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Nomenclature

Cp = pressure coefficient

Ct = skin friction coefficient

Cw = volume flow rate coefficient

Cr1, Cr2, Cr3 = closure coefficients for RC correction
D = diameter

Er = WA2017m model destruction term

Ewpb = Baldwin-Barth destruction term

Eko = old WA2017 model destruction term

ER = expansion ratio

Foes = characteristic length scale ratio of DES model
fu = WA2017m model wall-damping function

fu1 = SA model wall-damping function

f1 = blending function of Wray-Agarwal model
fr1 = RC correction function

k = turbulent Kinetic energy

Lr = turbulent length scale of WA2018-EB model
Lk = von Karman length-scale

lpes = characteristic length scale of DES model

les = characteristic length scale of LES model
lrans = characteristic length scale of RANS model
Iref = reference length scale of WA2018EB model
M = Mach number

n = number of uncertain variables
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Np = oversampling ratio

Ns = UQ sample number
p = order of the response surface polynomial
Q = volume flow rate

= WA2017m model variable; k/w

Ri = Richardson number

Ri,Ro = inner and outer radius

Ro = rotation number

S = strain rate magnitude

Sij = strain rate tensor

U, = friction velocity

U = upstream bulk velocity

Up = downstream bulk velocity

Vi = radial velocity

V, = axial velocity

\ = tangential velocity

Wij = vorticity tensor

Ax = grid spacing along x direction
Ay = grid spacing along y direction
A; = grid spacing along z direction
Q = vorticity magnitude

X = undamped eddy-viscosity-to-laminar-viscosity ratio
e = turbulent dissipation

vt = turbulent eddy viscosity

p = density
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Abstract of the Dissertation
Development and Application of Rotation and Curvature Correction to Wray-Agarwal
Turbulence Model
by
Xiao Zhang
Doctor of Philosophy in Mechanical Engineering
Washington University in St. Louis, 2018
Research Advisor: Ramesh Agarwal
Computational Fluid Dynamics (CFD) is increasingly playing a significant role in the analysis and
design of aircrafts, turbomachines, automobiles, and in many other industrial applications. In
majority of the applications, the fluid flow is generally turbulent. The accurate prediction of
turbulent flows to date remains a challenging problem in CFD. In almost all industrial applications,
Reynolds-Averaged Navier-Stokes (RANS) equations in conjunction with a turbulence model are
employed for simulation and prediction of turbulent flows. Currently the one-equation (namely the
Spalart-Allmaras (SA) and Wray-Agarwal (WA) and two-equation (namely the k-¢ and Shear
Stress Transport k-w) turbulence models remain the most widely used models in industry. However,
improvements and new developments are needed to improve the accuracy of the turbulence models
for wall bounded flows with separation in the presence of adverse pressure gradients, and for flows
with rotation and curvature (RC) such as those encountered in turbomachinery, centrifugal pumps
and the rotating machinery in other industrial devices. The goal of this research is to enable the
eddy-viscosity type turbulence models to accurately account for the rotation and curvature effects.
To date, there have been two approaches for inclusion of RC effects in turbulence models, which

can be categorized as the “Modified Coefficients Approach” which parameterizes the model
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coefficients such that the growth rate of turbulent kinetic energy is either suppressed or enhanced
depending upon the effect of system rotation and streamline curvature on the pressure gradient in
the flow and the “Bifurcation Approach” which parameterizes the eddy-viscosity coefficient such
that the equilibrium solution bifurcates from the main branch to decaying solution branches. In
this research, the uncertainty quantification (UQ) is applied to examine the sensitivity of RC
correction coefficients and the coefficients are modified based on the UQ analysis to improve the
model’s behavior. Both these approaches are applied to the widely used turbulence models (SA,
SST k-w and WA) and they show some improvement in predictions of turbulent flow in all
benchmark test cases considered, namely the flow in a 2D curved duct, flow in a 2D U-turn duct,
fully developed turbulent flow in a 2D rotating channel, fully developed turbulent flow in a 2D
rotating backward-facing step, flow in a rotating cavity, flow in a stationary and rotating serpentine
channel, flow in a rotor-stator cavity and in a hydrocyclone as well as two wall-unbounded
turbulent flow cases. All the simulations are conducted using the commercial software ANSYS
Fluent and the open source CFD software OpenFOAM. The success of this research should
enhance the ability of the RANS modeling for more accurate prediction of complex turbulent flows
with rotation and curvature effects. In addition to the RANS modeling of RC effects, a new DES
model incorporating the WA2017m-RC turbulence model (referred to as the WA2017m-RC-DES
model) is developed and validated against experimental and DNS data. Further improvements are

obtained with the DES model in some test cases.
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Chapter 1: Introduction

1.1 Background

The Reynolds number (Re) is the single most important non-dimensional number in fluid dynamics.
It is defined as the dimensionless ratio of the inertial forces to viscous forces. The Re allows us to
characterize whether a flow is laminar or turbulent. Laminar flow is characterized by lower Re and
higher diffusion over convection. Turbulent flow on the other hand is characterized by higher Re
where inertial forces dominate considerably, resulting in largely chaotic flow. The flow may also
undergo a transitioning phase whereby the flow exhibits neither completely laminar nor
completely turbulent characteristics. The behavior of laminar flow is determined by a single length
scale defined by the boundaries of the flow region. If one can accurately describe the boundaries
of a laminar flow region, the flow behavior can be calculated precisely using the Navier-Stokes
equation. Only for simple geometries and fully developed flows, it is possible to obtain the exact
analytical solutions. Although the physics of turbulent flows is governed by the Navier-Stokes and
continuity equations, turbulent flow has features that span many length and time scales. At present,
even on the most powerful computers, it is difficult to capture all these scales by numerical
simulations of governing equations for 3D turbulent flows past complex objects at high Reynolds

numbers of industrial significance. Fig. 1.1 shows the transition from laminar to turbulent flow.



Figure 1.1 Free shear flow illustrating laminar, transition and turbulent phases [1].

1.2 Objectives

The original scalar eddy viscosity turbulence models are not capable of accounting for the system
rotation and streamline curvature. One of the goal of this work is to apply the rotation and curvature
corrections to the very promising one equation turbulence model based on the k- closure, known
as the ‘Wray-Agarwal (WA)’ model. The uncertainty quantification (UQ) is the quantitative
characterization and reduction of uncertainty in computational applications via running very large
number of calculations to characterize the effects of minor differences in the systems. Another
objective in this thesis, is to employ UQ to determine the modification direction of the closure
coefficients in the RC correction. The final objective is to develop a new DES model using the
WA2017m-RC RANS model with LES. In the literature, DES models have been developed based
on the widely used one-equation Spalart-Allmaras (SA) model [2] and the two-equation SST k-w
model [3], and they are known to be more accurate than RANS models especially in the presence

of flow separation.

1.3 Outline

Chapter 2: Turbulence Modeling: This chapter describes some general topics related to
turbulence modeling. Main turbulence modeling methods including Direct Numerical Simulation

(DNS), Large-Eddy Simulation (LES) and Reynolds-Averaged Naiver-Stokes (RANS) equations
2



are described. Two widely linear used eddy viscosity turbulence models namely Spalart-Allmaras

(SA) and SST k-w are briefly introduced.

Chapter 3: Development of Wray-Agarwal (WA) Turbulence Model: This chapter discusses
the history and evolution of the one equation Wray-Agarwal (WA) turbulence model. Its

development from version WA2017m to WA2018 and finally to WA2018EB is described.

Chapter 4: Rotation and Curvature Correction: This chapter gives a brief introduction to the
theory behind the two rotation and curvature correction approaches, the “Modified Coefficients

Approach” and the “Bifurcation Approach”.

Chapter 5: Uncertainty Quantification: A brief introduction to uncertainty quantification (UQ)
is given and how it is employed to improve the turbulence model coefficients is discussed in this

chapter. Closure coefficients of the RC correction are modified based on the UQ analysis.

Chapter 6: Validation Cases: This chapter describes several benchmark test cases in two main
categories: wall bounded flows and unbounded flows. The flows in the first category are flow in a
2D curved duct, flow in a 2D U-turn duct, fully developed turbulent flow in a 2D rotating channel,
fully developed turbulent flow in a 2D rotating backward-facing step, flow in rotating cavity, flow
in a stationary and rotating serpentine channel, flow in a rotor-stator cavity and in a hydrocyclone.

The flows in the second category are a subsonic jet and a supersonic jet in cross flow.

Chapter 7: Detached Eddy Simulation (DES): This chapter describes a new DES model named
WA2017m-RC-DES. It is validated against experiment and DNS data in some test cases as

described in Chapter 6.



Chapter 8: Summary and Future work: This chapter provides a summary of the work
accomplished in this thesis, including modeling and testing of the WA2017m-RC, WA2017m-
RCM, WA2017m-Arolla, WA2018-RC, WA2018EB-RC and WA2017m-RC-DES models. And

some potential future work is also discussed.



Chapter 2: Turbulence Modeling

2.1 Introduction
Direct Numerical Simulation (DNS) solves the full three-dimensional, time-dependent Navier-

Stokes equations to obtain instantaneous flow field and then performs averaging to get the statistics.
DNS is only feasible for very simple geometries at low Reynolds numbers. Large Eddy Simulation
(LES) resolves only the large energy containing scales and models the effects of small scales. LES
is possible at relatively higher Reynolds numbers for simple geometries but at a very high
computational effort and cost. Reynolds-Averaged Navier-Stokes (RANS) equations are obtained
by time-averaging the Navier-Stokes equations over a laboratory time scale which are discussed

below.

2.2 Reynolds-Averaged Navier-Stokes Equations

Dating back to early 1900 since Osborne Reynolds, there have been three major approaches that
have been developed to model and approximate mathematically the turbulent fluid behavior; these
are known as RANS, LES and DNS. The oldest approach developed in early 1900 is based on
time-averaging of the Navier-Stokes equations which results in the Reynolds-Averaged Navier-
Stokes (RANS) equations. RANS averaging results in the so called “turbulent stresses” or
“Reynolds Stresses” which are unknown and require modeling using empiricism. Thus, RANS
equations are not closed; it is known as the “Closure Problem” in RANS equations. Closure of
RANS equations requires empirical models for “Reynolds Stresses”; these models are called the
“RANS Models.” The RANS models are generally developed by using the transport equations for

turbulent quantities such as the turbulent kinetic energy, turbulent dissipation, a characteristic
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turbulent length scale etc. using experimental and other empirical information. The main objective
of the turbulence models for the RANS equations is to compute the Reynolds (turbulent) stresses,
which are modeled by the scalar eddy-viscosity models of Boussinesq type or directly by the
transport equations for various components of Reynolds-stresses. The solutions of RANS
equations with turbulence models to date remains the most widely used method in industry for

solving the turbulent flows.

2.3 Eddy Viscosity Turbulence Models

In 1877 Boussinesq proposed relating the turbulence stresses to the mean flow to close the system

of equations. According to the Boussinesq hypothesis the Reynolds stress terms are modeled as

! ! 2
U; u] = _ZVtSl'j + §5Uk (1)

where v, is the turbulent kinematic eddy viscosity.

2.3.1 Spalart-Allmaras (SA) Model
The most commonly used one-equation eddy-viscosity turbulence model is the Spalart-Allmaras

turbulence model. It was developed by Spalart and Allmaras [4] and was designed specifically for
aerospace applications involving wall-bounded flows and has been shown to give good results for
boundary layers subjected to adverse pressure gradients. The transport equation for an eddy-

viscosity-like variable is given by

017+ oV a )57 [ Cp1 ](17)2+1 0 (+~)a17 N v v
ot ”f'ax,-_cbl fe)SV = |Cwnfw K2 fez d o |0x; vy 0x; Cbzaxiaxi (2)

The turbulent eddy viscosity is computed from

vr = fuR 3)

The damping function f,,; is given by:
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The additional definitions are given by the following equations:
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The constants are

2
cp1 = 0.13550 = §cb2 =0.622k = 0.41

Cw2=03cy3=2c,y =71c3=12¢c, =05

_ Cp1 1+ Cp2
Cw1 =

K2 o

2.3.2 Shear-Stress-Transport k- Turbulence Model

(4)

()

(6)

(7)

(8)

(9)

(10)

(11)

Menter’s Shear Stress Transport (SST) [5] turbulence model is also a widely used robust two-

equation eddy-viscosity turbulence model. The model combines the features of k-w turbulence

model and k-¢ turbulence model such that the k-« model is used in the inner region of the boundary

layer and switches to the k-¢ model in the free shear flow region. The formulation of the SST model

is based on information from many experiments and attempts to predict solutions to typical

engineering problems. The two-equation model is given by the following equations:
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The turbulence eddy viscosity is computed from:
B pak
Ve = max(a,w, QF,) (15)
Each of the constants is a blend of an inner (subscript 1) and outer (subscript 2) constant via
¢=F ¢+ 1 -F)o, (16)
Additional functions are defined as
F, = tanh(argy) (17)
. vk 500v\ 4po,,k (18)
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vk 500v
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O-kl = 0.85 O-(l)l = 0.5 ﬁl = 0.075

0y = 1.0 6,,, = 0.856 B, = 0.0828 B* = 0.09 k = 0.41 a, = 0.31



Chapter 3: Development History of Wray-

Agarwal (WA) Turbulence Model
3.1 WA2017m

Wray-Agarwal (WA) model is a newly developed one-equation eddy-viscosity turbulence model

derived from k-o closure. In this model, a new variable R is introduced which is defined as &/w. It

has been applied to several canonical flows [6] and has shown improved accuracy over the SA

model and competitiveness with the SST k-« model. An important distinction between the WA

model and previous one-equation models based on two equation k- models is the inclusion of the

cross diffusion term in the w-equation and a blending function which allows smooth switching

between two destruction terms. The equations of the WA2017 turbulence model are given below.

ANIA)
OR R AR 8S o[ 9% 0%
T + u; ax] (URR + V)—] + GRS + f1Coke 56_6__ (1 - f1)CokeR 52

fi = min(tanh(argy),0.9)

1+ 207
i+ (d max(VRS, 1. 5R)>

arg, =

20v

dvVRS
20v

7”:

The eddy viscosity is calculated through the new variable R

Ve = prR

(23)

(24)

(25)

(26)

(27)



Again, to account for the wall blocking effect, the damping function £, is defined in the same form

as in the SA model.

X3

fu “F+c X7 (28)

v
While the Cx, term is active, Eq. (25) behaves as a one equation model based on the standard k-
o equations. The inclusion of the cross diffusion term in the derivation causes the additional Ca.
term to appear. This term corresponds to the destruction term of one equation models derived from
standard k-¢ closure. The presence of both terms allows the new model to behave either as a one
equation k-w or one equation k-¢ model based on the switching function f1. Being a one equation
model, it is more computationally efficient than the multi-equation models. Even though the WA
model appears promising, it also has limitations in accuracy for computing wall bounded separated

flows.

The last term in Eq. (25) involves the inverse of the von Karman length-scale:

05 0S

1 dx; 0x;

_p2f_— \_ p2[ N9Y
B0 =R (LVK> Rl —¢ (29)

As has been pointed out previously in Ref. [7], E,_,, can become singular whenever S goes to zero
leading to an infinite destruction term. In order to prevent this from happening, the last destruction

term is limited by a multiple of the Baldwin-Barth destruction term, Epp:

E.=C,E tanh(E"“")

with a constant Cr, = 8.0. Epp is defined as:
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g, = SRR

bb 0x; 0x; (31)

Eqg. (30) provides a smooth transition between the two formulations whenever E,_,, goes to
infinity. For majority of the flow region, E;_, < C,,Ep, and the original formulation is recovered.
A less smooth transition could be achieved by Ex = min(Ej_,, C,,Epp). For all the test cases
considered in this paper, these two methods for Ej,_,, yield almost the same results. The constant
Cnm is calibrated by computing flow past a zero pressure gradient the flat plate and in a channel
flow. There is major difference between the new WA2017m and the old WA2017 model. The final

formulation of the WA2017m model becomes [8]:

R b, 22 = 2N onR 490 2 4 RS + FiCyr e 2R 05 (4~ )i
ot VWax ~ ox, |TRR TV g | T GRS NG S5 CkeEr  (32)
Er=C Ebbtanh<Ek_w> or min (Ej_,, CmEpp)
" CmEpp T (33)

The model constants are as follows:

Cire = 0.0829 Cypp = 0.1127
C; = f1(Cikew — Cike) + Cipe
Okw = 0.72 oy = 1.0
or = f1(Okw — Oke) + Ope (34)
k=041

_ Clkw C _ Clks
Cokw =~ t Ok Coke = —5+ Oe
K2 K2

C, = 8.54
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3.2 Wall Distance Free WA2018 Model

In order to improve the generality and efficiency of the WA model, new formulation avoiding the
use of wall-distance d is devised. Since the transport equation does not contain explicitly the
distance to the wall d, it can be replaced without any rigorous modifications to the model equation.
There is wall distance d in Eq. (25) which can create inaccuracies in flow past complex curved
surfaces and moving boundaries. Therefore, a wall-distance free formulation WA model is
developed and is designated as WAZ2018 which is described below. The transport equation of
WAZ2018 is the same as WA2017m given in Eq. (32). The newly designed wall distance free

blending function is

f = tanh(argy)

(35)
_V+R 7p?
TR T Ckw
I vrS S S (1 |W|)
= S = ,n =Smax(1,|—=
AR 5 @)

1 aui auj
W= |2W;Wy, Wy =5 ax, o

Most of the coefficients and constants are the same as in WA2017m given in Eq. (34); the only

constant changed is Cy ;.

ClkS = 0.1284’ (37)

The WA2018 model was extensively validated by computing a number of benchmark flows listed
on NASA TMR website [10]. Although WA2018 gives excellent results in a large number of

benchmark test cases, it cannot compute accurately the log layer in the turbulent boundary layer
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compared to DNS data. This problem is addressed by including the elliptic blending/elliptic

relaxation in the model as described in the next section.

3.3 WA2018EB Model

It has been shown by several investigators [11-14] that by including an elliptic relaxation model
with a turbulence model, the anisotropic low Reynolds number near wall effects can be more
accurately captured. The model equation for elliptic blending is generally expressed as

ZR

a2 TR (38)

—LRZVZPR + PR = —C3ka

where P is a production term which couples Eqg. (38) and a modified model Eq. (39) given below.

2
In Eqg. (38), the diffusion/destruction term C3ka% can be neglected in most cases without
J

affecting the accuracy. The coupled WA model equations with elliptic blending take the form

R OR 0S

PV (1 - fl)CZkeER

OR OR c
2Zkw S (')x] (')x]

0
—+Uja—xj—a—xj[(O'RR+V)

OR
ot 0x;

x] +RS(C,—1)+Pr+ 1y
]
(39)

—Lg*V?Pg + PR = RS
It should be noted that the near-wall turbulence eddies follow the Kolmogorov scaling (i.e. the
turbulence fluctuations depend on the laminar viscosity). Therefore, v/S can be used for the viscous

scaling serving as a lower bound on the turbulent length scale Lg. In Eq. (40), Lrer is the reference

length scale.

L2 max(Csi R, Cv)
A7 (40)
Lref
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The WA model given by Eq. (39) and Eqg. (40) is designated as WA2018EB [9]. It is a wall distance
free model; therefore f; function in this model is the same as that given in Egs. (37) and (38). The
values of the changed and new constants in WA2018EB model are listed below. It should be noted
that some of these constants are different from Eq. (34) and Eq. (37), and there are two additional

constants given in Eq. (41).

Cirw = 0.2 Cipe = 0.094
Cka = 2.63 C2k£ = 1.24

Cw = 5.97 (41)
C, =40+ [y

C3kw =0.17
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Chapter 4: Introduction to Rotation and
Curvature Correction

4.1 Background

In many industrial applications, rotation and curvature effects are very important. For example, in
a gas turbine engine, cool air taken form the middle stages of the compressor is circulated through
the internal cooling passages inside the turbine blades to reduce temperature levels below the
melting point of the blade material. These passages often have strongly curved surface where both
rotation and curvature play an important role in prediction of the heat transfer. Similarly, in a
circulation control airfoil, streamline curvature effects need to be considered to accurately
calculate the lift coefficient. Some other applications include particle separation in a hydrocyclone,

vortex evolution in tip clearance flow in a centrifugal pump etc.

RANS equations with scalar turbulence closure models are still the workhorse in the industrial
design process and will remain so far at least next few decades. However, these closure models do
not respond well to the imposed system rotation and streamline curvature. The modifications to
the scalar eddy viscosity models to include the effects of rotation and curvature (RC) are called
the rotation and curvature corrections, which can be categorized into two approaches, namely the
“Modified Coefficient Approach” and the “Bifurcation Approach”. A review of the methodology
used in these approaches can be found in Durbin [15]. The modified coefficients approach dates
back to 1980s. In 1997, Spalart and Shur [16] introduced a correction to the production term in a
transport equation for eddy viscosity. They proposed a unified measure for rotation and curvature

in terms of the material derivative of the strain rate tensor, making the model frame independent

15



and Galilean invariant. In 2000, a more detailed assessment of Spalart-Shur correction approach
was given by Shur et al. [17]. In 1999, Reif and Durbin [18] proposed a novel approach for
including the rotational effects in scalar turbulence models. Bifurcation analysis of Second-
Moment Closure (SMC) in rotating homogeneous shear flow forms the basis for this work. This
model is formulated such that the equilibrium solution bifurcates from the main to the decaying
solution branches. In 2013, Arolla [19] proposed a new and simpler form based on the work of

Reif and Durbin [18].

4.2 Effect of Rotation and Curvature
First, we consider the effect of streamline curvature. The way to include the effect of streamline

curvature in the turbulent flow is to alter the turbulent intensity. More specifically, the convex
curvature reduces turbulent intensity while the concave curvature enhances turbulent intensity.
The term “convex” refers to a boundary layer along a wall with the center of curvature inside the
surface; e.g., the outside surface of a circular arc. The boundary layer velocity profile is such that
it increases radially outward from the center of curvature. On the other hand the “concave” wall
curves opposite to the center of curvature outside the surface; e.g., the inside surface of a bowl,
and the boundary layer velocity increases towards the center of curvature. A sketch of both convex
and concave walls are shown in Fig. 4.1. To characterize the effect of curvature on a shear flow,
two types of rotations are considered. The first one is such that, as the flow passes over a curved
wall, the direction of the velocity vector rotates. The second one is such that, the fluid elements
within a shear flow also rotate: they rotate clockwise if dU/dy > 0. The streamline curvature effect
on turbulence is determined by these two types of rotation: along a convex wall, the velocity vector
rotates in the same direction as fluid elements; along a concave wall the rotations are in opposite
directions. Co-rotation suppresses turbulence, and counter-rotation enhances it. Another way to

16



analyze this problem is to compare it with flat plate, the flow over a convex wall can be regarded
as “expanded” while over a concave wall as “shrunk”. The result of “expanded” and “shrunk” flow

is the turbulent intensity being reduced and enhanced, respectively.

(a) (b)

u
—

Figure 4.1 Sketch of (a) convex and (b) concave wall.

Secondly, we examine the effect of reference frame rotation. An analogy exists between system
rotation and streamline curvature. If the frame rotation is in the same direction as the shear,
turbulent intensity is reduced by rotation; if they are opposite turbulent intensity increases. Let us
consider a flow configuration that a planar rotating channel with span-wise rotation shown in the
Fig. 4.2. The direction of shear next to wall is opposite to each other; so the rotation will enhance
the turbulence next to one wall and reduce it next to the other. Here, with a counter-clock wise
rotation, the upper wall is on the suction side and the turbulence intensity is reduced on this side;
it is categorized as stable side. On the other hand, the lower wall is on the pressure side and the
turbulence intensity is enhanced; it is known as the unstable side. More fundamentally, the shear
next to the upper wall rotates fluid elements in the counter-clock direction which is in the same
direction as the frame rotation; while they are opposite on the lower wall. The surface shear stress

increases on the unstable side; the shear stress decreases on the stable side.
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Figure 4.2 Flow in a planar rotating channel.

This effect cannot be captured by standard scalar eddy viscosity models: they are insensitive to
rotation and predict the flow profiles that maintain symmetry about the channel centerline. In the
following section, we discuss the inherent limitation of scalar eddy viscosity models that cause

this problem.

4.3 Equilibria of the k and & Equations

Equilibrium analysis provides insights into the properties of closure schemes, for example it shows
how the model responds to imposed forcing. It is also the basis for a systematic derivation of
nonlinear, algebraic constitutive formulas. The reason of choosing k-¢ model is that the two

transport variables — the turbulent kinetic energy k and turbulent dissipation ¢ directly reflect the

turbulence level in the flow field. The transport equations for k and & can be written as:

ok , o(wk) a(uk)  a [v ak I

at 0x; (')x] Ok (')x] Vedijoij T (42)
e+6(u]s) Ve 0€ vc fos s o ?
ot ' ox ax, o, 0x;| e LUy T R (43)

Consider the k — & model in incompressible homogenous turbulent flow; the governing equations

can be simplified to:
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—=P—c¢ (44)

T (4

where T = k/¢ is the turbulent time-scale and P = —ulf u] S;; is the rate of energy production.

Following Durbin [15], Eq. (44) and Eq. (45) can be combined into

d 2 P
~(5) = (E) [(clg ~ D= (G = 1) (46)

Equation (44) is the evolution equation for the scalar (e/k) and it has two equilibria (t - ),

obtained by setting %(i) = 0 on the left hand side, which are

T (-1 (47)

and
branch 2: — =0
ranc . E— (48)

Using the standard values of constant coefficients C;, = 1.44 and C,, = 1.92, P/¢ is equal to 2.09
on branch 1. As for other version of k — ¢ model (e.g. Chien [20]), the constant coefficients C;,
and C,, are set to be 1.35 and 1.80 giving P /e equals to 2.29. In general, P/& > 1 and k grows with
time according to Eq. (44). The equilibria is divided into two solutions, “healthy” (Eq. (47)) and
“decaying” (Eq. (48)). On the healthy branch (Eq. (47)) turbulent energy grows exponentially in

time. For the branch 1, we can re-write Eq. (44) and (45) as
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i (a —1)e (49)
a 2

5= @Dy (50)

where @« = P/e = (C,, — 1) /(C,z — 1). Thus, the solutions of Eq. (49) and Eq. (50) have the form

[15]:
At

branch 1: k = kee?t, & = ¢gqe (51)

The subscript oo represents the equilibrium value (t— ), depending on the initial conditions.

Substituting these solutions (Eq. (51)) into Eqg. (49) or Eq. (50) gives

CZg - Cle
A=(e-1 (%)oo T e -1 (Z)w (52)

All the linear eddy viscosity turbulence models are based on Boussinesq assumption. Thus, the

linear constitutive relationship Eg. (53) can be used.

! ! 2
Uu; u]- = _ZVtSij + §6Uk (53)

With Eq. (53), the rate of energy production becomes
P= 2Vt|S|2 (54)

where [S| is the magnitude of the strain rate. The eddy viscosity for k — & model is v, = C,k?/e,
thus
2

=265 () )
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Substituting it into Eq. (47) yields the equilibrium value

<e> _ [oc Cie — 1
kst TN g, -1 (56)

Then the exponential growth rate A in Eq. (52) becomes

CZe - Cle

A =
\/(Cle - 1)(C2£ - 1)

2C,|S|?

(57)

It is always positive by applying the standard coefficient constants, which matches with the
observation for the healthy branch. For the second branch, the solution has the power law form

[15]:
branch 2: k = Ant™, € = But™ ! (58)

Inthis case, €/k < 1/t — 0 ast — oo. Again substituting these solutions into Eq. (44) and Eq. (45)

gives

ok _ _ 1
a—P—e—Ammt (59)

de CiP—C,.¢ N
%—#—Bw(m—l)t (60)

where T = k/e = (Ao /Bs)t. Solving for m, we obtain:

P
&
m=

(e =D - L€~ D 1
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If P/e < 1, the exponent m has negative value and turbulent energy decays, which is also indicated
in Eq. (44). After examining the two branches of solutions, it can be concluded that within the
scalar eddy viscosity assumption, the rotation is not able to stabilize or destabilize the solution
since the rotation does not appear in the equations of the k-¢ model. In the next two sections, we
introduce two approaches, “Modified Coefficients Approach” and “Bifurcation Approach” that are

designed to overcome this deficiency.

4.4 Modified Coefficients Approach

It has been proposed in the literature that the coefficients of the k-¢ model should be given a

parametric dependence on the rotation number
Ro = —ZQF/(OU/ 6y) (62)

so that the turbulent kinetic energy decays in the stabilization region and grows in the
destabilization region. According to Eq. (52), the exponential growth rate A is a function of C;,
and C,, which are constants in the standard k-¢ model. The basic idea of “Modified Coefficients
Approach” is to make either C;, or C,, or both functions of rotation and strain rate so that growth

rate A becomes negative in stable regions.
An early proposal to model rotational stabilization was [21]

Cae = C2e(1 — CycBT) (63)
The Bradshaw number Br is defined as:
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The critical Bradshaw number Breit is defined when P/e = 1, which is found from C,, = C,,,

according to Eq. (47).

Cie = Cae = Czoe(l - CscBrcrit)

Co. — Cy (65)

Beric = coC
2e~sc

If Br > Brerit, which corresponds to C, . > C,, from Eq. (52), the exponential growth rate A becomes
negative. With the standard k-¢ model coefficients C;, = 1.44, C;, = 1.92 and C,, = 2.5, Brit IS
equal to 0.1; substituting into Eq. (64) we obtain Ro > 0.0916 or Ro <-1.091. This is the range in

which the rotation stabilizes turbulence.

Another example of the “Modified Coefficients Approach” is the work by Spalart and Shur [16].
Before their work, proposals were made based on the streamline curvature, but streamlines are not
Galilean invariant, since they are referred to axes aligned with the velocity. For this reason, efforts
to literally represent streamline curvature have been replaced by a method that unifies rotation and

curvature via the rate of rotation of the principal axes of the strain rate tensor (Spalart and Shur

[16]).

The strain rate tensor is symmetric, so it can be expressed as [15]

3
S = Z Aa e%e” (66)
a=1

where the e’s are unit eigenvectors and A’s are eigenvalues. Unit vectors can only be changed by

rotation.
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— S
oo = ope (67)

The rotation rate tensor ﬂ;f[ﬁ can be computed from the mean velocity field. During a computation,

the eigenvector of the strain rate tensor must be evaluated at each time step and at every grid point.
Then their substantial derivative (D/Dt) can be computed. This process usually takes high
computational cost. On the grounds of computational efficiency, Spalart and Shur [16] proposed

to replace the eigenvector by the full rate of strain tensor and introduced the Spalart-Shur tensor:

_S-(DS/Dt) — (DS/Dt) - S
- 2|S|2 (68)

WSS

Wallin and Johansson [22] derived the connection of the Spalart-Shur tensor to rotation of the
principal axes in three dimensions. If rotation vectors are introduced via w?S = %gijk w;y> for the
Spalart-Shur tensor and Q§j = gl-jka),sc for the rotation of eigenvector, then the exact relation

between the Spalart-Shur tensor and the rotation rate of the principal axes is

352
SS _ .S Uy s
w;” = w; — 2|S|2wj (69)

Notice that, in two dimensions, wS is in the x5 direction, so that 5 = WSS, This surrogate for
curvature and rotation represents a unification of rotation and curvature, because in a rotating
reference frame, Q5 includes the system rotation tensor. In this way, any model that was designed
for system rotation is devised into a model for both rotation and streamline curvature by replacing

coordinate frame rotation QF by rotation of the principal axes of the strain rate Q5 [23].

For example, the absolute rotation tensor is defined as
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7.3 Validation Cases

7.3.1 Curved Duct
This case was modeled as 2D in the previous RANS simulation by WA2017m-RC model.

However, the DES requires full 3D modeling and the use of transient solver in OpenFOAM. Note
that there is only one layer in the third direction, and “front” and “back” side of the mesh in the
third direction are treated as periodic boundaries. All the DES simulations reported in this chapter

are performed following this approach.

The DES model is very sensitive to the mesh density; it switches between the RANS region and
the LES region according to Eq. (102). The mesh independent study was conducted for this case
using meshes of different densities as summarized in Table 7.1. In general, the finer grid covers

larger LES region in DES.

Table 7.1 Densities of three meshes employed.

Grid Type Size
Coarse 257 X 97 x 2
Medium 513 x 193 x 2

Fine 1025 x 385 x 2

Figure 7.1 shows the computed and experimental pressure coefficients along the convex wall of
the duct. The results from three different density meshes differ a lot in the upstream and
downstream regions of the curved duct. From Fig. 7.1, it can be noted that the medium size mesh
matches with the experiment data best and also gives result in agreement with that obtained with

WA2017m-RC model. Comparisons of the calculated and experimental skin friction coefficients
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Figure 7.10 Mean velocity profiles in rotating serpentine channel at Ro = 0.32.
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Chapter 8: Summary and Future Work

8.1 Summary
This thesis provides an introduction to the evolution of the one-equation eddy viscosity Wray-

Agarwal turbulence model. It is developed from the first version designated WA2017 to
WA2017m which is designed to overcome the problem of kink at the centerline of the velocity
profile for flow in a planar channel and then to a wall distance free version WA2018. Finally
WAZ2018EB version is developed by coupling an elliptic relaxation model with WA2018 model.
The system rotation and streamline curvature are widely encountered in industrial applications.
The effect of rotation and curvature are discussed respectively using two simple geometries. In
flows with curvature, turbulent intensity is reduced along the convex curvature while it is enhanced
along the concave curvature. In case of flows with rotation, turbulent intensity is increased on the
unstable side while it is decreased on the stable side. The inability to account for system rotation
and streamline curvature in k-¢ turbulence model is discussed through the equilibrium analysis of
the model. This deficiency is resolved by addition of the dependence of rotation in the turbulence
model via two approaches, the “Modified Coefficients Approach” and the “Bifurcation Approach”.
By applying the uncertainty quantification to WA2017m-RC model, the closure coefficients in RC
correction were improved and the optimal closure coefficients were determined for WA2017m-
RC model which are ¢r1 = 1.0, ¢r2 = 0.5 and ¢z = 0.6. From simulations of flow in the curved duct,
U-turn duct and rotating channel, it was found that the rotation and curvature corrections to the
turbulence models certainly improved the performance of the original SA, SST and WA2017m

models. For other test cases which were more complex, models with RC and Arolla corrections
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provided better and more reasonable predictions than the original models. Overall, by analyzing
the results for various test cases, WA2017m-RC model was found to be the best model among all
the models, namely SA-RC, SST-RC, WA2017m-RC, WA2017m-RCM, WA2017m-Arolla,

WA2018-RC and WA2018EB-RC.

A hybrid RANS/LES model based on WA2017m-RC RANS model was also developed which is
designated as WA2017m-RC-DES. In DES approach, by analyzing the results of various test cases,
namely the curved duct, U-duct, rotating channel, rotating backward-facing step and rotating
serpentine channel, it was found that the RC correction enables the DES model to more accurately
capture the effect of system rotation and streamline curvature compared to the RANS models with
rotation and curvature corrections. Although DES results are dependent upon mesh size but by
properly choosing a dense enough mesh, DES with RC correction can provide better accuracy
compared to RANS models when compared to the DNS or experimental data. This thesis presents
the DES calculations with RC correction in various turbulence models for the first time in the
literature. Further research is needed to improve the DES models for flows with rotation and
curvature. Nevertheless the test cases and results shown in this thesis can serve as a good starting

point for future research.

8.2 Future Work

As mentioned in the summary section, WA2017m-Arolla model performs reasonably well overall.
Therefore, it is worth investigating further by applying the Arolla correction to WA2018 and

WA2018EB models.

To overcome the high grid-dependency of DES model, a new improved delayed detached eddy

simulation (IDDES) model was developed by Gritskevich et al. [64]. In 2018, Han et al. [65]
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developed the WA-IDDES model and showed good agreement with the experimental data for
many test cases. It may be worthwhile to apply the rotation and curvature corrections to WA-

IDDES model.
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