Ro
Les 43 3.0 ' Re, 40 " Res 10 05
| 20 - Ra
15

(c} sequence-set-tree form of the POCM

[{Leabflesbor ) {beah [Reslea . {Rer L {Res ). [Rez L.{RG ]

(d) sequence-set form of the POCEM

Figare 3.17: amap123462
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A B ¢ D? E? el G? H? * IK L
| P ! | | |
grapl23a 1 — ] ' — T |

D E F G i1 I
pCG ; T T T T T |f

A B c D E* Fol Gt u? P JTK L
| [ | | | |
AP0, | 1 1 I ] | T i

(a) graphical form of the PORFM

Lot LIABCleslo WD Lo LIEYF L 1 {Ree GH L {Re H2 P LI Res Rz LK. LL{Res H

(b) sequence-set form of the POCM

)

Lea

{c) sequence-set-tree form of the POCM

I[Lm}c[LCG'LCI ]a[i-CZ]a[LCS}-{H&}w{RC[]’[RCGDHCZ}-{RCB!]

{(d) sequence-set form of the POCEM

Figure 3.18: ﬁrnap12346]
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A B c D? E? B G? T P IK L
| | | [ | | |
frepl23 | — - ! 1 T !
E F G H | D
pCé } T T T T T I
J-D
A B c D jod F G* u? P K L
| | 2| | | | ]
frapi2346, ] I 1 ' | ] T |

(a) graphical form of the PORFM

[{LeaW{AB.C.L 1 {D? Leg L )o {BY F Les o {Rea, G4 1{Rey H2 P 1 {Rep,d-D )L [ Reg KL} [ Res

(b) sequence-set form of the POCM

L. L
“ La Lo @ Les R 20 P
5] F4 C4

35 Re 30 Reg 03

k-
bJ'tU
N
“h
jw]
[
&rL

(c) sequence-set-tree form of the POCM

Hbeahlber Lilesbez b {leab {Res LERey 1.{Rez ). {Res 1 {Res 1

(d) sequence-set form of the POCEM

Figure 3.19: ﬁmap123462
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1 2 32 42 53 6% 7 g g2 10 12
1234 | L [ 1 | | i I 1 | 11 |
1P | | | | i i | |
4 5 6 7 8

C6* [ 1 L L L |

a [ ]
1 2 32 4 5 6 7 g 92 10 1112
123467 | | | | | | | | | 1 1.1 I
40P | I I 1 | I 1 1

(a) graphical form of the PORFM

[flesh{12Le1 )03 Les )14 Lea L5* 1 {Rea 6% Lea LU 1, (R 8* L Reg 921 { Rz, 10,11,121, [Res )]

(b} sequence-set form of the POCM

PO

& e & e & & & w® T TE

Les

{c) sequence-set-tree form of the POCM

Hicidila L ibes ). [ Lo [Roskes L{Rer L{Res L{Rez L {Res )

(d) sequence-set form of the POCEM

Figure 3.20: map12346°
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i 2z 32 42 53 6* 73 g2 92 10 1112
234 [ 1 [ 1 ] | i | I | L.l |
Jmarl | | | r i | | —
5 6 7 8
ce’ , 1 L 1 IE

1 2 3 42 54 6 oA 33 g2 10 11 12
& I L [ 1 | ] | ] | | 11|
Smepiz3 ] i | r ] f — |

(a) graphical form of the PORFM

Hleshit2le 103247 Log-Lea LS LI Rea 8%, Les 1. (7* 1. {Re1 82 1 {Reg 9% (R, 10,11,12 ), {Res 1

Loy

{c) sequence-set-tree form of the POCM

(b) sequence-set form of the POCM

Req

Lo LILes L {LesLez h{Rosbes L{Ra L [Bes 1. {Rez L {Res ]

compatible with that of ;map12346,. The POCEM:s of all but three of these POCMs (,map12346°",,

(d} sequence-set form of the POCEM

Figure 3.21:  mapl2346”

«Mapl2346°";, and ,mapl2346°",} are compatible with that of pmapl2346,. Clearly, there is no unique

solution.

Note that different POCMs can have the identical PORFM. For instance, the POCMs for
«Mapl2346”; and ,mapl12346°"4 have the identical group structure and identical virtnal fragment mem-
bership within the groups; only the multiplicity of the real fragments associated with some of the virtual



MRE Mapping -49 . Section 3.4,

fragmenis differs between the two corresponding PORFMs. The clone end information present in the
POCM:s supplies significant information about the structure of the map being constructed.

1 2 3 4* 5 62 v g2 92 10 112
1234 | I |1 | | ] | i | L1 j
anP | i | | f | | |
3 4 5 6 7 8 9
Cc6° [1 | 1 | ! | |
P [ ]
1 2 3 4 54 6 7 8 % 10 112

mapl234677, | L | | l I i i | } L1 1

(a) graphical form of the PORFM

[leshi 12 Les Lo 113243 Lea L{5* 1 Ree 6. Les 1174 1L {R 82 9% ][ ResRe2. 10,11,12),{Re3 1]

{b) sequence-set form of the POCM

L L L 3
c4 Lo c2 4 c3 7 9

oo
w
sk
th

——

o

S e
o=

Lonorr . .
Q5 33 3.0 RC4 4.0 HCl 2.0

Wi
o

L5 Beo

(c) sequence-set-tree form of the POCM

[{tes){les Lo hilez} {Roslesl.lRe LIRcs R} {Rea ]

{d) sequence-set form of the POCEM

Figure 3.22: Jnapl2346™



MRE Mapping

amap1234

ce™

a

Jnapl234677,

Hloshilles~)02-8.Lca 1132 4% La (5% LIRea 6% Lea ). {7* L{Rc1. 9 LU R .82 L{ Rz, 10,11,12 1, Rz )]

-50- Section 3.4.
2 32 42 52 6% e 92 g2 10 11 12
| 1 | ¢ | | | ] | 1
i [ [ f | | | ]
8 3 4 5 6 7 9
| ) 1 | ] ]
[
28 3 4 5¢ 6° 7* 93 g 10 1112

(a) graphical form of the PORFM

{b) sequence-set form of the POCM

{c) sequence-set-tree form of the POCM

Hlcshilos~)ila Lilea} dReslea ) [Rea L {Ros ). (Bez ) fRes 1

(d) sequence-set form of the POCEM

Figure 3.23: mapl2346°,
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2 1 3 42 5 62 7 82 92 10 11 12
1234 ! 1 | | | i | | f 1|
aoP | ! | | [ | i |
9 3 4 5 6 1 8
c6 I L1 L I 1 L }
2 19 3° 43 54 63 T g 9* 10 11 12

map12346°, | ! | | I ; IE i I L
(a) graphical form of the PORFM

[Leshi2les~hi1-9.La LI3° 4P Loy W15 {Reai6® Les 1 17% L[ Rer, 8 L, { Res++9%) . {Re2,10,11,12 1, {Res )]

(b) sequence-set form of the POCM

L 5t 74 3 9% Res

L3 e
-0
O
-
—
ot

(c) sequence-set-tree form of the POCM

[{Lea)itbes-hika h{lez ) {RotLlea . {Rer J{Beg1.{Rea ). {Rez 1l

(d} sequence-set form of the POCEM

Figure 3.24: 0apl234677,



MRE Mapping -52. Section 3.4.

1 2 3 42 5 6% 7 8 92 10 1112
1234 | l [ 1 [ | | [ [ | L1 |
1P | I | | 1 | | |
9 § 3 4 5 6 7

c6 [ t [ 1 I I |

o [ ]
1.9 28 3 4 5 & 7 82 92 10 1112
e | I | 1 | [ | | 1 | 1|
mapl2346°77, | | i | | i i 1

() graphical form of the PORFM

[{LegLes}{1-9.2-8,Ley 1432 4% Lo L (5* 1{Rca.6° Les LI 7* L{Fge . Re1.82.9% 1, (R, 10,11,12},{ Acs 1]

(b) sequence-set form of the POCM

A G A G I O B G R G R O SIS

LC4 LC] LCZ 54 LC3 74 92 12 RCS
Leg-

w
P
[=1--]
w
"3
(9%
(=]
g
I
2]
8
[
(=]
O
=

(c) sequence-set-tree form of the POCM

[{les—Loa e Lk ) dRoiles L {ResRer L{Rea L. {Res )]

(d) sequence-set form of the POCEM

Figure 3.25: amap12346"’ 4
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1 2 32 42 5? 6 Vil g 9% 10 iz
1234 [ | il | [ i [ ] | 1 i
4P | | i | | | l |
3 6 7 8 9 4 3
cger | I L 1 : 1 L
o i ]
11-3
1 2 £ 4 5 6° 7 g ¢ 10-4 12
123467 | I | 1 | | | | 1 | L]
P 5 | f | | ] ] r ™

(a) graphical form of the PORFM

[{teah11.2.Le 1132 4% e Leal{5* L {Rea 6 Leos L {7*1.{R ey 8°.9° L[ Rz 104,113}, {Reg 12} {Res ]

(b) sequence-set form of the POCM

L-CIl

2.0 42
15

{c) sequence-set-tree form of the POCM

Hles) Lt ) flesLea) {Rosdes . (Ra L{Bez L {Reg - 1 {Rea 1

{d) sequence-set form of the POCEM

Figure 3.26: amap12346"'5
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1 2 3? 42 5 6% 7 82 92 1 10 12
1234 | 1 | i [ i I | 1 |t ]
aMeP I I | i | ] ] |
4 5 6 7 8 9 3
c6" | { ! I L L L
a f ]
1 2 32 42 54 6* 7 g 93 113 10 12

| ! || [ | ; | | ¢ |
Japl236T ] i z i ] T —]
(a) graphical form of the PORFM

HleshiL2 Lo L3t ee 12 Ll {5* L{Res. 6. Les (7%, {Ren, 8,92 L{Rca, 11-3), {Rgs~,10,12),[ R ]

(b) sequence-set form of the POCM

(c) sequence-set-tree form of the POCM

{{Eca Lilar hikesLile ). {Rasles ) [Ra L {Rea L. {Rce~ 1. {Rea }

{d) sequence-set form of the POCEM

Figure 3.27; amapi2346"’6
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1 2 42 32 53 62 7 g 9 10 11 12
1234 ] ! ] 1] [ | | ] | l..J |
aep i I | | | 1 i |
3 5 6 7 8 9 4
6 [t 1 ! ! 1 L |
« [ |
1 2 £ P 5* 6 7 # ¢ 104 1112
123467 | 1 | | | i | L | |+
P 7 | N | s : ! I

(a) graphical form of the PORFM

Hloh{L.2,Ler 1042 Leg 132 Lea ) [5* L {Ree @ L L L {Rcr 82.9°1.{10-4,Rez 1.  Reg-. 11,121, {Rs )

(b) sequence-set form of the POCM

N

e ® ® & W TE® e

10-4 Res

(c) sequence-set-tree form of the POCM

[{Leal. {ler hilos ) {Leah{Resles} (Ren 1.{Rez} { Res~ Fi{Res 1

(d) sequence-set form of the POCEM

Figure 3.28: amapi2346”’7

Moving to C6”""" removes fragment 3 from the & digestion. There are two possible incorporations of

the e digestion of C6

into ,mapl234; these are shown in Figures 3.29 and 3.30. Here, all possible con-

fusion involving fragments 1 and 2 have been excluded, because the absence of fragment 3 makes them
topologically infeasible; all possible confusion involving fragment 3 itself is excluded, because it is not pre-
sent. The POCEMs of both ,map12346°°""; and ,map12346°°", are compatible with those of both
pmapl2346, and ;mapl2346,. Again, there is no unique solution.
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1 2 3 42 57 62 7 g2 92 10 1112
1234 ! ! 1 | [ | ] ] | 11 |
JNP f E r | | s | |
5 6 7 8 9 4
c6 | 1 l ] I 1 |
o [ i
1 2 3 42 5 6° 7t 8 9 10-4 11 12
; ! | | i | | ! | 1|
JmapIZ346T, ] 1 E | i | 1
(a) graphical form of the PORFM

Hleah(Lonl,2L{3%4% g boa l5* 1 Reas6 Les LU 7* 1L (R 8 9%, {Rez 1041, {Reg—- 11,121, {Res 1]

(b) sequence-set form of the POCM

Lez 4 Les 4 Y 12

L 5 7 10 A
o Leg 35 ﬁ) 25 1 Mo

1 20 4? Rea ™ R

(c) sequence-set-tree form of the POCM

[{LeaLiLer hiles~Lez).{Resbesd{Re J{Rez){Res~L{Ras 1

(d) sequence-set form of the POCEM

Figure 3.29: mapl2346™""
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dmap1234
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I £ 5* 6* i g 92 10 1112
| & | | | | I | 11 |
] [ [ [ [ [ |
4 5 6 7 8 9
c6 1 1 ! 1 1 ]
@ i
2 32 4 5t & 7* g o 10 11 12

|
nma912346 3

(a} graphical form of the PORFM

[{Lesh{12,ber 132 Logr 1 (P Lo L5 {Reu 62 Les L{T* LR 8%,9° 1. { R+ Rz, 10,11,12),{Res 1]

Moving 10 C6
tions of the & digestion of C6
Lmapl2346°777 i

solution.

’’’’’

(b) sequence-set form of the POCM

\SEQ}

= T

{c) sequence-set-tree form of the POCM

[{chl-;’{LC[ }0{LCG""}-{LCZ]!{RCAvLCS}w{RCl]:[RCG“”IRC:’.}D[RQ]]

(d) sequence-set form of the POCEM

Figure 3.30: amap12346”"2
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removes fragment 4 from the « digestion. There is only one possible incorpora-
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