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Abstract

By
Chun-Ying Chao
Master of Science in Energy, Environmental, and Chemical Engineering
Washington University in St. Louis, 2019
Professor Pratim Biswas
Inadequate treatment of drinking water causes the formation of disinfection by-products
and the regrowth of harmful microbial species. Various studies have addressed the problem of
water quality monitoring, but very few have employed topological analysis, a valuable
mathematical tool widely applied in biological, business, and social research. This thesis examines
the relationship between the topological properties of water distribution systems and water-quality
models. In particular, the research proposes a novel framework for mapping network topological
attributes to water-quality models. This research adopts topological metrics to assess the accuracy
of the predictions of chlorine concentrations in dead ends. It examines four fundamental waterquality models: advection, advection-dispersion, bulk-advection, and bulk-advection-dispersion.
The results show the bulk-advection-dispersion model has larger root mean square errors in
networks with a grid structure, and that topological metrics are generally correlated with waterquality models, although more studies are required to develop this correlation in detail.
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Chapter 1: Introduction
1.1 Background and motivation

Providing sufficient drinking water of appropriate quality and quantity has historically been a
challenge in the United States. As populations grew, user demands increased. In St. Louis, for
example, the population burgeoned from approximately 5,000 to more than 160,000 in the 1850’s
[1]. Water purification played a major role in reducing the impact of St. Louis’ typhoid and cholera
epidemic of 1903, which claimed 287 lives. A new treatment system, finished in 1908, saved 1,900
lives from 1903 to 1915 [2].
Beyond water treatment, water distribution systems play major roles in the United States’
economy and public health. Water distribution systems deliver clean and safe water from treatment
plants to consumers’ taps through a complex and extensive pipe network. The systems consist of
pipes, junctions, pumps, valves, storage tanks, reservoirs and other hydraulic infrastructure. Rapid
population growth and increased urbanization present major challenges, maintaining and
upgrading the water infrastructure efficiently, from both operational and public health standpoints.
Aging water infrastructures contain pipes range from cast iron pipes installed during the
late 19th century to ductile iron pipe and finally to plastic pipes introduced in the 1970s and beyond.
Most water systems and distribution pipes will be reaching the end of their expected life spans in
the next 30 years. Over 34 billion gallons of water are delivered annually by aging infrastructures
[3]. This infrastructure is often operated manually, technological advances are limited to
monitoring and management. There are an estimated 240,000 water main breaks per year in the
United States, wasting over two trillion gallons of treated drinking water. The American Water
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Works Association estimated that will cost at least $1 trillion to maintain and expand service to
meet demands over the next 25 years [5].
The aging infrastructure also degrades water quality, which affects not only the
environment and economy, but also public health. Based on the National Public Water Systems
Compliance Report in 2013, systems with reported health-based violations served approximately
26.5 million consumers, and approximately 48 percent of the 27,056 public water systems in 2013
had at least one violation of the monitoring and the reporting requirements of the Total Coliform
Rule[6]. Health-based standards include the allowable maximum contaminant level (MCL),
maximum residual disinfectant level (MRDL), and a required treatment technique (TT) such as
filtration or disinfection intended to prevent the occurrence of or deactivate contaminant in
drinking water. If the water quality exceeds MCLs or MRDLs, or it lacks a satisfactory TT, the
consumers face an increased possibility of health risks. According to the Centers for Disease
Control, in 2014 there were 6,939 deaths and 477,000 emergency department visits as a result of
drinking water contaminated with pathogens, including Legionella and Pseudomonas [7]. The
emergency department visits resulted in $194 million in annual direct costs. Besides the
contaminants in drinking water, disinfection byproducts (DBPs), such as trihalomethanes (THMs)
and haloacetic acids (HAAs), are also potentially harmful agents, and long-term exposure to them
can affect infants’ and young children’s nervous systems.

1.1.1 Disinfection in Water Distribution Systems
Most drinking water regulations focus on water quality at the treatment plant and not within the
distribution system. In an ideal situation, the quality of drinking water should not change from the
time it leaves the treatment plant to the time it is consumed. In reality, when drinking water leaves
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the treatment plant, the water quality deteriorates gradually during delivery through the distribution
system, because complex physical, chemical, and biological reactions occur in the pipes after the
water leaves the treatment plants.
Disinfection in water distribution systems eliminates pathogens that are responsible for
waterborne diseases. Chlorination is the most widely used method for disinfecting water supplies
in the United States, because of its convenience and highly satisfactory performance [8]. However,
if the residual chlorine concentration is below the required value, chlorine-based disinfectants can
react with natural organic matters (NOMs) that remains after water treatment, forming as
trihalomethanes (THM’s), disinfection byproducts (DBPs). Reactions with NOMs deplete of the
disinfectant residual and leading to biofilm development in pipes. Although the general
heterotrophs found in biofilms are unlikely to become a public health concern, the growth of
biofilms in distribution systems still should be minimized. The biofilms can harbor opportunistic
pathogens and increase their resistance to disinfection, leading to waterborne disease outbreaks.
Furthermore, reactions with NOMs may contribute to corrosion, not only increasing maintenance
costs, but also increasing the frequency of breaks, the discoloration of the drinking water [9], and
the release of toxic heavy metals. The large-scale network means longer time for water to transport
than small-scale network. The long residence time allows more interactions to occur and
contributes dramatically to water quality deterioration.
In mean time the challenges of provide drinking water of appropriate quality and quantity,
and maintaining and replacing aging infrastructures under limited budgets, incompetent
management and improper operation should obviously be avoided. One recent famous case is the
Flint, Michigan, lead poisoning outbreak. In 2014, thousands of people in the City of Flint,
Michigan, were exposed to dangerously high levels of lead after the city officials changed to a
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more corrosive water source. The more corrosive water caused the treated water’s quality to
deteriorate fast, producing high levels of THMs [7, 8].
The tragedy in Flint captured public attention and emphasized the need for increased
investments in the aging drinking water infrastructure across the U.S. replacing inadequate
facilities will cost more than $1 trillion over the next 25 years [7]. Given this extraordinary expense,
accurate models of water distribution become critically important. Appropriate models can
decrease cost, predict the problem areas.

1.1.2 Graph Theory in Water Distribution Networks
Graphs that represent visual data, help us make better decisions. Like electric power lines, roads,
and microwave radio networks, water systems can have a grid or branch network topology, or a
combination of both. If any one section of a water distribution main fails or needs repair, that
section can be isolated without disrupting all users on the network. In general, the physical layout
design of water distribution networks is dependent on the natural source of the supply, the demand
nodes, the location of physical barriers such as roads, terrain, rivers, and so on. Water distribution
networks can be discussed in terms of their hydraulics, telemetry systems, history, user population,
and topology [10].
To evaluate the topology of a complex water distribution system, graph theory simplifies
the systems into nodes and links, and omits details of the physical systems and processes [11]. The
graph illustrates the relationship or connections between the nodes of systems. Graph theory has
been widely applied in different fields: in marketing analytics, it can be used to find the most
influential people in a social network; in supply chains, it can optimize routes for delivery; in
biological studies, it can measure the relationship between events and disease propagation [11, 12].
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A topological attribute is defined as a property that is preserved under a homeomorphism, and
topological attributes have strong impacts on system resilience [9].
The nodes in water distribution systems are typically sources, such as reservoirs, tanks, and
storage facilities; control and distribution nodes, such as valves, and pipe junctions; and demand
nodes or sinks. The links are transmission and distribution pipes of various martials, lengths, and
diameters [11]. Water distribution systems can have a few hundred nodes or thousands to millions
of nodes. Many complex water distributions systems have different degree of redundancy, with
more alternative paths to reach a given node, and topological metrics are valuable in assessing this
redundancy.

1.2 Ensuring Compliance with Water Quality Regulations
Regulations for ensuring the safety of drinking water are a powerful tool to protect public health
in both developed and developing countries. In 1958, the World Health Organization (WHO)
published the first edition of The Guidelines for Drinking-water Quality (GDWQ). The GDWQ
are an international reference to establish national or regional regulations and standards for water
safety [13]. They assist water quality and health regulators, policymakers, and their consultants to
build national standards and regulations. The GDWQ derive maximum and minimum
concentration guideline values for the various microbial, chemical contaminants that may be in the
drinking water. In the United States, chlorination is the most widely used method for disinfecting
water supplies because of its convenience and highly satisfactory performance. The GDWQ
recommend that the concentration of free chlorine should be between 5.0 mg/L and 0.1 mg/ L.
Based on their data, no countries set their maximum above 5.0 mg/L because of an increased risk
of bladder cancer [13].
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In the United States, Congress passed The Safe Drinking Water Act (SDWA) in 1974 to
protect public health by regulating the nation’s public drinking water supply. SDWA authorizes
the United States Environmental Protection Agency (US EPA) to set standards for drinking water
to protect against hazardous contaminants. Originally, SDWA focused primarily on treatment as
the means of providing safe drinking water at the tap. Amendments made to SDWA in 1996 greatly
enhanced the existing law by recognizing source water protection, operator training, funding for
water system improvements, and public information as important components of safe drinking
water. This approach seeks to ensure the quality of drinking water by protecting it from source to
tap. The SDWA set the concentration of free chlorine between 4.0 mg/L and 0.2 mg/ L, and more
170,000 public water systems are responsible for meeting these standards, and most states follow
them [14].

1.3 Research Gaps and Engineering Challenges
To meet regulatory requirements and people’s expectations, scientists have continued to develop
new models in support of the planning, design, and management of water distribution systems.
EPANET is a software application that helps meet this goal. It predicts the dynamic hydraulic and
water quality behavior within a drinking water distribution system operating over an extended
period of time. EPANET, however, has limited accuracy in simulating chlorine decay and transport
in problem zones, such as low-flow zones and mixing junction zones.
Water distribution systems (WDS) are traditionally built with topological redundancy to
improve network reliability against mechanical and hydraulic failure. To reduce the complexity of
a network, graph theory and topological metrics are widely used in hydraulic models. Little work,
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however, has been conducted on the impact of topological metrics on the selection of a water
quality model.
This section highlight the research gaps and engineering challenges that stand in the way
of successfully simulating water quality in complex water distribution systems. This thesis focuses
on improving water quality simulation models and applying graph theory metrics to them.
Incomplete mixing in pipe junctions can play an important role in water distribution
systems. The mixing behavior depends not only on the Reynolds number but also on the geometric
configuration of junctions, such as double tee junctions and cross junctions [15, 16]. Most water
distribution analysis software, like EPANET, basically assumes perfect mixing in junctions. It
considers that incoming fluid streams with different containment concentrations are well mixing
within the junctions and that the all concentrations at all outlets are equal. To refine this problem,
new models consider bulk flow mixing in junctions. Mixing parameters or the degree of mixing
have been used to describe bulk mixing [15, 16, 17, 18], and the results match both computational
fluid dynamic modeling and laboratory experiments. These mixing parameters are applied in some
models, but not for complex networks.
Booster chlorination is an approach to maintaining a chlorine residual by injecting the
disinfectant at strategic locations within the water distribution system in smaller, more distributed,
doses [19]. An adequate residual not only protects the public health but also reduces the formation
of DBPs. EPANET is a valuable tool for identifying situations where booster chlorination is the
most effective way to maintain a residual, but it does not work well for low-flow zones. Field data
differs from simulation predictions [20]. The discrepancy causes potentially flawed results in
solving network optimization problems, such as the placement and scheduling of booster chlorine
stations and real-time boost-response schemes.
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The concept of system resilience has been increasingly used to ensure that water
distribution systems can rapidly recover from potential failures. Researchers have generally
assumed that topology is correlated with the resilience of water distribution systems, and this
correlation the basis of many studies on assessing and building resilience [11]. However, there is
little work on mapping network topological attributes to water quality model performance.

1.4 Literature Review
This section discusses varying aspects of problem zones in water distribution systems, and focuses
on graph theory as it is applied in the management of water distribution systems.
Biswas et al. [21] developed a generalized model to simulate chlorine consumption at the
pipe wall and to determinate the average chlorine concentration under steady-state flow. The
model accounted for mass transport in the axial and the radial directions by advection and
dispersion or diffusion. It was the first model that explained chlorine decay both at the wall and in
the bulk in the axial and the radial directions.
Rossman et al. [22] developed a film resistance model for predicting chlorine decay in
drinking-water distribution networks. The film resistance model assumed that the consumption by
the wall reaction could be represented by the mass-transfer coefficient. Based on this assumption,
the 1-D advection-reaction model was incorporated with hydraulic and water-quality simulation
models, becoming well-known software package EPANET. The water quality results of EPANET
matched the chlorine measurements in most transmission mains. However, in low flowrate zones
which the film resistance model could not explain well, the results were discrepant. These zones
were mostly dead ends in the water distribution systems.
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Axworthy et al. [23]first pointed out that a model that did not consider diffusion in low
flowrate zones in water distribution systems would have large discrepancy in low flow simulations.
Most of the time diffusion can be neglected because of the high flow rate in the pipes. During the
night, however, the low flow domain of the water distribution system means that concentration
changes are driven by diffusion. Thus, if the models do not account diffusion in the 24-hour
simulations, they will underpredict the required concentration of chlorine at dead end locations.
The dispersion can vary according to the length, diameter, and wall roughness of the pipes ,and
this research presented here provides a means to quickly evaluate whether the advective transport
model is appropriate for the simulation.
Tzatchkov et al. [24] developed an advection-dispersion model by using Green’s functions
to compute the numerical solutions for residual chlorine in water distribution systems. The model
used 2-D advection-dispersion reactions to compute the chlorine concentration, and dispersion
coefficient was used in the equations. The results of the advection-dispersion model were
compared field measurements and simulations with the EPANET advection-reaction model. For
velocities lower than 0.02 m/s, their model closely predicted the field measurement. For medium
or high velocities, their model yielded the same prediction as EPANET. In this research, the
advection-dispersion model improved the problem predicting concentrations at low flow, but to
simulate dead ends appropriately, the unpredictable nodal demand also needs to be considered.
Abokifa et al. [20] developed a model for simulating disinfectant residuals in dead-end
pipes. This model (Washington University Dead End Simulator – WUDESIM) is coupled not only
with a stochastic flow demand generator but also with advection-dispersion reactions. In this
research, they found the simulation error due to the different demand shares of the withdrawal
nodes. To overcome the simulation error caused by spatial aggregation approximation, they sed
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three correction factors to adjust residence time, dispersion rate and wall demand. Compared with
Tzatchkov’s model and EPANET, their results showed better agreement with field-measured
concentrations of free chlorine disinfectant, demonstrated that flow demands have significant
dependence on spatial distribution.
Romero-Gomez et al. [17] investigated solute mixing phenomena at various flow rates
within a cross junction, a type of connection commonly found in municipal drinking water
distribution systems. They used computational fluid dynamics to simulate the solute
concentrations leaving the junction at the Reynolds numbers larger than 10,000. They controlled
one inlet to provide clean water while the other inlet carried a solute, which could be free chlorine
or contaminant. The results indicated that mixing at pipe cross junctions was not perfect mixing,
which most models assume. The incomplete mixing could cause chlorine concentration to be
underpredicted or lead to an overdose of chlorine in drinking water distribution systems.
Ho et al. [18] focused on solute mixing and transport in cross junctions and developed a
new model describing bulk advective mixing there. Based on mass balance, they added a mixing
parameter to the previous model, EPANET, and implemented it with the hydraulic and waterquality models. They defined the mixing parameter to be 1 for complete mixing and 0 for bulk
advective mixing. To confirm the value of the mixing parameter, they measured the mixing
parameter in laboratory-scale experiments, and the results of field measure merits matched the
simulations.
Shao et al. [15, 16] focused on mixing in laminar, transitional or uncompleted turbulent
flow, and on double-tee junctions of unequal pipe sizes. The experimental results indicated that
the average Reynolds number and the outflows the Reynolds number ratio having an influence on
the mixing at the cross junction and double-tee junction. In pipe diameter experiments, it showed
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that junctions with larger diameters experienced more complete mixing. These results are
important for contemporary water distribution models, most of which do not consider incomplete
mixing.
Vanessa et al. [25] developed a model combining hydraulic and water-quality analyses to
predict the changes in water quality after implementation of district metered areas (DMAs). To
reduce leakage and break frequencies. DMAs were created many by setting valves to form closed
boundaries, but this also created many dead ends. The overall water quality did not change
following DMA implementation, but the water quality was degraded at dead ends because of the
long residence time. The dead ends fostered high concentrations of trihalomethane and excessive
growth of biofilms. The model closely pointed out the structural change of the network had an
impact on water quality.
Yazdani et al. [10] used a link-node representation of water distribution systems and
employed advanced network theory metrics to evaluate the building blocks of the systems and
quantify their properties. In this research, the authors not only evaluated the performance of water
distribution by using redundancy and fault tolerance, but also established relationships between
the structural features and the performance of the water distribution systems. The research
demonstrated that topological metrics are valuable tools for engineers and planners designing
networks.
Nardo et al. [26] used novel topologic and energy metrics for water distribution network
analysis, design, and partitioning. They used topologic metrics to analyze four existing networks
and two literature networks and to identify general features of the water distribution networks.
Based on the features, they optimized the network to minimize needless redundancy that might
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cause mechanical and hydraulic failures. However, the authors also mentioned that more studies
are required for using appropriate metrics in designing water distribution systems.
Meng et al. [11] assessed resilience by using six topological metrics (connectivity,
efficiency, centrality, diversity, robustness, and modularity). They measured system performance
by six other metrics corresponding to system resistance, absorption and restoration capacities.
They pointed out that the assumption that topological metrics have a great impact on water
distribution systems was not justified and requires investigation. Only topological attribute metrics
alone can guide the design of resilient water distribution systems, and other key details need to be
considered.
Despite the abundance of modeling methods, there is no research establishing relationships
between structural features and water quality in water distribution systems. The primary objective
of this study is to use a new model to consider both the bulk-advection mixing and advectiondispersion transport in dead ends, thus establishing the relationship between topological metrics
and water quality under the assumption that topology has a great impact on water quality.
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Chapter 2: Methodology

2.1 Water-Quality Models
In this thesis, four different water-quality models were used to simulate the water quality in dead
ends. Topological metrics were used to find the relation between water-quality models and
network structures. In this chapter, the mathematical backgrounds of four models: EPANET,
EPANET-BAM, WUDESIM ,and WUDESIM-BAM; the topological metrics would be introduced.
Also, the four scenarios of evaluating the correlation between water-quality models and
topological metrics would be introduces.

2.1.1 EPANET
The governing equations for water quality models are based on the principles of conservation of
mass and coupled with reaction kinetics. Although EPANET, it does not consider dispersion as a
transport mechanism in pipe flow, free chlorine transport and decay in a dead-end pipe can be
described by the mass balance. The disinfectant concentration in bulk flow 𝐶(𝑥, 𝑡) is written in a
dynamic 1-D advective equation [21]:
∂C
∂t

∂

k

= − ∂x (uC) − k b C − r f (C − Cw ),

(1)

h

where, 𝑥 is the axial dimension coordinate (in meters), 𝑡 is the time (sec), 𝑢 is the average
flow velocity in the pipe (m/sec), 𝑘𝑏 is the first order decay rate constant in the bulk flow (sec-1),
𝑘f is the mass-transfer coefficient, rh is the hydraulic radius of the pipe (1.5 times the pipe radius),
and Cw is the chlorine concentration at the pipe wall. The term

∂C
∂t

represents the rate of change of
∂

the chlorine concentration within a differential section of pipe. The term − ∂x (uC) accounts for
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the advective flux of chlorine through the section, − k b C represents chlorine decay within the bulk
k

flow, and − r f (C − Cw ) accounts for the transport of chlorine from the bulk flow to the pipe wall.
h

The second term and the third term on right hand side of (1) can be simplified to
KC = (k b + r

kf kw

)×C

h (kw +kf )

(2)

under the assumption that the reaction of chlorine at the pipe wall is first-order with respect
to the wall concentration Cw and that it proceeds at the same rate as chlorine is transported to the
wall.[22]. K is an overall decay constant that contains the bulk decay constant, wall decay constant,
hydraulic radius, and mass-transfer coefficient. Substituting (2) in equation (1) yields
∂C
∂t

∂

= − ∂x (uC) − KC.

(3)

In EPANET, mixing at pipe junctions follows the mass balance equations, assuming the
mixing of fluid is complete and instantaneous. At junctions receiving inflow from two or more
pipes, complete mixing happens in a short time and is quickly distributed to the next nodes. Thus,
the concentration of a substance in water leaving the junction is the fraction of the total amount of
chlorine from the inflowing pipes over the total amount of water from the inflowing pipes. The
chlorine at the specific node can be described by
Cout =

∑ Qin Cin
∑ Qout

.

(4)

EPANET consider advective reaction in pipe flow and complete mixing in pipe junctions,
and assumes that both obey mass balance and the first-order decay reaction of chlorine.
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2.1.2 EPANET-BAM
EPANET-BAM is a model that incorporates the Bulk Advective Mixing (BAM) model. The BAM
model considers momentum transfer and the separation of impinging fluid streams within a cross
junction [17, 18]. This model follows the advective transport within pipes and governing equation
(3).
At junctions, EPANET-BAM adds a mixing parameter to simulate incomplete mixing. The
maximum mixing parameter is 1(complete mixing) and the minimum is 0 (no mixing). The
concentration at the pipe junctions concentration can be expressed as follows:
𝐶1 = 𝐶4
𝐶3 =

(5)

𝑄2 𝐶2 +(𝑄1 −𝑄4 )𝐶1
𝑄3

.

(6)

Figure 1. Incomplete mixing in pipe junctions. In the bulk advective mixing model, there are two
flow configurations: a) the greatest momentum is in the vertical direction; b) the greatest
momentum is in the horizontal direction.

In Figure 1, C1 and C2 are known concentrations at the inlet ,and C3 is determinated by the
amount of flowrate Q4. If the Q4 is equal to 0, the mixing is complete; if Q4 is equal to Q1, bulk

16
mixing and C3 is equal to C2. The pipe junction concentration can be expressed with the mixing
parameter s as follows:
𝐶𝑜𝑢𝑡 = 𝐶𝑏𝑢𝑙𝑘 + 𝑠(𝐶𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 − 𝐶𝑏𝑢𝑙𝑘 ) ,

(7)

where s has values ranging from 0 to 1. For s is equal to 1, the solution is completely mixed,
and the result is the same as EPANET. Generally, a mixing parameter value between 0.2 and 0.5
yielded good matches with Ho’s experimental data.[18]

2.1.3 WUDESIM
The new model (the Washington University Dead End Simulator, WUDESIM), is coupled with a
stochastic demand generator based on a nonhomogeneous Poisson process to simulate residential
water demand pulses on fine time scales [20]. The chlorine transport in dead ends can be
appropriately modeled by a dynamic 2-D convection-diffusion equation in cylindrical coordinates
to represent the mass balance on the disinfectant concentration C(x,r,t), which can be written as
𝜕𝐶
𝜕𝑡

𝜕

𝜕

𝜕𝐶

1 𝜕

𝜕𝐶

= − 𝜕𝑥 (𝑢𝑓(𝑟)𝐶) + 𝜕𝑥 (𝐷 𝜕𝑥 ) + 𝑟 𝜕𝑟 (𝑟𝐷 𝜕𝑟 ) − 𝐾𝐶,

(8)

where x and r are the axial and radial spatial coordinates, respectively (m); t is the time
(sec); u is the average flow velocity in the pipe (m/sec); f(r) is the radial flow distribution
parameter; D is the molecular diffusivity of the solute in water (m2/sec); and K overall decay
constant (sec-1).
The term on the left-hand side is a net accumulation of chlorine in the control volume. The
first term on the right-hand side is a chlorine concentration due to the inflow of the water into the
control volume. The second term on the right-hand side is the chlorine concentration due to the
diffusion of chlorine in the axial direction. The third term on the right-hand side is the chlorine
concentration due to the diffusion of chlorine in a radial direction. The last term on the right-hand
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side is the loss of chlorine concentration due to chemical reactions. In the pipe reaction, the
diffusion in the radial direction can be neglect. Thus, equation (8) is a 2-D unsteady convection
diffusion equation that can be simplified to a 1-D unsteady advection-dispersion equation by using
the effective longitudinal dispersion coefficient (m2/sec). Using the simplified equation below can
avoid intensive calculation and increase the computational efficiency:
∂C
∂t

∂2 C

∂

= − ∂x (uC) + E ∂x2 − KC,

(9)

where the K is overall decay constant and E is the effective longitudinal dispersion
coefficient. In practice, using dimensionless quantities can describe the equation more clearly. One
concern when simplifying Equation (8) into equation (9) is the error caused by neglecting the
combined effects of radial molecular diffusion and the flow velocity profile in the radial direction
[20]. Choosing an appropriate dispersion coefficient is crucial for the success of the simulation. In
WUDESIM, two dispersion coefficients can be chosen: Taylor’s coefficient (10) and Lee’s
coefficient (11)
𝐸𝑇 =

𝑎 2 𝑢2
48𝐷

̅k =
E
(t

, and

1
k −tk−1

(10)
t

∫ k Ek (t)dt.
) t
k−1

(11)

Here a is the pipe radius, u is the average flow velocity in the pipe, D is the molecular
diffusivity of the disinfectant in water (m2/sec), where, 𝐸𝑘 is the instantaneous dispersion
coefficient for pulse 𝑘, 𝑡𝑘−1 is the ending time of pulse (𝑘 − 1), 𝐸̅𝑘 is averaged dispersion coefficient
during any pulse (k).
Equation (9) can use the Péclet number (Pe) and the Damköhler number (Da). The Péclet
number represents the ratio of the convection rate over the diffusion rate, and the Damköhler
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number is the ratio of the chemical reaction rate over the diffusion rate. Equation (9) can be
transformed to
∂C∗
∂t∗

∂C∗

1 ∂2 C∗

= − ∂x∗ + Pe ∂x∗2 − DaC ∗,

(12)

where C* is the dimensionless concentration, C/C0; t*; is the dimensionless time, t/t0; x*
is the dimensionless distance, x/L; Pe is the axial Peclet number, uL/E; and Da is the Damkohler
number. C0 is a reference concentration, usually taken as the inlet concentration (mg/L), while t0
is the characteristic residence time L/u (sec), and L is the pipe length (m).
The Péclet number indicates whether the solute transport is dominated by advection or
diffusion. For axial mass transfer in a pipe geometry, the Péclet number can be replaced by the
characteristic time of diffusion, 𝜏𝑑 =

𝐿2
𝐸

, when the molecular diffusion is negligible compared to

both the laminar dispersion and the characteristic time of diffusion over the characteristic time of
𝐿

advection. The characteristic time of advection is 𝜏𝑎 = 𝑢, and. Thus, the Péclet number is 𝜏𝑑 /𝜏𝑎 =
𝐿𝑢
𝐸

. When the Péclet number is large, the diffusion time is much larger than the advection time, so

the solute transport is dominated by advection. The second term on the right side in equation (10)
can be neglected, and the equation (10) then will become a dimensionless form of advective
equation (3). Most of the time chlorine transport in a water distribution system follows the
advective equation. In dead ends, however, it does not. In such a low flow situation, 𝜏𝑑 is much
smaller than 𝜏𝑎 , and the Péclet number is zero, i.e., transport is mainly dominated by diffusion. In
dead ends, laminar flow conditions prevail, so the advection-dispersion equation (12) is an
appropriate representation because it considers both advection and diffusion.
The Damköhler number is the reaction rate divided by the advective rate. For a chlorine
decay reaction, a first order reaction rate is used. The relation between the reaction rate and
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advective rate can use a time scale to represent the Damköhler number: 𝐷𝑎 =
1

. Thus, the Damköhler number is
𝐾

𝐾𝐿
𝑢

𝜏𝑎
𝜏𝑟

𝐿

and 𝜏𝑎 = 𝑢, 𝜏𝑟 =

. When the reaction rate is very small or the advection rate is

very large, the Damköhler number is close to zero.
For mixing at a pipe junction, WUDESIM makes the same assumptions as EPANET: the
mixing obeys mass balance equations and is complete and instantaneous, following equation (4).

2.1.4 WUDESIM-BAM

WUDESIM-BAM considers the advection-dispersion reaction,
∂C∗
∂t∗

∂C∗

1 ∂2 C∗

= − ∂x∗ + Pe ∂x∗2 − DaC ∗,

in pipes and incomplete mixing at cross junctions,
Cout =

∑ Qin Cin
∑ Qout

.

For water distribution systems, the two equations are crucial, and their omission can cause larger
errors.

2.2 Topological Metrics

Topology has been assumed to have a great impact on the resilience of water distribution
systems, and it is the basis of many studies on assessing and building resilience [11]. A water
distribution network can be represented as nodes and links, a process which can reveal important
weaknesses and defects. We call the properties of the network topological attribute metrics. Using
metrics for these topological properties, we can evaluate the resilience of networks. However, this
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fundamental approach has not been applied to assessing water-quality models. In this research, we
assume that topological analysis can be a useful tool for evaluating water quality models in
different kinds of networks. In this section, four topological metrics are introduced: the link density,
the mean node-degree, the meshedness coefficient, and the dead-end fraction.
Table 1 Topological Attribute Metrics
Definition

Metric

Parameter

2𝑚
𝑛(𝑛 − 1)

m = pipes

2𝑚
𝑛

m = pipes

𝑚−𝑛+1
2𝑛 − 5

m = pipes

𝑛𝑑
𝑛𝑎𝑙𝑙

𝑛𝑑 = dead-end nodes

Link Density

Mean Node-Degree

Meshedness Coefficient

Dead-End Fraction

n = nodes

n = nodes

n = nodes

𝑛𝑎𝑙𝑙 = total nodes

2𝑚

The link density for a network is given by 𝑛(𝑛−1). This fraction relates the total links present
and the maximum possible links to indicate the sparseness or density of the connectivity in the
network layout. It provides information about the general level of connection between the nodes
of a graph in terms of “inclusivity” [10, 11, 26].
The mean node-degree is given by

2𝑚
𝑛

, the average number of connections per node. It

provides immediate information on the organization of the network, representing the total number
of “connections” that the network has on average [10, 11, 26].
The meshedness coefficient is given by

𝑚−𝑛+1
2𝑛−5

, the fraction relating the actual number of

loops and the maximum possible number of loops. It is used to describe the structural organization
of water distribution systems. The value of the meshedness coefficient can indicate the structure
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of the networks. If the number is large, the network is a grid structure. If the number is small, the
network is treelike. In general, grid structures facilitate equalized distribution of flow and pressure
under varying demand rates and locations in water distribution systems, and to a limited extent,
the meshedness coefficient illustrates the hydraulic efficiency of the network [10, 11, 26].
𝑛

The dead-end fraction is given by 𝑛 𝑑 , the fraction relating the total numbers of nodes and
𝑎𝑙𝑙

dead-end nodes. A dead end is a point in the network that is fed only from one end. A typical
example would be at the end of a cul-de-sac in a residential area. The fraction of dead ends is
normal higher in treelike networks where the main pipeline supplies the entire community, which
is quite risky.
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2.3 Scenarios Design for Topological Metrics and Models

To build an index for choosing an appropriate water-quality model, this thesis presents four
simulation scenarios for dead-end mains. The present analysis is first applied to simulate the
concentrations of free chlorine with different four models in the dead-end within one network. The
simulators update the residual chlorine concentrations every hour. The four models all use the
same duration, water quality timestep, reaction rate, and initial concentration of chlorine. Table 2
for analysis details for each simulation. The reaction time is set for 72 hours to make sure that each
model is steady-state. For dead-end branches, is most accurate when it considers the incomplete
mixing in pipe junctions and the advection-dispersion reaction in pipe transport. Using
WUDESIM-BAM as a reference, we preform regression analysis on the results of the other three
models.
Table 2 Parameters of each Simulation
Parameters

Value

Duration

72 hours

Water Quality Timestep

1 min

Global Bulk Coefficient

-0.5 days-1

Global Wall Coefficient

-0.5 m/day

Order of Wall Reaction

1

Order of Bulk Reaction

1

Initial Chlorine Concentration

4.0 mg/L
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Table 3 Simulation Scenarios
Simulation Number

Model

Pipe Junction

Pipe reactions

Mixing Assumption

Mixing Assumption

1

EPANET

Complete Mixing

Advection

2

EPANET-BAM

Incomplete Mixing

Advection

3

WUDESIM

Complete Mixing

Advection-Dispersion

4

WUDESIM-BAM

Incomplete Mixing

Advection-Dispersion

2.4 Network Database

To evaluate the correlation between the water-quality models and network properties, the thesis
examines 10 different networks, including either hypothetical water distribution systems or actual
systems from the ASCE Task Committee on Research Databases for Water Distribution Systems.
The actual systems include two widely used network, the Cherry Hills/Brushy Plains service area
of the South-Central Connecticut Regional Water Authority and the Example 3 Network of
EPANET. Both networks are benchmarks for many studies [20]. The ten networks, whose system
components are listed in Table 4, have been used by many researchers to verify water quality
models in distribution systems [10,16,18]. Diagrams of each network are shown in Figure 2.
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Table 4. System Components
Network

Number

Number

of Pipes
KY 1

Number

Number

Number

Number

of Junctions of Pumps

of Tanks

of Reservoirs

of Dead Ends

903

777

8

4

3

188

KY 2

595

513

3

3

2

163

KY 3

344

939

5

3

3

36

KY 4

1,118

409

2

4

1

255

KY 5

498

763

11

3

4

114

A-town

43

22

3

2

1

0

C-town

429

389

11

7

1

70

Net 2

41

36

0

1

0

4

Net 3

117

92

2

3

2

11

Jilin

34

27

0

0

1

4
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Figure 2. The structure of each network
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Chapter 3: Results and Discussion
3.1 Model Evaluation

To evaluate the quality of a model’s predictions, outcomes can be designed with a variety of
scoring parameters. For our models, the scoring parameters include the mean absolute error,
RMSE, and explained variance. The scoring follows the convention that lower error values are
better than higher error values. The R language is widely used among statisticians for calculating
the scoring parameters of a model. In this thesis, we used R with the “scorer package” to calculate
the mean absolute error, root mean squared error, and explained variance.
The mean absolute error (MAE), 𝑀𝐴𝐸 =

∑𝑛
𝑛=0 |𝑦𝑟𝑒𝑓 −𝑦𝑝𝑟𝑒 |

, is a measure of the difference

𝑛

between the reference and the prediction. Here 𝑦𝑟𝑒𝑓 is a result from WUDESIM-BAM and 𝑦𝑝𝑟𝑒 is
a result from one of three models: EPANET, EPANET-BAM, or WUDESIM. In Figure 3, the y
value of each node is the average mean absolute error of all dead ends. WUDESIM has the smallest
MAE of all the networks except Net 3.
1.4

Net 3
1.2

Net 2

KY 4

Mean Absolute Error

1.0

KY 1

0.8

KY 2

KY 5

KY 3

C town Jilin

0.6
0.4
0.2
0.0

Network

BAM
WUDESIM
EPANET

Figure 3. Mean absolute errors of EPANET-BAM, WUDESIM, and EPANET
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2
∑n
n=0(yref,t −yt )

The root mean squared error (RMSE), RMSE = √

n

, is a quadratic scoring rule

that measures the average magnitude of the error. It is the square root of the average of the squared
differences between the predicted and actually observed values. In Figure 4, the y value of each
node is the average RMSE value of the dead ends. We observe that EPANET-BAM has the largest
RMSE. Since the errors are squared before they are averaged, the RMSE gives a relatively high
weight to large errors, which means the RMSE should be more informative when large errors are
particularly undesirable.

1.0

KY 1

KY 5

KY 2
0.8

RMSE

0.6

Net 3
Net 2

KY 4
KY 3
C town

0.4

Jilin
0.2

0.0

Network
BAM
WUDESIM
EPANET

Figure 4. Root mean squared errors of EPANET-BAM, WUDESIM, and EPANET

The explained variance score measures the degree to which a mathematical model accounts
for the variance of a given data set. It compares the variance within groups of the data set to the
variance between the groups. In Figure 5, the y value of each node is the accumulated value of the
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explained variance of all dead ends. We observe that for the simple networks Net2, Net3, and Jilin,
the explained variance scores are much smaller than for the more complex networks. Also, for
complex networks, the variances of EPANET-BAM become larger, especially in KY 2, where the
variance of EPANET-BAM is around 80% higher than that of EPANET.

40000

KY 1

KY 2

Explained variance score

30000

20000

KY 5
10000

KY 4

C town
Net 2 Net 3

KY 3
Jilin

0

Network

BAM
WUDESIM
EPANET

Figure 5. Explained variance scores of EPANET-BAM, WUDESIM, and EPANET

3.2 Water Quality Analysis in Dead Ends

Regression analysis is widely used for estimating the relationships between a dependent variable
and independent variables. The goal of regression analysis is to build a mathematical equation that
yields an accurate estimate. Linear regression is the most simple and popular technique for
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predicting a continuous variable. It assumes a linear relationship between the dependent variable
and the independent variables.
In this section, ten networks are analyzed for each of four models: EPANET, EPANETBAM, WUDESIM, and WUDESIM-BAM. There are two special cases for the four models. First,
if the network does not have cross junctions, the results of EPANET and EPANET-BAM are the
same. Because the results of EPANET and EPANET-BAM are used as the boundary conditions
for WUDESIM and WUDESIM-BAM, if the results of EPANET and EPANET-BAM are the same,
the results of WUDESIM and WUDESIM-BAM are also the same. Second, if the network does
not have dead ends, the results of EPANET and WUDESIM are the same, and EPANET-BAM
and WUDESIM-BAM also have the same results. Using WUDESIM-BAM as a reference, we
compare the RMSE values of the models for each of the 10 networks. The RMSE indicates the
absolute fit of the model to the data, that is, how close the observed data points are to the model’s
predicted values. Lower RMSE values indicate better fit. Because the RMSE is a good measure of
how accurately the model predicts the response, it is the most important criterion for assessing
goodness of fit where the main purpose of the model is prediction [27].
For each dead end, the measured duration time is 72 hours, and the chlorine concentration
is reported every hour. Thus, the value of n is 72, 𝑦𝑟𝑒𝑓 is the concentration of WUDESIM-BAM
at time t, and 𝑦𝑡 is the concentration in the other three models at time t. From Figure 6 to Figure
15, WUDESIM has the smallest RMSE for each simulation because the dead-end mains are low
flow and the mass transport is dominated by diffusion in the pipes. We also found that considering
only bulk advection mixing in networks may cause a larger RMSE than otherwise. So, for a
network with many dead ends, EPANET-BAM may not be suitable. In EPANET-BAM,
incomplete mixing is applied to a cross junction which has a high Reynolds number (Re). In Ho
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and O’Hern’s research, they found that for large vertical pipes (~52 mm), incomplete mixing
happened at Re from 3,000 to 12,000, and for small vertical pipes (~26 mm), incomplete mixing
happened at Re from 3,000 to 9,000. Using the results from the bulk advective mixing model in
dead ends, the errors accumulate in dead-end mains because in dead ends, the Re is very low,
sometimes even close to 0 [20]. Additionally, the verifications of EPANET-BAM used laboratoryscale experimental data to fit the EPANET-BAM model. But, in a complex network, we also found
mass imbalances.
Table 5. RMSEs of EPANET-BAM, WUDESIM, and EPANET
Network

BAM

WUDESIM

EPANET

Net2

0.500

0.000

0.500

Net3

0.563

0.203

0.451

Ctown

0.294

0.296

0.294

Jilin

0.077

0.189

0.220

Ky1

0.804

0.137

0.713

Ky2

0.781

0.174

0.430

Ky3

0.428

0.124

0.428

Ky4

0.389

0.345

0.488

Ky5

0.563

0.706

0.816
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Figure 6. RMSE of EPANET-BAM, WUDESIM, and EPANET
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Figure 7. RMSE of Network KY 1 for Each Dead End
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Figure 8. RMSE of Network KY 2 for Each Dead End
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Figure 9. RMSE of Network KY 3 for Each Dead End
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Figure 10. RMSE of Network KY 4 for Each Dead End
KY 5
5

4

RMSE

3

2

1

0
0

20

40

60

80

100 120 140 160 180 200 220 240 260 280

Dead Ends
EPANET-BAM
WUDESIM
EPANET

Figure 11. RMSE of Network KY 5 for Each Dead End
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Figure 12. RMSE of Network Net 2 for Each Dead End
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Figure 13. RMSE of Network Net 3 for Each Dead End
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Figure 14. RMSE of Network C town for Each Dead End
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3.3 Topological Properties

Topology has been assumed to have a great impact on the resilience of water distribution systems,
and it is the object of many assessments [11]. Based on its structural patterns and network building
blocks, a water distribution network can be represented as nodes and links, a process which can
quantify the organizational properties of the network,. Using metrics for these topological
properties, we can evaluate the properties of networks.
As illustrated in Figure 2, this thesis analyzed ten water distribution networks: seven
American networks, one Chinese network (Jilin), and two imaginary networks from the literature
(A town and C town). The ten networks were chosen from a variety of networks with different
sizes and structures, providing some diversity their analyses. Their calculated topological
properties are presented in Figures 13 and 14 and Table 6. As for the link density, KY 1, KY 2,
KY 3, KY 4, KY 5, and C town demonstrated low link densities. The link density measures how
close the number of links in a network is to the maximum possible number for a given number of
nodes. If the value is close to 0, the networks are sparse. Thus, KY 1, KY 2, KY 3, KY 4, KY 5,
and C town can be regarded as sparse networks [11, 28, 29].
As for the meshedness coefficient, the A town network has the highest value, 0.564. The
meshedness coefficient ranges from 0 for trees to 1 for maximal planar graphs. It reflects the
overall topological similarity of the network to perfect grids or lattice-like structures [11, 28, 29].
The shape of A town, a simple network without any dead ends, explains this high coefficient. Other
networks have values from around 0.1 to 0.2. C town has the lowest meshedness coefficient, 0.053,
which means the structure is closer to a treelike structure.
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As for the average degree, the A town network has the highest value, 3.909. The average
degree is a measure of connectivity, reflecting the overall topological similarity of the network to
perfect grids or lattice-like structures. In our simulations, the maximum nodal degree is 4, and it
means that A town is very close to a grid structure. In other networks, the average degrees are
around 2 because most of the pipes are not cross junctions or tees.
As for the dead-end fraction, KY 5 has the highest value, 0.273. The dead-end fraction
reflects how many dead ends are in a network. More dead ends in a network increase the possibility
of unsuitable drinking water. The A town system has the lowest value, 0, as there are no dead ends.

3.909

Values of topological metrics

4

3

2

1

2.278

0.187

0.564

0.265

0

0.003
Link density

0.053
Meshedness
coefficient

0.0
Average
degree

Dead
fraction

Figure 16. Values of four topological attribute metrics of the ten water distribution systems
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Figure 17. Topological attribute metrics of the ten water distribution systems
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Table 6. Topological Attribute Metric Values for The Ten Networks
Network

Link density

Meshedness coefficient

Average degree

Dead fraction

Net 2

0.065

0.090

2.278

0.111

Net 3

0.028

0.145

2.543

0.120

C town

0.006

0.053

2.206

0.180

A town

0.186

0.564

3.909

0.000

Jilin

0.097

0.163

2.519

0.148

Ky 1

0.003

0.074

2.294

0.219

Ky 2

0.003

0.192

2.762

0.200

Ky 3

0.010

0.181

2.711

0.133

Ky 4

0.003

0.102

2.403

0.265

Ky 5

0.006

0.095

2.373

0.273

3.4 Topological Metrics and Water-Quality Models
We can evaluate the properties of networks by using metrics for their topological properties. The
goal of this section is to build a mathematical equation of topological metrics that yields an
accurate prediction of water quality.
In this section, regression analysis is used to estimate the relationships between the waterquality models and their topological attribute metrics. The RMSE is used to correlate the link
density, meshedness coefficient, average degree, and dead-end fraction. Figure 18 to Figure 21 are
scatter plots for each model’s RMSE versus the values of topological attribute metrics. It is hard
to see a correlation between the RMSE and link density, meshedness coefficient, and average
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2

degree for EPANET-BAM, WUDESIM, and EPANET. The R ranges from 0.02 to 0.05. For
EPANET-BAM, the R2 is 0.0195, reflecting only a small correlation between the dead-end
fractions and RMSE. For EPANET, we find the R2 is 0.2976, representing a medium correlation
between the RMSE and the dead-end fractions. For WUDESIM, the R2 of 0.5598 shows a strong
correlation between the RMSE and the dead-end fractions [27]. Because a strong correlation means
more dead-ends, it may affect WUDESIM more than WUDESIM-BAM. Complex water
distribution systems also have more cross-junction pipes that may cause incomplete mixing,
introducing further discrepancies between WUDESIM and WUDESIM-BAM. However, we still
need more information about cross junction fractions to prove our hypothesis that topological
properties affect water quality.
From the results, the topological properties do not appear strongly correlated with waterquality models. There could be several causes. First, the chosen topological metrics in this thesis
concern only structural basic properties. They do not describe the connectivity properties of the
water distribution system [28]. Second, ten networks is too small a number to fully represent the
correlations. Meng et al. used 80 networks to propose the correlation between topological
properties and resilience, although fewer than 80 might have been sufficient.
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Figure 18. RMSE versus link density
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Figure 19. RMSE versus meshedness coefficient
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Figure 20. RMSE versus link average degree
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Chapter 4: Conclusions and Future Work
In this work, a numerical model, WUDESIM-BAM, was developed to simulate chlorine residuals
of dead ends in water distribution systems. To illustrate the relationship between water-quality and
topological properties, the topological properties of four water-quality models we reexamined:
EPANET, EPANET-BAM, WUDESIM, and WUDESIM-BAM.
The new model, WUDESIM-BAM, is initially assumed to accurately predict the water
quality in dead ends, measured by residual free chlorine. Using WUDESIM-BAM as the reference,
scoring parameters are used to rank the accuracy of the three other models’ predictions in terms of
mean absolute error. The results demonstrate that WUDESIM has the smallest mean absolute error
difference from the reference. The results further demonstrate that EPANET-BAM has the largest
RMSE. Because EPANET-BAM also has the largest explained variance, and WUDESIM has the
smallest explained variance with regard to dead end predictions, WUDESIM is the most accurate
of the four models. EPANET-BAM is not appropriate because low flow in a dead end can cause
misleading results for this bulk flow model.
In a topological attribute metric analysis, we find little correlation between water-quality
models and topological properties, for several possible reasons. First, the chosen topological
metrics concern structural properties. They do not measure the connectivity of the water
distribution system [11, 28, 29]. Second, ten networks may be too few to properly represent the
correlations.
This thesis creates an index for a water-quality model. However, more research is needed
to fully define the relationship between topological properties and water-quality models. In the
future, people can use just a simple index and easily choose an appropriate model. Similarly, the
Environmental Protection Agency could more easily determine with appropriate standard.
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