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Abstract

Let As be a truncated Toeplitz operator — the compression of the Hardy space
Toeplitz operator Ty to the model space H? ©uH?, where u is a nonconstant inner
function. We find a necessary and sufficient condition that the product Ag, As, is
itself a truncated Toeplitz operator. Specifically, we show that there are algebras
of truncated Toeplitz operators B* (depending on « € C*) such that two truncated
Toeplitz operators have a truncated Toeplitz operator as a product if they are both

in the same B®. Some consequences of this are also discussed.

vi



Chapter 1

Introduction

Let C denote the complex plane, C* the Riemann sphere, D denote the unit disc,
and let T denote the unit circle. H? is the usual Hardy space, the subspace of
L3(T) of normalized Lebesgue measure m on T whose harmonic extensions to D
are holomorphic (or, whose negative indexed Fourier coefficients are all zero). H?
will interchangably refer to both the boundary functions and the functions on D.

Let P denote the projection from L?*(T) to H?, which is given explicitly by the

Cauchy integral:
@,
PN = [ Hzam(@).x e

By this expression, it makes sense to think of P as an operator from L'(T) into
Hol(D), the space of holomorphic function on D, which is continuous relative to
the weak topology of L'(T) and the topology of locally uniform convergence of
Hol(ID). We also see that the reproducing kernel at A € D for the Hardy space is

the the Szego kernel K := (1 —\z)~!. Let S denote the shift operator f — zf on



H?. Tts adjoint (the backwards shift) is the operator

f—1(0)

z

Sf =

A Toeplitz operator is the compression of a multiplication operator on L*(T)
to H?. In other words, given ® € L?*(T) (called the symbol of the operator),
Ty = PMs is the operator that sends f to P(®f) for all f € H% This oper-
ator is bounded if and only if & € L*(T), and the mapping & — T from L
to the space of bounded operators on H? is linear and one-to-one. In the case
that ® € H*, the Toeplitz operator Tg is just the multiplication operator Mg. In
[BH64], Brown and Halmos describe the algebraic properties of Toeplitz operators.
Among other things, they found necessary and sufficient conditions for the product
of two Toeplitz operators to itself be a Toeplitz operator, namely that either the
first operator’s symbol is antiholomorphic or the second operator’s symbol is holo-
morphic. In either case, the symbol of the product is the product of the symbols
(ie TeTy = Tey). From this they derive several results about when a Toeplitz op-
erator is invertible, unitary, or idempotent, and when the product of two Toeplitz
operators is the zero operator.

More recently, Sarason [Sar07] found equivalents to several of Brown and Hal-
mos’s results for truncated Toeplitz operators on the model spaces H2CuH?, where
u is some non-constant inner function. The model spaces are the backward-shift in-
variant subspaces of H? (that they are backward shift invariant follows easily from
the fact that uH? is clearly shift invariant). Let K2 denote the space H?> © uH?
from here forward. Let P, = P — M,P My denote the projection from L? to K2.

Given ® € L*(T) we then define the truncated Toeplitz operator (TTO) Ag

to be the operator that sends f to P,(®f) for all f € K2. Truncated Toeplitz



operators have many of the same properties as ordinary Toeplitz operators ( for
example, Ay = Ag ) but there are also striking differences. For example, there
are bounded truncated Toeplitz operators with unbounded symbols (though any
truncated Toeplitz operator with a bounded symbol is itself bounded). Addition-
ally, symbols are not unique: the same operator can be generated from more than
one symbol, and we say that ¥ is a symbol for Ag if A = Ay. More background
about model spaces and truncated Toeplitz operators can be found in Chapter 3.

One result from the Brown-Halmos paper which does not have an equivalent
in Sarason’s paper is the necessary and sufficient condition for the product of two
truncated Toeplitz operators to itself be a truncated Toeplitz operator. It is easy
to see that the product of two bounded TTOs with holomorphic symbols is itself
a TTO, but the general problem is more delicate. Our results can be found in
Chapter 4. Specificaly, in Sections 4.2 and 4.3 we find two necessary and sufficient
conditions for the product of two TTOs to itself be a TTO, the first of which is a
condition based on the symbol of the operators in question, the second of which
identifies a C*-indexed family of algebras of TTOs and shows that if two TTOs
have a TTO for a product, then all three operators lie in the same algebra. In
Section 4.4 we show that these algebras are the commutants of certain rank-one
perturbations of the compressed shift and their adjoints. In Section 4.5 we also
show that the TTOs in these algebras have bounded symbols in most, but not all,
cases, and in all cases find a symbol algebra for the products of TTOs. Finally, we
discuss invertible TTOs in Section 4.6 and eigenvectors and eigenvalues of TTOs
in Section 4.7.

There are two appendices. Appendix A contains results not directly related to

the main results in Chapter 4, and Appendix B applies the results of Chapter 4 to



the case u = 2" in which TTOs are classical Toeplitz matrices.

In what follows, I refers to the identity operator on whatever space we're con-

sidering, (f,g) := [; fg dm for all f,g € L*(T), and || f|| := v/(f, f). Further, for

f, g in a Hilbert space, f ® g represents the rank one operator f ® g(h) := f (h, g).



Chapter 2

Toeplitz operators on H?

In [BH64], Brown and Halmos provide many results about Toeplitz operators and
how they behave algebraically. For example, an operator T on H? is a Toeplitz
operator if and only if T" = S*T'S. These results motivate our questions about
TTOs as well as the work of others.

If ¢ € L>(T), then T, is bounded. For ¢ € L*(T) T, is densely defined (on

the polynomials). If T, is bounded, however, it follows that ¢ is also bounded.

Proposition 2.0.1. Let ¢ € L*(T) such that T, is a bounded operator. Then

lelloe = [Tl

Proof. Let ky = /1 — |A\]?K denote the normalized reproducing kernel at A € D,
and note [|ky||? = (kx, k) = (1 — |A?) Kx(\) = 1. Thus

[ (Tokx, kx) [ < [Tl



By the definition of the L?*(T) inner product we have

1— AP

(Tokx, kx) = /@(C)m

m(C) = ()

where () is the Poisson extension of ¢ evaluated at A\. Hence |p(X\)| < [|T,|| for
all A and so ||¢]le < [|T5]l-

Now let ¢ € L°(T). Then |[My| = ||[¢|lc on L*(T) and hence ||T,| =
| PMy|| < [|#|lo- The conclusion follows. O

The set of all bounded Toeplitz operators is not an algebra:

Proposition 2.0.2. TuTy is itself a Toeplitz operator if and only if either U or ®

18 holomorphic. In this case, TeTy = Tey.
From this several facts follow, proofs of which are in Brown and Halmos’s paper:
Corollary 1.

1. The product of two Toeplitz operators is zero if and only if one of the two

operators is itself zero.

2. Suppose that Tg is invertible. Then (T@)_1 is a Toeplitz operator if and only

if ® is holomorphic or antiholomorphic.
3. The only unitary Toeplitz operators are the operators T, for ¢ € T.
4. Ty 1s idempotent if and only if ® =0 or 1.
A related question is when two Toeplitz operators commute:

Proposition 2.0.3. Two Toeplitz operators Ty and Ty commute if and only if
both ® and ¥ are holomorphic or both are antiholomorphic, or if one is a linear

function of the other.



Corollary 2. The only normal Toeplitz operators are linear functions of self-

adjoint ones.



Chapter 3

K? and truncated Toeplitz

operators

3.1 The Hilbert space K

From here forward, let u be a non-trivial inner function. K?2 is then a reproducing

kernel Hilbert space with reproducing kernels K} := P,K), = % for A € D.
Note that K7} is bounded for all A and since the span of the reproducing kernels is
dense in K2, K° := L>*(T)N K2 is dense in K2 as well. Thus for any ® € L?, Ag
is densely defined, since its domain contains K;°.

The function w is said to have an angular derivative in the sense of Carathadory
(ADC) at the point ¢ € T if u has a nontangential limit «(¢) of unit modulus at ¢
and v’ has a nontangential limit «'(¢) at ¢. It is known that v has an ADC at ( if

and only if every function in K2 has a nontangential limit at ¢ [Sar94]. Thus there

exists a reproducing kernel function K¢ such that < LK Zf> = f(¢). Specifically, K¢

1—@71

is the limit of K’} as A approaches ¢ nontangentially in the disc and so K¢ = —— 2



If w is a finite Blaschke product, both u and u" are holomorphic in a domain which
compactly contains D and so these boundary reproducing kernels are defined for
every unimodular (.

Just at S = T, define S, := A,. Then S} = A: is simply the ordinary
backwards shift, since K? is backwards shift invariant.

H? = K?puH?, and by using this fact we can decompose H? into the direct sum
of countably many disjoint subspaces generated by K2 using Halmos’” Wandering
Subspace lemma [Hal61], which states that if U is an isometry on a Hilbert space

H and K =H © UH, then

M= (@ U”IC) @ (ﬂ U”H)

n=0 n=0

Proposition 3.1.1.
H = Pu"K;
n=0
Proof. The operator M, is an isometry on H? and so we have that
H? = (@ unK5> @ (ﬂ u”H2>
n=0 n=0

Suppose f € (o, u"H?. If u has a zero at A € D then f has a zero of order co at
A and therefore f = 0.

If, on the other hand, w is singular, then

u(z) = Cexp (— / Tt Zdu(t))

et — 2



where ¢ € T and p is a bounded positive singular measure. It follows that

u™(z) = Cexp (— /0 " ez i zdnu(t))

et —z

where nu is a bounded positive singular measure. Let

$(2) = exp (— /0 K zz te dy(t))

be the singular inner factor of f, where v is a bounded positive singular measure.

If f € u"H?, then it follows that u" divides S, which implies that v — npu is
a bounded positive singular measure. Since v is positive and bounded and pu is
positive, it follows that there is sufficienly large n such that this is not the case,

and as a result f is not divisible by u", a contradiction. Therefore it follows that

* uw"H? = {0} and the claim follows. m
ﬂn—O

3.2 ( symmetry and K2

In [Gar06, GP06, GP07] C-symmetric operators are introduced. Given a C-Hilbert
space H and an antilinear isometric involution C' on H, we say that a bounded
operator 1" is a C-symmetric operator (CSO) if 7% = CT'C. Here by isometric we
mean that (C'f,Cg) = (g, f). Cis called a conjugation operator because if we look,
for example, at the space C™ and define C' to be pointwise complex conjugation, a
bounded operator M on C" is C-symmetric if it is complex symmetric as a matrix.

In L?(T), the operator C'f = uzf is a conjugation which bijectively maps uH?
to zH? and K2 to itself, and so C' can be thought of as a conjugation on K?2. From

here on, C' always refers to this operator. We will sometimes write ]7 for C'f for

10



sake of readability. An operator that will come up frequently in what follows is the

u(z)=u(N)

conjugate reproducing kernel [/(vf\b = ==

. By the definition of a conjugation,
we can see that for f € K2, FN) = <IA(?\‘,f>.
As it turns out, truncated Toeplitz operators are C-symmetric. The following

result is Garcia and Putinar’s:
Lemma 3.2.1. For ® € L*(T) such that Ag is bounded, C AsC = Ag.

Proof. Let f,g € K2. Then

(CAsCf,g) = (Cg, AeCf) = (uzg, Puzf) = (Bf, g)

]

Necessary and sufficient conditions for the product of two CSOs to be a CSO

are straightforward.

Proposition 3.2.2. Let A and B be CSOs on some Hilbert space H. Then AB is
a CSO iff AB = BA iff (AB)* = A*B*.

Proof. We will show 1 — 2 —= 3 — 1.
(1= 2) AB =C?*ABC? = C(AB)*C = CB*A*C = C?BC?AC*? = BA.
(2= 3) (AB)" = (BA)* = A*B*.
(3=1) CABC = CAC?BC = A*B* = (AB)*. O

11



3.3 Some algebraic properties of truncated Toeplitz
operators

We will need a number of technical lemmas which can be found in [Cla72, Sar67,
Sar07] which we include here for reference. The following is Theorem 4.1 in [Sar07],
which gives us a Brown-Halmos-like characterization of the truncated Toeplitz

operators.

Fact 3.3.1. Aisa TTO iff A — S,AS! = d® K} + K{ ® ¥ for some &,V € K2,
in which case A = Ag.g, and hence if ® € L*(T) then As = 0 if and only if
dcuH*®uH? .

Definition 3.3.2. For two functions ® and ¥ in L*(T) say ® 2y Ap = Ay.

In what follows, when dealing with a TTO A we will usually use a symbol
of the form ¢; + @3 where ¢; € K2. This symbol is not unique. For example,
A‘Pl+@ - A

or+eku+zs—cky for all ¢ € C, but ¢(Ky — K{) # 0 if u(0) # 0. The

following is a necessary and sufficient condition for a TTO to be zero.

Proposition 3.3.3. Let 1,02 € K2 Then Ay ip = 0 if and only if 1 = cK{

and @y = —cK§ for some c € C.

Proof. Let p; = cK{l and ¢y = —¢K{. Then

A‘PH‘@ = ACK(’f—cKig)‘ - Acu(z)u(O)fcu(z)u(O)

SO A4P1+@ =0.
Now suppose Ay 1z = 0. Then A — S,AS, = 0 = o1 @ Kj + K ® 2, s0
1 = cK{ for some ¢ € C. Hence cK§ ® K + K ® ¢ = 0 and so py = —cK{} as

required. O

12



Proposition 3.3.4. [ = A; = AKg = Ang

Proof. Let f € K2. Then A;f = P(1- f) = f, so the first equality holds. Now
Ay — Age = A, FaOu(z) = Amu(z) = 0, so the second equality holds. Finally,

this implies that Ay is self-adjoint, and so the third equality holds. n

Corollary 3. Let ¢ and v be in H? such that A,z 18 bounded, and let ¢ € C.

Then Ay Giexy = Apiire = Apigrery

Fact 3.3.5.

1. For A € D,
SiKy = MK} —u(N Ky, S.KY = K} — u( VK
2. For nonzero A € D,

| A
Squzi(KA_Ko)aSuKA: (K,\_K0>

> =

3. These equalities all hold for A € T such that u has an ADC at \.
Fact 3.3.6.

1. I =8,5; =K ® K

2. [— S5, = K¢ ® K¢

The only compact TTO in H? is the zero operator. In K2 however, there are

many finite rank TTOs.

Fact 3.3.7.

13



. Let A€ D. Then K¥® K¥ is a TTO. If A € D, then
K{@Ky=A
. Let A € T such that v has an ADC at A\. Then

(2 u __ N
KXY ® Ky = Aguiio

. Let A € D (or let A € T such that u has an ADC at A). Then

= (n - 1) (dﬂf(g d"—j—1K§>
; - ® ~n—j—1
— J dN X

=

isa TTO. If A € D, then

_ i U n—j—1 pru
" . 1 d K)\ ® d — {()\ = A(n—l)!u
7 dN A" 1 CESVIO

—_

n—

I
o

3.4 The H® functional calculus

Definition 3.4.1. A TTO A is of holomorphic type if there is a function ¢ € K2

such that A = A,. TTOs of anti-holomorphic type are therefore the adjoints of

TTOs of holomorphic type.

Corollary 4. Let p,vp € K2. Then Az 1s of holomorphic type if and only if

Y = cK{ for some c € C.

The product of two TTOs of holomorphic type is itself a TTO of holomorphic

14



Proposition 3.4.2. Let ¢, € H* such that A,, Ay are bounded. Then A,Ay =

Apu[@pud,], and so A@A@ = Am
Proof. We proceed using Fact 3.3.1.
ALAy — SuALALS, = ALAy (I — S,S))
= Ay Ay (K¢ ® K¢)
— (A, ALK @ Ky
= (Acppuqu)) ® Kg
~ (PlpPut) & K
O

Thus the TTOs of holomorphic type form an algebra. It turns out that this
algebra is precisely the commutant of the compressed shift S,. Details are laid out

in [Sar67, Saw09]. We reproduce those results here for reference.
Fact 3.4.3. Let ¢ € H*°. Then

L[4l < fle oo

2. The map ¢ — A, is linear and multiplicative.

3. If 1 is the greatest common inner divisor of u and the inner factor ofy, then
Uorro 2
ker A, = EH cuH

so in particular A, = 0 if and only if ¢ € uH? and A, is injective if and only

if the inner factor of ¢ and u are relatively prime.

15



This is Sarason’s characterization of the commutant of S,.

Fact 3.4.4. Let A be a bounded operator on K2 that commutes with S,. Then

there is a bounded function ¢ € H* such that A = A, and ||A]| = ||¢||«-

Recall that the spectrum of an operator A on a Hilbert space H is the set
{Ae C : (M — A) is not invertible on H}.

Fact 3.4.5. \is in the spectrum of A, if and only if inf,cp(|u(z)|+|p(2) —A]) = 0.

3.5 Clark operators and Clark measures

In [Cla72], Clark unitary operators and Clark measures are introduced. For refer-
ence we include a summary of these results based on their treatment in [CMR9S],

slightly modified to better coincide with our main results.

Definition 3.5.1. Let € T. Define U, = S, + ﬁmlﬂj ® i{Vg;. Then U, is a

unitary operator.
The spectral theorem says that U, is therefore unitarily equivalent to M, on
L3(T, ps,) for some Borel ji,. We call y, a Clark measure. The Lebesgue decom-

position of pu, with respect to m has no continuous part, so o = (fa)d + (Ha)s

where (p4)q is discrete and (1, )s is continuous and singular.

Fact 3.5.2. Let E, be the subset of T where u(¢) = « and let E be the subset

of E, where u does not have an angular derivative. Then

_ Js
e = 2, 110y

C€ea\F

16



If u is a finite Blaschke product, then p, = (fta)q. From this one can deduce
that the eigenvalues of U, are the { € T such that u(¢) = « and u/(¢) # oo, and

that their associated eigenvectors are the functions K.

Define V,, : L*(T,u,) + Hol(D) by letting V,(K)) = K¥/(1 — au())) and

extending to the whole domain. Then the following is true.

Fact 3.5.3.
VoM, = UV,

3.6 Crofoot transforms

Let o € D. Define u, = 7=,. Then T,, = T{1_|op)-1/2(1_au) 18 @ bounded operator

1@
from H? to itself. More is true, however. The following is due to Crofoot [Cro94],

which discusses the idea of invertible maps between model spaces more generally.

Fact 3.6.1. T, is an unitary map from K} onto K.

17



Chapter 4

Results

4.1 S,C

In what follows, the operator S,C will feature prominently. Note that since S,
is C-symmetric, we have that S,C = CS;, and that therefore, since S; = S*

restricted to K2 we can explicitly compute S,C'f.
Proposition 4.1.1. Let [ € K2.

1. Su0|span(K(1)L)J_ 1 an antilinear involutive isometry.

2. 5,Cf =u(f = f(0)).
3. P, (uf) = Suf.
4. If u(0) = 0, Ker S,C = sp (K¥). If u(0) # 0, Ker S,C = {0}.
5. If Suf = KU, then u(0) # 0 and f = cKY for some ¢ € C.
6. If S,f = cKY, then f € sp (KY).
Proof.

18



1. Let f € K2 with f(0) = 0. Then S, f(0) = <SuIA(g,f> =0 and so S, C maps
K? & sp (KY) to itself. Antilinearity is obvious. Let f,g € sp (Ké‘)L. Then
S,CS,C=8,5;=1—-K§®K{,soif fLK§, S,CS,Cf = f and so S,C' is

an involution. Finally,

(S.1.8.5) = (CSi1.0S.9) = (Si9.5.f) = (S.Si9, £) = {9, ])

2. S.0f = CSif = C(zlf — £(0) = u(F — J(0)).
3. uf = S.f + wf(0).

4. Follows from Fact 3.4.3. If u(0) = 0, then ker S,C' = C(uzH? & uH?). Thus
elements of ker S,C' are of the form § where g is a holomorphic function.
Hence ¢ is constant, which means ker S,C' = sp (K§). If u(0) # 0, then

ker S, = {0} and the conclusion follows.

5. First note that if 4(0) = 0 then
$uJ(0) = (Suf K5 ) = (Fsuks ) = (£.0) =0

for all f € K2. So since K}(0) = 1, u(0) # 0. Thus it remains to show that
if $,f = K¢, then f = cK. Since S,C(—K¥/u(0)) = K by Fact 3.3.5 we

have f + % € Ker S,C' = sp (K('), and the conclusion follows.
6. Follows from (4) and (5).
]

Proposition 4.1.2. Let ® = 1 + @3, ¢; € K2 such that Ag is bounded. Then
Ao KY = o1+ 220Ky — u(0)8.52 and As Ky = 72+ 01(0)Kg — u(0)S}01.

19



Proof.

The second equation follows from the first. O

4.2 'Two conditions for the product of two TTOs

to be a TTO

We are interested in the case that A Ay is a TTO. Here is a necessary and sufficient

condition for this to be true.
Lemma 4.2.1. Let ® = o + 35 and ¥ = 9y + by where @;,; € K? such that
Ag, Ay are bounded. Then AeAy is a TTO if and only if

01 @ Uy — (SuPa) @ (Suth) = @ @ K¢ + K& @ Wy

2
for some ®y, ¥, € K.

Proof. In what follows, ®; and ¥, represent functions in K? that can be different
from use to use. By Fact 3.3.1, Ag Ay is a TTO if and only if Ag Ay — S, AeAuS; =
Oy @ K + K§ ® Vy. It suffices to show that Ag Ay — S, AeAsS) = ¢1 @ 1y —
(Su%2) ® (Suthy) + By @ K@ + K& @ Uy. By Fact 3.3.6, I = S:5, + Ky ® K¢, and

20



by Fact 3.3.1 we have that S,A¢S; = As — 1 @ K} — K ® @5 and so

AgAy = S, AsAyS; = ApAy — (S,AaK) @ (S, AKY)

—(Ap — 1 @ K§ — K§ ® ©3) (Ay — 1 @ K — K ® 1)

For sake of readability, we simplify each term in the right hand side separately.

First the second term.

S, As Ky = S, (@ + o1 (0)KY — U(O)SZ%)
= Sutp2 — u(0)p1(0) K¢ — u(0)SuSyep1
= Supz — u(0)1(0) K¢ — u(0)1 + u(0) (K ® K¢) 1
= Supz — u(0)1(0) K5 — u(0)er + u(0)¢1(0) Ky

The first equality is by Proposition 4.1.2.

Therefore,

(S KE) @ (S, AGKY) = (Su7s — u(0)p1) @ (Suth — u(0)2)

= .72 ® Sutby — u(0) |1 @ S35

—u(0) [Suip2 ® Y2 + [u(0)[ [101 ® 1]

Next, the third term.
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(Ap — 1 ® Ki — K§ ® ¢2) (Ay — 1 @ Ky — K @ )
= Ach\I/ - (A<I>¢1) ® Kg - <A<I>Kg) ® ¢2

— 1 ® (AgKg) + ¢1(0) (1 @ Kg) + (1 = [u(0)]*) o1 @ ¢

— Ky ® (Agpa) + (1, p2) (Ko @ K§) + ¢2(0) (Ky ® 12)

= ApAy — (As¥1) ® Ky +11(0) (01 ® Kyf) — Ki ® (Agyps)

+ (Y1, 02) (K @ K§) + 92(0) (K @ ) + (1= [u(0)]*) o1 @ )y

= (1 + 220K — u(0)S.2) @ v

-1 ® (@02 + 1 (0) Ky — W&%)

Grouping the F'® K and K§ ® G terms together, we get

Ap Ay + [(1, p2) Ki — Asth] @ K
— K @ (Agpz) — (1+ [u(0)]?) p1 ® ¢y

+u(0) (S22 © o) + u(0) (101 ® Suth )
By combining the expanded terms together, we get

AgAy — S, Ae AySE = 01 ® thy — SuPs @ Suthy
+ [Acb% — <¢17 902> Kéf] ® K

+ Ky @ (Agp2)

and the result follows. O]

In fact, we have found the symbol of the product of two TTOs in the event
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that their product is a TTO.

Proposition 4.2.2. If ® = 1 +35 and ¥ = o, +1)y where ;,1; € K2 and Ag, Ay
are bounded, and o1 Ry — (Su@)®(5uf¢v1) =PRKI+ K@V for some &y, Uy €
K2, then ApAy is the TTO with symbol Agihy — (11, p2) K§ + Agpa + P + T,

Lemma 4.2.3. Let AgAg be a TTO. If one of the two operators is of holomorphic
(resp. antiholomorphic) type, then either that operator is actually cl or the other

operator is also of holomorphic (resp. antiholomorphic) type.

Proof. Since AgAg be a TTO, A and Ay commute, and by taking adjoints we
have that AzAg is a TTO as well. Thus without loss of generality we suppose Ag
is of holomorphic type. We will show that either Ag = ¢l or Ay is of holomorphic
type. Let ¢,11,1¢5 € K2 such that ® 4 © and W 2 Y1 + 5. Then ApAy g s a
TTO and so by Lemma 4.2.1 p @ by = &g @ K + K ® ¥q for some &, ¥y € K2.
So either @y = c; K or Uy = oK. If &9 = 1 K§, then it follows that ¢ = c3 K
and Ag = cl. Similarly, if Uy = co K}, then it follows that ¢y = ¢, K and so Ay

is of holomorphic type. O

Definition 4.2.4. For a € C*, B* := {A lpe K2 ce C} with B> un-

p+aSyptc
derstood to mean the vector space {Ag;.|¢ € K2, ¢ € C}. Note that this makes B°
the vector space of TTOs of holomorphic type and B> the vector space of TTOs

of antiholomorphic type. An operator is of type « if it is in B*.

That B* is a vector space for a € C\ {0} is straightforward to see since the

operator f Sufis C-linear and additive.

The following is a useful alternative symbol for the operators in B.

Proposition 4.2.5. If Ag is of type o, then there exists po € K2 and ¢ € C such
that ©o(0) =0 and Ag = A

WO“FaSu‘:E(/)JFC
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A

Proof. By definition, ® = ¢ + aS,p + ¢; for some ¢ € K2 and ¢; € C. Rewrite

© =g+ 2Ky, where ¢ € K2, ¢y(0) =0 and ¢y € C. Then

Su@ = SuC(po + 2 K§)

- u% - CQU(O)KSL

Then by Proposition 3.3.4 the result follows. [

Definition 4.2.6. Let ¢ € K2 and ¢ € C. Define B2, := A

o+c - o+c+aCS* (p+c)

A = Bj +cl for a € C\ {0}. ¢+ cis the B*-symbol of the operator B if

p+aSupt+c

B =B

ptc’

Proposition 4.2.7. Let B be of type « for some o € C*. Then B* is of type 1/&

using the convention 1/0 = 0o and 1/00 = 0.

Proof. If = 0 or oo this is obvious, so assume a € C\ {0}. There exists ¢ € K>

with ¢(0) = 0 and ¢ € C such that B=B%, .= A Now Su% = ¢ since

p+c ptetaSu@

©(0) = 0. So let y = @S,@. It follows that ¢ = 2.5,Y and so

3
B* = Agieias.g
=A

X+E+%Sui

_ pl/a 1/a
=B/% eB

Proposition 4.2.8. B} = cl if and only if p € sp (Ky). Specifically, B =
<1 —« (O)) I, and so if 1 # au(0), then any TTO of type o can be written in
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the form Bg, ¢ € K?2. More generally, BS,. = A(pre)(1+am) for any ¢ € K? and

ce C.

Proof. Say

BS—cl=A =0

pt+aSup—cK§

Then by Proposition 3.3.3, ¢ — cKy = c2K§. In the other direction, By, =

AKngaﬁ = AKg—aW = (1 — au(O)) I by Proposition 3.3.4. Finally, Axu(14om) =

A(lfmu)(1+o¢ﬂ) = A} S0utau—an(®) = (1 -« (0)) I and the result follows. Write

© =g+ K.
BSO+CIK8L+C = Bzﬂ + BcalK(’L)L + B?
= A4p0+aﬂgog + AclKg(l—&—aﬂ) + Ac(l—i—aﬂ)
The conclusion follows. O]

The following is a method for determining when a TTO is of type «.
Proposition 4.2.9. Let A := A, 5 be bounded, where p; € K2.
1. If « € C, then A is of type « if and only if @S, p1 — pa € sp (KY).
2. A is of type oo if and only if ¢1 € sp (K{).
Proof.

1. Let Ay 5 be of type a. Then there is some ¢ € K2 and ¢ € C such
that Ay, 1z = A<p+ch+asT§5- Thus we have Aeo1—<p—ch+@—a§(ﬁ = 0. So by

Proposition 3.3.3 we have that ¢p; — ¢ € sp (K¥) and that ¢ — @S,p €
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sp (K§). So then by Fact 3.3.5, we have that S,1 — S,@ € sp (K{) and so
aS,p1 — WSuP — o + WGP = WSuP1 — 2 € sp (K§).
Now suppose that @S,p1 — w2 € sp (K{). Then gy = @S, 1 + cK{ for some

c € Cand thus Ay 15 = AeraﬁJrﬂ is of type a.

A —
2. A is of type oo if and only if ¢, + 5 = ¢ for some ¢ € K2, which is true
A

if and only if ¢; = P,(¢ — ¢2) = ¥(0) — p2(0) which is true if and only if

p1 € sp (KY).

The following is a generalization of Lemma 4.2.3.

Lemma 4.2.10. Let AgAg be a TTO and let a € C*. If one of the operators in
the product is of type «, then either it is a constant multiple of the identity, or the

other is of type o as well.

Proof. Since AgAy is a TTO, AgAy = AgAs and we assume wlog that Ag is of
type a. If @ € {0,000} then the conclusion follows from Lemma 4.2.3, so assume
aeC,a#0. Sod 2 wo+aS,po+cK{ and U = 1)1+, for some g, ¥y, € K2,

©00(0) =0, c € C. By Lemma 4.2.1, there exists @, ¥y € K2 such that

Do ® K + K © Wo = (0 + eK) © v — (S.(@S,50) ) @ (Suthn )
— 0 ® thy + Ky Bz — o @ (@S )

=@ ® (% - asﬂl) + cK§ ® 1y

So we have that po® (wg — aSﬁpﬁ) =)@ K§+ Ki®V,. So either &y and K are

linearly dependent or ¥y and K| are. If &, and K| are linearly dependent, then

26



Oy = ¢; K which means ¢y = co K, but this and ¢((0) = 0 then imply that ¢y = 0,
and so @9 = 0 and Ag = cI. Otherwise, ¥y = 3K and so ¢y — &Su% = c4 K,

which means Ay is of type a by Proposition 4.2.9. ]
We now present our main result.

Theorem 4.2.11. Let &,V € A(K?). Then AsAy is a TTO if and only if one
of two (not mutually exclusive) cases holds:
Trivial case: Fither Ag or Ay is equal to cI for some ¢ € C.

Non-trivial case: Ag and Ay are both of type o for some o € C*.

Proof. In what follows we will use the fact that if ® and U are functions such that
AgpAy is a TTO, then for any complex constants ¢1, ca Apie, Avie, is also a TTO.

First we prove the sufficiency of both cases. In the trivial case, if either Ag or
Ay is equal to cl, then AgAy is clearly a TTO. In the non-trivial case, if a = 0
or oo, the product is clearly a TTO, so assume o € C\ {0}. A = By, and
Ay = By, for some p,9 € K such that ¢(0) = ¢(0) = 0 and ¢;,c; € C. Tt
follows from Propositions 3.3.4 that BZ, . By, .,

as well. By the fact that S,C' = C'S;; and Fact 3.3.6, we have that

is a TTO if and only if BY By is

o (w ® SuZ) —a [(Su%) ® Suzﬁ] = a(p — SuSup) @ Sutp
= (K © K3) ) @ (as.4)

— Ko [W(O)SU@E] —0

So by Lemma 4.2.1 and the earlier discussion, it follows that the product of the
operators in the non-trivial case is a TTO.

In the other direction, suppose AgAy is a TTO. By Lemma 4.2.10 it suffices
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to show that one of A and Ay is of type a for some a which we can do with
Proposition 4.2.9.
There exists ¢;,1; € K2 such that we may assume wlog that ® = ¢ + p; and

that W = 1, + . Then it follows by Lemma 4.2.1 that
o1 ® ¥z — (8u2) ® (Sutht) = 2o ® K§f + K © W

holds for some ®(, ¥( in K2. This can happen in one of five ways:
L o1 @1 — (5.72) ® (Suhr) = 0
2. 01 @2 — (8.52) ® (Suth) = (]G ® Kyf);c € C\ {0}
3. 1@ ¢y — (Su2) @ (Suth) = Bo ® Ky &g # ey
4. o1 ® 4z — (Su2) ® (Suthr) = Kif © Wo; To # K
5. o1 ® tn — (Su2) @ (Sutn) = Bo @ Ky + Kyt ® Wo, Do Uo # Ky

First consider the case that one of ¢, 19, S,¥2, Su% is in sp (K{). If Supa
(resp. Su{ﬂvl) equals cK{', then oo (resp. 1) is also a constant multiple of K/, and
thus Ag is of holomorphic type (resp. Ay is of antiholomorphic type). Similarly,
if 1 (resp. 19) equals cK{, then Ag is of antiholomorphic type (resp. Ay is of
holomorphic type).

In what follows, ¢ and ¢; represent complex constants that may change from
paragraph to paragraph.

Case 1: We have p; ® 1y = (Sup2) ® (Su;[);), which means that v, and S,
are linearly dependent. Both 1y and Su{ﬁvl are Non-zero, so Yy = @Su{bvl for a # 0

and it follows that Ay is of type a.
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Case 2: We have ¢ ® ¢y — (Sup2) ® (SUZ/J\I) = c(K§ ® K{); ¢ # 0. So either ¢,
and S,y are linearly dependent or Sufwvl and 1 are. In the latter case, we again
get that Ay is of type a for some a # 0 Assume instead that ¢; = ¢1.5,p2 for
c1 # 0. It follows that S,ps = co K which means Ag is of holomorphic type.

Case 3: We have p; @1y — (S,92) ® (Su/wvl) = Oy KY; Oy # cKY. So either ¢
and S, s are linearly dependent or Su{/zvl and 1y are. In the latter case, we again
get that Ay is of type « for some o # 0. Assume instead that ¢; = ¢S, for
¢1 # 0. Then S,ps ® <c_1¢2 — Sﬁpﬁ) =0y ® K{, so c1¢py — SU@ADI = K{, ca # 0.
So by Proposition 4.2.9 Ay is of type « for some «.

Case 4: We have ¢ @1y — (S,02) ® (Su{ﬂvl) = K§{®Wo; Uy # cKY¥. So either ¢,
and S, are linearly dependent or Su{/zj and 1, are. If ¢; and S,p, are linearly
dependent, then it follows that ¢; = ¢; K and hence ® is of type co. Otherwise,
there exists a # 0 such that ¢, = ESU@A/)I which means Ay is of type a.

Case 5: We have ¢1 @t — (S,52) @ (Suth1) = P @ Ky + Kt @ Ug; Bg, Uy # cKY.
There exists f € K2 such that f(0) =0 and (f, ®y) = 1. Then we have

K = (o @ K¢ + Ki ®@ @) f
= ¢2 <f7 @1) - Su;/}; <f7 Su%>

If (f,1) = 0, then cK{ = u;bvl, and so Ay is of type oco. Similarly, if
(f, Sup2) = 0, then cK} = 1o and Ay is of type 0. So we can assume that

Py = @Sufwvmt cK{ for some o # 0. Thus Ay is of type a by Proposition 4.2.9. [

Example 4.2.12. Let A € D and consider the rank one TTO A = I?j\‘ ® Ky A

N 2 ~
simple computation shows that <K/”\J ® K}() = ' (N)KY¥ ® K} so it follows that
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I?E\‘ ® KV is of type a for some a € C*. Furthermore, in the event that u'(\) = 1,
A is idempotent, and in the event that u/(\) = 0, A is nilpotent. Fact 3.3.7 says

that the function u/(z — \) is a symbol for A, and since
A A — A —
u/(z—XN) = K¢ +uN)/(z—A) = K¥ +u(N)zK)\ = K¥ + u(\)S, KV

A is of type u(A).

Now instead suppose that ( € T such that v has an ADC at ¢, and consider
A= K!® K¢ Again it is clear that A? is a scalar multiple of A and hence A is
of type a for some «. Since A is self-adjoint, it follows that « is unimodular. A

simple computation shows that l?? = (u(()K ¢ so

S K = CKE —u(Q Ky = u(C) (K¢ - Ky

Thus K¢ —1 2 (C)Su_f(\? and so by Fact 3.3.7 K + u(C)Su_f(\? is a symbol for A,

which is therefore of type u(().

Example 4.2.13. Given ¢,9 € K3°, Ay(14aum) and Ay(1+am) are bounded operators

(because their symbols are bounded) and we have that
Aprom Ap(irom) = Agy + Aazazgy + ApA 5+ A 554y
We know that AwAanjLA s=Ay isa TTO, so we find its symbol using Fact 3.3.1.

AR

ApA =S8, ApA S50 = Ay (T = Su80) A o= = AK{® A5 oKy = o (go ® SW)
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On the other hand,

AyszAs — SuA s sAuS:
A5y — Sul 555uSuAuS, + S s (K8 @ KY ) Ay

=Agzde - <AaST§5 — Ky ® 55@) (Ap =¥ ® K§) — aS,S5p ® S

=P.(aTigh) © Ky + K§ @ P, (uap (0 — 9(0)) ) — a (@ev, 1) (K§ © K3)

—ap ® SUTZ +ap(0)K§ ® Suzz;
The sum of both terms is therefore
P (atig) @ K¢ + K¢ @ P, (aup) — atigh(0) K¢ © K¢
which is equal to Anzpy — SudaueyS, and so
Aptam) Ay(1+am) = App(irautaza?)

Now since ¢ and 1 are in K2°, their product is in H?. Consider the function

o — P,(¢1)) = uh for some h € H?. For g € H* we have
(h,ug) = (uh,u’g) = (pv,u’g) = (Wpw), g) =
and so o1 = hy + uhy for some hy, hy € K2. So
(14 o + ®T?) = (hy + uhy) (1 + ot + o ) hi(1 + am) + ahs(1 + au)

and s0 A,y 4amta2a?) 18 of type o, and equals By , .-
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If u is a finite Blaschke product, K2 is finite dimensional and equal to K°.
Given ¢,9 € K and ¢y, ¢; € C, we have then that BS,, Bj, ., = BSB} + ¢ Bj +
coBg +c1cq 1s of type a since all the terms on the right hand side are. We therefore

have a symbol calculus for the multiplication of TTOs in the case that K? is finite

dimensional.

4.3 Algebras of TTOs

The families B® and B> are actually algebras by Proposition 3.4.2. Example 4.2.13
showed that in certain cases, the product of two TTOs of type « is itself of type

a. We will now show that for all « € C*, B* is an algebra.

Theorem 4.3.1. Let p,¢ € K2 such that ¢(0) = ¥(0) = 0, let « € C* and let

c1,¢0 € C. Then By, . By, s of type a and so B* is an algebra.

Proof.

Ba

otes Byre, = Bo By + 1By + caBg + c1co

so it suffices that Bg By be a TTO of type a.
As mentioned above, if & = 0 or oo this follows from Proposition 3.4.2. Suppose
then that a € C\ {0}. By Proposition 4.2.2 we can find the symbol of the product.

We have

apo _
BSDB¢ - AW+C¥Su¢Aw+aSu{/}

and since

o (@S.0) ~ (S.5.3) @ Suh = (I — $.57) ¢l © 5.5 =0
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the symbol is

A<p+a§[5w - (%asu@ K(l)L + A@_Fasmzasu@

Now S, K@ € sp (K¥) so it suffices to show that
aSuC (AQO(1+QH)77Z)) - Ai(lﬁ-au)asu& = CKSL

for some ¢ € C. Because both sides of this equation are in K2 and the reproducing
kernels K% are dense in K2 it suffices to show that the above equation holds

pointwise for all A € D. Solet A € D. Note that K{'(\) = <1 — u(O)u(A)) = KY(0).

as,C (Aparam¥) (V) =@ (SUA¢(1+au)QZ> ()
= (S.P, (((1+ au)) uzdh) , K3)
= a (uzpy(1 +au), S*K})
= (uzp(1 +aw),z (K — K3(0)))
= a (upy(1 + au), Ky — K3(0))
= (V(1 + au)aup, Ky ) — K§(\) (upd(1 4+ au), 1)
_ < S TSP, K§> — K2\ (upd(1 + au), 1)

= (A0 @5uB) (V) = KZ V) (i (1 + ), 1)

Note that <ug0_1/1(1 + au), 1> does not depend on A and is thus constant, since «, ¢
and 9 are fixed. O

By Proposition 3.2.2 we see that B* is an algebra of commuting operators. If

|a| = 1 then B is an algebra of commuting normal operators by Proposition 4.2.7.
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4.4 Generalized shifts

Definition 4.4.1. Let « € D. Then

Note that S = S,,.

These are the generalized shift operators and were defined by Sarason in [Sar07].
They are the sum of two TTOs and hence are all TTOs themselves. If « is
unimodular, then S¢ is in fact one of the Clark unitary operators as defined in

Section 3.5. The assumption that |a| < 1 ensures that 1 — u(0)« is non-zero.

Lemma 4.4.2. Let a € D. Then S is of type o.. Specifically,

Proof.
5o = — K'® K
1 —u(0)a
«
= ASqu + — _U(O)QA%
=A

Sul+ 125 (K§+u(0)z)

— A o .
w [ 1—au(0)+au(0) a Tou
Suky ( 1—au(0) )*17ma"0
1
1— (O)Oé SuK§+aK{
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Which is of type a.. The symbol of B is ¢ + S, @.

1 —u(0)a “ 1 — au(0)
2 Ky - (0)Ky - —ai(i));i%(“
~ (0
= K- —uéu)(()) 0
Therefore the symbol of B* o is
SuKY+ 1_m£

/—OKU o / O —
S, KU+ aw(OKg (Kg; - LK;;) 2 S, K8+ aKy
1 —u(0)x 0)
The result follows. O

Lemma 4.4.3. Let A be a bounded operator on K2 and let « € D. Then ASY =

SEA if and only if A is of type o.

Proof. If A is of type a, then ASS = S*A by Proposition 3.2.2 and Theorem 4.3.1.
To prove the other direction, assume ASS = S*A. The first corollary of Theorem
10.1 in [Sar07] implies that A is then a TTO, and hence C-symmetric.

Using the equations

ASY = AS, + — 2 (AKY) ® Ky

1 — au(0)

and

SOA = S,A+ #WKS @ (AKp) = S.A+ #mffzf @ (AKY)
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we can compute the symbol of A using Fact 3.3.1.

A= SyAS: = A— AS,S! — — 2 AKY® S K§ + ———— K" ® S,AKY
1 — au(0) 1 — au(0)
0 —
Akt ki 4+~ ggeggn g O g g AR
1 — au(0) 1 — au(0)

AK§ AKY
——®KU+KU®QS C| —2—
1 — au(0) 1 — au(0)

And so the symbol of A is

u Lo
— () + aS C’( 7> which is the symbol of

1
- au()BAKu [l

Corollary 5. If A is of type o, |a| < 1, then A = mBAKu

This result yields another (simpler) proof of Theorem 4.3.1. By taking adjoints
if necessary, assume that Ag and Ag are both of type a € D. Then it follows
that S¢ commutes with both Ag and Ay, and thus commutes with their product.
Therefore, their product is of type a as well.

Therefore, for any o € C*, B* is a weakly closed algebra.

Theorem 4.4.4. Let A, be TTOs of type o € D such that A, converges to A in

the weak operator topology. Then A is of type .

Proof. Let f,g € K2 Then (S®Af,g) = (Af,S%g) = limy_,o0 (Anf, S%*g) =
limy, o0 (4,52 f, 9) = (AS2f, g). O

4.5 Bounded interpolation of TTOs

Recall the following result due to Sarason [Sar67]:
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Fact 4.5.1. Let A be a bounded operator that commutes with S,. Then there

exists a function ¢ € H* such that ||A| = ||¢||e and A = A,,.

Hence every bounded operator of type 0 has a bounded symbol. In this section
we show that any operator of type @ € D has a bounded symbol. By taking
adjoints, it follows that if « is not unimodular, then any operator of type « has a
bounded symbol. In the event that « is unimodular, we will show that there are

TTOs of type a with no bounded symbol.

4.5.1 |o|=1

The case of |o| = 1 is indirectly dealt with in [Sar07, BCF*09] and we collect those
results here. There are TTOs of unimodular type without a bounded symbol under

certain conditions. Specifically, in [BCFT09] the following is proven:

Fact 4.5.2. Suppose that u is an inner function with an ADC at { € T but such
that K! ¢ LP(T) for some p > 2. Then K! ® K¢ is a bounded TTO with no

bounded symbol.

They also give some conditions on the zeroes of u to ensure that K¢ ¢ LP(T).
Example 4.2.12 shows that K ® K is of type u((), and hence it is an example of
a TTO of unimodular type without a bounded symbol.

If, however, we weaken what we mean by “bounded symbol” we can find a
bounded symbol for any TTO of unimodular type. Specifically, we change the
measure with respect to which we take the sup norm of a function.

Let o be unimodular, and fixed for the rest of this section. An operator is
of type « if and only if it commutes with S&. S¢ is unitarily equivalent to M,

on the space L*(T, o) where p, is the Clark measure associated with S. The
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commutant of M, is the space of multiplication operators induced by L*(u,) and
so by using the unitary equivalence, every operator of type « is equal to ®(S%)
where ® € L*(j,,). In this sense we can think about ® as a “bounded symbol” for
the operator. This gives us a symbol calculus of sorts for operators of type a: given
®, U bounded p, almost everywhere, the product of Mg and My is clearly Mgy
where OV is itself bounded p, almost everywhere. Hence ®(S3)W(SS) = dU(ST).

We can use this symbol calculus to precisely describe the unitary TTOs on a

given model space.

Proposition 4.5.3. Let A be a TTO. Then A is unitary if and only if it is equal
to ®(S¢) for some a € T and some ® € L™(T, j1,) such that |®| =1 p, almost
everywhere. Specifically, any unitary TTO is of unimodular type, and commutes

with the Clark unitary operator of the same type.

Proof. If A is unitary then AA* = I, which means that A and A* must both
be of the same type a. Thus @ = @ ! which implies that « is of unimodular
type. So A = ®(S%) for some ® € L=(T, jio). Then I = AA* = ®(S))P(52) =
|®|2(S2) which implies that |®| = 1 p,—almost everywhere. The other direction

is obvious. O

452 |af <1

Recall that u, = 7= for a € D. In what follows, we will be dealing with TTOs

on both K? and K? . Let A} refer to a TTO on K2 and Ag* a TTO on K .

We first consider operators of the form Af; i ) for p € H%

1—-aw
Proposition 4.5.4.

1. A

w/(1—au

y = Bg for p € K and a € D.
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2. If p € H?, then A% = AZ. Specifically, A oo =1

?/(1—au)
3. 8¢ Ag/ T
Proof.
1. Since

we can compute

But since @p € zH? it follows that > 00 ¢(am)" ©(1 + am) and so

A B&

o/(1—aw) = P

2. B/(1—am) 27+ awp/(1 - aT) £ B, since T3/(1 — o7) € ull”.

3. First note that S* = 1—63?0) <Bg‘qu + au’(O)[), so it suffices to show that

(1—au(0)) AL _ o) = BS,gptow/(0)1. Since z = S, Kg+uP(uz), A

z/(1—am)
BS, kv + Aup(as)/1—am- Now uP(@2)/(1 — o) 2 aP(@2)/(1 — o), and

since [/(\é‘ = (u—u(0))z, P(uz) = I/(VS(O) —u(0)z = «/(0) — u(0)z and so

AL j—amy = B,y + o (0)] + au(0) AL _ 5. The result follows.
0

Recall Ty, = M(y_ja2)-1/2(1—ay) 1S an unitary map from K? onto K?Z. Note that

T—a = M(17|a|2)1/2(175u)—1

Lemma 4.5.5. Let ¢ € H® and o € D. Then T,A»T;' = Al and

»/(1—ow)

T AR T = A

%/ (1—au) Therefore Ay and Ag/(l_aﬂ) have the same norm, and

if € H?, then A%\ oy = A% _om if and only if ua|( — 1))
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Proof. 1t suffices to show that the equalities hold on K:° so let f € K:°. Then

Y _ fo - fo B ufo
o/(—am) ] = Pu (1—aﬂ> _P<1—aﬂ> UP<1—04E)

On the other hand,

TaAzaTglfzu—au)Pua( fe )

1—au
_ fe U fp
= (1—au) {1 —au ~ Uk (1 —au)}
=fe—(u—a)P (;L_fzﬂ)

B aufe ufep
_fgp—i_P(l—aE) _uP(l—aﬂ)

r{ete) (2
1—oau 1—oau

Similarly,
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and on the other hand,

]

Theorem 4.5.6. Let A be an bounded operator on K2 and let « € D. Then A is

of type « if and only if there is a function ¢ € H? such that A = A::/(l—aﬂ)‘ In

either case, there is a function € H* such that |||l = [[Al| and A = A} | o

and therefore every operator of type o has a bounded symbol. Further, if o, are

mn H>® then Ag/( A A

o/ (1—am) = Agys(1—am)-

1—au)

Proof. Let B =T, 'AT,. Then

AAL 1w = Az/1-amA

1—am)
if and only if

BA;LQ — Ta_lAAZ/(lfaﬂ)Ta — TOK_IA;L/(liaﬂ)ATa — AZQB

But this is true if and only if B = Ag* for some ¢ € H 2 which is true if and
only if A = A:; /(1—am) for some ¢ € H?, hence the first claim holds. To prove the
second claim, note that Fact 4.5.1 implies that there is a function ¥ € H* such

that A% = Aj* and [|AZ*|| = ||¢[|w. By Lemma 4.5.5 it therefore follows that
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A=A} Since T, is unitary, [[All = [|¢]|s.

To prove the last claim, compute
u u _ =1 fua AU« _ =1 pua — Au
o/ (—am A —am) = To AG Ay To = T AL T = AQy (- am)

]

If |o] > 1 and A is of type «, then A* is of type 1/@ € D, and so the above
results can be applied to A* to get similar results for A. Specifically, A has a
bounded symbol. Thus for all a such that |«| # 1, any operator of type « has a
bounded symbol.

Since any operator of type a has a B%symbol in K2 we might want to figure
out the B*-symbol of the operator A,/1_sw) in the event o € D. We can achieve
this by looking at the decomposition of H? induced by the Wandering Subspace

lemma by Proposition 3.1.1.

Proposition 4.5.7. Let p = > 2 u"p, where ¢, € K2 for alln € N. Then

A_e_ = Ay ang,

1—omw

1—amw

Proof. Let f,g € K:°. It suffices to show that

A_e f=Aso anp, f

l—au

l—au
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A simple calculation yields

n=0
N~/ W
-2 ()
n=0
Since (1 —om)™t =>" a™u™, for each n we have
80 4 g, 3 amg
m=0

IS
©
3
iNg
Q
5
I
i
3

[
AS)
3
Q
£
Q
3
<
3

m=0
A oy,
- 1—oau
and so the conclusion follows. O

4.6 Invertible T'TOs of type a and their inverses.

We begin with a theorem that follows from the above.

Theorem 4.6.1. Let A be an invertible TTO. Then A~ is a TTO if and only if

A is of type a for some o € C*. As a result, A~ is also of type a.

Proof. If A='is a TTO, then both A and A~! are of type a for some o € C* by
Theorem 4.2.11 since their product is I = Agu. If A is of type a, either || <1

or A* is of type f = 1/a < 1. In the first case, we have that AS* = S%A, so
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AT1SY = A718YAA™ = A7TASYA™! = S2A~1 and A7 is a TTO of type a by
Lemma 4.4.3. In the second case, we have that A* is an invertible TTO of type
where || < 1, so its inverse is a TTO of type 5 as well. By taking adjoints again,

the result follows. O

This raises the question of when a TTO of type « is invertible in the first place.

We consider two cases — when |o| =1, and when |of < 1.

4.6.1 |of=1

We again consider the picture in L? (T, i), where a TTO of type a becomes the
multiplication operator Mg where ® € L (T, i, ). It is easy to see precisely when

this operator is invertible.

Proposition 4.6.2. Let & € L™ (T, u,). Then Mg is invertible if and only if

there exists 0 > 0 such that |®| > 6 p, almost everywhere, and its inverse is M e.

For a more concrete example, assume u is a finite Blaschke product of degree

n. Then by Fact 3.5.2 it follows that

o= ()]

where (; are the n distinct zeroes of u — . Thus it follows that Mg is invertible

if and only if ® is non-zero on the set where u = a.

4.6.2 o<1

Fact 3.4.5 gives necessary and sufficient conditions for an operator of holomorphic

type to be invertible. The following result is a generalization.
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Proposition 4.6.3. Let « € D and let p € H*®. Then A"

o/ (1—am) 18 1nvertible if

and only if inf-ep(|ua(2)] + |@(2)[) > 0

Proof. AZ J(1—am) 18 invertible if and only if AZ is invertible, which is true if and
only if inf,ep(Jua(2)| + |¢(2)]) > 0 by Fact 3.4.5. O

Again we consider the case that u is a finite Blaschke product.

Proposition 4.6.4. Leta € D and o € H*®, and let u be a finite Blaschke product.
Then Age is invertible if and only if ¢(C) # 0 for all ¢ such that u, = 0.

Proof. From our assumptions, we have that u, is a finite Blaschke product. Sup-
pose there exists ¢ € D such that u,(¢) = ¢(¢) = 0. Then clearly A" is not
invertible. If, on the other hand, inf,cp(|ua(2)| + |¢(2)]) = 0 then since |u,(2)] is

bounded away from zero near T it follows that there exists some ¢ € D such that

ua(¢) = p(¢) = 0. 0

4.7 Eigenvalues and eigenspaces of TTOs of type «

471 |o| =1

In this section we assume « is in D and so once again a TTO of type a can be
thought of as ®(S¢) = V,Ms for some & € L>*(T, p,). Since V, is unitary, the
eigenvalues of ®(S2) are the same as the eigenvalues of Mg and the associated

eigenspaces are related by V.

Proposition 4.7.1. Let {® = A} denote {¢ € T : ®({) = A} and let {® # A}
denote its complement. Then the eigenvalues of ®(S2) are the A € C such that
ta({® = A}) > 0. The associated eigenspace is {V, f : f € L*(T, pio) and floza} =

0}.
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Proof. X is an eigenvalue of Mg if and only if Ker Mg_) is non-trivial, and the
associated eigenspace of \ will be Ker Mg_,. Ker Mg_, consists of functions f
whose support is the set {® = A}, and a non-trivial such f exists if and only if

ta({® = A}) > 0. By applying V,, to everything, the conclusion follows. O

As an example we consider the case that p, is a discrete measure (this includes

the case that u is a finite Blaschke product, but it also includes the case u =

exp (1£2) [CMR98]). Then we have that

_ d¢
po= D ]

CEEL\E

where E, = {u = a} and so A is an eigenvalue of ®(S2) if and only if ®({) = A
for some ( € E,,.

Consider the set {K! : ( € E, \ E}. For any two distinct (1, € E, \ B we

1—u(¢1)u(¢2) u U =
have that (K¢, K¢ ) = . é@ 2 — 0, and we also have that (K¢, K!) = (au/(()
for all ¢ € FE, \ E, and so the K are orthogonal. Furthermore, the spectral
theorem says that these vectors are the eigenvectors of S which is unitary, hence

they form an orthonormal basis for K2. This means that the eigenspace of K2

associated with ®(Sy) is the span of the K¢ such that ®(¢) = \.

For ¢ € T, K¢ ® K¢ has one non-zero eigenvalue ||K¢||* = Cu(¢)u/(¢) with

associated eigenvector K. It follows then that

Z C g Z 1—|—au)

CEEL\E €Eq\

where the second equality is due to Example 4.2.12.

Suppose now that u is finite rank. Then FE,, is a finite point set and E = (), so
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we have

o(S,))=A a _
(S4) Siea tis K (1+aw)

It is simple to see that > . p Z(/—C()SKEL(CJ-) = ®(n) for all n € E,, and hence
> ek, %K&‘ = & p, almost everywhere. In this sense, then, ®(S%) = Bg.

4.7.2 Jo| <1
We once more assume « € D.

Proposition 4.7.2. Let u be inner, let ¢ € H*™, and let 1\ be the greatest common
inner divisor of u, and the inner factor of ¢ — X for X € C. Then the eigenvalues

of A;/(l_am are the points A where ¥\ # 1. The eigenspace associated with \ is
{f : feQ—aukK} }

which is a subspace of K?2.

Toker A% . ker A%\ = Z—‘;HQ © uH? and (wyf,uh) = (f,¥\h), hence uf €

p=A

ker AZZ , if and only if f € Kix so we have ker AZ‘L \ = Z_jK ik.

Let f = uqthrg for g € K2 . Then

[ = uarZUag = U\Zg

and so f € K7, . Conversely, if fe K} then uazf = 5zg for some g € K3,
and so we have f = ua1,g and hence f € Z—iKik. Hence ker A’ | = ua2 K7, , and

therefore

ker A,y /( = (1 —au)uaz K7, = u(l —au)zKj,

1—am)
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]

Example 4.7.3. Let us apply this to the case where u (and hence u,,) is a Blaschke
product. Then ), is itself a Blaschke product, and KiA is spanned by the Hardy
space reproducing kernels K C(j ) for all ¢ zeroes of 1, and all j less than the mul-
tiplicity of the zero at (. Note that (1 — au)Kéj) = Kg’(j) because a = u(()
for all the zeroes of ¢,. Therefore, let A € D such that 1, is non-trivial. This
implies that for all the zeroes ¢ of ¥y, ¥(¢) = A and u(¢) = «. Putting all this
together, we have that the eigenvalues of AY . are precisely the points ©(C)
where u(¢) = «, and that the associated eigenspace to ¢(() is the span of Eg@
for all £ where p(2) — ¢(¢) and u(z) — a both have a zero (of multiplicity n; and

ng respecitively, and for all j < ng, where n¢ is the smaller of n; and ns.
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Appendix A

Other Results

A.1 Self-adjoint TTOs

An ordinary Toeplitz operator Ty is self-adjoint if and only if @ is real-valued. If
® € L*(T) is real-valued and Ag is bounded, then Ag is self adjoint. However, Ag.,
is therefore also self-adjoint, even though ® + u isn’t real-valued. The following is

a close equivalent condition to that in the Hardy space case.

Proposition A.1.1. Let ¢, € K2 such that A = A,y is bounded. Then A is
self-adjoint if and only if ¢ =1 4+ cK{ for some c € R. In either case, A has the

real-valued symbol o + SK§ + ¢ + 5 K.

Proof. The condition is clearly sufficient. To prove its necessity, note that A = A*

means that A = 0 which by Proposition 3.3.3 means that ¢ — ¢ = cKj

p—P+—p

for some ¢ € R. O]

If a TTO of type « is self-adjoint, we have that || = 1 and thus the TTO is

O (S%) for some © € L*>(T, pu,) that is real-valued p,—almost everywhere.
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A.2 Model spaces of dimension 2

A model space is finite dimensional of dimension N if and only if u is a finite
Blaschke product with N zeroes, counting multiplicity. The case N = 1 is obviously
uninteresting, but the case N = 2 is weirdly pathological. Here C' is the operator

that sends a + bz to b+ a@z. The following result is due to Sarason [Sar07]: Let

be an operator on KZ22 with respect to the basis {1, 2}, a,b,¢,d € C. With respect
to this basis, C(a,b) = (b, @) Then

|
ul
ol

Is]

c
A = and CAC =

=l
SH|
<
S]

Hence A is a CSO if and only if it is a TTO. Something more is true, however.

Proposition A.2.1. Let A be a CSO on K2. Then A is of type « for some

a € C*.

Proof. Ais a TTO by the above discussion, so A = Az, 41, has the matrix form

a b

If ¢ = 0 then A is of type co. Otherwise, b = ac for some a € C, and so A is of

type a. O
In fact, in any model space of dimension 2, a CSO is always of type « for some
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a e C*.

Proposition A.2.2. Let u be a finite Blaschke product with two zeroes, not nec-

essarily distinct. Then any CSO on K2 is of type a for some a € C*.

Proof. If u = 2? this follows from Proposition A.2.1. Otherwise, let A\ # 0 be a
zero of u. Fact 3.3.5 says that Suf(\f{ = )\[/(\'EL and SUI/(\E{ = —u(0)K{. K§ and K}
span K2, as do K and [?E\‘ So let A be a CSO, and therefore a TTO. A=A 5
where p,1 € K2, and so ¢ = ¢; K + aK} and ¢ = o K¢ + bl/(vgf. If a =0 then A

is of type 0o, so assume a # 0. Then
Sup = —u(0)er K + E)JA(}

Let @ = b/aX. Then ¢ — aS,p = cK{ for some ¢ € C and hence A is of type
Q. O

A.3 Sums of TTOs of type «

Recall that B is a C-vector space for all a € C*. We also know that any bounded
TTO can be written as the sum of two (possibly unbounded) operators, one of
holomorphic type and one of antiholomorphic type. We now show that this de-

composition extends to any two distinct oy and ay in C*.

Proposition A.3.1. Let A be a bounded TTO, and let a; # ao be two points in
C*. Then there exists (possibly unbounded) operators of type oy and s such that

their sum is bounded and equal to A.

Proof. We will show that any symbol of a bounded TTO can be decomposed in

L? into the sum of the symbols of an operator of type a; and another operator of
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type as.

First we show that for and a € C and bounded TTO A, A has a symbol of the
form f+aﬁ+§ for f,g € K2. A has a symbol of the form ¢+ for ¢, € K2.
So we may define f = ¢ and g =Y — aSuf.

We now show how to write a TTO of holomorphic type A = A, as the sum of

two TTOs of type ay, as for ay # as. Without loss of generality assume «; € C. If

agp

s = 0o then we can do this by the above process. Otherwise, we define ¢; = o

and 1y = =22 and then a simple computation shows that ¢ = 1y + Oélsu% +

a1 —a9
P9 + Sy 1.

By taking adjoints, we can therefore write any TTO of antiholomorphic type

as the sum of a TTO of type a; and a TTO of type as. This, combined with the

first paragraph, completes the proof. n

A.4 Finite rank TTOs

Recall that Fact 3.3.7 establishes that if A € D, then

Ky @Ky =A

z—

and
n—1 L~ .
n—1 d’ KY dnfjflKu
( ' ) ( al)\jA ® —nj1A> = Ap-vu
3=0 J d)\ (z—X)
Consider ¢ = £~ Then compute 5,3 = C'S"p = uz(p — 9(0))/z = “4 and

s0 Ag,z = (1= M) Ky @ K.

This result generalizes to finite Blaschke products.
Proposition A.4.1. Let B(z) be a finite Blaschke product. Then Ag has finite
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rank.

j=1

n z—Aj &
Proof. Let B(z) =[] ( g > . Then

H?:l(l - ij)ej - WHL(Z — ;)
H?:I(Z — )%

[T (1= X2)% =TT, (121 = Xy2)%
H?:1<Z — )b

It suffices to show that the numerator is a polynomial in z of degree at most

Z?:lgj — 1. Then it follows that the fraction can be decomposed into partial

fractions and therefore we get

n 4

C; U
S*B:Z (Z_]k/\.)k

=1 k=1 J

<

and so Ag is a finite sum of finite rank TTOs, and hence a finite rank TTO

itself.
Now [/, (1 - \jz)b — [T (N7 — );2)% is clearly a polynomial of degree

at most » 7, ¢; but the coefficient of 22i=1% is B(0) — B(0) = 0, and hence the

claim is proved. O
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A.5 Commutants of rank-one TTOs

If two TTOs are of the same type, then they commute. A necessary condition for
two TTOs to commute is currently unknown. The following conjecture is based

on another result in [BH64].

Conjecture. Two TTOs commute if and only if they are both of the same type «

or if one is a linear transformation of the other.
This conjecture implies the following weaker conjecture.

Conjecture. If A is a TTO of type o and B is another TTO, then A and B

commute if and only if B is also of type a.

As a beginning attempt to investigate this second conjecture, consider the rank-
one operator lf(vj\i ® K} for A € D. Example 4.2.12 establishes that l?f\‘ ® KY is of
type u(A). If the second conjecture were true, then A a TTO would commute with

I?E\‘ ® KV if and only if A were of type u(\).

Proposition A.5.1. Let A be a CSO on K2, let A € D and let ¢ € T such that u
has an ADC at (. Then A@@K” = @@K}{A if and only z'f[?g is an eigenvector
of A. and AK} @ K!' = K!' ® K!'A if and only if K} is an eigenvector of A.

—~—

Proof. (AIA(E\L) ® K} = l/(v; ® (A*K}) = I?Ef ® (A[??\J) Thus AI/@ = CI?} for some

¢ € C. The proof of the second statement is similar. n

If the second conjecture is true, then I?Ef should be an eigenvector of Ag (and
hence K should be an eigenvector of Ag) if and only if Ag is of type u(A). This

is true at least when A = 0.
Proposition A.5.2. f{?; is an eigenvector of Ag if and only if Ag is of type u(0).

o4



Proof. Let ® 4 @ + 1) for p, 1 € K? such that ¢(0) = 0. Then there exists ¢ € C

such that
eKy = AoKf = Aghy
= C (Pulv + % — uO)uts — u(0)up))
=1 —u(0)S,p
and the conclusion follows from Proposition 4.2.9. O]

More generally, suppose the following were true.

Conjecture. If A is of type o and A commutes with [/(vf\‘ ® KY, then A is of type
u(A).

If A were a TTO which commuted with IA(Zf ® KY, we could decompose it into
the sum of the (possibly unbounded) TTOs A; and As, where A; was of type u()\)
and A, was of type a # u(A). It would follow that Ay were of type w(A), which

would imply that As was c¢l, hence A was of type a.
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Appendix B

U:ZN

In this appendix, let u = 2" for some fixed N > 0. Then K2 is an N dimensional
Hilbert space. Specifically, it is the Hilbert space of all polynomials in z of degree

at most N — 1. Let f(2) = S 0 fuz®. Then flz) = S Fvo1 k2. In this
setting, TTOs are bounded if and only if they have a bounded symbol, and they

have a natural representation as matrices: Let ® be in L°(T), and let ®(k) be the

k-th Fourier coefficient of ®. Then

[ b0) (1) B(-2) b1 - N) |
d(1) ®(0) d(—1) d(2— N)
Ag = d(2) d(1) o(0) (3 —N)
| O(N—-1) ®(N-2) O(N-3) o(0) |
with respect to the standard basis {z*}N7!. Clearly ®(e) = STV ®(k)el*?

which is bounded for any ® € L?*(T). Hence, any L*(T) function is the symbol of a

bounded TTO in K2. Note that TTOs of holomorphic type have lower triangular
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matrix representations, and TTOs of antiholomorphic type have upper triangular
matrix representations. This matrix is constant on its downward diagonals for
any ®. An n x n matrix which is constant on its downward diagonals is called a
Toeplitz matrix.

Let @ € C and let ¢ € K2. Then

and
Su3(z) = 2V (p(2) — p(0) = 3" AN =k + 1)2*
k=1

and so
[ 5(0)  ap(N) ap(N—1) - a@(l) |
20)  0)  ag(N) a$(2)
Be=1| ¢  ¢1) 2(0) ag(3)
| GN) BN —1) G(N=2) - 4(0) |

with respect to the standard basis, and if & = oo, we have

0 P(N) ¢(N—1) p(1)
0 0  &N) #(2)
Be=10 0 0 ?(3)
0 0 0 0 |

with respect to the standard basis.
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Let ¢ € K2 as well. Then BBy is a TTO of type a as well, and is equal to

B;;‘ where
¢ ) N )
A0 = @m)yp(l—m)+a > @n)(N —n+L+1)
m=0 n=~¢+1

A clearer picture of what is going on can be found by looking at the product
BB, for 0 < k, £ < N. We can use the result in Example 4.2.13 to calculate

that the BYsymbol of the product is z¥** if k + ¢ < N and az*+~" otherwise.
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