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Abstract

My dissertation devotes to the understanding of people’s interactions under uncertainty..
It contains four essays on Microeconomics with Incomplete Information.

Chapter 1 focuses on the existence of rational bubbles in an Allen-Morris-Postlewaite
(1993) setting, and finds positive and negative results for bubbles in an asset market
featuring rational expectations equilibrium. An expected bubble is said to exist if it
is mutual knowledge that the price of the asset is higher than the expected dividend.
Similarly we call it a strong bubble if everyone knows that the price is higher than the
maximum possible dividend. Substituting common knowledge for mutual knowledge, |
develop the new concepts of a common expected bubble and a common strong bubble. In
a simple finite horizon model with asymmetric information and short sales constraints,
| show that the following results hold for any finite number of agents. First, under the
implicit assumption of perfect memory, common strong bubbles never exist in any rational
expectations equilibrium. Second, itis possible to have one that is both a strong bubble and
a common expected bubble in a rational expectations equilibrium. Based on these results,
this paper, as well as Conlon (2004) and many others, provides a partial answer to the
guestion: What properties do rational bubbles have in a rational expectations equilibrium?

In Chapter 2, | study the relationship between information improvement and welfare

outcomes in a finite-player finite-state model with incomplete information. In a context

Chapter 3 is based on joint work with John Conlon (University of Mississippi).



of strategic interactions, it is possible that people may prefer to be ignorant rather than
knowledgeable. Three simple examples are studied carefully in order to provide economic
insight for this observation: if players were allowed to (not forced to) forget at no cost,
they might have incentives to do so in equilibrium, and their expected payoff could
actually be improved. In a general setting where players simultaneously choose whether
to forget or not before the state of the world is realized, | show that players’ actions would
reveal additional information and that their preferences must be negatively correlated, for
forgetfulness to be part of a possible equilibrium strategy. This finding indicates that in a
world of incomplete information, people may not be made better off by obtaining more
information, and they may even have incentive to be forgetful. These results will have
important applications in policy design.

Many economic models of rational bubbles are not very robust to perturbations.
The existence of bubbles in these models requires strong conditions to be satisfied. In
Chapter 3, we first study the bubble examples in the first Chapter and show that those
bubbles are robust to botrongly symmetric perturbations beliefs andvery symmetric
perturbationsin dividends, but not robust to general perturbations. Then we construct a
new three-period two-agent robust bubble example where small variations in parameters
do not eliminate the bubble equilibria. The idea is that assuming continuum of states can
lead to a robust bubble equilibrium where each bad type of the seller pools with some good
type of the seller. This provides a new answer to the question: How robust can rational

bubbles be in a finite horizon model?



Morris, Shin and Postlewaite (1993) show an upper bound of asset prices in Rational
Expectations Equilibrium. Chapter 4 is a note that strengthens their result by providing
a tighter upper bound and hence offers a better answer to the question: How large can a

bubble be in equilibrium?
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Chapter 1 Strong Bubbles and Common Expected Bubbles in a Finite Horizon
Model

1.1  Introduction

Bubbles exist in many markets, not only those where assets have fundamental values
hard to determine or observe (stocks, for instance), but also some where assets have
fundamental values known to be less than their prices (fiat money, for instance). How can
bubbles be explained and what must be true for the existence of bubbles? Though claiming
that most bubbles are irrational is much easier than interpreting bubbles in a rational way,
economists have made and are still making efforts to deal with the latter.

Among the huge literature on the existence of bubbles, one strand has developed
models based on the existence of some irrational agents, often called noise traders in the
literature (see, for example, De Long, Shleifer, Summers and Waldmann (1990), Abreu
and Brunnermeier (2003), and Zurita (2004)). Papers in this strand interpret bubbles by
the interaction between the rational and the irratiénal.

Another strand of the literature, has tried to model bubbles under the assumption that
all agents are rationdlln such settings, an asset bubble can be explained either by the
assumption of an infinite horizon or by the infinite presence of new agents (see Tirole

(1982) and Tirole (1985) for example). However, in order to interpret the existence of a

Though the rational agents have incentive to take advantage of the irrational, it is possible that noise traders
may actually earn a higher expected return than rational investors do. For details, see De Long, Shleifer, et
al. (1990).

In fact it is assumed that the rationality of the agents is common knowledge in most papers of this strand.
Under the assumption of rational expectations, these two are equivalent.

1



5

finite horizon bubbl&in a rational expectations equilibrium with a finite number of agents,
either a change of standard assumptions (for instance, symmetric information) or the
introduction of specific requirements (for instance, short sales constraints) has to be made.
Thus the question becomes: What is the minimum requirement for the existence of such a
rational bubble?

By the well-known no-trade theorem of Milgrom and Stokey (1982), under the standard
setting, if the initial allocation is efficient relative to each agent’s belief, then the common
knowledge of feasibility of and voluntary participation in trade will give agents no
incentive to trade, no matter whether they have private information or not. If there is
no trade in a finite horizon economy, there is certainly no bubble. Hence the ex ante
inefficiency of the endowment allocation, or the existence of potential gains from trade, is
one necessary condition for such a bubble to éxist.

Allen, Morris and Postlewaite (1993) (AMP (1993) henceforth) define two types
of bubbles—expected bubbles and strong bubbles—in their finite-agent finite-horizon
finite-state trade model, and show that private information about the states and short sales
constraints for all agents are another two necessary conditions for the existence of strong
bubbles. Anexpected bubbles said to exist if it is mutual knowledge that the price of
the asset is higher than the expected dividend. They caltitomg bubblef everyone
knows that the price is higher than the maximum possible dividend. While the concept of

expected bubbles provides a starting point for analysis, economists are more interested in

Among all the bubble phenomena, finite horizon bubbles are probably most puzzling.
For a complete proof, see Tirole (1982).



the concept of strong bubbles.

Combining these three together with a fourth requirement that the agents’ trade should
not be common knowledge, AMP (1993) presented an example of strong bubbles in
a rational expectations equilibrium with three agents and three péridtiss model
captures the "greater fools" dynamic in the sense that because of asymmetric information,
agents may hold a worthless asset at a positive price in the first period (hence a strong
bubble), in hopes of selling it in the second period to someone else who thinks it may be
worth something. In short, a rational bubble can exist in this setting because even though
everyone knows that the asset is overpriced, they may still hold it with the belief that
others might think that it is valuable.

Given the success of the Allen, Morris and Postlewaite model, economists are somewhat
less than satisfied with the last assumption, the one requiring no common knowledge
of trades, since many bubbles do exist in reality with the public information of agents’
actions. Conlon (2004) constructed a strong bubble example in a similar $ethiege
there are only two agents. Since trades are automatically common knowledge for the
two-agent case, this result has questioned the necessity of the assumption of no common
knowledge of trades for the existence of a finite horizon bubble in a rational expectations

equilibrium. Another contribution of Conlon (2004) is that the bubble in the model is not

It has been shown in that paper that there is no expected bubble in the last two periods under their
framework, which will be described in Section 2; hence the minimum number of periods for the existence of
a bubble is3.

The setting of Conlon (2004) differs from AMP (1993) in the sense that agents’ information structures are
determined both by the private signals they receive at the beginning of gesiod by the public signals

they receive at the beginning of every period. The information structures are chosen so that prices reveal no
additional information.



only strong but also robust to nth order knowledge, that is (all agents know thatprice
is higher than any possible dividend agents will receive.

Based on the fact of the existence of nth order bubbles, one may naturally ask whether
a bubble can be robust to common knowledge. In this paper, by requiring common
knowledge instead of mutual knowledge, | develop two new concepts of bubbles: a
common expected bubble and a common strong bubbleommon expected bubble
is said to exist if it is common knowledge that the price of the asset is higher than the
expected dividend. Aommon strong bubblis said to exist if it is common knowledge
that the price of the asset is higher than the maximum possible dividend. The concept of
the common strong bubble is so "strong" that it can be shown never to exist in any rational
expectations equilibrium under the standard assumption of perfect memory. However, | am
able to show that within the same framework as the AMP (1993) model but with common
knowledge of trades, a strong bubble can exist in the case of two agents, and this bubble
can still exist even when it is common knowledge that the price is higher than the expected
dividend agents will receive (hence a common expected bubble). Moreover, such a bubble,
both a strong bubble and a common expected bubble, is robust to one class of symmetric
perturbations in beliefs and another class of symmetric perturbations in dividends, and can
exist for any finite number of agentsThis positive result itself, on the one hand, weakens
the assumptions of the models of bubbles by reducing the four necessary conditions to

three, and hence improves these models’ applicability and powers in interpretation. On the

| assume that each agent is distinguished from the others in the sense that either their beliefs are
heterogeneous or their information structures are different, or both. Otherwise, this result would hold
trivially since each agent can be "divided" according to endowments into any finite number of subagents.

4



other hand, the surprising result of the existence of common expected bubbles is somewhat
counterintuitive but captures the idea that agents do not rush in face of bubbles since,
given the common knowledge of the heterogeneous beliefs and the information structures,
they believe that they can take advantage of it in a later period. Another contribution of
this paper lies in the understanding of the structural characteristics of models of bubbles: |
show that a couple of structural conditions must be satisfied for a strong bubble to exist in
a rational expectations equilibrium irRaagent symmetric economy. One of them is that
the minimum number of states§s

The next section of the paper introduces the basic framework following AMP (1993),
gives four concepts of bubbles, and shows the nonexistence of common strong bubbles in
any rational expectations equilibrium. Section 3 presents a simple example of a rational
bubble with two agents; the bubble is both a strong bubble and a common expected bubble.
Section 4 characterizes necessary conditions about the number of states and the structure
of information partitions for the existence of strong bubbles and common expected
bubbles. Section 5 shows the general results for any finite number of agents. Section
6 offers another example where a second order strong bubble and a common expected
bubble can coexist in equilibrium. Section 7 provides concluding remarks and directions

for further study.

1.2 The Model
1.2.1 Basic Setup

The same framework is established here as in AMP (1993), except that the requirement

5
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that the trades should not be common knowledge is removed.

In the pure exchange economy under study, therd dpe 2) risk neutral agents
(i=1,2,--- 1), T (> 3)periods { = 1,2,--- ,T) and N (> 2) states of the world
represented by € . Only 2 assets exist in the market: one riskless (money) and the
other risky. There is no discount between any two periods. Each share of the risky asset
will only pay a state-dependent dividend denotedilfy) at the end of period'.

Agenti is endowed withm; units of money ana@; shares of the risky asset at
the beginning of period. In each period and in each realized statg agents
can exchange claims on the risky asset at a state-and-period-dependent price
P, (w). Agenti’'s net trade in period when statev is realized is denoted by
iy (W), and we writex; = (z;1, Ty, -, Tir)s Tp = (T14, Top, -+ ,Zp), and

x = (x1,z9, -+, 7). Hence agents final consumption in state with net trades:; at

m; + e; Pr (w) + Zazit (W) [Piy1 (w) — Py (w)], wherePryq (w) = d(w). Letu,; () be

agent’s utility function. Then agent’s utility in statew with net trades:; at priceP (w),

isu;(y; (w, P (w),x;)). For simplicity, assume that, (-) is the identity function for alf.
Each agent has a subjective belief about the probability distribution of the state,

denoted byr; (w).*°Vi=1,2,--- ,I,Vw € Q,7; (w) > 0.

Agents are assumed to be either risk averse or risk neutral in AMP (1993). Here for simplicity, | only
consider the case of risk neutrality. All the results will remain valid for the risk averse case as long as the
potential gain from trade is high enough.

We may either assume same utility function with heterogeneous beliefs, or assume common prior with
different utility functions, in order to give agents an incentive to trade. Here we adopt the former one and in
the next version we may also consider the latter. For other approaches to induce trade, see AMP (1993) for
details.



1.2.2 Information Structure

At the beginning of each periad before observing the current price and making the
trade, agent’s information about the state is representedshy a partition of the space
), and his price—and-trade-refined information is representegl,By** We denote by
si (w) (s5X (w)) the partition member it%;; (S;*) containing the state. In other words,
syt (w) consists of all the possible states agebélieves he might be in when the state
is realized in period. For examples;; (w1) = {w1,w>} means that in periodl agent;
believes he might be either iy or w, whenw; is realized.

SEX is determined byS;;, P;, z;) such that

Vw € Q, 55X (W) = 54 (W) N{W|Py (W) = Py (w) andazy (W) = 2y (w) V' < t}.
ObviouslyVi = 1,2,--- , I,Vt =1,2,--- | T,Vw € Q, {w} C sHX (w) C 55 (w).

We assume agents have perfect memory so that

Vi=1,2,--,I,Yw € QVt >t sy (w) C s (w) .

Obviously this implies that

Vi=1,2,---,1,Yw € QVt >t s¥ (W) Cshi¥ (w).
It should be noted that when agents make trades to optimize their payoffs, the

information they based on ig,* (w) instead ofS;;, since it is assumed that rational agents

11 In the AMP (1993) model, they only focus on the price-refined informa$ign In their model it is assumed
that the trades are not common knowledge and hence agents cannot get additional information from trades.

7
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should make use of all the information they can obtain. As we will see, the assumption of
perfect memory plays an important role in Propositiomhich we will state at the end of

this section.
1.2.3 Rational Expectations Equilibrium

Before we come to the definition of a rational expectations equilibrium, in order to be
consistent with the AMP (1993) model, two concepts have to be introduced first.
Definition 1 (Information Feasibility) Agenti’s net tradesz; are information feasible

if in each periodt, z;; is measurable with respect to playés price—and-trade-refined
information, S5~ Formally, z; are information feasible if

Vi=1,2,-- ,T,Yw € Q, 55" (w) C{w : 2y (W) = 25 (W)}

) 24t
The last part of the above expression is equivaleittow” € sL* (W), xy (W) =
x; (W), which might capture more intuition than the one used in the definition. Basically,
information feasibility rules out the possibility of acting differently given the same
information.
Definition 2 (No Short Sales) Agenti’s net tradesr; satisfy no short sales if in each pe-
riod £ and in each statey agent:’s holdings of the risky asset are non-negative. Formally,

x; satisfy no short sales if

t
Vt=1,2,--- ,T,VwGQ,ei+int(w) > 0.

s=0

As shown in AMP (1993), this no short sales condition is necessary for the existence
of a bubble in a rational expectations equilibrium. It should be noted that there is no

constraint on the short sales of money.

Denote byj; (w) the join of sy, (w) , 2 (W), - -+, st (w),* and bym; (w) the meet of

The joinj; (w) of s1; (w) , S2¢ (W), -+ , syt (w) is such that (AYi = 1,2, -+ , I, j: (w) C s (w) and (2) for
all j; (w) satisfying (1)j; (w) C j: (w). Itis also called the coarsest common refinement.

8
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14

15

S1t (CU) ) S2t (CU) , ot STt (w).13
Now we are ready to give the definition of a Rational Expectations Equilibrium in this

pure exchange economy.

Definition 3 (Rational Expectations Equilibrium) (P, z) € RY" x R'™™T is a Rational
Expectations Equilibrium if

(CHVi=1,2,---, 1, z,; are information feasible and satisfy no short sales. Denote the
set of all SUChCZ"S byFZ (ei, P, xr_;, SZ), WhereSi = (Sﬂ, Sig, s ,SiT);M

(C2)Vi=1,2,--- [, ; € AT MAXy/ ey (e;,Pr_s.S,) Z 7 (W) ui(y; (w, P, x}));*°
weN

(CYVt=1,2,--- ,T,Vw € Q,ixit (w) =0;

CaHyvt = 1,2,--- ,T,P (") isf:rlneasurable with respect tf (w). Formally, Vt =
1,2, T Vw € Q,j; (w) C{w': P, (W) = P, (w)}.

Basically, (C1) describes the feasible set of trade for each agent, (C2) says that each
agent maximizes his expected utility given his price-and-trade-refined information,
(C3) requires that the market should clear in equilibrium, and (C4) implies that all the

information contained in price is from the join of the individual information.

1.2.4  Different Concepts of Bubbles
Different definitions of bubbles will lead to different results even within the same
framework. As a base line, we use the concept of an expected bubble, defined in AMP

(1993). As we will see, the stronger the concept of a bubble become, the harder for it to

The meetn; (w) of s1; (w), s9r (W), -, s (w) issuchthat (1yi = 1,2,--- , I, s (w) C my (w) and
(2) for all m} (w) satisfying (1);m; (w) C m;} (w). Itis also called the finest common coarsening.
Sincevz; € F;, z; are information feasiblel; depends on the information structusg the pricesP, and
other agents’ trades_;. Sincex; satisfy no short saleg;; depends on the endowment That's why it is
written asF; (e;, P, x_;, S;).

Another perhaps more intuitive way to express (C2) is (€2% 1,2, -+ , I, z; € argmaXy/ e F, (e, Px_,.5:)
E; [u; (y; (w, P,2})) |SEX]. Itis easy to see that (C2') is equivalent to (C2).
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exist in equilibrium.

Definition 4 (Expected Bubble) Asin AMP (1993), an expected bubble is said to exist in
statew in periodt if in statew it is mutual knowledge that the price of the risky asset in
periodt is higher than the expected dividend an agent will receive, that is

1
Vi=1,2,--- 1 P (w) > Y omW)dW).

Z Y ((JJ/) w’ESf;X(w)

w'eshX (w)

Definition 5 (Strong Bubble) As in AMP (1993), a strong bubble is said to exist in state
w in periodt if in statew it is mutual knowledge that the price of the risky asset in petiod
is higher than the maximum possible dividend an agent will receive, that is

Vi=1,2,---, I,V € s (w), P, (w) >d ().

As seen from above, the concept of strong bubbles strengthens the concept of expected
bubbles in a way that it requires that the asset price be higher than the maximum possible
dividend, not just the expected dividend. As will be seen below, another way to strengthen
the concept of expected bubbles is to require common knowledge instead of mutual
knowledge. This requirement is reasonable since in the real world people’s behaviors do
not only depend on their own beliefs, but also depend on others’ beliefs, others’ beliefs on
their own beliefs, and so on. Therefore, we might expect to see something different when

common knowledge is introduced into the concept of bubbles.

Definition 6 (Common Expected Bubble) A common expected bubble is said to exist in
statew in periodt if in statew it is common knowledge that the price of the risky asset in
periodt is higher than the expected dividend an agent will receive, that is

1
vZ.:1727"'7-[7\Vl("},EWlfx((‘u)?‘Pt((’u)> Z Tri(wﬂ)d(w”)'ls
Z 7Ti (W”> LUHES!;X(UJ/)

w”esfzx(w’)

Definition 7 (Common Strong Bubble) A common strong bubble is said to exist in state
w in periodt if in statew it is common knowledge that the price of the risky asset in period

18 mPX (w)is the meet ok X (w), s X (W), -+, sTX (w).
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t is higher than the maximum possible dividend an agent will receive, that is
V' € mP¥ (W), P (w) > d(W).

1.2.5 Nonexistence of Common Strong Bubbles in Equilibrium

Among the 4 definitions above, clearly the common strong bubble is the strongest one.
One may wonder if there exists such a bubble in a rational expectations equilibrium. The
answer is NO, due to the following proposition. This nonexistence result is actually an
immediate implication from Corollary 4.1 in Morris-Postlewaite-Shin (1995). Here we

adopt a different approach to proof.

Proposition 1 Under the perfect memory assumptiofy € Q. Vi = 1,2,--- Tt is
impossible for a common strong bubble to exist in staiie period¢ in any rational expec-
tations equilibrium.

Proof. Suppose it is possible antlv, 3¢ such that a common strong bubble exists
in statew in periodt in a rational expectations equilibrium. Then™™ (w) is the

set of states where there is common knowledge among agentswiserealized.
Thus we hav&rw’ € m!P* (w), P (w) = B (w') > d(w'). By the feature of rational
expectations equilibrium, there must exist some agéot whom buying is at least as
good as selling, which implies th#, (w) < E; [Py (@) [’ € s5¥ (w)]. Therefore,
P, (w) < max; MAaX,y e X () P (W) < MAX,/ ¢ PX () Pit1 (w'). Since agents have
perfect memory, we haveéi = 1,2,---, I, s/} ) (w) C s;* (w), which implies
m{7} (w) € mf* (w). By induction we haveP, (w) < max, e,,rx () Pri1 (W) =
max,, e, px ) d (W), Thus3w* € m{* (w) such thatl (w*) > P, (w), which causes a

contradiction.
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The intuition behind the nonexistence of common strong bubbles is that if it is common
knowledge that the price today is higher than the highest dividend agents may receive, then
agents might be better off by selling the asset instead of holding it, no matter what kind
of heterogeneous beliefs they may have. Since everyone wants to sell, there cannot be a
rational expectations equilibrium any more. It is worth noting that the result of Proposition
1 is independent of the assumption of common knowledge of trades. In the case of no
common knowledge of trades, the result is still true. The only modification needed is
replacing the price—and-trade-refined information by the price-refined information. It
is also worth noting that the result of Propositibrerucially depends on the perfect
memory assumption. If we allow for agents to forget some information they knew
before, a common strong bubble may exist in a rational expectations equilibrium. Such a
counterexample is presented in Section 6.

Though under the standard assumption of perfect memory there is no common strong
bubble in any rational expectations equilibrium, an expected bubble, which is both strong
and common expected, can exist in a rational expectations equilibrium of a three-period

two-agent economy, as will be shown in the next section.

1.3 A Simple Example: Strong Bubbles and Common Expected Bubbles with Two
Agents

1.3.1 Exogenous Setting
AMP (1993) has constructed a strong bubble in a rational expectations equilibrium of
a three-period three-agent economy with the assumption of no common knowledge of

trades. In this section, | will provide a simple example of the existence of strong bubbles
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with two agents where trades become automatically common knowledge. Moreover, as
will be shown, the bubble in the example will also be robust to common knowledge in the
expected sense, hence a common expected bubble.

There are agents 4 and B), 3 periods (, 2, and3) and8 states §1, ws, w3, Wi, Ws,
we, wy andwg). Only 2 assets exist in the market: one is money and the other is called
a risky asset. Each share of the risky asset will pay a dividend of ardatrthe end of
period3 if the state is eithew; or w4, and will pay nothing otherwise, as shown in the

table below.

Table1.1 Dividend Distribution Accross States

State w; wy w3z wi Wy W Wy Ws

dw) 4 0 0 4 0 0 0 0

Each agent is endowed with; unit of money and share of the risky asset at the
beginning of period. Agents can trade in each of peribd, and3. In period3, after the
trade is made, the dividend is realized, and then the consumption takes place.

Keeping in mind that the asymmetric information is the key to generating strong
bubbles, we achieve this goal by giving agents different information structures. Remind
that agent’s (i = A, B) information about the state in periodt = 1, 2, 3) is represented
by S;, a partition of the spac®. The specific structures ¢f;’s are given by
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Sa = {{wr,ws,ws, ws,ws,ws}, {we, wr}}
Spr = {{wr, w2, wi,ws, we, ws}, {ws, wr}t}
Saz = {{wi,wa,ws} {ws,ws}, {we,wr}, {ws}}
Spz = {{ws,ws, we}, {wr,wa}, {ws,wr}, {ws}}

Sas = Spz={{wi} {w2} {ws}, {wa} {ws} {we} {wr}, {ws}}.

At first glance, this particular structure of information may seem complicated, but
as our analysis goes on, the reason why it is set in this form will become clear. So
far, there are at least three observations. First, in petjaghch agent is perfectly
informed of what the realized state is and hence there is no asymmetric information
then. Second, in periog, agentA receives more information only when he observed
{w1,wsq, w3, wy, ws,ws } in period1, and agenB receives more information only when he
observed wy, way, wy, ws, we, ws } iN period1. Third, in periodl, if the statev; is realized,
each agent knows that he will receive no dividend for Sttdence if the price is positive
in periodt = 1 in statew = wr, there will be a strong bubble, and that is part of what we
are going for. The state where there is a strong bubble is calbetllsle state

There are different approaches to generate potential gains from trade. Instead of
assuming different marginal utility levels across the states, here we let agents have

heterogeneous beliefs, as shown in the table below with wéight .

Take agentd into consideration for example. When is realized, agentl will have observed the event
{wg,wr}. Since in either stateg or w7, there is no dividend payment, agefiknows that he will receive
no dividend with probabilityl.

14



Table1.2 Agents’ Beliefs Accross States

State w; wy w3 ws Wy wWg Wr Wy
TA 2 1 1 1 2 1 1 7
TR 1 2 1 2 1 1 1 7
Also, the structure of the beliefs may seem complicated for now, but it will become

clear why it serves for the existence of a bubble in a rational expectation equilibrium. So
far, it is easy to observe that within the two states where there will be a dividefid of
agentA puts a higher weight on statg, and agenB puts a higher weight on stateg,.

They put the same weight on staig, and statevg, respectively. The weights they put on

events{w;, wy, w3} and{wy, ws, we} are also symmetric.

1.3.2 A Rational Expectations Equilibrium with a Bubble

Recall the standard definition given in the last section, and in our example a rational
expectations equilibrium will be a vectoP, z) € R3*® x R?***8 such that

(C1)Vi = A, B, net tradeg; are information feasible and satisfy no short sales;

(C2)Vi = A, B, x; maximize player’s expected payoff with respect to his own
price-and-trade-refined information;

(C)YVE=1,2,3,YVn=1,--,8 x4 (wy) + x5 (wy) = 0;

CHVEt=1,2,3,Vn,m=1,--+ .8, ji (wy) C{wm : P (wm) = P (wy)}.

Although there are multiple rational expectations equilibria for this example, the one
with the equilibrium prices and trades given in the following two tables is what we are

interested in - the one in which there is a strong bubble and a common expected bubble.
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Table1.3 Equilibrium Prices

State w; wy w3 Wi Wy W Wy
P 1T 1 1 1 1 1 1
PBw 2 2 2 2 2 2 0
Pow) 4 0 0 4 0 0 0

o|lol—lg
oo

Table1.4 Equilibrium Net Trades

Vw € QD xa (W) =2 (W) =243 (W) =xp3 (W) =0

State W1 W2 W3 Wg Wy Wg W7 Ws
a2 () 1 1 1 -1 -1 10 0
52 (@) 1T -1 -1 1 1 1 0 0

(@) +ap(w) 0 0 0 0 0 0 0 0

1.3.2.1 Price-and-Trade-Refined Information

First, derive the price—and-trade-refined information for each agent in each period.
It is easy to observe from the price table thatw) = 1 Vw € Q and from the trade
table thatr 4; (w) = zp; (w) = 0 Vw € Q. This implies that the prices and trades in
period1 reveal no information. Henc&%;* = S, SLX¥ = Sp;. Since in periods,
all agents already have full information about the state before observing the prices and
making the trade¥ the prices and trades in peri8dagain, reveal no information. Hence
SEX = Saz, SEX = Spz. The only new information revealed by prices and trades in
period? is that agents know where they are for sure when the staiterealized. Hence

agents’ price—and-trade-refined information in perad the following, with the original

18 Actually there is no trade in periddlin the equilibrium under study.
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information structure attached below for comparison.

She = {{wiws,ws} {wsws}, {ws}, {wr}, {ws}}
Sgy = {{ws,ws,we}, {wi,wa}, {ws}, {wr}, {ws}}
Saz = {{wi,wa,ws} {ws,ws}, {we,wr}, {ws}}
Sps = {{ws,ws,we},{wr,wa}, {ws,wr},{ws}}.
The following graph may give more intuition about the information structure than the
mathematical expression does. In the graph, agéninformation sets are described by
the black solid curves; agent’s information sets are described by the blue dotted curves;

dividend paying states are emphasized in gray color.

Period 1 Information Structure

Black Solid: Agent A
|lBlue Dashed: Agent B

Figurel.1: 3-Period Information Structure for Agert and AgentB

It is worth noting that in perio@, with the price-and-trade-refined information, agent
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A is better informed than aget when event{w,, ws,ws} happens, and ageit is

better informed than agent when event{w;, ws, w3} happens. We will see soon that
the subgroup of stategus, ws, ws} is where agentl takes advantage of ageBtby
selling the asset he believes is overpriced to agerand similarly, the subgroup of states

{w1,wsq, w3} is where agenB takes advantage of agent

1.3.2.2 The Existence of Strong Bubbles and Common Expected Bubbles
Second, note that there is a strong bubble in petiau statew, since for agent
A, si¥ (wr) = {ws,wr}, Pi(wr) =1 > 0 = d(ws) = d(wr), and for agents,
sEX (wr) = {ws,wr}, Py (wr) =1 >0 = d(w3) = d (wy). In short, a strong bubble exists
in period1 in w; because in that state every agent knows the asset is worthless but with a
positive current price.
In this examplen* (w;) = Q. To see that this bubble is robust to common

knowledge in the expected sense, we need to checkvihat A, B,Vw € Q,1 >

1
Zw/esPX(w) mi(w')

(1w '= w;: Agent A observes the evertug, w-}, and agent3 observes the event
{ws,wr}. Each of them will deduce that the expected dividend in pesiadll be
20+ 20 = 0, which is less than the current price.

(2w = we: Agent A observes the eveRtug, w;}, and his expected dividend in period
3 is 0, less than the current price. AgeBtobserve?\ {ws, w7}, and his expected
dividend in period is 1—‘14 + ﬁo = S less than the current price.

(3w = ws: Agent B observes the eveRtus, w7}, and his expected dividend in period
3is 0, less than the current price. Ageatobserves?\ {ws, w7}, and his expected
dividend in period is %4 + ;0 = 2, less than the current price.

(A, € O\ {ws,ws, w7}, AgentA observes the evefit\ {wg, w7}, and agen3 observes
the event?\ {ws, w;}. Each of them will deduce that the expected dividend in period

3willbe 24 4+ 50 = £, which is less than the current price.

2ureshX () i (W) d (w'). There are four cases:

Therefore, the bubble in periddin statew; is a common expected bubble. Actually,
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the reader can check that in our example the common expected bubble exists inlperiod

not only in statev,, but also in any other state.

1.3.2.3 Check of Equilibrium Conditions

Last, check that the prices and trades described above constitute a rational expectations
equilibrium. We check all four conditions step by step.

Check (C1) We observe from the trade table that the minimum amount of trade in
period2 is —1. By the fact that there is no trade in either periodr 3 and that each agent
is endowed withl share of the risky asset, the no short sales condition is satisfiad, for
andzp. To see if ther;’s are information feasible, it suffices to only look at peribsince
no trade occurs either in periddor 3. In period2, actually each agent’s action remains
the same given the same price—and-trade-refined inform&tibnis implies that: , and
x g also satisfy the information feasibility condition.

Check (C2) Maximization of the expected payoff at the beginning of pefriachder
the constraints of information feasibility and no short sales, is equivalent to maximization
of the expected payoff in each period given the current price—and-trade-refined information
under the same constraints.

In period3, each agent has no incentive to trade since the price is exactly equal to the

dividend for every state.

Take agentd for example.

Vw = we, shy (W) = {we} C {ws,ws,we} = {w' 1 a2 (W) = 742 (W)},
Vw € {ws,ws}, sk (w) = {ws,ws} C {ws,ws,we} = {w : Ta2 (W) =224
Vw € {wi,wa, w3}, shX (w) = {wi,wa, w3} = {w : a2 (W) = 242 (W)},
Vw € {wr,ws}, shy (W) = {w} C {wr,ws} = {w : a2 (') = T42 (W)}

2 (@)}
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In period2, there are in total 4 cases:

(p2-i)vi € {A, B}, if agenti observes the evertu;} or {ws}, he knows that with
probability 1 the price in period will be 0, which is equal to the current price, thus
he is indifferent between trading or not in peripdso the equilibrium trade af
maximizes his expected payoff in this case.

(p2-ii)If agent A observes the evertu;,ws, w3} (or if agentB observes the event
{wa4,ws,ws}), he will deduce that the expected price in peravill be
%4 + }LO + }lo = 2, which is equal to the current price, thus he is indifferent between
trading or not in perio@, so the equilibrium trade df maximizes his expected payoff
in this case.

(p2-iii) If agent A observes the evefitv,, w5} (or if agentB observes the eveftv;, w,}), he
will deduce that the expected price in peridill be 14 + 20 = £, which is less the
current price2, thus he has an incentive to sell any of the asset he owns in persad
under the short sales constraint and given there is no trade in gertioel equilibrium
trade of—1 maximizes his expected payoff in this case.

(p2-iv)If agentA observes the evertug} (or if agentB observes the evektvs}), he knows
that with probabilityl the price in period will be 0, which is less the current price
thus he has an incentive to sell any of the asset he owns in gersmdunder the short
sales constraint and given there is no trade in periatie equilibrium trade of-1
maximizes his expected payoff in this case.

In period1, there are 2 cases:

(p1-i)if agentA observes the evekitus, w7} (or if agentB observes the eveRtvs, w-}), he
will deduce that the expected price in peridaill be %2 + %O = 1, which is equal
to the current price, thus he is indifferent between trading or not in périsd the
equilibrium trade of) maximizes his expected payoff in this case.

(p1-ii)If agenti observes the event other than the one described in (p1-i), he will deduce
that the expected price in peri@dwill be 2x2t1x32 4 7.0 = 1, which is equal to
the current price, thus he is indifferent between trading or not in pdricod the
equilibrium trade of) maximizes his expected payoff in this case.

The above analysis guarantees that condition (C2) is satisfied.

Check (C3) and (C4) Itis seen that the market clears in each period in each state from
the table of trades, hence (C3) is satisfied. Note fhdtlv) = 1 Vw € €, henceP (-) is
measurable with respect § (-). Also note thatj; (w) = {w} Yw € , henceP; (-) is

measurable with respect jo (w). To seeP; (-) is measurable with respect fo(w), note
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thatvn = 1,--- .6, jo (w,) C {w1,ws, w3, wy,ws, we} = {w: Py (w) = Py (wy,) =2},
andvn = 7,8, js (w,) C {wr,ws} = {w: Py (w) = P, (w,) = 0}. This completes the
check that the prices and trades given in the example constitute a rational expectations

equilibrium.

1.3.3 Discussion

We have shown that, in a simple finite horizon model with asymmetric information
and short sales constraints, a strong bubble and a common expected bubble can exist in
the same period in the same state in a rational expectations equilibrium with common
knowledge of trades, under the same basic setting as in AMP (1993).

It is worthwhile to make some remarks about this simple example.

(1)The initial distribution of the asset is not efficient. To see this, with zero-trade, each
agent’s expected payoff

m; + Z i (W) |eiPr(w) + Z Ty (W) [Pry1 (w) — Py (w)]
weN
would have beem; + % while in the equmbrlum, each agent’s expected payoff is
m; + 1. Thus our example does not violate the no-trade theorem and the necessary
condition of ex ante inefficiency is satisfied here. In fact, as the analysis has shown,
in our example those who gain from the trade are the sellers whenever the trade takes
place.
(2)The social welfare is maximized in the rational expectation equilibrium with bubbles
if there is no initial endowment of money. Note that in our example the social welfare
is maximized when in every state the social planner gives all the assets to the agent
who puts the highest weight on that state. Hence the maximum social welfare should
beg (m1 + mgy) + 2. When either agent has positive endowment of money, the social
welfare of the equilibrium outcome is not maximized. However, if each agent is
endowed with no money, then the social welfare is maximized in equilibrium. To put
it in another way, if the social planner is only allowed to reallocate on the risky asset,
then the equilibrium maximizes the sum of the utilities of the agents. This implies a
surprising observation that the rational bubbles do not necessarily lead to inefficiency.
(3)The short sale constraints are binding in per2ddr the sellers whenever the trade
takes place. In the cases of (p2-iii) and (p2-iv), where agents play the seller’s role,
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since the expected price for the asset is higher than the current price, agents would
like to take advantage of this and sell as much as they can. If there were no short sales
constraints, an equilibrium would not have been reached under the current price. This
is where the no short sales assumption plays its role.

(4)The asymmetric information functions in such a way that even though all agents
know that the asset is overpriced, they are still willing to hold the asset as long as the
information on overpricing is not common knowledge in the strong sense. It is this
feature that makes a bubble possible in a rational expectations equilibrium.

(5)For simplicity, the example is constructed in such a way that even though trade is
common knowledge, it reveals no additional information to either agent.

1.4  Structural Characteristics for the Existence of Bubbles

Assume there are only two agents. There is no trade in the first period and
information becomes perfect in the last period. The dividend can only take two values,
Vw, d (w) € {0, D} whereD > 0.
Claim 2 Under the perfect memory assumption, suppose there is a bubble in peniod

statew in a rational expectations equilibrium in economy with state(zefThen there is
also a bubble in equilibrium in the subeconomy with staterget (w).

Claim 3 Under the perfect memory assumption, for a strong bubble to exist in a rational
expectations equilibrium in 2-agent3-period economy, there must be at leastates with
positive dividends, that is

Hw € Q|d (w) > 0} > 2.

Proof. Suppose a strong bubble exists in periad statew*.

Consider agent! first. SinceP; (w*) > max e rx () d(w) = 0 and P (w*) =
Eq [P (W) [0’ € s (w)], the fact that agent is willing to hold the asset implies that
Jwt € s (w*) such thatPs (w?) > P; (w*) > 0. Sinces’y (w?) C s (w?) =
sh¥X (w*), whenw” is realized, in perio@ agentA knows for sure that he will receive
nothing. GiveP, (w?) > 0, it must be the case that whert is realized, in perio@

agentB’s expected return is nonzero. This implies tHat'? € s£ (w®) such that
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d (WAB) > 0. Since in equilibrium in perio@ agentA will always sell in state,”
and agent3 cannot tell the difference betweert andw?, it must be the case that in
equilibrium in perioc2 agentA will always sell in states4? as well.

Then consider agen®, and we have similar resultslw? € sE¥ (w*) such that
Py ((,UB) > 0 and whenw? is realized, in perio@ agentB knows for sure that he will
receive nothing. This implies tha.?4 € i (w?) such thatd (w?4) > 0 and in
equilibrium in perioc agentB will always sell in state,?4.

Since in equilibrium in perio@ agentA always sells in state*”? and ageni3 always

sells in states?4, w48 £ P4, m

Definition 8 (Symmetry) The model has a symmetric setting if forany=1,2,--- , 1,
there exists a bijective mappidgfrom{1,2,--- /N = ||} to{1,2,--- , N} such that for
anyt=1,2,3,

(1) Sit = Sjt|L, whereSj;|L is j’s relabelled information partition at underL;

(2) T (Wn) =Ty (WL(n)) ;
(3) d(wn) = d (wi(m)) ;
(4) (mi, e:) = (mj, €;) .

Basically equation (1) means that it is information-symmetric. Similarly it is
belief-symmetric by (2), dividend-symmetric by (3), and endowment-symmetric by (4).

It should be noted that the symmetry assumption is more than assuming symmetry
w.r.t information, symmetry w.r.t. dividend, symmetry w.r.t. belief, and symmetry w.r.t.
endowment, respectively. That is because we require the same mdpfongonditions
(2)-(3) to be satisfied.

We call (wy,, wrn)) @ symmetric pair of states for agerand; if L (L (n)) = n.

Recall that a state where there is a strong bubble is calbedbble statedenoted byv*.
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Claim 4 For a strong bubble to exist in a symmetric rational expectations equilibrium in
a 2-agent symmetric economy, there must be at |2asates with positive dividends, that
is

H{w € Q|d (w) >0} > 2.

Proof. By AMP(1993), for a strong bubble to exist in a rational expectations equilibrium,
there must be potential gains from trade. And these gains will be distributed to the agents
in each trade. But since there is no constraint on the short sales of money, in each trade the
agent who is buying the asset won't receive any gains, otherwise he would be buying as
much as he can, in which situation there would be no equilibrium. Therefore, the agents
receive the gains only if they play the role of sellers. Since it is a symmetric economy,
each agent has a positive probability to sell the asset. Consider Agast. Suppose he

is better off by selling the asset in perioth statew 4. Then in period there must be a

state with positive dividend, denoted b¥, from which agent3 cannot tell the difference
tow4. Since agenB is buying in period in statew?, this implies that aget is selling

in periodt in w%. By symmetry, in period, there exists another state} with positive
dividend, where agent is buying and agenB is selling. Obviously? # ws. ®

Claim 5 Under the perfect memory assumption, for a strong bubble to exist in a ratio-
nal expectations equilibrium in 2agent symmetric economy, for each agent, at least one

price-and-trade-refined information set contains at leastates, including one with posi-
tive dividend, that is

Vi, 3t, 3w such that|s},* (w)| > 3 and MAaX,y e X (i) d (W) > 0.
Proof. Letw* be the bubble state. Suppose in perioalgentA cannot tell difference

betweenv* andw 4, both of which are zero-dividend states. And without loss of generality,
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suppose in periodin statew 4, agentA can sell the asset at a positive price. This implies
that in periodt agentB cannot tell difference between, and some positive-dividend
statew?, orwa € s5¥ (wf). Since agenB will be buying in period: in statew’, agent

A must be selling, hence in periegdhere must exist some zero-dividend statesuch
thatw' € si¥ (W5). If ' € s5¥ (wh), we are done. Suppose not, then there must exisit
some positive-dividend state’ such thats” € s5X (w'). And this would again imply

that there exists some zero-dividend statesuch thato” € s4¥ (w”). If w” € siX (W)
orw” € sEX (w'), we are done. If not, we can follow the same logic. Since the number
of states is finite, and’;* (w4) does not contain any positive-dividend states, at the end
we will find a price-and-trade-refined information set which contains at Beasites

including one with positive dividend. By symmetry this is also true for agenm

Claim 6 Under the perfect memory assumption, for a strong bubble to exist in a rational
expectations equilibrium in 2-agent symmetric economy, there must be at [8asates,
that is

Q2] > 8.

Proof. Suppose not and there are ofilgtates instead. Assume in peribdgent; has

a price-and-trade-refined information $et;;, w2, w;3} and the bubble state is*. This
implies P, (w*) = 0 and P; (wy,) > 0 fori = A, B andk = 1,2, 3. Itis easy to know
that in periodl for agentA, s47 (w*) C {w*,wp1,wp2, wps}. Without loss of generality,
assumevp; € sh; (w*). Since there is no trade in periadthe equilibrium price should
be equal to agent’s expected price. This implieB; (wg1) < P, (wix) from agentA’s

perspective.
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Now consider agen3. It is easy to know that in period for agentB,
{wpr,wp2,wp3} C sbX (wp1) C {war,waz,was,wp1,wse,wps}. But this would

imply P, (wg1) = P, (wix) from agentB’s perspective.

Therefore, there must be at le&sttates.m

Claim 7 For a common expected bubble to exist in perida statew, it must be the case
that the current price is higher than every agent’s expected dividend across the meet of the
information partition containing, that is

Vi=1,2,-,I,P(w)>E[dWw)wem™ (w)].
Proof. By the definition of common expected bubbles,= 1,2,--- , [,V €

miX (w), P, (w) > E; [d (W) [w" € sEX (w)].

SinceE; [d (w') [’ € m{X (w)] is weighted average df; [d (w”) |w" € si* ()],
immediately we have’, (w) > E; [d (') |’ € m{¥ (w)].

It turns out that the example of strong bubbles and common expected bubbles we have
presented in the previous section is actually the simplest one with minimum number of

states.

1.5 General Results

In Section 3, an example of a rational bubble that is both a strong bubble and a
common expected bubble is presented in a rational expectations equilibriua agénts.
Furthermore, as will be shown next, this result holds for any finite number of agents.

Let ST = {{w}|w € 2}, and ST is called the perfect information structure far
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Before constructing bubble examples, we shall make some restrictions on the agents’
information structure so as to avoid trial bubbles from duplications.

Assumption 1 (Different Information Structure) Vi,j=1,--- , IVt =1,--- T, Sy,S; #
St = Sit 75 Sjt-

The assumption of Different Information Structure says that as long as agents don’t
have perfect information, there must be somewhere their information differs from each
other. This assumption rules out the possibility of duplicating identical agents.

Assumption 2 (Distinct Information Everywhere) Vi,j=1,---  IN¥t=1,--- ,T,Vw €
Q, sit (W), 85t (W) # {w} = sit (W) # 85t (W)

The assumption of Distinct Information Everywhere says that as long as agents don't
have perfect information, their information differs from each other everywhere. It is easy
to know that Assumption 2 is much stronger than Assumption 1. Assumption 2 implies
Assumption 1, but not vice versa.

Assumption 3 (Common Knowledge of Trades) Vi = 1,--- IVt = 1,--- T, x; IS
common knowledge.

Based on the assumptions above, two propositions can be made on the existence of

strong bubbles in a rational expectations equilibrium.

Proposition 8 Under Assumption 1 and 3, for ady> 2, there exists an economy under
the framework described in Section 2, withgents3 periods an®/ + 2 states, presenting
a bubble, both strong and common expected, in a rational expectations equilibrium.

Proof. See Appendix 11
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Proposition 9 Under Assumption 2 and 3, for ady> 2, there exists an economy under

the framework described in Section 2, witregents,3 periods and/ - max {3, 1} + 2

states, presenting a bubble, both strong and common expected, in a rational expectations
equilibrium.

Proof. See Appendix 21

The strong bubble part of the result is not new, and has been analyzed by AMP (1993)
and Conlon (2004). However, by presenting a bubble, not only strong but also common
expected, the above propositions provide a new answer to what properties of bubbles we
can expect to have in a rational world. The common expected bubble part of the result is
surprising since it is somewhat counterintuitive that an expected bubble can be robust to
common knowledge in a raitional expectations equilibrium. But actually it is the common
knowledge of the heterogeneous beliefs and the information structures that guarantees that
agents have no incentive to rush in face of bubbles, because by rational expectations they
know that they can take advantage of it in a later period.

It should also be noted that the conclusions above are independent of the assumption
of no common knowledge of trade. In Propositidof AMP (1993), the assumption of
no common knowledge of trades was argued as a necessary condition for the existence of
bubbles in a rational expectations equilibrium. The idea of the argument is the following:
Geanakoplos (1992) has argued that with common knowledge of trades, agents would have
behaved in the same way without the private part of their information (originally stated
as "common knowledge of actions negates asymmetric information about events"), and

then there would be no strong bubbles since there is no asymmetric information about the
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states. However, as pointed out by Conlon (2004), the conclusion that there are no strong
bubbles is only true for the new economy where every agent has the same information,
which is the common part of their original information. The bubble may still exist in

the original economy since in periddthere is no trade and hence agents still have their

private information.

1.6 The Coexistence of Second Order Strong Bubbles and Common Expected
Bubbles

1.6.1 Exogenous Setting

In this section an even strong result is provide regarding the higher order uncertain.
Here | provide an example for the coexistence of second order strong bubbles and common
expected bubbles in a rational expectations equilibrium. The examples for higher order
strong bubbles can be constructed similarly. It is checked thatttherder strong bubble
model in Conlon (2008) does not have the "common expected" feature.

There are agents 4 and B), 4 periods (, 2, 3, and4) and14 states ¢, ws, w3, wy,
Ws, Wg, W7, Wy, We, W10, W11, W12, w1z aNdw4). Only 2 assets exist in the market: one
is money and the other is called a risky asset. Each share of the risky asset will pay a
dividend of amoung at the end of period if the state is eithew; or w4, and will pay

nothing otherwise, as shown in the table below.

Table1.5 Dividend Distribution Accross States

State w; ws w3 Wi W5 W Wr Ws Wy Wi Wil Wiz Wiz Wi4
d(w)80080000000000

Each agent is endowed with; unit of money and share of the risk asset at the
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beginning of period. Agents can trade in each of peribd2, 3 and4. At period4, after

the trade is made, the dividend is realized, and then the consumption takes place.

Since the asymmetric information is the key to generate bubbles, we achieve this

goal by giving agents different information structures. Recall that agge(t = A, B)

information about the state in perioedt = 1,2, 3,4) is represented by, a partition of

the spacé?. The specific structures of;’s are given below.

Sa1
Sp1
Saz

Sp2

Saa

{{wl,wz, Wy, Ws, W, W10, W13, UJ14} ) {wﬁ,w% W12} ) {ws, wWo, Wu}}

Hw1, wa, wa, ws, ws, Wy, w13, wia )} , {ws, wr, wii } , {ws, wio, Wiz} }

{{w1, wa, w13}, {ws, ws, w10, w14}, {ws, woe} } U {{w,}|n =6,7,8,11,12}
{{ws, ws, w1}, {w1, wa, we, w13}, {ws, wio}} U {{wn} |n =3,7,8,11,12}
{{wr,wa}, {wy, ws, w0} } U {{w,}|n=3,6,7,8,9,11,12,13,14}

{H{ws, w5}, {wi,wa, wo}} U{{wn}|n=3,6,7,8,10,11,12,13,14}

Sps = {{wn}In=1,---,14}

There are different approaches to generate potential gains from trade. Instead of

assuming different marginal utility levels accross the states, here we let agents have

heterogeneous beliefs, as shown in the table below with wéight %
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Table1.6 Agents’ Beliefs Accross States

State w; wy w3 W4 W5 W Wy W Wy Wi Wil Wiz Wiz Wi
A 1 2 1 2 1 2 1 15 1 1 2 1 3 5
TR 2 1 2 1 2 1 1 15 1 1 1 2 5 3

1.6.2 A Rational Expectations Equilibrium with a Bubble

Recall the standard definition of rational expectations equilibrium, and in our example
a rational expectations equilibrium will be a vectdt, z) € R x R2***14 such that

(C1)Vi = A, B, x; are information feasible and satisfy no short sales.

(C2)Vi = A, B, x; maximizes playe¥’s expected payoff with respect to his own
price-and-trade-refined information.

(C)Vt=1,2,3,4,Vn=1,--- 14,244 (wy) + T (W) = 0.

CHVt=1,2,3,4,YVn,m=1,--- 14, j; (w,) C {wm : P (wm) = P (wn)}-

Although there are multiple rational expectations equilibria for this example, the one
with the equilibrium prices and trades given in the following two tables is what we are
interested in - the one in which there is a second order strong bubble and a common

expected bubble.

Table1.7 Equilibrium Prices

W1 Wy W3 W4 Wy W Wr Wg Wg Wip W11 Wiz Wiz Wig
P (w) 1 1 1 1 1 1 1 1 1 1 1 1 1 1
b (w) 2 2 2 2 2 2 0 0 2 2 0 0 2 2
Psw) 4 4 0 4 4 0 0 0 4 4 0 0 0 0
Py (w) 8 0 0 8 0 0 0 0 0 0 0 0 0 0
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Table1.8 Equilibrium Net Trades

Yw e QD xq (W) =21 (W) =244 (W) =xpg (w) =0

State W) Wy W3 W4 Wy W Wy Wg Wy Wi Wil Wiz Wiz Wig
Taz (W) 1 1 1 -1 -1 -1 0 0 1 -1 0 0 1 —1
Tp2 (W) -1 -1 -1 1 1 1 o 0 -1 1 0 0 -1 1
Tao (W) +xpe (w) 0O 0 0 0 0 0 0O 0 0 0 0 0 0 0
T3 (W) -2 -2 0 2 2 0 0 0 -22 0 0 0 ©0
g3 (w) 2 2 0 -2 =2 0 0O 0 2 -2 0 0 0 0
Taz (W) +xps(w) 0 0 0 0 0 0 0O 0 O 0 0 0 0 0

1.6.2.1 Price-and-Trade-Refined Information

First derive the price—and-trade-refined information for each agent in each period. It
can be checked that our example is constructed in a way that the price and trade does not
reveal any additional information to the agents. So we H#ve = SEX fori = A, B,
t=1,2,3,4.

The following graph may give more intuition about the information structure than the
mathematical expression does. In the graph, agéninformation sets are described by
the black solid curves, ageit's information sets are described by the blue dotted curves,

and dividend paying states are emphasized in gray color.
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Period 1 Information Struchure

P e e
Black Solid: Agent A

Blue Dashed AgentB

Figure1.2: 4-Period Information Structure for Agert and AgentB

1.6.2.2 The Existence of 2nd Order Strong Bubbles and Common Expected
Bubbles

Second note that there is a second order strong bubble at genadatew,.
For agent4, si¥ (wr) = {we, wr, w1z}, Pr(wr) =1 >0 = d(wg) = d(wy) ==
d (w12). This means that at periodwhen the states; is realized agentl knows
sure that the price of the asset is higher than any possible dividend he will receive.

FurthermoresEy (wr) = {ws, wr, w1}, s55 (we) = s5¥ (w12) = {we, w10, w12}, and
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d(w3) = d(wg) = d(wy) = d(wig) = d(w11) = d (w12) = 0. This is equivalent to saying
thatVw € s (wr), Vo' € shf (w),d (W) =0 < 1 = P, (w), which implies that at period
1 in statew; agentA knows that agenB knows that that the price of the asset is higher
than any possible dividend he (agd will receive. By symmetry, it surffices to check
for agentA only.

In this examplenP* (w;) = Q. To see that this bubble is robust to common

knowledge in the expected sense, by symmetry it suffices to checkuihat2,1 >

1
Zwlespx(w ma(Ww)
(LD & {w1, wa, wy, ws, ws, wig, w1z, wi4}: Agent A will induce that the expected
dividend in period will be 28 + 210 = %, which is less to the current pride
(2w € {ws,wr, wr2}: In this case agem’s expected dividend in perialis 0, less than
the current price.
(3w € {ws,wq, w11 }: again in this case agents expected dividend in periatlis 0, less
than the current price.

Zw,@ﬁ((w) ma (W) d(w'). There are three cases:

Therefore, the bubble at periddn statew; is a common expected bubble. Actually,
the reader can check that in our example the common expected bubble exists at period

not only in statev,, but also in any other state.

1.6.2.3 Check of Equilibrium Conditions

Last check that the prices and trades described above constitute a rational expectations
equilibrium. We check all the four conditions step by step.

Check (C1) We observe from the trade table that (1) the minimum amount of net trade
at period2 is —1; (2) in any state where an agent’s net trade at pe3imd-2 his net trade
at period2 is 1; (3) there is no trade in period and (4) there is no trade in periddit is

also given that (5) each agent is endowed witthare of the risky asset. (4) implies that as
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long as the short sale constraint is satisfied for pesiatlis satisfied for period. (2), (3)

and (5) together impliy that as long as the short sale constraint is satisfied for pgeitiod

is satisfied for period. From (1) and (3) we know the no short sale condition is satisfied

for period1 and2. To see ifx; are information feasible, it suffices to only look at peribd

and3 since no trade occurs either in peribdr 4. In period2, actually each agent’s action

remains the same given the same price—and-trade-refined inforrefafibis is also true

for period3. This implies thatr 4 andz 5 also satisfy the information feasibility condition.
Check (C2) Maximization of the expected payoff at the beginning of periathder

the constraints of information feasibility and no short sales, is equivalent to maximization

of the expected payoff in each period given the current price—and-trade-refined information

under the same constraints. By symmetry, it suffices to consider d¢geoase. In period

4, agentA has no incentive to trade since the price is exactly equal to the dividend for

every state.

In period3, there are in total 4 cases:

(p3-i)If agent A observes the eveRtu, } wheren € {3,6,7,8,11,12, 13,14}, he knows
that with probabilityl the price in period! will be 0, which is equal to the current
price, thus he is indifferent between trading or not at pesicgb the equilibrium trade
of 0 maximizes his expected payoff in this case.

(p3-ii)If agentA observes the evefitu,, w» }, he will induce that the expected price in period
4 will be %8 + %0 = § which is less than the current pridethus he has incentive
to sell any of the asset he owns at perycso under the short sale constraint, the

20 Take agent for example.
Vw = we, sha (w) = {we} C {wa,ws, we, w10, w1a} = {w' : Taz (W) = Ta2 (W)},
Vw € {wy, ws,w10,w14},
sk (w) = {wa, ws, w10, w14} C {wa,ws, we, w10, w14} = {W' 1 TA2 (W) = T a2 (W)},
Vw € {ws,wo}, shy (w) = {ws,we} C {wi,ws2,ws,wg, w13} = {w' : Ta2 (W) = 742 (W)},
Vw € {w1,wa, w1z}, shy (W) = {wi, w2, w13} C {wi,ws, w3, wo, w13} = {w : Ta2 (W) = z42 (w)},
Vw € {wr,ws,wi1,wia}, shy (W) = {w} C {wr,ws,wi1,wia} = {W : 42 (W) = Ta2 (W)}
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equilibrium trade of-2 maximizes his expected payoff in this case.

(p3-iii)If agent A observes the eveltu,, ws, w0}, he will induce that the expected price
in period4 will be 28 + 10 + 10 = 4, which is equal to the current price, thus he is
indifferent between trading or not at periddso the equilibrium trade af maximizes
his expected payoff in this case.

(p3-iv)If agent A observes the evertuy }, he knows that with probability the price in
period4 will be 0, which is less the current pridg; (wyg) = 4, thus he has incentive
to sell any of the asset he owns at perfydo under the short sale constraint the
equilibrium trade of-2 maximizes his expected payoff in this case.

In period2, there are in total 5 cases:

(p2-i)if agent A observes the evedtu,,} wheren € {7,8,11, 12}, he knows that with
probability 1 the price in period will be 0, which is equal to the current price, thus
he is indifferent between trading or not at periydso the equilibrium trade af
maximizes his expected payoff in this case.

(p2-ii)If agent A observes the eveRltu,, w», w13}, he will induce that the expected price
in period3 will be é4 + %4 + %0 = 2, which is equal to the current price, thus he is
indifferent between trading or not at periddso the equilibrium trade df maximizes
his expected payoff in this case.

(p2-iii)If agent A observes the everivs, wo }, he will induce that the expected price in period
3 will be 34 + 30 = 2, which is equal to the current price, thus he is indifferent
between trading or not at perid] so the equilibrium trade of maximizes his
expected payoff in this case.

(p2-iv)If agentA observes the eveRitv,, ws, wio, w14}, he will induce that the expected price
in period3 will be 24 4 $4 + 34 + 20 = 0, which is less the current prick thus
he has incentive to sell any of the asset he owns at péried under the short sale
constraint, the equilibrium trade efl maximizes his expected payoff in this case.

(p2-v)If agent A observes the evertus }, he knows that with probability the price in
period3 will be 0, which is less the current pric thus he has incentive to sell any of
the asset he owns at periddso under the short sale constraint, the equilibrium trade
of —1 maximizes his expected payoff in this case.

In period1, there are 3 cases:

(p1-i)If agent A observes the evertus, wr, w12}, he will induce that the expected price
in period2 will be 22 + 10 + 10 = 1, which is equal to the current price, thus he is
indifferent between trading or not at peridbdso the equilibrium trade d@f maximizes
his expected payoff in this case.

(p1-ii)If agenti observes the eveRtus, wy, w1 }, he will induce that the expected price in
period2 will be i2 + 4—112 + %10 = 1, which is equal to the current price, thus he is
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indifferent between trading or not at peribdso the equilibrium trade @f maximizes
his expected payoff in this case.

(p1-iii)If agent: observes the eveRty, } wheren € {1,2,4,5, 8,10, 13,14}, he will induce
that the expected price in peri@dwill be 23223459 4 130 = 1, which is equal
to the current price, thus he is indifferent between trading or not at périsad the
equilibrium trade of) maximizes his expected payoff in this case.

The above analysis guarantees that the condition (C2) is satisfied.
Check (C3) and (C4) It is seen that the market clears in each period at each
state from the table of trades, hence (C3) is satisfied. NoteRhat) = 1
Yw € Q henceP; () is measurable with respect o (-) and thatj; (w) = {w}
Yw € Q henceP;(-) is measurable with respect g (w). To seeP ()
is measurable with respect 1@ (w), note thatvn = 1,---,6,9,10,13, 14,
Jo(wn) € Hwn}ln=1,---,6,9,10,13,14} = {w: P2 (w) = P, (w,) = 2} and
Vn = 7,8,11,12, j; (w,) C {{wn}|n =7,8,11,12} = {w: Py (w) = P; (w,) = 0}
To seePs () is measurable with respect §g (w), note thatvn = 1,2,5,6,9, 10,
jo(@n) € {{wa}|n=1,2,5,6,9,10} = {w: P;(w) = P; (w,) = 4} and
Vn = 3,4,7,8,11,--- 14, jo (w,) C {{wn}|n=3,4,7,8,11,--- ,14} =
{w: Py (w) = P;(w,) = 0}. This completes the check that the prices and trades

given in the example constitute a rational expectations equilibrium.

1.7 Conclusion
Based on the work of Allen, Morris and Postlewaite (1993), Conlon (2004), and many
others, this paper develops two new concepts of rational bubbles: a common expected

bubble and a common strong bubble, and shows that in a finite-state finite-horizon model
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the following results hold for any finite number of agents. First, there is no common strong
bubble in any rational expectations equilibrium under the perfect memory assumption.
Second, there exists a three-period economy with asymmetric information and short sales
constraints, where an expected bubble can exist in a rational expectations equilibrium, and
moreover this bubble, is not only a strong bubble, but also a common expected bubble.
The first result partially answers what properties a bubble cannot have in a rational world,
and the second result tells more about what a bubble might look like, given the results in
AMP (1993) and Conlon (2004). The necessary structural conditions in Section 4 provide
insight into the structural characteristics of models of bubbles. One important condition is
that for a strong bubble to exist in equilibrium the minimum number of states is

One direction for future work will be to show the coexistence of common expected
bubbles and higher order strong bubbles for any finite number of agents, following Conlon
(2004) in which an example of higher order bubbles is constructed for the two-agent case.
Another direction will be to introduce some irrational agents into the model and to see
whether a common strong bubble can exist in such a setting. Since bubbles modeled in this
paper are not robust to perturbations in a general sense, introducing noise into the model
might be another good direction. It might also be important and potentially interesting to

test the theory on the existence of rational bubbles by conducting experimental work.
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Appendix

Appendix 1:

Proof to Propositior:

WriteQ = {w,|n=1,2,--- ,3[ +2}. LetQp ={w, € Qn=3i —2,i =1,2,--- , I},
Qow = {w, €Qn=3i—1,i=1,2,--- , I}, QO = {wsi_2,wsi—1,ws;}, 2, =
Q\ {wsi} = {wsi—o,wsi_1},1=1,2,--- 1.

Each share of the risky asset will pay a dividend of amduatthe end of period if
the statev € Q) and will pay nothing otherwise. Each agent is endowed Witimits of
money and share of the risky asset at the beginning of petiod

The specific structures ¢f;’s are given by

Su = {Q\{wsr,wsrs1}, {wsr, war1}}

Sia = {N\{wsis,warp1}, {wsis, warga b} Vi=2,--- 1

Sz = {1, D, 1, Q7 {war} {wsria} s {wsrse} )

Sis = {Ql,--- , 9, Q- ,Q],Qiil,{wgi_g},{w31+1},{w31+2}} Vi=2,---,1
Sy = SfVi=1,2,-- 1

The agents’ beliefs about the states are given by the following functions.

2Wifn=3i—2o0rw, € ng\ {W3i_1} 1

i (wn) = 41 -1 w if n=31+2 Vi=1,2,--- , I,W = —.
W otherwise 81

To see that the belief of agents well defined, note that the number of elements in
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Qo is I, hence there aré states which are put with probabiligji”. Since there is only
one state with probability37 + 2) W, the number of the states with probability is
BI+2—T—1=21+1.Thus, m(w) =T x2W+1x (4l =)W+ (2[ +1)xW =
8IW = 1. o

The equilibrium with the prices and trades given below is what we look for - the one in

which there is a strong and common expected bubble in péniodtatew

3I+1"

P1<w) = ].VWEQ.

Py(w,) — 0 fn=3I+10orn=31+2

2\Wn) = 2 otherwise
. 4 if ne QD

Ps (wn) = { 0 otherwise

VZ:1,2, ,I,VMGQ,IH((A}) :.731‘3((,«]):0.

Tio(wp)={ 0if n=3I+1orn=31+2 Vi=1,2,---,1.
-1 otherwise

Observe that neither the prices nor the trades reveal any addition information with the
settings above.

It can be similarly checked following the procedures described in the two-agent
example that the above prices and trades constitute a rational expectations equilibrium.

And since in period in statew each agent knows that he will receive nothing at the

3I+1"?

end of period, given the positive price aof in period1, there exists a strong bubble in this

equilibrium.
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Note thatm !~ (w = . To see that this bubble is robust to common

31+1)

knowledge in the expected sense, we need to check/thatl,2,--- , I,Vw € Q,1 >

1 Z m; (W) d (w'). Note that for agent (or agent;, i > 2), either he

Z mi(w) w'eshX (w)

FX ()

will Observe{w?,[, W3]+1} (Or {CU3Z‘_3, w31+1}), or he will ObserVéz\ {W3], W3[+1} (Or

w/es

O\ {wsi—3,wsr+1}). Ifitis the first case, his expected dividend will §e+ %O =0;Ifitis
the second case, his expected dividend Wi||§1%4 + g—:go = fé—ji In either case, the
expected dividend is less than the price. Therefore, the bubble in peimostatews;  ; is
a common expected bubble.
However it should noted under the structure aboteg, € Q\ {wsri1, wsri2}, In
period?2 in statew, there are alway$/ — 1) agents who observes the same event
Q; = {wsi_o,ws;_1,ws; } 2 wherei is determined such that, € ;. Obviously this
violates Assumption 2. In order to ensure that agents’ information differs from each other
everywhere when there is no perfect information, the number of the states has to be large

enough to guarantee the existence of bubbles.

Appendix 2:

Proof to Propositior3:

The case of agents has already been shown in section 3. Here it suffices to consider
the case wher > 3.

WriteQ = {w,|n =1,2,--- . I?+2}. LetQp ={w, € Qn=T(i— 1)+ 1,i=1,2,--- | T},

21 Though there is one agent observifig, } or Q;\ {w,}, Q; is common knowledge in this case. And this
feature holds also for the constructed example under proposition.
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Qryw ={wn €Qn=TG-1)+2,i=1,2,-- I} ={w, €QI(j —1)+1<n<Ij},
QF =\ {wrg-nar} gk =1,2,-- L.
Again, each share of the risky asset will pay a dividend of améatthe end of period
3 if the statew € Qp and will pay nothing otherwise. Each agent is endowed Witimits
of money and share of the risky asset at the beginning of petiod
Let a,;; be theith row andjth column element of the following x I matrix. Hence

WI(j—1)+a;; 1S thea;;th element ir(;.

I 2 3 .. I—-1 I 7
I 2 ... -2 -1
I—1 1 2 .. I-2
3 4 - I 2
2 3 ... I—-1 I |

The specific structures of,’s are given by

St = {W\A{wmk,, wrzi b, {wk,, w241} wherek; is determined by, = 1
Siz = {{wig-1)tay} 1< <Tj#4pU {Qj_aj 1<j<Ij# 2} U{, {wrnt, {weiet}
Sy = SPVi=1,2,--- 1.

The agents’ beliefs about the states are given by the following functigns-

1727"' 717
([ — 1) Wifn=1 (Z — 1) +1orw, € Q(I—l)W\ {wl(i_l)_._g} 1
W otherwise (I-1)

To see that the belief of agenis well defined, note that the number of elements
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in Q¢ _1yw is I, hence there aré states which are put with probability — 1) IV,
Since there is only one state with probabili{@/ (I — 1) — 1) W, the number of the
states with probability” is 12 +2 — I —1 = I(I — 1) + 1. Thus,» m; (w) =
IX(T-=D)W+1xQ@RIIT-1)-1)W+TI-1)+1) xW:AJ?E[Q—nW:L

The equilibrium with the prices and trades given below is what we look for - the one in
which there is a strong and common expected bubble in périncttatewﬂ

+1

Pl(w) = 1\V/CUGQ.

Py () = 0 ifn=Ir+1lorn=1%+2

2\Wn) = 2 otherwise
. 4 if ne QD

Ps (wn) = { 0 otherwise

VZ:1,2, ,I,VMGQ,IH((A}) :.731‘3((,«]):0.

]—1 ifwnEQi
Tip(wp) =< 0ifn=r+1lorn=1"4+2 Vi=1,2,---,1.
-1 otherwise

Observe that neither the prices nor the trades reveal any addition information with the
settings above.

It can be similarly checked following the procedures described in the two-agent
example that the above prices and trades constitute a rational expectations equilibrium.
And since in period in statew12+1, each agent knows that he will receive nothing at the
end of period, given the positive price aof in period1, there exists a strong bubble in this

equilibrium.
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Note thatm?*(w = ) = Q. To see that this bubble is robust to common knowledge

1241

in the expected sense, we need to check Yhat 1,2,--- ,[,Vw € Q,1 >

———— )_ m(w)d(). Note that for agent, either he will observe
Z mi(w) w'eshX (w)

w/EsiPlX(w)

{wr;, w211}, or he will observeQ\ {wy,, w21}, Ifitis the first case, his expected

dividend will be 30 + 10 = 0; If it is the second case, his expected dividend will be

412(31_*1?_24 + 41(1211();_2133(21*1)0 = 4 Ineither case, the expected dividend is less than

2I-1=

the price. Therefore, the bubble in peribth statewm1 is a common expected bubble.
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Chapter 2 When Can Forgetfulness Make Us Better Off?

2.1 Introduction

Since Akerlof’'s famous 1970 paper on lemon market, the problem of asymmetric
information has been a hot research topic among economists. There is huge literature on
the value of information, as well as the cost of information acquisition. Most of the papers
in this category build a positive relationship between information and welfare: the more
informative players become, the better off they are. Among these few exceptions, Levin
(2001) revisits the lemon market and finds the surprising result that greater information
asymmetries do not necessarily reduce the gains from trade. According to Levin (2001),
better information on the selling side may worsen the welfare while better information
on the buying side unambiguously improves trade. In this paper, by making slightly
different assumptions, we show in a trade game example that even on the buying side more
information does not lead to a better result. Moreover, this surprising result is not restricted
to the lemon market; it is true in a more general setting. By studying the situations where
rational players choose to remain ignorant even though the information acquisition is free,
we can better understand how people behave in the world of incomplete information.
Behind some seemingly weird thoughts, there may exist a rational mind. It is not always
beneficial to know everything; sometimes being forgetful might make people better off.

The next section of the paper investigates three simple examples where forgetfulness

does make players better off. Section 3 presents a general setup of the game where players
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are allowed to have imperfect memory, and characterizes necessary conditions for the
existence of ration ignorance. Conclusions are drawn and Directions for future work are

pointed out in the last section.
2.2 Simple Examples
2.21 ATrade Game

There are states; andws), 2 periods {; andt,), and2 players @ andB).

Both players assign equal probabilityde andw,. Players receive different utilities
from consumption across different states. Player A's marginal utilidyfeg every dollar
of consumption made ita; and1 in w,. Player B’s marginal utility id in w; and3 in ws.
In other words, PlayeA values the consumption twice as much as playetoes inw,
and playerB values the consumption three times as much as playdoes inw;.

PlayerA initially owns an asset and some money;. At the end oft,, the asset pays
nothing inw; and$1 in w,. PlayerB initially owns m g of money and has no asset.

In periodty, playerA offers a priceP at which he is willing to sell the asset to player
B. In periodt,, player B decides whether to accept or to reject playés offer. At the
end of period,, all the information becomes perfect, and the game ends.

Initially players may have private information on which state is realized, and they can
learn additional information from the actions of the other player.

We also assume that players may have an option to be forgetful in a sense that they may

not remember the state information they knew before.

2.21.1 Case 154 = Sy = {{w1,ws}}

In this case, neither playet nor B has any information about the true state at the
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beginning of the game. So they will choose the actions which maximize their expected
utilities given any information they may possibly have.

At periodty, since playerd cannot tell the difference between andws, his action
(the priceP he offers to playeB) reveals no information to playes. Therefore, at period
t9, playerB still knows nothing about the true state, and hence his expected value of the
asset i% x1x0 +§ Xx3x1= % Let Pg be the highest price of the asset at which player
B would like to buy. Then we have x 1 x P+ 1 x 3 x Py =3, or Pz = 3. This tells

us that PlayeB’s best response to playdrs action is

Accept if P < %
Reject if P >

1

Now let’s consider played’s problem. At period, his expected value of the asset is
% x2x0+ % Xx1x1= % Let P, be the lowest price of the asset at which playier
would like to sell. Then we havgé x 2 x P4+ x 1 X P4 = 3, 0r Py = 5. This tells
us that as long a® > %, playerA can benefit from the trade, and if the trade happens,
the higher the pricé” is, the better off playeA can be. Given playeB’s best response,
player A should setP equal to%.

The equilibrium outcome will be (1) in periad, player A offers that he is willing to
sell the asset at priceé = 3; (2) in periodt,, player B accepts the offer.

The equilibrium payoff for player is 3 x2x (ma + )+ x1x (ma + 3) = 3ma+32,
and the equilibrium payoff for playes is 3 x1x (mp — 2)+1x3x (mp — 3 +1) = 2mp.

2212 Case 254 = {{wi},{w2}}, S50 = {{w1,wa}}

In this case, initially player knows the true state and playBrknows nothing. Player
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A may choose to be forgetful, then the result will be exactly the same as il cBtzyer

A's payoffis2m, + 3 and Player3's payoff is2m.

Now let’'s suppose that playet chooses to remember the information he has initially.

If the true state isv;, the asset is valueless. In perigdblayer A immediately knows
this and hence he is willing to sell the asset at any possible positive price.

If the true state is,, the asset is worth dollar. In periodt; player A immediately
knows this and hence he is willing to sell the asset at any price no lesg thad won't

sell the asset at any price less than

There are two subcases:

(2) If player A offers the same price in bothy, andws, then his action reveals no
information to playerB. PlayerB is in the same situation as before. Hence playawill
reject any price higher tha§1 However, from the analysis above, we already know that
player A will offer a price no less tham. Therefore, there will be no trade in this case.
In fact this cannot be an equilibrium outcome sincevimplayer A will have incentive to
deviate by offering a price of.

(2) If player A offers different prices in different states, then his action reveals full
information on states to playé?. At periodts, when playerB decides whether to accept
or to reject playerd’s offer, he surely knows the true state, and hence the true value of the

asset. Therefore, Playé&'s best response to playédrs action is

In wyq, Accept if P(wy) <0andReject if P(wy) >0
In wy, Accept if P(ws) < 1andReject if P (ws) > 1
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Therefore, the equilibrium outcome will either be no trade, or the asset is sold at the
price of its true value, which will not make anyone better off.

The equilibrium payoff for playeH is % X 2Xmy+ % X1x(ma+1)= gmA +1
and the equilibrium payoff for playeB is { x 1 x mp + 3 x 3 X mp = 2mgp.

Comparing playerd’s equilibrium payoffs whether he chooses to forget or not, we
come up with a surprising result: Playérhas an incentive to be forgetful in our example.
Put it in another way, if we allowed playet to have access to the information about the
true state at the first beginning, he would rather not knowing that. In this example, less
information makes played strictly better off and playeB as good as before. So the total

welfare is improved by played being forgetful.

Proposition 10 For the set of trade game$; S; o; MU;) with [Q] > 2 and 7 (w) = &

12
. MU 4(w1)d1+MU 4 (w2)d2 MUp(w1)di+MUp(w2)ds
Yw € Q, if dwi,ws € Q wi # wo, MU T 1 ()~ MUp (o)t MU (n) and

d, # do, then there always exists some information structure under which plaghooses
to be forgetful in equilibrium.

Proof. We prove by construction. Lefsy = {{wi},{w2}} US,, andSpy =
{w1,ws} U Sg,, whereS,, andSy, can be any partition ove\ {w;, w-}. It suffices to

show that when the evefit;, wo} occurs, playerd chooses to be forgetful in equilibrium.

MUB(wl)d1+MUB(w2)d2 andP . MUA(wl)d1+MUA(w2)d2
MUg(w1)+MUg(wz) AT T MU (w01)+ MU (w2)

Similar analysis gives ugp =
Without loss of generality, assume < d». Then we havel; < Py < Pg < ds.

If player A chooses to forget when the event;, w,} occurs, the equilibrium outcome
will be (1) in periodt,, player A offers that he is willing to sell the asset at prig;

(2) in periodt,, player B accepts the offer. The equilibrium payoff for playémwill be
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%XMUA (wl)x(mA + PB)—F%XMUA (wg)x(mA + PB) = MUA(wl);MUA(wz) (mA + PB).

If player A chooses to remember when the evént, w,} occurs, the equilibrium
outcome will either be no trade, or the asset is sold at the price of its true value, which will

not make anyone better off. The equilibrium payoff for playlewill be 3 x MUy, (wy) x

MU 4 (w1)+MU 4 (w2) MU 4 (w1)d1+MU 4 (w2)d2
2 2 '

(ma+di)+3 X MUy (w2) X (ma +dp) = ma +

To show that/Vale tMUala) p, o, MUsl)dFMUsle2)dz iy gyffices to show that

MUA(w1)d1+MU(w2)d2 o inealUa(wi)di+MUa(w2)d2 _
MU (w1)+MUA(w2) © This is true since MUA(w1)+MU4(w2) PyandPp > Py.

Py >

2.2.2 A Cooperation Game
There are2 states ¢, andw,) and2 players @ and B).
Player A and B work on a public good project together. Only both of them make

positive efforts, can the public good be produced. For each player, the effant be any

ya+ypifes-eg >0

real number betweehandl. y = { 0 ifes-en—0
A"EB —

Both players can be good workers or bad workers. If playsra good worker, his
effort e; will contributey; = 2¢; to the output of the public good. If players a bad
worker, his efforte; will contributey; = %ei to the output of the public good. The output
y = ya + yp IS divided between players according to their contribution. A player’s payoff

will be his share of the public good minus his effarf.= yfy_y —e;.

In w; playerA is a good worker and playés is a bad worker. It is the other way round
for statew,. Both players assign equal probabilitywe andw;.

Initially players may have private information on which state is realized, and they can
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learn additional information from the actions of the other player.

We also assume that players may have an option to be forgetful in a sense that they may

not remember the state information they knew before.

statew, statew,
B B
N E N
Al FE (A,——GB) <—€A,O) Al FE ( %A,EB) (—GA,O)
N ](0,—ep) ](0,0) N ](0,—ep) ] (0,0)

2.2.2.1 Case 154 = Spo = {{wi,w2}}

In this case, neither playet nor B has any information about the true state at the
beginning of the game. In other words, they don’'t know they are good workers or bad
workers. So they will choose the actions which maximize their expected payoffs.

If a player chooses not to make efforts, his payoff.idf a player chooses to make
effort ¢, then his payoff will be2e — ¢ if he is a good worker ange — ¢ if he is a bad
worker. Therefore, his expected payoff will §e§2e —e)+ % (%e — e) = }le. Now we can

write the payoff matrix as:

B

E N

A [E | (Sen, Tep) | (—ex0)
N (07 _€B> (07 0)

It is easy to see from the above payoff matrix that there are two pure strategy Nash

Equilibria: (e4 = 1,ep = 1) and (N, N). And the mixed strategy Nash Equilibrium is

each player making effort = 1 with probability?1 and making no effort with probability

W =
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The equilibrium we are interested in is the one where both players are making full
efforts. In this case, the public good is produced at the maximum quantity level and each

of the players receives a payoff QJ‘

2.2.2.2 Case ZSAO = {{wl},{W2}},SBQ = {{wl,wg}}
In this case, initially playerl knows the true state and playBrknows nothing. Player
A may choose to be forgetful, then the result will be exactly the same as in cdse

maximum payoff level each of them can achievé.is

Now let’s suppose that player chooses to remember the information he has initially.

If the true state is,, playerA knows that he is a bad worker. As a bad worker, he will
always receive a negative payoff if he makes positive efforts, no matter what @#ag/er
action is. And if he does not make an effort, he will have a payofi.dnderstanding
this, playerA will surely choose not to make effort, since this is his dominant strategy.

If the true state isv;, playerA knows that he is a good worker. As a good worker he
will choose to make effort if playeB chooses to make effort, and he will choose not to
make effort if playerB chooses not to. But if playet chooses to make effort, then his
action in statev; will be different from his action in state,. Then playerB can learn the
true state from played’s actions. Once playeB knows that the true stateds, he knows
he himself is a bad worker, and not making effort will be his dominant strategy. Given that
player B’s strategy, played will not make effort from the beginning.

Therefore in both states, playdrwill not make effort. Given that played makes

no effort, playerB best response is not to make effort. The equilibrium outcome will be
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(N, N), and both of the players receivgayoffs.

Comparing player’s equilibrium payoffs whether he chooses to forget or not, we see
that playerA can be better off if he chooses to forget his private information about the true
state. In this example, less information makes both playand playerB strictly better

off. The total welfare is improved by player being forgetful.
2.2.2.3 Case BSAO = SBO = {{wl} s {LUQ}}

In this case, initially both players know the true state.

If player B chooses to be forgetful, the situation will be the same as inZased in
this case we know that player will also choose to be forgetful. By symmetry, the same
result holds if playerd chooses to be forgetful. This tells us that given the other player
being forgetful, a player will be better off by being forgetful. The equilibrium payoﬁf is
for both players.

If both players choose to remember, then the payoff matrix is the following:

statew,; statew,
B B
E N E N
Al FE (eA,—%eB) (—eq,0) Al FE (—%eA,eB) (—eq,0)
N | (0,—ep) (0,0) N | (0,—ep) (0,0)

It is easy to see from the above payoff matrix that (1) in statelayer B has a
dominant strategy of making no effort, and (2) in staieplayer A has a dominant strategy
of making no effort. Therefore, in both states, there will be a unique Nash Equilibrium
(N, N), where both players make no efforts. The equilibrium payaiffisr both players.

Given the above results, a new payoff matrix regarding forgetfulness can be constructed
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as below:

B
Forget | Remember
A | Forget (3.3) |(0,0)
Remember | (0,0) (0,0)

It is also easy to see from the above new payoff matrix that being forgetful weekly
dominates having private information. Hence one Nash Equilibriupis get, Forget),

where both players choose to forget private information they initially knew.

Proposition 11 For the set of cooperation gamég; S, o; u;) with || > 2, if Jw;,wy €

Qwi # wa, ya (wy) > Tedsaloinloyalws) - o 5 4 (wy) > 0 and yp (we) >

m(wi)+m(w2)
“(wl)yﬁgﬁgﬂ(gigy““?) > ey > yp (w1) > 0, then there always exists some information

structure under which both players choose to be forgetful in equilibrium.

Proof. We prove by construction. Lefsy = {{w1},{w2}} U S,, andSgy =
{{w1},{w2}} U S5y, whereS,, andSy, can be any partition ove?\ {wq,w,}. It suffices
to show that when the evefit,, w,} occurs, both played and playerB choose to be
forgetful in equilibrium. Here is the matrix of the game with perfect state information

when the evenfw,,w»} occurs.

statew, statew,
B B
i) N FE N
Al E | (ya(wi) —ea,yp(w1) —ep) | (—ea,0) E | (ya(w2) —ea,yp(w2) —ep) | (—ea,0)
N | (0, —ep) (0,0) N | (0, —ep) (0,0)

And here is the matrix of the game with no state information when the dwant, }
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OcCcurs.

&

N
T(wi)ya(wi)+m(w2)ya(ws) ea m(wi)yp(wi)+m(w2)yp(w2) _ €B> (—e4,0)

41 E m(w1)+m(w2) ’ m(w1)+7(w2)
N (07 _eB) (0, 0)
An analysis similar to the one for the second example gives the result that both player

N

A and playerB choose to be forgetful in equilibriunm

2.2.3 An Example of Common Strong Bubbles with Agents of Imperfect Memory

2.2.3.1 Common Strong Bubbles

AMP (1993) has shown a strong bubble in a rational expectations equilibrium of a
three-period three-agent economy with the assumption of no common knowledge of
trades. Conlon (2004) strengthens this result by giving an example of strong bubbles
robust to higher order knowledge with two agents where trades become automatically
common knowledge. In this section, | will provide a simple example of the existence of
strong bubbles robust to common knowledge. The only modification in assumptions | have

made is that agents can have imperfect memory now.

Definition 9 (Strong Bubble) As in AMP (1993), a strong bubble is said to exist in state
w at periodt if in statew it is mutual knowledge that the price of the risky asset &t
higher than the possible dividend agents will receive, that is

Vi=1,2,--- I,V € s, (w)? P (w) > d (W)

Definition 10 (Common Strong Bubble) As in Zheng (2009), a common strong bubble
is said to exist in state at periodt if in statew it is common knowledge that the price of
the risky asset atis higher than the possible dividend agents will receive, that is

Vo' € mI* (w) %, P, (w) > d (W)

22 At the beginning of each periog before observing the current price and making the trade, atgent

information about the state is representedShy a partition of the spac@, and his price—and-trade-refined
information is represented by, . We denote by;; (w) (s5;* (w)) the partition member i5;; (S5~
containing the state.

B mPX (w)isthe meet okT X (w), DX (w), -+, sTX (w).
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2.2.3.2 Exogenous Setting

There are agents 4 and B), 3 periods (, 2, and3) and8 states ¢, ws, w3, w4, ws,
wg, wy andwsg). There are only assets: money and the risky asset. Each share of the risky
asset will pay a dividend of amoudtat the end of period if the state is eithew; or wy,

and will pay nothing otherwise, as shown in the table below.

State w; wy w3 w4 ws W Wy Ws
dw) 4 0 0 4 0 0 0 0

Each agent is endowed with; unit of money and share of the risky asset at the

beginning of period. Agents can trade in each of peribg2, and3. At period3, after
the trade is made, the dividend is realized, and then the consumption takes place. The

state-and-period-dependent price of the risky asset is denotéf(by. Agent:'s net

trade at period in statew is denoted byz;; (w), and we writer; = (1, T2, - -+ , Tir),
xy = (w14, Top, -+ ,xpy) @ndx = (z1, 22, -+ ,27). Hence agent’s final consumption
in statew with net tradese; at priceP (w) = (Pl( ), Py (w),---, Pr(w)), denoted

by y; (w, P (w) , ), is equal tom; + ¢; Pr (w) + Z Tt (W) [Piy1 (w) — P, (w)], where
Pryq (w) = d(w). Assume that all agents have ututy functiorty) = y. Then agent’s
utility in statew with net trades:; at priceP (w), isy; (w, P (w) , ;).

Keeping in mind that the asymmetric information is the key to generate bubbles, we
achieve this goal by giving agents different information structures. Remind that@&gent
(: = A, B) information about the state in periodt = 1,2, 3) is represented by,;, a

partition of the spac&. The specific structures of;’s are given below.
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In period1, both agents receive the same information, representeg) pand Sz,
respectively, wheré&' y; = Sp;. When it comes to periof, both agents forget everything
they knew in period, and then they get to receive some new information, represented by
S a2 and S, respectively. In this casé;; is no longer necessarily a finer partition thgn
is, fori = A, B. In period3, again as before, each agent is perfectly informed of what the

realized state is. The structure for the information partitions is shown in the table below.

Sa = Sp1= {{w2,w3aw57w6>w8} ) {w17w47w7}}
Saz = {{wi,wa,ws} {ws,ws}, {ws, wr}, {ws}}
Sp2 = {{ws,ws, we}, {wr, wat, {ws,wr}, {ws}}
Saz = Spz = {{wi}, {wa} {ws}, {wa} {ws} {we}, {wr} {ws}}
The following graph may give more intuition about the information structure than the
mathematical expression does. In the graph, agé&ninformation sets are described by

the black solid curves; agent’s information sets are described by the blue dotted curves;

dividend paying states are emphasized in gray color.
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Period 1 Inforrnation Structure

(.Y S

Black Solid: Agent &
lue Dashed: Agent B

Figure2.1: 3-Period Information Structure with Impefect Memory

The heterogeneous belief about the probability distribution of the state, for each agent,

is shown in the table below with weight” = %

State w; wy; w3 ws wWs wWg Wy Ws
A 2 1 1 1 2 1 3 5
B 12 1 2 1 1 3 5

2.2.3.3 A Rational Expectations Equilibrium with Common Strong Bubbles
A rational expectations equilibrium will be a vectaP, z) € R¥*® x R?*3*® such that
(C1)Vi = A, B, z; are information feasibfé and satisfy no short safés

(C2)Vi = A, B, x; maximizes playe¥’s expected payoff with respect to his own

24z, are information feasible ift = 1,2,--- ,T,Vw € Q, s5X (w) C{w' : 244 (W) = 244 (w)}

t
25z, satisfy no short sales 't = 1,2, ,T,Vw € Q,e; + Y _ x4 (w) >0
s=0
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price-and-trade-refined information.
(CVE=1,2,3Vn=1,--,8, x4 (wy) + x5 (W,) = 0.

(C4)Vt = 17273avn7m = ]-a e 78ajt (wn) g {wm : Pt (wm) = Pt (wn)}

A simple calculation and check procedure will show that the above economy has a

rational expectations equilibrium, which is characterized by the price table and the trade

table below.

State w; ws w3 w4 Wy wWg Wy Ws

Pbw 1 1 1 1 1 1 1 1

Pw 2 2 2 2 2 2 0 0

Ps(w)y 4 0 0 4 0 0 0 O

Yw e Qaa (W) =2xp1 (W) =243 (W) =23 (W) =0

State W1 W W3 Wg Wy Wg Wy Ws
a2 (W) 1 1 1 -1 -1 -1 0 0
Zps (W) -1 -1 -1 1 1 1 0 0

Tao(W)+aTpw) 0O 0 O O 0 0 0 0
Now it is time to look for the common strong bubbles in such an equilibrium. Observe

that at periodl in any state from the sdtu,, w3, ws, we, ws}, it is common knowledge that
the dividend at period will be 0. Given a positive pricé, it is exactly the case that it is
common knowledge that the price of the risky asset is higher than the possible dividend
agents will receive, and hence there is a common strong bubble at pariahy state
from the set{ws, w3, ws, we, ws }-

This example shows that under the imperfect memory assumption the standard result
of nonexistence of common strong bubbles is no longer valid. In the real world, it is

arguable that not all people have perfect memory. Therefore, a common strong bubble may
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exist in an economy of the real life. This seems to be a surprising result, and it provides
an alternative explanation of the existence of bubbles by the assumption of imperfect
memory, instead of the assumption of noise traders. Another surprising finding with this
example is that agents’ welfare actually improves when they are assumed forgetful, which
is also observed in the previous two examples. The last thing worth pointing out in this
example is that if we allowed agents to be forgetful rather than exogenously assume they
are forgetful, they would actually choose to be forgetful in equilibrium, where there is a

common strong bubble.

2.3 The Model
2.3.1 Basic Setting

There are a finite set of playefs= {1,2,--- ,I} and a finite set of state3 =
{w1,ws, -+ ,wy}. The horizon is finite too, denoted by periods:= {t;,ts, - ,tr}.
Playeri’s action at period is denoted bys; ;. Vt € T,a, € A, = HfAi’t’ whereA; is

1€

finite. For simplicity, assume that € 7, Vi, j € I, A,, = A;, = A,. This simply means
that all the players share the same action space over time.

Each playeri has a subjective belief about the probability distribution of the state,

denoted byr; (w). Vi € I,Vw € Q,7; (w) > 0. (Better to assume different marginal

utilities??)

2.3.1.1 Information Structure
The information structure for playérat periodt is represented by a mathematical

partition S; ; over the state spade. We denote by;; (w) the partition member i%;;
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containing the state. Vi € I,t € T, s;; : Q — 22\ ¢. In other wordss;; (w) consists of
all the possible states playebelieves he might be in when the statés realized at period
t. For examples;; (w1) = {w1,w2} Means that at periotiplayeri believes he might be
either inw; orw, whenw; is realized.

The following are some simple features with respect to the information structure:

(D) Vw,w" € Q, 8,4 (W) # si¢ (W) = 554 (w) N s (W) =0

(2) U sit(w) =9

=)

(3)Sit = {sit(w) :w e Q}

At the beginning of period, player: receives some private information, represented
by Sgt. Hence the information playerhas at the beginning of periagds the total of

his private information at periotland the information he has at the end of pericd 1.

_ Q0 R
Si,t - Si,t ﬂ Sz}tfl'

A player’s strategy consists of two components: information strategy and action
strategy.

A player’s information strategy, denoted By, is a map from the information profile
at the beginning of periotlto the set of partitions over the state sp&ce et p;; (w) be
the partition member i, ; (S;) containing the state. Vi € I,t € T,Vw € Q, p;; (w) 2
si+ (w). This simply means that players can choose to forget some information on
the states at the beginning of each period of time. Bet (P4, Poy, -+, Pry) and
P=(P,P,- -, F)

A player’s action strategy, denoted by, is a function from his information strategy
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to his action spacevi € I,t € T, 0, : P,y — AA;. Leto, = (014,024, ,014) and
0 = (0-170-27 e 70-1)-
A player’s payoff is a real-valued function dependent on both states and all the players’

strategies over the time; : Q@ x [[ oy — R.
teT

2.3.1.2 Strategic Learning

Players are assumed to be smart in a sense that they can actively learn state information
from how other players behave and the learning has an immediate effort on players’
behaves. We assume thét < 7', the additional information revealed from actions is
public, denoted by, ;. sq+ : K; — 2\ p, wherekK, is the largest subset 6f x A, such
thatV (w, a;) , (W'.a}) € Ky ar # ay = w # W',

We assume the additional information must satisfy the following conditions:

AV (w,a), (W.a}) € Kiyar # a} = Sar (wyar) N Sap (W a)) = ¢

OV (w,ar), (W.a}) € Ki,ar = a; = Sqp (w,ar) = Sayt (W, ay)

B)V (w,ar), (W.a}) € Ky, Sap (W, ar) # Sar (W', a;) = Sap (w,ar) N ser (W ay) =

(M U sat(wa) =0

(w,ar) €Ky

The partition based on the additional information at pericgldenoted by, ;, where
Sat = {Sat (w,at) : (w,a;) € K;}. The refined information for playerat periodt,
denoted b f’; Is the total of his private information updated by the information strategy
and the additional informatiorﬂft = P, () S, Let sft (w) be the partition member in

SE containing the state.
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2.3.1.3 Imperfect Memory

The concept of information strategy captures the key idea of imperfect memory. Player
i is forgetful at period, if S;; < P, (S:) (P (S:) is coarser thar; ;). Under this
assumption, a player’s information partition can be coarser and coarser over the time when
the player chooses to be forgetful, as opposed to what is assumed in the standard literature.

Just to put an emphasis on this assumption, we write down these observations below.

Yw € Q, Vi, ty €T,

ty <ty # pit, (W) C pig, (W)

Vw € Q,Vty,ty € T)V (w,ay,) € Ky, V (w, ay,) € Kyy,
t <ty # Sau, (W, a1,) C Sy, (W, a4,)
2.3.2  Equilibrium
Now we are ready to give the definition of an Equilibrium for this game.

Definition 11 (P, o) is an equilibrium of the gam@; 2; T'; A; ; S; u) if

Viel, (P, o0;) € arg r}ga)lc B (w)wen [uz (w,0%,0_;) |Sf?1]

It is worth noting that in the above expression, the information stratégffects
payoff not only through the action strategy, but also through the refined information

partition S

Proposition 12 (Existence) There exists an equilibriundP, o), defined above, for the
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game(l; Q) T; A;m; S; u).

Proof. The game has finite number of players, states, periods and actions, hence an

equilibrium always existsm

2.3.3 Necessary Conditions

Proposition 13 If in equilibrium player: has strong incentive to be forgetful, then there
must exist another playersuch thati and j have negatively correlated preferences. Here,
the negatively correlated preferences betweand j means thatjw,w’ € Q,b € A;, ¢ €
Ajui(wya; =b,aj=c¢, ) > (W,a;, =b,a; =c,---)andu; (w,a; =b,a; =c¢,--+) <
u; (W' a;, =b,a; =c,---).

Proof. Suppose not. Then for any playgother than, i and; do not have negatively cor-
related preferences. Thismeans v’ € Q,b € A;,c € Aj, u; (w,a; =b,a; =c¢,---) >

w; (W,a; =b,a; =c,---)impliesu; (w,a; =b,a; =c¢,---) > u; (W,a; =b,a; =c,---).

This indicates that the action profile chosen by players in equilibrium in stat@# be

exactly the same as the action profile chosen in equilibrium in statl this case, no

matter how much information players have, the equilibrium remains the same. Therefore,

player: will have no strong incentive to be forgetful, which causes the contradicibn.

Proposition 14 If in equilibrium player: has strong incentive to be forgetful at perigd
then it must be the case thatactions would reveal additional information if he chose not
to be forgetful. That i/ # P, ;.

Proof. We prove by contradiction. Suppose not. Then there exists an equililyfue)
whereS; ; < P, (S) such that
(1) Ewi(w),wGQ [uz <w7 Oi, O'fi) ‘Sfl] > Eﬂi(w),wEQ |:/U/z (wa O';, O-fi) ’Sﬁl} vpi,7t 7é Pi,t and
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(2) ST, = Py

Now consider player at periodt. If he chooses not to be forgetful, then his expected
payoff will be

B w)wea (Ui (W, 03 (Si) 0 (P=it)) |SE] = Erwywea (Ui (w, 03 (Six) 0 (P=it)) |Sidl,
sinceS; = P, (S;) = Siy-

If he chooses to be forgetful, then his expected payoff will be

Erwywea [ti (W, 00 (Piy) 0 (Poiy)) [SE] = Erywywea [ui (w, 04 (Pig) 0 (P-i1)) | Pidl.

It is easy to see that

Erywywen i (w0, 05 (Sie) ;03 (Poir)) [Sit] > Eriwywen [wi (W, 05 (Pir) ;05 (P-iz)) [Sf7]

sincesS;; < P;;. This gives a contradiction to (1)

2.4  Conclusion

The relationship between information and welfare is not necessarily positive. In some
situations, people have strong incentive to remain ignorant even though the learning is
costless. This paper tries to establish a general model to study the behavior of rational
ignorance, and two necessary conditions for rational ignorance in symmetric games are
provided. These results will have important applications in policy design: it might be
desirable to have social institutions under which some records are destroyed after a period
of time.

For future work, it would be both important and interesting to characterize more
features of the rational ignorant phenomenon. We also seek to find sufficient conditions

for players being forgetful in equilibrium, if there is any. A more accurate and complete
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answer to the question about the relationship between how much we know and how well

off we are would lead to a better understanding of how people behave in the real world.
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Chapter 3 The Robustness of Bubbles in a Finite Horizon Model

3.1 Introduction

The robustness of bubbles has been one of the important and diffcult topics in the study
of bubbles in asset markets. On the one hand side, we do see many economic phenomena
presenting bubble features (for instance, internet bubbles and housing bubbles) in the
real world persist for a long time period. On the other hand side, most economic models
of bubbles are not very robust to perturbations. In other word, the existence of bubbles
in these models requires strong conditions to be satisfied, and the bubbles will easily
disappear if small changes in the parameters occur. Therefore, economists have been
looking for a model of bubbles with the robustness feature, which can better interprete the
real world phenomena.

Among all the models of bubbles, Allen, Morris and Postlewaite (1993) and Abreu
and Brunnermeier (2003) are particularly two different frameworks that well explain
the bubble stories based on the assumptions of asymmetric information and short sales
constraints. However, these models do not present a roubustness feature. Under a small
perturbation of certain parameter in the environment, the bubble equilibrium can crash
immediately.

According to the author’'s knowledge, Doblas-Madrid (2009) is the first to provide
a robust model of bubbles with multidimensional uncertainty based on the Abreu and

Brunnermeier (2003) framework. In the model, agents observe a noisy price that reflects a

71



mix of noise and sales, and receive signals that indicate that the asset is over priced, but do
not know exactly when the bubble crashes. This multidimensional uncertainty leads to a
robust bubble equilibrium.

However, the finite horizon setting of Allen, Morris and Postlewaite (1993) is different
from the infinite horizonframeworks following Abreu and Brunnermeier (2003), hence
it is hard to construct a robust model based on Allen, Morris and Postlewaite (1993) by
simply borrowing the tricks in Doblas-Madrid (2009). Conlon (2010) proposes that the
introduction of continuum of states can lead to a robust bubble equilibrium where each
bad type of the seller pools with some good type of the seller.

In the following, we will first study the bubble examples in Zheng (2011) based
on Allen-Morris-Postlewaite model and focus on the symmetric case. We define two
class of symmetric perturbationstrongly symmetric perturbatioreandvery symmetric
perturbations Then we show that these bubbles are robust to bmtimgly symmetric
perturbationsin beliefs andvery symmetric perturbatioria dividends, but not robust to
general perturbations.

In order to have a robust bubble example, we need to assume that the states are
continous rather than discrete. We construct a new three-period two-agent robust bubble
example where small variations in parameters do not eliminate the bubble equilibria. The
key idea is that in equilibrium each bad type of the seller pools with some good type of
the seller and hence it is impossible for the buyer to separate the bad states from the good

states. This provides a new answer to the question: How robust can rational bubbles be in
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a finite horizon model?

The next section of the essay introduces Zheng (2011)’s basic setting with discrete
states following AMP (1993). Section 3 defines the concept of symmetry and symetric
perturbation, and focuses on two certain classes of symmetric perturbations. Section 4
shows that the bubble example we described above is robust to both strongly symmetric
perturbations in beliefs and very symmetric perturbations in dividends. Section 5
constructs a continous-state example where the bubble is robust. Section 6 provides
concluding remarks and directions for further study.

3.2 The Discrete-State Model
3.2.1 Basic Setup

As in Zheng (2011), there arfe(> 2) risk neutrat® agents{=1,2,--- ,I), T (> 3)
periods { = 1,2,--- ,7) and N (> 2) states of the world represented by 2. Only 2
assets exist in the market: one riskless (money) and the other risky. There is no discount
between any two periods. Each share of the risky asset will only pay a state-dependent
dividend denoted by (w) at the end of period’.

Agenti is endowed withim; units of money ana; shares of the risky asset at
the beginning of period. In each period and in each realized statg agents
can exchange claims on the risky asset at a state-and-period-dependent price
P, (w). Agenti’'s net trade in period when statev is realized is denoted by

zy (w), and we writez; = (v, %, -, Tir), Tt = (Tig, T, -+ ,Tp), and

Agents are assumed to be either risk averse or risk neutral in AMP (1993). Here for simplicity, | only
consider the case of risk neutrality. All the results will remain valid for the risk averse case as long as the
potential gain from trade is high enough.
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x = (1,29, -+ ,x7). Hence agent’s final consumption in state with net trades; at
price P (w) = (Pl( ), Py (w), -, Pr(w)), denoted by, (w, P (w), z;), is equal to
m; + e;Pp (w an [Py (w) — P, (w)], wherePry; (w) = d (w). Letu, (-) be
agenti’s utility functlon. Then agent’s utility in statew with net trades:; at priceP (w),
is u;(y; (w, P (w),z;)). For simplicity, assume that, (-) is the identity function for ali.
Each agent has a subjective belief about the probability distribution of the state,

denoted byr; (w).2'Vi=1,2,--- , I,Yw € Q,7; (w) > 0.

3.2.2 Information Structure

At the beginning of each periad before observing the current price and making the
trade, agent’s information about the state is representedshy a partition of the space
), and his price—and-trade-refined information is represente§,By?® We denote by
si (w) (s5X (w)) the partition member it%;; (S;) containing the state. In other words,
sit (w) consists of all the possible states agebelieves he might be in when the state
is realized in period. For examples;; (w1) = {w1, w2} means that in periodl agent;
believes he might be either iy or w, whenw, is realized.

SEX is determined by Sy, P;, z;) such that

Vw € Q, 55X (W) = sy (W) N{W|Py (W) = Py (w) andazy (W) = 2y (w) V' < t}.

We may either assume same utility function with heterogeneous beliefs, or assume common prior with
different utility functions, in order to give agents an incentive to trade. Here we adopt the former one and in
the next version we may also consider the latter. For other approaches to induce trade, see AMP (1993) for
details.

In the AMP (1993) model, they only focus on the price-refined informa$ifin In their model it is assumed

that the trades are not common knowledge and hence agents cannot get additional information from trades.
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ObviouslyVi = 1,2,--- , I,Vt =1,2,--- | T,Vw € Q, {w} C sEX (w) C 55 (w).

We assume agents have perfect memory so that

Vi=1,2,---,I,Yw € QVt > t', 5 (w) C s (w).

Obviously this implies that

Vi=1,2,---,1,Yw € QVt >t sH% (W) Cshi¥ (w).
3.2.3 Rational Expectations Equilibrium

Definition 12 (Information Feasibility) Agenti’s net tradesz; are information feasible
if in each periodt, x;; is measurable with respect to playés price—and-trade-refined
information,SEX. Formally, z; are information feasible if

Vi=1,2,- ,T,Yw € Q, 55" (w) C{w : 2 (W) = 24 (W)} .

Definition 13 (No Short Sales) Agenti’s net tradesz; satisfy no short sales if in each
periodt and in each state agenti’s holdings of the risky asset are non-negative. Formally,
x; satisfy no short sales if

t
Vt=1,2,--- ,T,VwEQ,ei—l—int(w)ZO.

s=0

Denote byj; (w) the join of sy; (w) , s2r (W), -+ -, s (w),” and bym, (w) the meet of

s1¢ (W), S9¢ (W), -, 81 (w).2°

Definition 14 (Rational Expectations Equilibrium) (P, z) € RY" x R""T is a Rational
Expectations Equilibrium if

(CVi=1,2,--- 1, z; are information feasible and satisfy no short sales. Denote the
set of all SUChUi’S bsz (Gi, P, T_j, SZ), WhereSZ‘ = (Sﬂ, Sig, cee ,SiT);Sl

The joinj; (w) of s1; (w) , st (W), - -+, 8¢ (w) is such that (1yi = 1,2, -+ , I, j: (w) C s (w) and (2) for
all j; (w) satisfying (1)j; (w) C j: (w). Itis also called the coarsest common refinement.

The meetn; (w) of s1; (w), s9r (W), -, s (w) issuch that (1yi = 1,2,--- , I, s; (w) C my (w) and
(2) for all m} (w) satisfying (1),m: (w) C mj (w). Itis also called the finest common coarsening.
Sincevz; € F;, z; are information feasiblel; depends on the information structusg the pricesP, and
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(C2)Vi=1,2,--- I, 7; € argmaxy cr, (e, Pa_,, Zm wi(y; (w, P, at));%

weN
(C3Vt=1,2,---,T,Yw € Q, szt = 0;
CaHyvt = 1,2,--- T, P, () |s measurable with respect tf (w). Formally, Vt =

Basically, (C1) describes the feasible set of trade for each agent, (C2) says that each
agent maximizes his expected utility given his price-and-trade-refined information,
(C3) requires that the market should clear in equilibrium, and (C4) implies that all the

information contained in price is from the join of the individual information.

3.2.4 Different Concepts of Bubbles

Definition 15 (Expected Bubble) As in AMP (1993), an expected bubble is said to exist
in statew in periodt if in statew it is mutual knowledge that the price of the risky asset in
periodt is higher than the expected dividend an agent will receive, that is

1
Vi=1,2,--- I P(w)> Y mW)d(W).

()
Z i (Ld ) w'eshX (w)

w’EsﬁX (w)

Definition 16 (Strong Bubble) Asin AMP (1993), a strong bubble is said to exist in state
w in periodt if in statew it is mutual knowledge that the price of the risky asset in petiod
is higher than the maximum possible dividend an agent will receive, that is

Vi=1,2,--, [,V € shX (W), P (w) >d ().
As seen from above, the concept of strong bubbles strengthens the concept of expected
bubbles in a way that it requires that the asset price be higher than the maximum possible
dividend, not just the expected dividend. As will be seen below, another way to strengthen

the concept of expected bubbles is to require common knowledge instead of mutual

other agents’ trades_;. Sincex; satisfy no short saleg;; depends on the endowment That's why it is
written asF; (e;, P, x_;, S;).

Another perhaps more intuitive way to express (C2) is (€2% 1,2, -+ , I, x; € argmaXy: e F, (e, Px_,.5:)
E; [u; (y; (w, P,2})) |SEX]. Itis easy to see that (C2') is equivalent to (C2).
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knowledge. This requirement is reasonable since in the real world people’s behaviors do
not only depend on their own beliefs, but also depend on others’ beliefs, others’ beliefs on
their own beliefs, and so on. Therefore, we might expect to see something different when

common knowledge is introduced into the concept of bubbles.

Definition 17 (Common Expected Bubble) A common expected bubble is said to exist
in statew in periodt if in statew it is common knowledge that the price of the risky asset
in periodt is higher than the expected dividend an agent will receive, that is

1
Vi=1,2,---, 1,V € mI* (w), P, (w) > Z i (W) d (W) 7
Z 5 (w,,) w”ESﬁX(w’)

w”EsﬁX(w’)

3.3 Symmetric Perturbation

According to AMP (1993), by the nature of the model, such a bubble is not robust,
neither to perturbations in beliefs nor to perturbations in dividends. However, for an
economy with symmetric structure, we find that the equilibria with these bubbles, though
are not robust to perturbations in a general sense, but might be robust to perturbations in a
symmetric sense.

In this section, we focus on three-period models with a symmetric setting.

Definition 18 (Symmetry) The model has a symmetric setting if forany=1,2,--- , I,
there exists a bijective mappidgfrom {1,2,--- /N = |Q|} to{1,2,--- , N} such that for
anyt =1,2,3,
(1) Sit = S;|L, whereS;,| L is j's relabelled information partition at underLZ;
(2) m; (wy) = T (wL(n)) ,
) d(wy) =d (wrm));
(4) (ms, ei) = (my, e5).

T mPX (w)is the meet ok X (w), DX (w), -+, sEX (w).
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Basically equation (1) means that it is information-symmetric. Similarly it is

belief-symmetric by (2), dividend-symmetric by (3), and endowment-symmetric by (4).

It should be noted that the symmetry assumption is more than assuming symmetry
w.r.t information, symmetry w.r.t. dividend, symmetry w.r.t. belief, and symmetry w.r.t.
endowment, respectively. That is because we require the same mdpfangonditions
(2)-(3) to be satisfied.

We call (w,,,wy(,)) a symmetric pair of states for agerand; if L (L (n)) = n.

Recall that a state where there is a strong bubble is calbedbble statedenoted byv*.

A zero-dividend state is calledmubble-related statéor agent:, denoted byu*?, if (1)
it is not a bubble state and (2) ageérttannot tell the difference between this state and the
bubble state in the first period. Note there may be more than one bubble-related state for
agent.

A zero-dividend state is calleddummy statgo?”, if when this state is realized (1) no
agents are sure about their future payoff in the first period and (2) all of them know that
the asset is worthless in the second period. A dummy state is necessary for a strong bubble
to exist in equilibrium in our model because of the equilibrium conditions.

In a three-period model, bubble bursts in the second period, which implies that in a
bubble state all agents know that the asset is worthless in the second period. This is the
same feature between bubble state and dummy state. The difference is that in the first
period in a bubble state all agents know that the asset is worthless while in a dummy state

they are not sure about the value of the asset.
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For instance, in the example of bubbles in Section 3, the setting is symmetric, and for

1= A, j = B, we have the relabelling function
n+3ifn=1,2,3
Lin)=q¢ n—3ifn=4,5,6 .
nifn=71778

It is easy to see thdtv,, w,), (w2, ws), (w3, ws) (w7, wr), (ws,ws) are symmetric pairs of
states. Here; is the bubble stateys is the bubble-related state for agehtws is the
bubble-related state for ageBt andws is the dummy state.

Now we are ready to give a definition to the symmetric perturbation.
Definition 19 (Symmetric Perturbation) For a model with symmetric setting, a pertur-
bationn : Q© — R is Symmetric if for any symmetric pair of states,,,w,),m,n €

{172’... ’N},
1 (Wm) =1 (wn) -

Even though mathematically symmetric perturbations are of measure zero when we
consider the whole family of perturbations, it does make economic sense to look at this
particular type of perturbations. First, economic systems function in a way that same
or similar shocks are received in symmetric states. Second, symmetric states may be
generated by the same fundamental factor, and hence should be perturbed by the same
amount.

In addition to symmetric perturbations, we can have even stronger concepts for
perturbations.

Definition 20 (Very Symmetric Perturbation) For a model with symmetric setting, a
perturbations : 2 — R is Very Symmetric if (1) it is Symmetric;

and (2) for the bubble state* and the dummy state”,
(W) =n(w").
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It is straightforward to see from the definition that a very symmetric perturbation
requires same perturbations not only for a symmetric pair of states, but also for a pair
of bubble state and dummy state. Since in both bubble state and dummy state the asset
is worthless and this becomes agents’ mutual knowledge in the second period, it is
reasonable to think about the situation where the dividend perturbations for a pair of
bubble state and dummy state are the same.

Definition 21 (Strongly Symmetric Perturbation) For a model with symmetric setting,
a perturbationn : 2 — R is Strongly Symmetric if (1) it is Symmetric;

(2) for the bubble state* and the dummy state”
n(w) =—n(w”);

and (3) foranyi = 1,2,--- , I, for the bubble state* and all the bubble-related state(s)

o ) _ Yy
m (W) Yo (W)

A strongly symmetric perturbation is different from a very symmetric perturbation in

two ways. First, for the pair of bubble state and dummy state, the former requires the
same amount toward opposite directions while the latter requires the same amount toward
the same direction. Second, for the bubble state and all the bubble-related state(s), the
former requires the amount proportional on the prior while the latter has no restriction on

it. A strongly symmetric perturbation makes sense when we consider a perturbation in
beliefs. Condition (2) can be interpreted as the following: if you increase the probability
for the bubble state, you have to decrease the probability for the dummy state by the same
amount. Condition (3) is reasonable because it requires the perturbation in beliefs does not

affect agents’ beliefs of having a strong bubble when the bubble state is realized in the first
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period.
As will be shown next, these two particular types of symmetric perturbations are of our

interest because they play an important role in the robust analysis.

3.4 The Robustness Analysis for the Symmetric Case

To illustrate the results, we use the following example of bubbles in Zheng (2011) for
perturbation analysis.

There are agents 4 and B), 3 periods (, 2, and3) and8 states §1, ws, w3, Wi, Ws,
wg, wr andwg). Only 2 assets exist in the market: one is money and the other is called
a risky asset. Each share of the risky asset will pay a dividend of ardatrthe end of
period3 if the state is eithew; or w4, and will pay nothing otherwise, as shown in the

table below.

State w; ws w3 w4 Wy W Wy Ws
dw) 4 0 0 4 0 0 0 O

Each agent is endowed with; unit of money and share of the risky asset at the

beginning of period. Agents can trade in each of peribd2, and3. In period3, after the
trade is made, the dividend is realized, and then the consumption takes place.
Agenti’s (1 = A, B) information about the state in periodt = 1, 2, 3) is represented

by S;;, a partition of the spac@. The specific structures ¢f;’s are given by
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SBl
Saz
Spa

SA3

{{wi, wa, w3, wa, ws, ws b, {we, wr}}
{Hwi,wa, wa, ws, w6, ws ) {ws, wrt}

w1, wa,ws} s {ws, ws}, {ws, wrt, {ws )}

= {Hwas,ws,we} s {wr,wat, {ws, wrt, {wst

= Sps = {Hwr} {wa} {ws), {wa} {ws), {we} s {wr} {ws) -

Agents have heterogeneous beliefs, as shown in the table below with \}Véigh%.

State w; wy; w3 ws Wy wWg Wr Wy
TA 21 1 1 2 1 1 7
TR T2 1 2 1 1 1 7

Recall that the equilibrium is characterized by the price table and the trade table below.

W1 Wy W3 Wg Wy Wg Wy Ws
Plw 1 1 1 1 1 1 1 1
Plw 2 2 2 2 2 2 0 0
Psw) 4 0 0 4 0 0 0 0

Vw e Qaa (W) =2p1 (W) =243 (W) =23 (W) =0

State W1 W2 W3 Wg Wy Wg Wy Ws
T (@) T 1 1 =1 -1 -1 0 0
a2 (@) T 1 11 1 1 0 0
Taz(w)+2p(w) O 0 O O O O 0 O

There are potentially two ways to make perturbations: one is through belief distribution

and the other is through dividend distribution.
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3.4.1 Belief Perturbation

State w1 o)) ws Wy Wk We wr ws
TA 2—|—€A71 1—0—81472 1—|—€A,3 1+€A,4 2+€A,5 1+5A,6 1+€A’7 7+5A,8
TR 1+5B,1 2+5B,2 1+5B,3 24—63,4 1+5B,5 1+5B,6 1+5B,7 7+5B,8

Suppose the original equilibrium is the one with a bubble in petiodstatew,, which
was shown previously. Now for each statg, the associated belief, (w,,) (or denoted by
;. for simplicity) for agenti(: = A, B) is perturbed by a very small amount,, where
> 1<n<s€in = 0,1 = A, B. Suppose the information structure remains the same and the
agents trade the same way in the new equilibrium as before, then it suffices to have the

new equilibrium prices satisfy the following equations, denotedlb

Py (w,) = dp,n=1,2,---8.

Py (w ) = dy (a1 +ea1) +do (Tag +€a2) + ds (Tas+eas)
2 (Wn=123 TAl+Tas+Tas+eal+cEa2+cEas .
dy (Tpa+epa) +ds (Tps +€p5) +de (Tps +Ep6)

T4+ Tps+TBe T+ EBa+EBs T EBG

Py(w,) = dy,n=T7,8.

Py (wp—ap6) =

Py (we) (mae +ca6) + Po(wr) (Tag+can)
MTAe+ TA7+EA6 T EAT
Py (w3) (mps+eps) + P (wr) (mpr +epy)
T3+ Ter+EB3+EBT
Y i<n<gnzer P2 (@n) (Tan +€an)
Z1gn§8,n;ﬁ6,7 (Tan +€an)
Y i<n<gnzsr P2 (@n) (Tpn +€B0)

Zlgngs,n;é:s,? (T +€Bn)

Py (wn,lgngs)

83



3.4.1.1 Strongly Symmetric Perturbations
If the perturbation is strongly symmetric, then by definition we have the following

conditions.

€41 = €B4,EB1 =E€Aud,
€42 = €EBp5,EB2 = EApS,
€43 = €B6,EB3 = €AB,
€A7 = €EB7,EA8 = EBS,
€A46 = €A77 = —EAgB-

Keep in mind thatP; (w7) = P, (ws) = 0 in our example, which means that the
price of the asset is zero in both bubble state and dummy state in @erlddte that
Py (w*) = Py (wD) = 0 is not necessarily true in general, but it always holds for a
three-period model with a strong bubble in equilibrium.

Consider the prices specified below. It is easy to check that these prices automatically

satisfy the set of equatiorisP.

P3(wn) = dp,n=1,2,---8.

4(24ea1) .
P2 (wnylgngﬁ) = 4+6A,1+€A,2+6_A,3 if 1 S n S 6 .
0 ifn="7,8
2 (2 + 51471)

Py (wn1<n<s .
( " _n_) 4d+cea41+ea2teas

This implies that we have found a new equilibrium with the above equilibrium prices.
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The last step is to check whether the coexistence of a strong bubble and a common expected
bubble is still true in period in statew,;. The answer is yes as long as the perturbation
is sufficiently small such thaP, > 2,33 Or —4e41 + 3c42 + 343 < 2. This can be
guaranteed by assumimgax;_4 g 1<n<s |€in| < % Therefore, the bubble in our example
is robust to any strongly symmetric perturbations in beliefadk; 4 5 1<n<s |€in] < é

It is also worth noting that this result can also be applied to a more general case where
the overpriced asset is not necessarily worthless. As long as the dividend in the bubble
state and dummy state are the same= ds), henceP; (w;) = P, (wg), then we still have

the same result.

3.4.2 Dividend Perturbation

State  w; Wy W3 W4 Ws W W7 Ws
d(CU) 4+51 62 (53 4—}-(54 (55 56 57 68

Suppose the original equilibrium is the one we studied before. Now for each state

wn, the associated dividend), is perturbed by a very small amouf)i. Suppose the
information structure remains the same and the agents trade the same way in the new
equilibrium as before, then it suffices to have the new equilibrium prices satisfy the

following equations, denoted iy P.

33 The number‘; was obtained when we check the existence of a common expected bubble in Section 3.
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Py (wn—456)
P2 (wn>

Py (wn,lgngs)

dy +60,n=1,2,---,8.

7TA,1 (dl + 51> + ,/TA’Q (dQ -+ 52> + ’/TA,g (dg + (53)
MA1l+ Ta2+TA3 .

mpa(ds+64) + s (ds + 05) + e (ds + J6)
T4+ Tps+ TBe -

d, +0,,n="78.

TaePs (W) + TarPs (wr)
TAe+ TA7
mp3Ps (w3) + 7P (wr)
T3+ TB7
Z1§n§s,n¢6,7 Tan2 (Wn)
Z1gn§8,n;ﬁ6,7 TAn
Z1gn§8,n;ﬁ3,7 Tl (Wn)

Zlgngs,n;é?,,? TBn

3.4.2.1 Very Symmetric Perturbations

If the perturbation is very symmetric, then by definition we have the following

equations.

5 = b,
by = s,
03 = Jde,
0y = 0s.

Consider the prices specified below. It is easy to check that these prices automatically

satisfy the set of equatior3P.
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Py (w,) = dp+,,n=1,2,---8.

2 toetds jif | < p < 6
Py (wni<n<s) = { + 4 - o

On ifn="7,8
201 + 09 + 05 + 407
S .

Py (wn,lgngs) = 1

This implies that we have found a new equilibrium with the above equilibrium prices.
The last step is to check whether the coexistence of a strong bubble and a common
expected bubble is still true in periddn statew,. Similarly, the answer is yes as long as
the perturbation is sufficiently small such that > S or21 + 6o + 03 + 467 > —%. This
can be guaranteed by assumingx; <, <s |9, | < % Therefore, the bubble in our example
is robust to any very symmetric perturbations in dividendsdk; <,,<g [0, < %

Similarly here we don’t necessarily require tlhiat= ds = 0. The result holds as long

asd; = dg, which impliesP; (w;) = P (ws)-
3.5 A Robust Bubble with Continuous States

3.5.1 Exogenous Setting
There are2 agents (Ellen and Frank3,periods (, 2, and3) and continua of states
Q = {ba, el 8. €55, €55, 55, 1. 155, fShlen, B € 0,1] 1. Only 2 assets exist in the
market: one is money and the other is called a risky asset. Each share of the risky asset
will pay a dividend of amount at the end of period if the state is eitheeg’ﬁ or ffﬁ for all
B € [0,1], and will pay nothing otherwise.
Each agent is endowed with; units of money and share of the risky asset at the

beginning of period. Agents can trade in each of period2, and3. At period3, after
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the trade is made, the dividend is realized, and consumption takes place.

Ellen and Frank have common priors with probability density functidw) = % for
allw € Q. Itis easy to check thaf, 7 (w) dw = 1.

Their marginal utility levels are given by the table below.

State b, el fB el e5y 5y fis fih fib
MUg (w) « a? —nga_fﬁ;rm B 52 53 23 62 253
MUp(w) o M o 28 5 28 5 g 5

Let Ellen’s periodl information sets be

B
ar €q

EZ ={b
E§ = {ef e3¢5}
EBuyeT = {ffaff@vf%af??ﬁ’()é?ﬁ S [07 1]}

And Ellen’s perio® informations sets are

Egm = {ba}7E222 = {elGB} ) E232 = {flGB}
{ea} Eg = {e55, €55}

EBuyerQ = {ffaf%vf:%|a’6€[0’1]}

&
2 &
|
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By symmetry, Frank’s period information sets are
EP = {ba, P}
F§ = {f{b: f33 f35}
FBuyer - {657 efﬁa egﬁ7 €§ﬁ|a7 5 € [07 1]}

And Frank’s perio® informations sets are

Fgm = {ba}aFgm: {fﬁa}7F/(3)32 = {Q?B}
Fop = (S0} S = {15 15}
FBuyer2 = {657 62Gﬁ> €§6|a7ﬁ € [07 1]}

At period3, all the information becomes perfect.

3.5.2  An Equilibrium with a Bubble

We are interested in the equilibrium where there is a strong bubble. The equilibrium
can be decomposed into 3 cases according to which states of the world occur:

(1) Nature chooses. (this is the pooling case, where the buyer cannot distinguish
the bad seller identifed by from the good seller identified by = @), the

equilibrium prices and trades are given in the following tables.
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State b, e B
P1 (w) Plé()é) P1 EO&) P1 (a)

PQ(CU) P2 Oé) PQ(@)
Py(w) 0 0 0
1+2a—+1+ 4« 1+2a—+1+ 4«
Py (a) = , Py (a) = )
2(1+a) 20

Py (a) = PF(B), Py (a) = Py (8) wherea = § + 32

Vw € Q2 (W) = 2 (W) =2F (W) =2 (W) =0

State bo €2 fB
¥ (W) 0 -1 1
ol (w) o 1 -1

P(w)+zf'w) 0 0 0

(2) Nature chooses € [0, ‘/52‘1} (this is the pooling case, where the buyer cannot

distinguish the bad seller identifed bay= /3 + /3* from the good seller identified hy),

the equilibrium prices and trades are given in the following tables.

a q G a €] €]
State €13 €33 €33 flg f2ﬁ f3,8

P (w) PM(B) PM(B) PU(B) PF(B) PE(B) PL(p)
P (w) 0 Py (B) Py (p) 0 Py (B) Py (B)
Ps (w) 0 0 1 0 0 1

Vw € Q,2F (W) =28 (W) =2f (W) =28 (W) =0

State e €S &5 fh fh Ji
7F () 0 -1 -1 0 1 1
2E (W) 0 1 1 0 -1 -1

Fw+alw) 0 0 0 0 0 0
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(3) Nature chooses € (\/52‘1, 1] (in this case the good seller can identify himself), the

equilibrium prices and trades are given in the following tables.

State ef,  f, o  fi  f [
Pi(w) PI(3) PI(B) PI(B) PI'(B) PI(5) P(5)
Prw) 0 BB BB 0 BB PG

P (w) 0 0 1 0 0 L
25" (1+8) 23
Pl () = e Py (B) =
(1+28) (1+8+ 5 1+26
Vw € Q, 2 (w) =28 (w) =0
State ey €Sy e [h Ish [sh
3;‘15 (w) 1 1 1 -1 -1 -1
o (w) -1 -1 -1 1 1 1
2Pw+2fw 0 0 0 0 0 0
28 (w) 0 -2 -2 0 2 2
oF () 0 2 2 0 -2 -2

sV(w)y+zfw) 0 0 0 0 0 0
It is easy to see that in periddat stateb,,, there is a strong bubble, since the price

Py (a) = Y57 s positive while the dividend is zero.

The following analysis will make it more clear why the price and trade tables above
constitute an equilibrium. By symmetry, it suffices to only consider Ellen’s case.
In period1 good Ellen’s confidence level is a function of the sigfal
Mp (e e55) B+ 6

ha (B) = =
My (ef5,¢55,¢55) 1+ B+

And bad Ellen’s confidence level is a function of the sigmal
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hp (o) = Mplea) _ _a
B _ME(ba,eg)_l—l—a

Thus, as long ag is not too big, the bad Ellen of type might be able to pool with
some good Ellen of typg, wherea = 4+ 3%, Sincea € [0, 1], for pooling to be possible,

there must be some solution to the inequality 5% < 1. And this together with condition

B € [0,1] gives the range of for the pooling cases € [O, */52‘1].
3.5.2.1 Pooling States

Let’s consider the pooling case first (The bad Ellen of tyg@olING with some good

Ellen of types € [O, */52*1} wherea = 5 + 5%).

Since at period the bad Ellen of typex = 3 + 3? can pool with the good Ellen of

type 3, Frank in this case only knows he is in some state of 8§t ef;, 5}, 5, } where

_ 2 Qince Mr(e8)A+20)+Mr(e§ss) 30 _ _pap428®  _ p4s’ _ _
a=p5+p S'nceMF(eg)(1+2ﬁ)+MF(efﬁ,egﬁ,egﬁ) B i e () =

hp (o), wherea = § + 2, Frank has the same expected price as the good Ellen ofttype
and the bad Ellen of type = 3 + 5. As a result, there is no trade at perindAnd from

the analysis we know the equilibrium prices must satisfy the following expressions:

B+p

PE(B) = mpz (B)
Pi(a) = 1japz(a)

P (a) = P[(B),P(a)= P (B) wherea = 3+ 3

At period?2, if the state is eitheb,, e?ﬁ, or flGB, the equilibrium price i$ since there is

3 Hered/ (B) =1+ 28.
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35

no private information in that case. If the state is eithféreS; or eS;, Frank cannot tell

difference between them, so he will form an "expected" price equal to

Mp (e55) 5
PL _ 3 d G —
2 (ﬁ) MF (65) (1 + 25) + MF (€2GB’ eg}ﬁ) (635) 1+ B
or
P Mr (€55) 7o J(eGyas_ Lt20— VIt da
> (@) B G .G 1 (e55) * =
My (ef) + My (€55, €55) m 20
where

Py (a) = Py (B) fora =3+ 8°

And in this case Ellen actually knows whether she is a good type or a bad type. If

she is a good type, her "expected" price Wouldﬁ%d (eSGﬁ) = %. Since

E\€253:¢33
% = P{ (B), the good Ellen does not feel bad to sell all of her asset to Frank. If she is a

bad type, her "expected" price would beand she would be happy to sell. This situation
is shown in the trade table.

GivenPf (8) = 12 and P, (o) = H20Y1H1e e can get

14+
3.5.2.2 , )
PLO) = TP O -
«Q 1+ 20 —v1+4a
Pla) = 7 B(e)= 2(1+ a)
where

Heres' (a) \/ﬁ%'
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Py (a) =P () fora =g+ p

3.5.2.3 Nonpooling States

Now let’'s consider the nonpooling case (the good seller of type (\/52‘1, 1] can

identify himself).

At period 1 the good Ellen of typel € (‘/52‘1, 1] actually won't be pooled with any
bad Ellen. And this refines Frank’s information sets. Now Frank knows he is in some

state of sef{e$}, €5y, €5, }, rather than{eZ, ¥, S, e$; } in the previous case. Since

MF(62GB763GB> . 524-263 _ B+252 36 " n H
Vi (6 Gy THPT T Tepead < h¢ (B),%* Frank has a lower "expected"” price

than the good Ellen of typg. As a result, Ellen will be buying and Frank will be selling,
the equilibrium price will be determined from Ellen’s side. And from the analysis we

know the equilibrium prices must satisfy the following expression:

B+B% 4
PH -7 7 p
O )
At period 2, the price of asset for sta@ crashes. For the remaining two state%(
G . Mp(eSy) o 3 Mg(e§y) S . .
andegy), smceMF(ez%’egB) =115 > T4 = M (G5, the equilibrium price will be

determined from Frank’s side. And this price is equal to

Py (B)

_ Mr(es) Loay_ 28
T () T T

Given Py’ (8) = 355, we can get

B+8°
1+5+p5°

B+28°
+A+287 <

1 1 2 1
TF8/24B% = 14B+B% — 2B+25° = TB+B°

94



3.5.2.4
25° (14 )
(1+28) (1+ 8+ 5%

Pl () = L0y

3.5.2.5 Remarks

It is worth noting that:

S
Wi

(1) P (B) = 255 is increasing ing, and for3 € (Y32, 1], PJT (8) € (2222,

]-

S

(2) P# () = 125 is increasing ing, and forj € [0, Va1 PE(B) € [0, 225
(3) there is no overlapping range f& (3) and P£ (3), which makes it impossible
that the good types to pool with each other. And our equilibrium depends on this fact

crucially.
(4) It makes sense that boftf’ and P} are increasing i because the good type takes

the seller’s role at perio@.

(5) Both P and PF are also increasing ifi.

3.6 Conclusions

This essay studies the robustness problem for models of rational bubbles based on
the Allen-Morris-Postlewaite (1993) framework. It is shown that with the discrete-state
assumption the bubbles are only robust to sitbngly symmetric perturbations beliefs
andvery symmetric perturbatioria dividends, but not robust to general perturbations.
However, it is possible to have a continous-state robust model of bubbles where prices
reveals the state information and small perturbations in states do not ruin the equilibrium
in general. This provides a new answer to the question: How robust can rational bubbles

be in a finite horizon model?
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Chapter 4 A Note on "Depth of Knowledge and the Effect of Higher Order
Uncertainty"

Morris, Shin and Postlewaite (1993) show an upper bound of asset prices in Rational
Expectations Equilibrium in a finite horizon model. This note strengthens their result by
providing a tighter upper bound and hence offers a better answer to the question: How

large can a bubble be in equilibrium?

4.1 Basic Setup

There arel (> 2) agents{=1,2,---,1),T (> 3) periods { = 1,2,--- ,T) and N
(> 2) states of the world representedbye €.

Only 2 assets exist in the market: one riskless (money) and the other risky. There
is no discount between any two periods. Each share of the risky asset will only pay
a state-dependent nonnegative dividend denoted(by at the end of period’. Let
d* = max,cq d (w) be the maximal value of dividends. Lgt(w) be the price of the risky
asset in state at periodt.

Each agent has a subjective belief about the probability distribution of the state,
denoted byr; (w). Vi =1,2,--- ,I,Vw € Q, m; (w) > 0.

Each agent’s information about the state at tinieés represented by a patrtition of the
space). We denote by’ (w) the partition member containing the stateln other words,
Py (w) consists of all the possible states ageimlieves he might be in when the statés

realized at time.
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4.2 Definitions and Notations

Definition 22 BLF = {w € Q|m; [F|Py (w)] > p} is the set of states where evehitis
believed with at least probability by player: at timet.

Definition 23 B, F = (\_, BLF is the set of states where eventis believed with at
least probabilityp by every player at time

Definition 24 K, F = {w € Q|P; (w) C F'} is the set of states where evenis known
to be true by player at timet.

Definition 25 K, F = ﬂle K;, F is the set of states where evdniis known to be true
by every player at time. We will say that the evert is mutual knowledge in the event
K. F attimet.

Definition 26 K[ F = K. (Ku(--- K« (F)---)) is the set of states where everyone
knows that everyone knows that that everyone knows’ (to the mth order) at time
t. We will say that the everft is mth order mutual knowledge in the eveiit; F' at timet.

Definition 27 CKF = lim,,_., K} F' is the set of states where everyone knows that
everyone knows that - that everyone knows (to any finite order) at time. We will say
that the evenf’ is common knowledge in the evénk’, F' at timet.

We say an evenkt' is evident attime if FF C CK,F.

We say an event' is evidentp-belief at timet if ¥ C B!, F.

4.3 New Result for Theorem 4.2 in MPS(1995)

Theorem 15 (Theorem 4.2 in MPS(1995)) If every playemp-believes at time that every
player will p-believe at time + 1 that every player wilp-believe at time + 2 that ... every
player will p-believe at tim&" — 1 that the asset is worthless, then the price of the asset at
timet is no more thar{l — p) (T' — t) d*. Thatis

BuBL iy Blr 1y (p) € @ (p) ,where®, (p) = {w € Qg (w) < (1 —p) (T'—t)d"}

Theorem 16 (Stronger Result for Theorem 4.2 in MPS(1995)) If every playep-believes
at timet that every player willp-believe at time + 1 that every player willp-believe at
timet + 2 that ... every player wilp-believe at tim&’ — 1 that the asset is worthless, then
the price of the asset at timtd@s no more than(1 — p” ") d*. That is

BULBY .y Bl (9) C Q4 (p), whereQ, (p) = {w € Qg (w) < (1—p") d*}
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Proof. It suffices to show that for atl, BY,Q; 1 (p) C Q; (p). Supposev € BY,Q;11 (p).
Then each player assigns at most probability — p to states not if;,; (p), where
the price is at most*. At states inQ2;.; (p), the price is at mos(l — pT—H) d*.
Thus, for each, the expectation of the price in the next period is no more than
I-p)d+p(l—-p" " d = 1—p+p—p"')d = (1-p"")d". So

we BYQ (p). A

4.3.1 Remarks:
4.3.1.1 The Comparison with MPS (1995) Result

Leta, = (1 —p" ") d*. a, can be viewed as an upper bound of the price at tinhow
let us compare,; with the value of the upper bound in Morris-Postlewaite-Shin (1995),
denoted by, = min {(1 — p) (T'—t),1} d*.

We know the following mathematical facts:

(1) 1 — p™~* < 1 with inequality being strict fop € (0, 1]; and

(2) 1 — pTt < (1 —p) (T —t) with inequality being strict fop € [0,1) and
t<T—1. (Toseewhyitistruel —p”™* = (1—-p) Sy <(1-p) i1 =
(1—-p)(T'=1))

Thus we have,; < ¢; with inequality being strict fop € (0,1) andt < T — 1.

A complete comparison is shown by the following table:
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Table4.1 The Comparison between andc;

t<T—-1|t=T-1
p=20 a; < ¢ ay = ¢
pe€(0,1) | a; < ¢ a; = ¢
p=1 ay = Gt ay = Ct

Therefore we say; = (1 — pT*t) d* is a tighter upper bound of the bubble price than
¢ =min{(1l —p) (T —1t),1}d".
4.3.1.2 The Tightness of the Result

Actually the upper bound we have found is the best possbile upper bound of the price.
To see this, suppos{ebt}tT:1 is any set of upper bounds that satisfies

BBy Blr—1ySr () € 4 (p) , whereQ, (p) = {w € Qg (w) < i}

It is obvious that, < d*Vt =1,2,--- ,T andbr = 0.

Lett =T —1, thenwe haver(T_l)QT (p) € Qr_1 (p). Thisimplies that for each the
expectation of the price in the next period is no more thign+ (1 — p) d* = (1 — p) d*.

It is easy to construct an example where the expectation of the price afftime

actually equal tq'1 — p) d* (Consider the 2-period case whetd C () such that

ODifwe A

A= {w € Q|r; [QT (p) | Pyr-1) (w)] = p,‘v’i} andd (w) = { J* otherwise

). Therefore,
we must havér ; > (1 —p)d* = ar_;.
Lett = T — 2, similarly we must havebr_; + (1 — p) d* < by_». Sincebr_; >
(1 —p)d*, this implies thabr_» > p(1 —p)d* + (1 —p)d* = (1+p) (1 —p)d* =
(1 —p?)d* = ar_o.

101



Lett = T — 3, similarly we must havebr_» + (1 — p) d* < br_3, which implies that
bros =2 p(l+p)(1—p)d"+ (1 —-p)d" = (1+p+p*)(1-p)d = (1-p’)d" ==
ar_s.

Now if we supposé, > (1 — p’~*) d*, then we can easily have ; > (1 — p" ") a*.
By mathematical induction, we know

VE=1,2,--- T,by > (1—p" ") d" =
4.3.1.3 The Single Player Case

The theorem actually works for every single player.

Theorem 17 (The Single Player Case)For given playeri, if he p-believes at time that

he will p-believe at time + 1 that he willp-believe at time + 2 that ... he willp-believe at
timeT — 1 that the asset is worthless, then the price of the asset atitimeo more than
(1—p) (T —t)d*. Thatis

Vi, BLBY,, - By Q0 () © 4 (p) ,whereQ (p) = {w € Qlg, (@) < (1— ") d"}

Proof. It suffices to show that for all, BL,;.1 (p) C Q (p). Supposey € BLQ,. 1 (p).
Then player assigns at most probability— p to states not if2,.; (p), where the price
is at mostd*. At states i, (p), the price is at mos@ — pT*H) d*. Thus, playet’s
expectation of the price in the next period is no more than p) d*+p (1 — pT*H) d =

(1—p+p—p"Y)d = (1-p'")d. Sowe B (p). M

4.4  New Result for Theorem 4.3 in MPS (1995)
Similarly, we can have a stronger result for Theorem 4.3 in MPS (1995).

LetQr = {w € Qld (w) = 0}.

Theorem 18 (Theorem 4.3 in MPS(1995)) Suppose that, at state®, (i) it is kth order
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mutual knowledge at timethat the asset is worthless’( € [K,,]" Q7),% (i) there exists
a subset of the state spack, such thatF is evidentp-belief at every date following
(F C BYE, forall t' > t), (i) Eistrue (v* € E) and (iv) the depth of knowledge
conditional onE is less than or equal té. Then the price of the asset at stateat timet
isatmost(1 — p) (T —t) d*.

Theorem 19 (Stronger Result for Theorem 4.3 in MPS(1995)) Suppose that, at state,
(i) it is kth order mutual knowledge at tintehat the asset is worthless{ € [K*t]k Qr),
(if) there exists a subset of the state spaEesuch thatE is evidentp-belief at every date
followingt (£ C B, E, forall ' > t), (iii) Eistrue (v* € E) and (iv) the depth of knowl-
edge conditional o is less than or equal té. Then the price of the asset at stateat
timet is at most(1 — p” ) d*.

Proof. by (i) w* € [K.]" Qr and (i) w* € E, we havev* € [K,,]" Qr N E.
It has been proved by mathematical induction in MPS (1995) (Lemma 3.1) that
[K,)* FNE C[K.(|E))" F, for all eventsE, F and integers:

Given the above result, 16t = ;. We immediately get* € [K,,(-|E)]" Q. This
means that it igth order £ conditional mutual knowledge at staté at timet that the
asset is valueless.

It has also been proved in MPS (1995) (Theorem 2.1) that tiiis depth of knowledge
n andA € F, whereF is a partition of(2 generated by the fundamentals, then for
all integersm > n, the eventK[" A is evident." Given this result, condition (iv) and
w* € [Ku(|E)]* Qr imply thatw* € CK,(-|E)Qr. This means that it i conditional
common knowledge at statg at timet that the asset is valueless. In particular, it must

be (T — t)th order E' conditional mutual knowledge at staté at timet that the asset is

There was a typo in the original paper tiatshould be2r instead.
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valueless, that is,* € [K.(-|E)]" " Qr.
SinceK,,FF C K 4F andK,,F C K,,G forall s <t and eventd” C &, we know that
[Ka(-[E)' T Qr € Ku(|E)Kuin) (1B -+ Kugron) (-|E)2r
Lemma 3.2 in MPS (1995) states that #f is an evidentp-belief event, then
K, (F|E) C BPF." Thus we have
K*t('|E)K*(t+1)('|E) T K*(T—l)('|E)QT < Bfth(tH) T Bf(T—l)QT
By our new theorem 4.2, we have
Bfth(H_l) e Bf(T_l)QT(p) g Qt (p) aWherth (p) = {w € Q|Qt ((.O) S (]- - pT_t> d*}

SinceQr(p) = Qr = {w € Q|d (w) = 0}, we havew* € €2 (p). This means that the

price of the asset at state at timet is at most(1 — p” ') d*. m

45 Conclusion

This note provides a new answer to the following specific question: What is a good

upper bound of the prices of an asset in an equilbirium in a finite horizon model?
Compared with the upper bound found in Morris, Shin and Postlewaite (1993), the

one shown in this note is smaller and actually tight. This result helps to improve our

understanding of the size of rational bubbles. For future research, It would be nice and

worthwhile to figure out whether a strong bubble, defined in Allen, Morris and Postlewaite

(1993), with the price exactly equal to the upper bound, can exist in equilibrium or not.
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