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ABSTRACT

The Boundary Behavior of Holomorphic Functions
by
MIN, Baili
Doctor of Philosophy in Mathematics,
Washington University in St. Louis, May, 2011.

Professor Steven Krantz, Chairperson

In the theory of several complex variables, the Fatou type problems, the Lindelof
principle, and inner functions have been well studied for strongly pseudoconvex do-
mains. In this thesis, we are going to study more generalized domains, those of finite
type. In Chapter 2 we show that there is no Fatou’s theorem for approach regions
complex tangentially broader than admissible ones, in domains of finite type. In
Chapter 3 discussing the Lindelof principle, we provide some conditions which yield
admissible convergence. In Chapter 4 we construct inner functions for a type of do-

mains more general than strongly pseudoconvex ones. Discussion is carried out in

C.
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PREFACE

This thesis presents some results concerning the boundary behavior of holomorphic
functions.

There are many topics in this subject, and what I am interested in are the following
three: Fatou type problems, the Lindelof principle, and inner functions.

These root from the classical results in the case of a single complex variable.
However, as we move on to the case of several complex variables, the story turns out
to be more complicated, and we have to be very careful about the geometry of the
boundary.

For the Fatou type problems, it is worthy of paying attention to the shape of the
approach regions. In the unit disc for a single variable, the nontangential approach
regions are the sharpest regions, but in the unit ball of higher dimension, the nontan-
gential ones, which are cones, are not the sharpest because the admissible approach
regions are broader and there is a Fatou’s theorem for the admissible regions. The
shape of these domains is subtle, nontangential in the complex normal directions
but parabolic in the complex tangential direction. And later it is proved that these
admissible approach regions are optimal, even for strongly pseudoconvex domains.
However, that is not the end of the quest for generalization. After the concept of

type of a boundary point is introduced, mathematicians are trying to see if work can



be done for domains of finite type. For the Fatou type problems in this case, we
already have the definition of admissible approach regions, and have seen that there
is also a Fatou’s theorem for them. However, we are still not sure if they are optimal.
This thesis, in Chapter 2, gives a result showing that for domains for finite type, there
is no Fatou’s theorem for approach regions tangentially broader than the admissible
ones.

The generalization of the Lindelof principle is more dramatic. As we have the
nontangential convergence for the unit disc, we hope to have the admissible conver-
gence for the unit ball, which turns out to be false. Then we begin to wonder what
kind of convergence we can have, or under what circumstances we can still have the
admissible convergence. There are already answers to both questions, and in Chapter
3 of this thesis we are going to generalize them for domains of finite type. The key is
the study of the shape of admissible regions.

The problem of the inner functions is tricky. For a single variable case, this
subject has been well explored, and inner functions can be expressed explicitly. But
when it comes to several variables, mathematicians even doubted the existence for
simple domains such as the unit ball. Eventually inner functions were constructed
for the unit ball and strongly pseudoconvex domains. There are quite a few methods
and tools developed in this progress, and in Chapter 4 we are going to apply the

RW-sequences to construct inner functions for a more general type of domains.
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1. Background

1.1 Complex Tangential Space and Convexity

A domain is a connected open set. Let 2 C C" be a bounded domain and 0f2
be its boundary. A real-valued, continuously differentiable function defined on a

neighborhood U of 012 is called a defining function if it satisfies
QNU ={z€U:p(z) <0}
and
Vp(z) # 0,z € 09.

We say that a bounded domain € has a C* boundary if p is C¥, that is, p being

viewed as a function of variables x1, y1, ..., T, ¥,, the derivatives

d'p
8%?18?/? -+ Qg Qytn

exist and are continuous, where m; +t; +---+m, +t,=01,1=1,2,... k.
If p is a smooth function, that is, C* function for all nonnegative integers k, we
say the domain is smooth.

We can think of z = (21, ,2,) = (x1 + iy, - ,x, + iy,) € C" as

(:L‘hyl; Tt 7xn7yn) S R2n7



then we can describe the tangent space Tp(0€2) at P € 0Q: write w = (wy, -+ ,wy,) =

(& +im, - & +in,), w € Tp(0Q) if and only if

8p
=0 1.1
which is the same as

2Re< zn: g—fj(P)wj> ~0. (1.2)

j=1

However, we note that this space is not closed under multiplication by complex

numbers. In fact, we are more interested in the space of vectors w € C" that satisfy

dp

a—zj(P)wj =0, (1.3)

which is called the complex tangent space to 0f2 at P, denoted by 7p(052).

For example, let us consider the unit ball B C C2. We can equip it with a defining
function p(z) = z1Z1 + 22Z2 — 1. Let P = (1,0) € OB, then Jp(0B) = {(0, 23) : 25 €
C}.

We have the inner product operation (-, ), that is, for z,w € C",
(z,w) = 211 + - -+ + 2, Wy,

Let vp denote the unit outward normal at P, then (w,vp) = 0 for w € Tp(90N).

Consider the linear operator J on R?" defined by

J(:Clvx% T 7x2n717'x2n) = (_x27x17 T, T X2n, x2n71)7

we can then check that J : Ip(0Q2) — Fp(09) is one to one and onto, J(vp) € Tp(0S2)
but J(J(vp)) = —vp ¢ Tp(99). We call Cvp the complex normal space to 92 at P.
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Now suppose € has a C? boundary. We say that P € 9 is a point of Levi

pseudoconvexity if the Levi form is positive semi-definite:

for all w = (wy,...,w,) € Ip(0N). If further the Levi form at P is positive definite,
we say that P is a point of strong pseudoconvexity. For example, the unit ball in
C", equipped with a defining function p(z) = |2z|* + -+ + |z,]* — 1, is strongly
pseudoconvex, that is, every boundary point is a point of strongly pseudoconvexity.
Another example is the domain M, C C? characterized by the defining function
p(2) = |21]% + |22|* — 1, which is weakly pseudoconvex at the boundary points (%, 0),
but strongly pseudoconvex elsewhere.

We must note that the notion of pseudoconvexity is independent of the choice
of defining functions (see [18]), so are other notions such as C* or smooth domains,
tangent spaces, etc.

Strongly pseudoconvex domains have been well studied, as we are going to see in

the next section.

1.2 Historical Facts I: Fatou’s Theorem

We first recall a classical result in his work [12] in 1906 by Fatou. Let D be the
unit disc D = {z € C : |z| < 1}, for w € 0D and « > 1, define the nontangential

approach region I', by

Co(w)={2€D:|z—w| <ad(z)},

3



where §(z) = dist(z,0D) is the ordinary Euclidean distance from the point z to 0D.

Fix a > 1. Then, Fatou’s theorem states that

Theorem 1.2.1 Let f be a bounded holomorphic function defined in the unit disc D.

Then for almost every w € 0D, the limit limp, ()52 f(2) exists.

In this work, Fatou basically applied the Lebesgue differentiation theorem and Poisson
integrals to obtain the result above. Also according to this result, it makes sense to
consider the boundary value, as for almost every w € 0D, we can define f*(w) =
limr,, (w)52—w f(2) as the boundary value of f. There are several interesting properties
about the boundary value of a bounded holomorphic function. As the F. and M. Riesz
Uniqueness Theorem (see [28]) says, if f*(w) = lim,_;_ f(rz) = 0 for every w € E,
where E C 0D is of positive measure, then f is identically 0. However, we need to be
careful here and should not drop the condition of being bounded, as shown by Lusin
and Privalov in their work [25].

There are other methods and tools. Hardy and Littlewood introduced the Hardy-
Littlewood maximal function in [13] in 1930. This method turned out to be very
powerful for the study of boundary behavior of functions and had great impact for
several complex variables.

That is far from being a complete story for the unit disc. Another fact we must
mention is that Littlewood gave a result in his work [22] showing the Fatou’s theorem

failed for broader approach regions than the nontangential ones:



Theorem 1.2.2 Let v = 79 C D U {1} be a simple closed Jordan curve, having a
common tangent with the circle at the point 1. Let ~y be the rotation of vy be the
angle 0. Then there exists a bounded holomorphic function f(z) defined in D with the

property that, for almost every 0 € [0, 2x], the limit of f along 7y does not exist.

When it comes to several complex variables, a cornerstone is the definition of a
holomorphic function. This definition is a little tricky, but we can just think of it as
a holomorphic function with respect to every single variable while fixing the others.
More details and discussion can be found in [18].

In the quest for generalization of Fatou’s theorem to the case of the unit ball in
C", Koranyi discovered a new type of approach region, the “admissible” one. Let
B ={z€ C": |z <1} be the unit ball. For w € B and o > 1, define the admissible

approach region o7, (w) based at w by
p(w)={2z€ B:|1—-(z,w)| <ad(z)}.

Unlike the nontangential one, this type of approach region provides nontangential
approach to the base point in complex normal direction but parabolic approacch in
the complex tangential directions.

With these admissible approach regions, there is a Fatou’s theorem for this case:

Theorem 1.2.3 Let f € HP(B), 0 < p < oo. Then for almost every w € OB, the

limit 1im.o, )52 f(2) exists.

This result is for functions in the Hardy space HP(B). Generally speaking,

HP(Q2) = {f holomorphic on Q: sup /asz |f(Q)Pdo-(¢) < oo},

0<e<eg



where Q. = {z € Q: §(2) > €}, for which we assume that 99, is C', and where do.
is the (2n — 1)-dimensional surface element on 9.
The proof proceeds by estimating the Poisson-Szego integral of g € L'(OB) and

the Hardy-Littlewood maximal function Msg(w) to obtain a key relation

P(2,0)g9(¢)do(C)| < CoaMag(w).

0B

sup
2E€ Mo (w)

More technical details can be found in Kordnyi’s original work [17].
This phenomenon was generalized by Stein, who defined the admissible approach
region (see [31]) for holomorphic functions in H? general domains in C™ as follows:
Suppose that Q is a domain with C? boundary, for v > 1, define the admissible

approach region based at P € 0f2
o(P) = {2 € Q: |(z = Pvp)| < adp(z), |2 — P> < adp(2)},
where
dp(z) = min{d(z), dist(z, Tp(02))}.
And Fatou’s theorem in this case is:

Theorem 1.2.4 Let 0 < p < oco. If f € HP(Q) then, for almost every P € 01,

lim,y, (p)s:—p f(2) eists.

It was shown in [14] by Hakim and Sibony that, on the unit ball in C", this is
the best possible approach region in the sense that there is no Fatou’s theorem for
approach regions that are complex tangentially broader. In [21], Lempert defined
another approach region for pseudoconvex domains in C", which is comparable to
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Stein’s definition to some extent: if the domain is convex, then two types of approach
regions are equivalent, but otherwise Lempert’s definition provides a larger approach
region. His result even fits meromorphic Nevanlinna functions, that is, a meromorphic
function f defined in a bounded C? domain Q C C" satisfying the following conditions.

Condition I:

sup / g [£(Q)] () < o0

0<e<eg
where log™ t = max{logt,0};

Condition II:

/ 5(0) dp(¢) < o0
2(f)

where Z(f) is the set of poles of f and dp is the (2n — 2)-dimensional surface element
with the modification that it counts poles of higher order with multiplicity.
How about more general domains? Recently, mathematicians begin to understand

more about so called domains of finite type.

1.3 Historical Facts II: The Notion of Finite Type

This concept was introduced by J. J. Kohn when he studied the @ problem (see
[16]), which eventually had great impact on the geometry of hypersurfaces in C".
Among all the work on the finite type conditions, we should mention that by Kohn,
Bloom/Graham, Catlin and D’Angelo: they studied the matter in terms of ideals and

iterated commutators (see [16], [4], [5], [9] and [10]).



It will take a long discussion to explain the concept of finite type completely.
Here we hope to provide some easy description. Let us have a look at C?. Thinking
geometrically, we are interested in the maximal order of contact of complex lines
with the boundary of the domain at a boundary point. If a domain is strongly
pseudoconvex, for instance, the unit ball, then it is also of finite type, we can check
that this maximal order of contact is always 2. However, for some other domains,
this order can be bigger. For example, at (1,0) on the boundary of the domain M,
mentioned previously, it is not strongly pseudoconvex, and the maximal order is 4,
still finite. We can also check other boundary points for M, and find that all the
maximal orders are finite, and in fact either 4 for points (e¥,0), or 2 for other points.

Thinking analytically, let p be a defining function for a domain  C C? and

consider two vector fields:

dp 0 8pi

822 821 + 6_21 822’

and

- Op 0 dp O
L= 0%y 0%, + 071 0%y

At P € 010, we then keep computing iterated commutators as follows. Degree

1. [L,L); degree 2: [L,[L,L]]; degree 3: [L,[L,[L,L]]] ...All of them are lying in
the real tangent space to 02 at P. However, we find that at the beginning, these
commutators are still within the complex tangent space, but after several steps, there
comes a component in the complex normal direction. We are interested in the number

m such that the iterated commutator with degree m—1 still lies in the complex tangent



space but the one with degree m will have a component that jumps to the complex
normal direction. For example, for every point in the unit sphere, this number is 2.
But for My, this number is either 4 for points (e, 0), or 2 for other points.

As we can see from the examples, those numbers coincide. We call it the type of
the point. Actually there is a result in [18] which states that the geometric type and
the analytic type mentioned previously are really the same. If the domain is such
that for every boundary point, the type is finite, then we say that this domain is of
finite type. So this notion is more general than being strongly pseudoconvex. If €2 is
strongly pseudoconvex, then it must be of finite type. But the converse may not be
true. For example, M, is of finite type but not strongly pseudoconvex.

This concept, especially in terms of iterated commutators, will be mentioned and
studied in Chapter 2.

In the higher-order case, we can still consider the orders of contact of (n — 1)-
dimensional complex manifolds with the 0{2. We can also think analytically upon
tangent vector fields and their iterated commutators to define the type of a boundary
point. In [4], a theorem by Bloom and Graham shows that they are the same thing.

Back to the Fatou type problems, we now wish to know what approach regions
will be like if the domain is of finite type, which means it may not be strongly
pseudoconvex. A notable progress is in the joint work [26], where Nagel, Stein,
and Wainger defined the admissible approach region for holomorphic functions and
obtained a Fatou theorem. Then, in his Ph. D. dissertation [27], Neff showed that the

approach region would also work for meromorphic Nevanlinna functions.



So far, however, it is not known whether these approach regions for the finite type
case are the best possible. In Chapter 2 we will care about domains of finite type
in C? and study the admissible approach region of Nagel-Stein-Wainger-Neff type.
The main results are Theorem 2.3.1 and Corollary 2.3.1 which assure us that, for
other regions broader only in the tangential direction, we can construct a bounded
holomorphic function that does not have a limit at the base-points, and consequently
there is no Fatou theorem for those broader approach regions: their base-points form

a set of positive measure on the boundary. We are going to see this in C2.

1.4 Historical Facts III: Lindelof Principle

There is another kind of boundary behavior called the Lindeldf principle. For the

theory of a single variable, the classical result is:

Theorem 1.4.1 Let f be a bounded holomorphic function on the unit disc D C C.

Suppose that the radial limit

lim f(re?)=XeC

r—1—

of f exists at the boundary point €. Then f has nontangential limit X\ at €.

For several complex variables, we would like to find an analogous theorem. But
what kind of convergence should we have for domains in C"*,n > 27 Strongly pseu-
doconvex domains have been well studied; can we generalize results for the case of

finite type?
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In the case of a single complex variable, the appropriate approach region is the non-
tangential one, while in the case of several complex variables, as we have seen, we are
more interested in the admissible approach regions. So we wonder: is there a Lindelof
principle for domains in C*,n > 2 with admissible convergence? Unfortunately, it
turns out to be false even for the unit ball as a counterexample in [7] indicates.

However if we consider a sequence {2/} C B converging to P € 9B such that

there exists an o > 1 and our {27} satisfies

|1 - <ZJ,P>|
—1—|zj| <«

and

R e G0 L
Y =@

0,

we call this hypoadmissible convergence, which is asymptotically smaller than any
admissible convergence region in the complex tangential directions.

Accordingly, we have the Lindelof principle:

Theorem 1.4.2 Let B C C" be the unit ball. Let f be a bounded holomorphic func-

tion and fix P € OB. If the limit

lim f(rP)=XeC

r—1—

exists, then for any sequence {z(j)};‘il C B that approaches P hypoadmissibly, we

have

lim f(z9) = A

Jj—00
More details can be found in [6], [7] and [18].

11



We still wonder how we can have the admissible limit, because it has been shown
that admissible approach regions are optimal to some extent, for domains strongly
pseudoconvex, and even further of finite type, and it is strictly stronger than hypoad-
missible convergence.

In Chapter 3 we would like to provide two main results with admissible con-
vergence, dealing with domains in C? of finite type. They are Theorem 3.1.1 and
Theorem 3.2.2, both based on the study of the shape of the admissible approach

regions and the work on strongly pseudoconvex domains.

1.5 Historical Facts I'V: Inner Functions

There are other topics on boundary behavior of holomorphic functions. What we
are going to do here is the study of inner functions. If € is a domain in C™ and
f Q2 — C is a bounded holomorphic function such that for almost every ¢ € 012,
the radial boundary limit f*({) exists and |f*(¢)| = 1, then we say that f is an inner
function. Here, we do not consider the trivial example of constant functions.

Back to the case of a single variable, this subject has been fully studied, and we
know that inner functions are important, such as its central role in the fundamental
factorization theorem. Illustrative examples on the unit disc are the Blaschke products

with prescribed zeros {a;} that satisfy the Blaschke condition:

B(z):ewzkHM'ai—__z7 le| = 1.
a; 1 —o;z

12



Other examples of zero-free functions are

o) =ep{ - [ a0}

(=1 ¢ =2

where p is a positive Borel measure on the unit circle. In fact, every inner function
is a product of those two types.

When it comes to the case of several variables, the problem is more complicated.
At one time, the existence of such inner functions was doubted, and it was found
that, even if an inner function existed, it had some pathological properties, such
as being discontinuous at every boundary point of the unit ball in C2. For more
discussion, please see [29] and [17]. Later, a turnaround drew considerable attention:
inner functions were constructed for the unit ball in C"”. For more on this, we refer
the reader to the work of A. Aleksandrov [1], M. Hakim and N. Sibony [15], and
E. Low [23]. Additionally, in [24], Lew showed that inner functions exist for strongly
pseudoconvex domains. Their work uses various methods and tools, including Ryll-
Wojtaszezyk polynomials, a method developed by Aleksandrov in [2] as an alternative
approach to construct inner functions for the unit ball. Later, W. Rudin wrote a book,
[30], on this method, and provided many other applications.

We keep asking ourselves, can we explore more general domains?

In Chapter 4, inspired by Rudin’s summary in [30], we present some results on
domains that are similar to the unit ball yet more general insomuch as both are com-
plex manifolds and there is a ramified holomorphic map between them. Although we

present our results in the context of C?, our method is generalizable to higher dimen-

13



sions. Our principal results are Theorem 4.4.2 and Corollary 4.4.1, which establish

the existence of inner function on these domains.
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2. Approach Regions

The purpose of this chapter is to study one kind of approach region for domains in

C? of finite type. We first familiarize ourselves with a few standard concepts.

2.1 A Study of Iterated Commutators

The following discussion is carried out in C?, where the notion of finite type has
clear formulations, both geometrically and analytically. This discussion will also shed
insight on higher dimensions.

Let © be a smoothly bounded domain in C? with a defining function p. We assume
that  is of finite type. Suppose w® = (w9, wy) € Q. Then, in a small neighborhood

V = Vo of w° the complex holomorphic tangential vector field has a basis L, L,

where
dp 0 dp 0
- — 2.1
02y 021 * 0z 0z (2.1)
and
I = _@i 4 Op i (2.2)

07,07z, 07 0%y
Then we can find a transverse vector field T such that L,L and T span the 3-

dimensional tangent space to 02 at any point in V:

dp 0 dp 0
=+t - 2= 2.
r 8?1 821 821 851 ( 3)

15



A commutator of two vector fields is another vector field of the form
[L,M]=LM — ML.

We are going to study the iterated commutators which are vector fields still within
the 3-dimensional tangent space to 9. To begin with, we say that L and L are of
degree 0.

Suppose that %1 is an iterated commutator of degree k — 1, k > 1. Then we

can write

L1 = fil+ oL+ X\ T, (2.4)

or simply %1 = A\_17 mod(L, L).
Due to the properties of defining functions, we can normalize coordinates so that
the z;-derivatives of p do not vanish.

If % = [L, %_1], whose degree we say is k, we can compute that

where A\, can be expressed explicitly:

2 Op 0%p
A :aAk_lﬁ_a)\klap_i_)\ 8p 2\ BZQ@
F 822 (921 821 8z2 = 1821822 ol 87’)1
L J (3/) 9p 9p &*p_dp 9p
Bazpl azpl 821621 67:2 822 822822 821 821

(2.6)

82102’2 02’2 82’1 82’2321 621 822

0?p Op Op p_ dp 0,0)

We can get similar results for [L,.%,_1]. This computation shows that, for any
iterated commutator of degree k, only 88" and/or 7"1 appear in the denominator of
the coefficient function of the complex normal vector 7.

16



Let .}, be the collection of all these linearly independent iterated commutators
with degree less or equal to k. Suppose that .Z € ., and that A& is the coefficient

function of T in the sense that . = AT mod(L, L). Then we can define Ay (z) by:

M(z)= [ D A%(2), (2.7)
se

a key function for defining the admissible approach regions.

Remark 1 By definition, if Aj_1(w°) # 0, then Ap(w®) # 0. Actually, the smallest

7 such that A, (w®) # 0 is called the type of w°. See [10] and [18].

Remark 2 Note that we always have Vp # 0, since p is a defining function. With

the assumption that %(zo) # 0 and 88—2”1(20) #£0, all Ap(2°) < 00, k > 2.

2.2 Admissible Approach Regions

Let Q be a domain of finite type in C? such that, for all z € €, it is true that
|z| < 1. Suppose that (1,0) is on the boundary, that g—zpl and g—zpl do not vanish at
(1,0), and the vector (1,0) is also a outward normal vector to the boundary at (1,0).
Let U C 052 be a neighborhood of (1,0) small enough that, for any w = (wy, ws) € U,
the vector (1,0) is transversal to U at w.

We first would like to see the explicit expression of 7(z), the Euclidean normal
projection of z on the boundary. Suppose z = (21, 22) € Q is sufficiently close to 9f.

Then there is a unique point w = (wy, we) € 02 determined by

Z— W = AUy,



where A is a real number that will also be fixed by this system of equations, and
where we recall that v, is the unit outward normal unit to 92 at w € 9€2. Then we
say w = m(z).

Let 7, be the type of the point z if z € 0€, or the type of m(z). We also denote
the ordinary Euclidean distance of z to 092 by 6(z) = ’z — 7r(z)| Let 7 = max,epq 7.
Since we assume that 2 is of finite type, we must have 7 < co. We denote 7 the type
of (1,0). Then of course 7 < 7.

Define D(z):

D(z) = inf (%)”k. (2.9)

2<k<T (77(2
Define the boundary ball 8, such that, for w® € 9Q and r > 0, w € Bo(wW°, 1) if

and only if w € 9€) and

lw — w0 <7,
(2.10)
‘R(w,wo)‘ < A"(WY),

where we use this notation:

A(Q) =D 0" A(Q), (2.11)

and where R is a polarization of p, that is, R(z,w) is a C*° complex-valued function

satisfying the following requirements:

R(z,2) = p(2), (2.12)
0. R(z,w) vanishes to infinite order on z = w, (2.13)
R(z,w) — R(w, z) vanishes to infinite order on z = w. (2.14)
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For example, if p(z) = 217, + 2222 — 1 is a defining function for a domain in C?, then
we can choose one polarization R(z,w) = 21w, + z3w3 — 1.
With these notations, the admissible approach region of Nagel-Stein-Wainger-Neff
type is
Ap(1,0) ={z€QNV :7(2) € 52((1,0),aD(2)) }, (2.15)
where a > 0. These definitions can be found in [26] and [27].

We see that the definition of the approach region above is equivalent to

m(2) = (1,0)| < aD(z),
(2.16)
R(r(2), (1,0))| < A*P4)(1,0),

We recall the relation “ ~ 7. Suppose that Fi(t) and Fy(t) are two real-valued
functions, and there exist two positive constants ky and ky such that ky Fy(t) < Fi(t) <
koFy(t) for all t, then we write Fi(t) ~ Fy(t). If we only have the second part
F1<t> < k’gFQ(t), we write Fl(t) S Fg(t)

To see more about the admissible approach region, we need the following lemma:
Lemma 2.2.1 If [n(z) — (1,0)| ~ D(z), then |z — (1,0)| ~ D(2).

Proof From the definition of D(z) and the discussion of the iterated commutators,

we know that

where 7, = 7((2)) is the type of 7(z).

We know that, since 7, > 2, as §(2) < 1, it is true that §(z) < D(2).
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As a result,

|z = (1,0)] = |z — 7(2) + 7(2) — (1,0)| ~ D(z). (2.18)

Therefore we know that the following defines an approach region, denoted by

</ (1,0), which is comparable to <7 (1,0):

|z = (1,0)| < D(z), (2.19)

‘R(w(z), (1,0))( < APG)(1,0).
2.3 The Best Approach Region

Let 6,(z) be the component of §(z), the Euclidean distance d(z) from the point
z €  to m(z) € 09, in the real tangent space at 7(z) but not in the complex
tangential direction.

Let h; and hy be two real-valued continuously decreasing functions such that
hi : (0,1] — [1,400) and lim, o4 h;(z) = 400, i = 1,2. We may assume that they
decrease to 1 very slowly.

Now we consider an approach region in 2 at the point w € 02 near (1,0), denoted

by <, n, (w), defined by the following inequalities:

|2 — w| < hy(0n(2)) D(2), (220
‘R(W(z),w)‘ < hy(6,(2)) APD (w).

We can compare %, p,(1,0) with &7 (1,0) to see how these two regions are related.
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First of all, «7(1,0) C ), ,(1,0). If z € o, p,(1,0) \ 27 (1,0), then d,(z) is very
small. This means 7, 5,(1,0) is very similar to 7 (1,0), but compared with 7 (1,0)
it is broader in the complex tangential direction.

Then, the main result of this chapter is: there is no Fatou’s theorem for this kind
of complex tangentially broader region .o, ,. Therefore the admissible approach
regions of Nagel-Stein-Wainger-Neff type are the best possible ones.

To see this, we are going to construct a bounded holomorphic function f that
does not have a limit .o, 5,-admissibly at any point in U. It is inspired by Hakim
and Sibony’s work in [14].

For each r > 0, there exists a set of points {(;};es, such that {£2((;,77)} is a
maximal family of pairwise disjoint balls in U, in the sense that {82((;,277)} covers
U C 092, because we already know that with the boundary balls s, 02 is a space of
homogeneous type. See [26] and [27].

For each (; = (j1,(j2), define

Ve(G) ={CeU:[¢— ¢l < K,

R(¢, ¢)| < A7(G)},

where K is a positive constant to be fixed later.

We want to show that:

Lemma 2.3.1 We can find a positive constant Ky such that

Uvi) =

jeJ
Proof First of all, we realize that we only need to prove that U C |J;c; V((;), as

V;(¢;) C U for each j.
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Without loss of generality, we just need to show that there exists a point (; such
that

(1,0) € V2(¢)), (2.21)

because, for any other point in the domain U, the same method below shows that it
also belongs to V,.((;) for some i € J.
Therefore we just need to show that there exists a positive constant K; and a

point ¢; which makes the following inequalities true:

|(1,0) — z} < Kyr7,

(2.22)
’R((l, 0),2)| < A% ().
But first we are interested in the following inequalities:
(1,0) — z| < (K1 —2)r",
(2.23)

‘R((l,O),z)‘ <77,
where K is large enough.
We observe that (1,0) satisfies inequalities in (2.23), thus there exists an open
neighborhood in U of (1,0) such that any point in this neighborhood also solves the

inequalities, that is, we can find a point w € U such that

1(1,0) — w| < (K; —2)r",
(2.24)
‘R((I,O),w)‘ <.
Since {f2(¢;,r™)} makes a maximal family in U, there must exist a point (; in

the ball fy(w,2r™) for some j € J. We then wish to check that this (; makes the

inequalities in (2.22) valid, by which our goal is achieved.

22



To see this, we first check an arbitrary point ( € fo(w, 2r™). Immediately by the

triangle inequality we know that

[(1,0) = ¢| < [(1,0) = w]| + |w — ]
< (Ky=2)r" +2r7

= K. (2.25)
To check the second inequality in (2.22), we first have
‘R((l,@),c)’ < ’R((l,o),w)‘ n ’R((l,o),w) - R((l,O),()’. (2.26)
Since we already know that ‘R((l, 0), w)‘ < r7 and

[R((1,0),w) = B((1,0),¢)| < Kalw =

< 2Kyr7, (2.27)

it is true that

‘R((I,O),C)‘ < Ky, (2.28)

By inequalities (2.25) and (2.28), we can choose a positive constant K big enough

such that

|(170) - C| < Kera
(2.29)
[R((1,0),0)| < ABI7(Q) = A (Q(Kr)™e + -+ + Ac(Q)(Kar)”.
Since there must be one (; in fy(w, 2r7) as argued, this (; then satisfies the in-

equalities in (2.22), which means that we have (1,0) € V;(¢;), and then our statement

is proved.
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Forn € N, r > 0 and {(;};es C U, define

gor(2) =3 <W>

jeg
and then define f,, =1 — ¢, — g, where g, = n~1/4, and we know that there exists

a subsequence {e,, } such that ) ¢, < oo.

Lemma 2.3.2 For any z € U and n € N large enough, |gn,(2)| <1+ £2, where K,

18 a positive constant.

Proof Let (; € U be an arbitrary point and Ny, be the number of balls 52(¢;,77)

that are contained in the ball 55((o, kr™). Then we know that
Ner < Ksk', (2.30)

where ¢ is a positive integer and K5 is a positive constant.

Now fix a point ¢ € Q. For any k € N, define a subfamily of {(;};e,:
J(C k) ={G k™ <|R(C,¢)| < (k+ 1T}

With these preparations, we can estimate |g,,,|.

First of all, we notice that if |R(z,(;)| > kr", we can get

T 2n rT 2n
S 1
R(z, ) =17 (R(z ¢)| +r7)?
T’T 2n
<| 1
(l{:?r?T—i—TZT)?
1
= — 2.31
(1+K2)n (2:81)
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It then follows that, for n large enough,

[e.9] ]{t
|9nr(2)] ST+ K5 Y ——
— (1+k?)
< 1+é. (2.32)
n

As {(;};es is chosen and f, is defined, we will be able to see more about the

functions f,.

Lemma 2.3.3 For each (j, there exists a zero of f,. Moreover, this zero will approach

to (j as n goes to infinity.

Proof Here we are just going to consider the case for (; = (1,0). This method also
applies for other (;.

We introduce two auxiliary functions:

an(zl) = fn(zh 0)

and

rT 2n
w(z1) = 1—e, — .
N o (EYON o )
Immediately we know that if R((z1,0),(1,0)) =r"(1 — (1 — 5n)_%), then z is a
zero of ¥,.

We can choose a positive sequence {7,} with 7, = n=#3. On the closed curve of

z such that R((z,0),(1,0)) — R((z1,0), (1,0)) = 7,r7¢”, we estimate that

|¢n(z)‘ = }Qn%ew(l — 5n)1/2”} + 0O(e?). (2.33)

25



On the other hand, we then see that

-] 3 )|

¢ 7#(1,0)

(2.34)

If z; is close enough to 1, the same argument as in the previous proof indicates

that
T 2n K
T () 1<% 2
Therefore, on this closed curve, we have
|6n(21) = ¥nl21)| < [Wn(21)], (2.36)

and then by Rouché’s theorem, we know that ¢,, also has at least a zero w,,, in the
region bounded by the closed curve.

According to the construction of the function ¢, we then know that f, has a zero
Wy = (Wnr, 0). By checking the argument again, we know that w,,, approaches to
(1,0) as n goes to infinity.

For other (;, we define

¢n(zl) = fn(Zh 22)7

and

,,,.T

T <R((21,22), (1,0)) - w> ’

%(21) =1-

in both of which z, is such a complex number that 7(21, 22) = ;. Then we can do the
same argument to show that the claim is true and in this case we have m(w,,) = (j,

and the proof is complete. [ |
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The next key lemma states that if a boundary point is close enough to (;, then

the broader approach region based there contains a zero of f,.

Lemma 2.3.4 For each n we can choose r = 1, such that, if w € V.((;), then

Sy, ny (W) contains a zero of f,.

Proof Again, without loss of generality, we may assume that ¢; = (1,0), and only
check this case. For other situations, the same method applies.

Suppose Wy, = (W, 0) is the zero of f, near (1,0) as we had in the previous
lemma. So now our task is to verify that if ’(1,0) — w‘ < Kyr™ and ’R(w, (1,0))‘ <

A17(1,0), we should have

|wn,r - U}| < hl (5n(wn,r))D(wn,7")a
(2.37)
‘R(ﬂ'(ﬂ)n,r), w) ) < ho ((Sn(wnm))AD(wn,r)(w).
Before starting the work, we need some setup. We claim that there exists a positive

constant Ky such that

wp,) > Kgr'. (2.38)

If otherwise, we will have ‘R(w(wnﬂ«), (1, O)) —R(wn,r, (1, 0)) ‘ < Kyr™ for any constant
Ky. However, this implies that h(z) = R(z, (1, 0)), written as a polynomial of z, does
not have terms with degree less or equal to 7 other than the constant term. This
violates that the maximal type in U is 7.

First of all, we know that

|wn,r - w| < ‘(1a0> - wn,r‘ + {(LO) - w‘~ (2.39)
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On the other hand, we check that

hy (5n (wn,r)) D(wp,) > (5(wn,7")) D(wn,r)

> Kiohy (5<wn,r))5(wnﬂ")

K K
> %hl(é(wmm(l, 0) — W | + %hl(é(wm))é(wm),

(2.40)

, as m(wy,) = (1,0). Recall that in proof of the

because §(w,,) = [(1,0) — wy,
previous lemma we have the result that w(w,,,) = (;.

If r is small enough, it is true that

Kll

[(1,0) = wpye| < [(1,0) = wyy - Thl((S(wn,T)) (2.41)

and

|(1,0) - w’ < Kqr”

< —0(wy,)
8

< B (3 ) 8. (2.42)

These imply that, if r is small enough , we will have

| W —w| < hy ((5n(wn,r))D(wn,r). (2.43)
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Meanwhile, we have

)R(ﬂ(wnﬂn),w)‘ < ‘R(W(wnm),w) - R(W(wmr), (1,0))‘

B, (1,0)) = R(wnr, (1,0)] + [ R, (1,0)]

< K12|w - (170)‘ + K13|7T<wn,r) - wn,r| + ‘R((Zho)a (LO))‘ +fyan

En T T En
< K™ 4 K136 (wy ) + —r" + 3,17 + o(—)
2n n

< K156(wn,r>-
We then consider ha (6, (wy,,)) AP (w).
By definition, we know that

ho (6n(wn7r))AD(wn,r)(w) > Kighs ((5(wn77«)) (D(wnyr))m

Tw

> K17h2 (5(wn7r)) (5(wn7r)) Twn,r

VB

> K18h2 (5(11]”77,)) (é(wmﬂ)) .

We can then find r so small that this inequality holds:

(SR

K156(wn,r) < K18h2 (5(wn,r)) (5(wn,r)) .
In this way we check that
R (), w)| < B (60(w,)) AP (w),

Therefore, there exists an r > 0 such that
|wn,r - w| < h'l (5n(wn,r))D(wn,r)a
R (1), )| < (0 (w,)) AP (w),
that is, 9%, »,(w) contains a zero, wy,,, of f, .
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Now we are going to construct a bounded holomorphic function f such that, for
any ¢ € U, the limit

lim z
Mq,hg (C)BZHC f( )

does not exist.

As we have seen from the proof above, for each n we can choose 7, such that the
lemma is true. Then we choose a subsequence {e,, } such that ) e, < co. Also for
each (j, we can find a zero w,, for f,, such that {w,, } converges to (;.

We then build a bounded holomorphic function in 2:

1= (1 —en,)gu(z)
where gk = gny i, -

Fix an arbitrary point ( € U. We know that, for each n;, with the corresponding
number 7, , there is a maximal set {(;};c; as mentioned, and by the first lemma,
there exists a point (; such that ¢ € V,, (¢j)- So, by Lemma 2.3.4 we know that a
zero of f, (%), thus a zero of f, is contained in &%, ,(¢). As k goes to infinity, 7,
converges to 0 and therefore V,, (() is shrinking, making (; converge to ¢. Thus we
have a sequence of zeros of f that converges to the point (.

Suppose limy;, |, (¢)22-¢ f(2) exists, then so does limy;, , (¢)z.-¢ | f(2)]-

By evaluating f along that sequence of zeros we have

lim inf z)| =0, 2.49
dhlﬁhz(oaz%ﬁ( )| (2.49)
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and therefore

lim f(z)] = limsup |[f(z
.pfhl,hQ(c)aH<| Gl ﬁhl,@(oaz%' )

= liminf z
Gy ,hy (§)22—C |f( )|

=0, (2.50)

which means | f|, being a subharmonic function, is identically zero, because it reaches
its supremum in an interior point. For more facts about subharmonic functions, please
refer to [18]. Here we only mention two facts. The first one: If f is holomorphic
function of several variables, then |f[? is subharmonic for all p > 0. Second, the
maximum principle also applies to subharmonic functions.

So we reach a contradiction, and therefore we know that

lim z
Gy hy (€)22—C f( )

does not exist.

To summarize, we have the theorem

Theorem 2.3.1 On the boundary of 2 there exists a boundary neighborhood U of
(1,0), and there exists a bounded holomorphic function f, such that for any point
¢ € U, the limit

lim z
Ty g (€)22C f( )

does not exist.

Since this U is of positive measure, we immediately have
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Corollary 2.3.1 There is no Fatou’s theorem for these broader approach regions

%17}12 .
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3. The Lindelof Principle

In this chapter we are going to study the Lindelof principle for several complex vari-
ables. Again, we suppose that  is a domain of finite type in C?, characterized by a
defining function p, with m > 2 being the maximal type. Suppose that (1,0) is on
the boundary, and its outward normal direction is (1,0). We also suppose that aa—zpl

and g’%” do not vanish at (1,0).
21

3.1 T-approach

There are some interesting results by Krantz in [19], which give admissible conver-
gence. In that paper, however, the work is done for strongly pseudoconvex domains.
Here we can generalize them for domains of finite type in C2.

Before that, let us have a review of the admissible approach regions and explore

some of their properties.

3.1.1 Shape of the admissible approach region

Recall that the admissible approach region 47,(1,0) based at (1,0) is defined by

[m(z) = (1,0)] < aD(z),
(3.1)

’R(w(z), (1,0))] < A*PG)(1,0).
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We have studied this region in Chapter 2, and in this chapter we are going to see
more of it. First write 7(z) = (w1, ws), the Euclidean normal projection of z to the
boundary.

By definition, R((wl, ws), (1, O)) is a holomorphic function, and we can expand
it into a formal series around the point (1,0). Ignoring higher terms, we know that

271(1,0) is comparable to the region defined by

‘(wluwQ)_(laO)‘ <D(Z), (3 2)
|c1(wy — 1R 4 ey (wy — 1)P2wh? 4 cwht| < APE)(1,0),
where ¢;’s are complex numbers and k;’s are positive integers.

As we estimate D(z) and A®P#)(1,0) in the previous chapter, we know that this

region sits inside, up to comparability, the one defined by

[(wi,w2)) — (1,0)] < 3(2)m,
(3.3)

|1 (wy — 1)F + eo(wy — 1)k2a083 + clw§4| < 8(2)",

where k£ > 0.
By solving the inequalities, we know that <7 (1,0) is comparable to the region

given by
|(wi,ws) — (1,0)] < 3(2)m,
(3.4)
jwy — 1] < 6(2)",
which is also comparable to, by doing the same analysis as in Lemma 2.2.1 in the
previous chapter,

(21, 22) — (1,0)] < 8(2),

lwy — 1] < 8(2)".
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We have

|21 = 1| S|z — wi| + |wy — 1 (3.6)

and

|21 — wy| ~ 6(2), Jwy — 1] < 6(2)". (3.7)

CASE ONE: k5 > 1.
In this case we have |z; — 1| < d(2). So up to some comparability, the region (3.5)

is inside

|(217Z2) - (170)| < 5(2)%7

(3.8)
21 = 1] < 4(2),
CASE TWO: k5 < 1.
In this case we have |z; — 1| < 6(2)*s. Therefore we have
(21,22) = (L,0)] < (8()*%) ™7 < (8()") ",
(3 < (3:1+) o

|21 — 1] < §(2)".

Therefore, we can have a result about the shape of the admissible approach region:

Proposition 3.1.1 There is a region <f that is comparable with <7 (1,0) and is lying

inside the region bounded by

(21, 22) — (L,0)]™ = |21 — 1].

Since admissible convergence is equivalent to @7-convergence, we will care more
about & and at the same time obtain results about admissible convergence.

Following Krantz’ arguments in [19], we can get some similar ones, to be discussed
in the following subsections.
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3.1.2 Bounded holomorphic functions

First we define a two-dimensional and totally real region:
T={(s+i0,t+i0) € Q:s5teR0<s<1,0<]t|] < ¥1—s}
Then for 7 =1,2,..., we define
Qi ={(21,22) €Q:1-27 < Rez; <1 -2 |Imz| <277 and |2| < V231,
For each €2;, the map
0i(21,22) = (27772, — 1) + 1, WZQ)

gives a biholomorphic mapping from (2; onto a region €2;,, where j, is a positive

integer.

By Proposition (3.1.1), we have

o | Jo =" (W) (3.10)
j=1 j=1

Proposition 3.1.2 Let f be a bounded holomorphic function in 2. If

li =0
Tazl—1>r(11,0) 1) ’
then
li =0.
%Szlzf%l,()) f(Z)

Proof First we see that ¢; maps 7'M €); onto 7'M €2,
For each j, construct
g9;i=fow;':Q; —C.
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These maps are uniformly bounded, so they form a normal family, and therefore we
can find gg, a subsequential limit function.
Note that gy vanishes on T'N €, a totally real two-dimensional region. It follows

that go vanishes identically.

For any compact set K C €2, such that

o C ;" (K),

j=1
we know that g; — 0 uniformly on K. Therefore f has </-admissible limit 0. [ |
Remark 3 As seen in the analysis above, the crucial part is of C U;‘;l Q; =
Uiz, ©; (). If we have more information about types of points near (1,0), we
may make T sharper.

For example, if p > 1 is an integer, let us consider the domain M, = {(z1, 22) €
C? : |z1)* + |22|?* < 1}. The mazimal type for this domain is 2p, shared by points
(€,0), so, by Proposition 3.1.1 we can say that the admissible approach region based
at any boundary point will sit inside another region whose shape we can describe.
However, for base points away from those of the form (¢%,0), the type is 2, so locally
the maximal type is 2, and therefore each of these approach regions can be inscribed

m a parabolic one.

We wish to make this result more general. Define a two-dimensional, totally real
manifold
T ={(s+ipi(s,t),t +ipa(s,t)) : (s,t) € T},
where p;(s,t) : T — R is a C? function, i = 1,2.
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Then we have

Proposition 3.1.3 Let f be a bounded holomorphic function in 2. If

{7953%1’0) f(z) =0,
then
4@93%1,0) f(z) =0.
Proof Suppose
0; (T NQy) =7;(TNQy), (3.11)

then each 7; has bounded derivatives. So we can find a subsequence {7, } that
converges uniformly on compacta to 7. By the relation (3.11) and the definition of
gj, we know there exists a convergent subsequence {g;, } with the limit go.

Let .7 be the graph of 7y over T'N €2;,. We observe that .7 is a totally real,
two-dimensional manifold.

We claim that gy vanishes on %. It is true because for any w € 7, there exists
a point z;, € 7 N, such that ;' (w) = z;,. We then know that {z;, } lies in F

and approaches to (1,0) as k — oo. By the hypothesis we know that

lim f o ;! (w) =0, (3.12)

k—o0

and therefore the claim is verified.
So we can again conclude that gy = 0 and it then follows that f has o/-limit 0 at

(1,0). u
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3.1.3 Normal functions

First recall the notion of Kobayashi metric. Let D be the unit disc in C. If z €
where 2 C C" is a domain, and £ is a vector in C", then the infinitesimal form of the

Kobayashi metric at z in the direction of £ is defined to be

0. oo [l
A9 = ooy

where f runs through holomorphic mappings from D to 2 with f(0) = z, f’(0) being
a positive multiple of £.
Thinking of C=CuU {00} as the Riemann sphere and ¢ € C as a tangent vector

toCat we @, then the spherical metric of ¢ at w is

21|l

Then we say a holomorphic function f: 2 — C is normal if

F'(2) - Elsph sy < CFR(2,€)

for all z € Q and £ € C".
This is a generalization of the normal functions of a single complex variable. For

more details, please refer to [7].

Theorem 3.1.1 Let f be a normal holomorphic function in €. If

li =0
99;:%1,0) f(z) ’
then
li =0.
PR
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Proof Let D be the unit disc in C. Consider a holomorphic mapping ¥ : D — €},
with ¢(0) = p € ;,. We may take ¢ to be an extremal function for the Kobayashi
metric at the point p.

Define a function p; : D — C:

pi=fop;loy.

It follows that
115 0)] < [V Fe; @) (05t 0 %) (0)]. (3.13)

We notice that |V f (apj_l(p))‘ is bounded from the Kobayashi metric on €2, and
}(gp;l o w)/(0)| is the reciprocal of the Kobayashi metric for €2; at goj’l(p). We also
notice that the Kobayashi metric on €2 is smaller than that on ;. Therefore we can
see that |1;(0)| is bounded on compact subset of D, and this bound is independent
of j, and the choice of p in a compact subset K C D. By composing with a Mobius
transformation we can have a similar estimate for 1/ at any point of a compact subset
of D.

Therefore we can find a normally convergent subsequence {yj, } of p; with the
limit function pp. Consequently, {yu;, = gj, o ¢} is also convergent, and so is {g;, },
with the limit function gq.

As shown in the proof of the previous theorem, we can obtain a totally real,
two-dimensional manifold .7, the graph of 75, a subsequential limit of {7;}. We can
further deduce that gy vanishes on .7, then get that gy = 0 and finally conclude that

f has &7-limit 0 at (1,0). u
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3.2 Boundary Approach

Suppose f is a bounded holomorphic function on €2 such that |f(z)| < 1 for any
z € Q. For P € 0192, we define, only for the rest of this chapter, the boundary value
|f(P)] to be limsupgs,_,p|f(2)] € RU{oco}.

There are some interesting discoveries in [20] and [7] concerning the boundary
curves. The result in [20] of Lehto and Virtanen states that if lim, ;| f(y(¢))] = 0
where f is a normal function in D C C and v : [0,1] — D is such a curve that
(1) = P € 0D, then f has non-tangential limit 0 at P. For several complex variables,
Cima and Krantz give a similar result for hypoadmissible convergence in [7], which
treats complex normal curves. Recall that v : [0,1] — 09 is complex normal if

(Y'(t), V) # 0, all 0 <t < 1. Their theorem states:

Theorem 3.2.1 Let Q CC C" be a domain with C? boundary. Let v : [0,1] — 09
be a C? curve which is complex normal. Let f : Q — C be a normal and assume

f € HP(Q), p> 4n. Suppose that

lim [f(~(t))] = 0.

t—1—

Then f has hypoadmissible limit 0 at P = ~y(1).

However, it turns out that there is no way to get an admissible limit. Let us

consider this domain
M2 = {(21,22) € C2 : ’21|2 + ’22|4 < 1},

which is not strongly pseudoconvex but still of finite type.
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Consider the holomorphic function

4
29

f(2) = f(z1,22) =

1—2

It is bounded because |z3/(1 — z1)| < [(1 = |z1[%)/(1 = [z1])| = 1 + |z| < 2.

We notice that f has a radial limit 0 at (1,0). If there exists a complex normal
curve terminating at (1,0), along which f has a limit A # 0, then according to some
other results in [7] by Cima and Krantz, f should have a hypoadmissible limit A
and thus radial limit A\, which gives a contradition. This means, along any complex
normal curve, if f has a limit, then this limit must be 0. Alternatively, we can just
check this curve ¢(t) = (¢,0),0 < ¢t < I, and note that it is complex normal and
along it f has limit 0.

However, this does not yield the admissible limit 0, as we can find a sequence
of points {2z} with 2*) = (1 — 27% 27%) which are in an admissible approach

region, and

L 2—4k
f(z%) = oo = L (3.14)
Therefore we have the limit
lim f(z®) = 1. (3.15)

k—o00
So we need to apply more restrictive conditions.

Suppose that

lim f(p(t)) = ¢

t—1-
for any boundary curve ¢ : [0, 1] — 09Q with ¢(1) = (1,0). We hope to find a Lindel6f

principle for this case, that is, we wish that f had the admissible limit ¢ at (1,0).
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Since the boundary values of f are defined through nontangential limit and along
all curves near (1,0), |f| is defined, we may assume that there exists a neighborhood
W C 09 of (1,0) such that

lim f(w)=1¢,

W3w—(1,0)
and may even assume that W is also part of the boundary of another domain V' inside
Q that is of C? boundary, and f has the nontangential limit at every point in W.
As stated in the previous section, we may just consider the region ./ which is

comparable with 27 (1,0). So we hope to get this result:

Jdim 17(2) = £(1,0) = .

So we begin to estimate |f(z) — f(1,0)].

First we have the triangle inequality

7(2) ~ FLO)] < | £2) = 7((1,0) ~ 70)]

+]£((1,0) — %y) — £(1,0)] (3.16)

for any k£ € N, where v is the outward unit normal vector at (1,0).

We have no need to worry about the second expression because it has the limit 0
when k — 00, so we hope to have the limit 0 for the first expression. To see this, we
use the Poisson integral over dV. So the problem turns out to estimate in terms of
Poisson kernels.

For any positive ¢ small enough, define

W.={PecW:|P—(1,0)| <&},
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then o(W,) ~ &°.

We estimate that
1
£:) = £(1.0 = )] < [P0 = PU(10) = 120 Hf )l do(¢)
= [P0 - P10 = S O1de©) ()
OV\We
+ [P0 = P10 - r OOl dolO) () (317)
We are not worried about (*) because on 0V \ WL, as z is approaching to (1,0)
and k is tending to oo, ( is away from the singularities of the Poisson kernels, and
|£(¢)| is bounded. Therefore the expression (*) has limit 0.

We know that P(z, (), as in the complex 2-space, equals §(z)/|z —¢|* plus an error

term, so we want to estimate, for ( € W_,

d(z) B 5((1,0) — %I/) (3.18)
|2 = ¢t |(1,0) — g — (4T '
If Cie < §(z) < Cye and Cse < % < C4e, we have
|2 = ¢|* = (6(2))" > Cie! (3.19)
and
L 4 1.y 4_4
(1,0) — Eu‘ = (E> > Cyet. (3.20)

We also need their upper bounds. By the triangle inequality we know that

[z = ¢ <[z = (1L,0)[+[¢ = (1,0)] (3.21)

Since z € o7, as shown in (3.5), there is the relation |z — (1,0)| < 8(z)wm.
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By the definition of W, we have |¢ — (1,0)] < €*. So we can estimate that

2 — (| < Cyem. (3.22)

However, we estimate that

1 1
(1,0) — V- ¢l < (1,0) - i (LO)| 4+ |¢ = (1,0)] < Cre. (3.23)
Therefore we have
1 4 1 4 L4 1+4

‘ﬂauLm—EU—q —Ep—q‘<C%f-@@ = Oyeltn, (3.24)

Now we can estimate that

k 4(2) %

‘ 0((1,0) — 3v) ’ _ B ’
e=CF 00 — v — ¢l =g T I0) - fv = CF
5() (L0~ '~ et

|2 = CI4(1,0) — g — CJ*

C.
< Dol ,0)~ v~ ¢~ 21— ¢l

Coy 4
< —- Cgé‘prm
e

jCa (3.25)
Therefore, by the boundedness of f on the boundary, we see that
/IH%O—(OO O ma)<q@%;g
= (et
< Oppe?. (3.26)

This means | f(z) — f((1,0) — +v)| has limit 0 as z approaches to (1,0) admissibly
and k tends to infinity.
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Therefore we can establish this result:

Theorem 3.2.2 Let Q be a domain in C? that is of finite type. Suppose f is a

bounded holomorphic function on € such that |f(z)| < 1 for any z € Q, and

lim f(p(t)) = ¢

t—1—

for any boundary curve ¢ : [0,1] — 9Q with ¢(1) = (1,0). Then

lim [ f(z) — f(1,0)] = 0.

/5z—(1,0)
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4. Inner Functions

In this chapter we will construct inner functions for a general kind of domain in C".
Although in the text we are dealing with C?, the method can be carried out for higher

dimensions.

4.1 Integral Formulas

Let B be the unit ball in C? and S be its boundary.

Suppose that f : C2 — C? holomorphic, and M C C? is a compact manifold with
smooth boundary such that f(M) = B, f(OM) = S.

Also suppose that f = (fy, f2) : M — B is a finite ramified covering, with N
sheets. Let Z = {(z,w) € M : either z is a zero of f; or w is a zero of fo}. Denote
Zy=ZNoM, Zy= f(Z)NS.

We can then think of {Uy,...,U,} as an open cover of S\ Z, such that, for each
Ui, f‘l(Ui) contains N disjoint components V;y, ..., V;n such that each component is
biholomorphic to U;, and {V1, ..., Vin}; covers OM \ Z,.

Then we choose {Wi,...,W,} such that they are pairwise disjoint, W; C V;,
and UL, W; = S\ Zy. If we let {X;,...,X;n} = f1(W;), then we know that
U;V:l U2, X;; = OM \ Z; and for each k, the intersection of the interiors of X;;, and

Xk, 1 # J, is an empty set.
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This case is of interest because it can furnish domains that are more general
than strongly pseudocovex ones. For example, for any positive integer p, the map
folz1,22) = (21, 25") relates the domain M, = {(z1,2) € C? : |z]* + |2|* < 1},
which is not strongly pseudoconvex but still of finite type, with the maximal type
2p for points (¢, 0), to the unit ball. For the notion of finite type, please refer to
previous chapters or works such as [5] by D. Catlin.

For z,w € OM \ Z5 on the same sheet and sufficiently close to one another, define

2

dyi(z,w) = /1= |(F(2), F))[ (4.1)

we can then introduce the open boundary ball Ey(w,r), centered at w € OM, with

radius r sufficiently small:
Ey(w,r)={¢ € oM : dpy(w,() <r}. (4.2)

We wish to introduce a measure over M. The way to do this is to relate it to a
measure on S, the boundary of the unit ball in C2.

Specifically, for n € S, put

E(n,r) ={€ € S:d(n&) =\/1- |6 <r}, (4.3)

and let o be the unique rotation-invariant probability measure on S.

With the map f: OM — S, we immediately have the relations

dM(Z7w) = d(f(z)> f(w))’ (4'4)

and
f(Em(w,r)) = E(f(w),r), (4.5)
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because £ = f(z) € f(Ey(w,r)) if and only if z € Ep(w,r), which is the same to say

that \/1 — ‘(]‘1(2),]‘1(@”2 < r, or equivalently, £ = f(2) € E(f(w),r).

This inspires us to define a measure o,; by

om(Bu(w,r)) = o(f(Em(w, 7)) = o(E(f(w),7)), (4.6)

for r sufficiently small.
Although here, o), is defined in terms of boundary balls, it also works for open

subsets of sheets of OM \ Zy. We have the relation
o =00 f. (4.7)
The study in [29] of E(n,d) shows that o(E(n,d)) = 62. Consequently, we have
oy (Ey(w,r)) =12 (4.8)

Now we turn our attention to the relation between the integrals over S and those
over M.

For j=1,2,... N,

U /X F(f(w)) doy(w) = U/ ' F(z)do(z) = /S F(z)do(z). (4.9)

iy

Since o(Z3) = 0, we have the equation

U/XF(f(w)) doy(w) :/SF(Z) do(z). (4.10)
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Therefore, since oy (Z1) = 0, we know the relation between these two kinds of

integrals is:

/M F(f(w)) doas(w) = /M | F() dow(w) (4.11)
=N. (0/}(F(f(w)) daM(w)>
:NLﬂ@w@.

If @« = (aq,as) is a multi-index, where oy and s are non-negative integers, we

have the following notations: «o! = ajlas!, |a| = a; + as, and for 2 € C?, 2% =
Zlone) — pon 02

Since, as shown in Rudin’s book [29], for a # S,

/zaiﬁ do(z) =0, (4.12)
s

and

/Szaza do(z) = (HL;(W (4.13)

we can then obtain similar equations for the case M, which will play important roles

in the analysis of RW-sequences in a following section:

N P T dow(z) = 0,0 # B, (4.14)
and
e B Nal
| 1T dow(e) = s (115)

20



4.2 Boundary Balls

Put L = supd(z, w) and I = inf (dp(z, u) + dp(u, w)), where z,w,u € 9M and
they are on the same sheet. We notice that L. < oo and [ > 0 are constants, and for

any z,w,u € OM on the same sheet, we have
L
dy(z,w) < L < T(dM(z,u) + dy(u, w)), (4.16)

which means we have a triangle inequality, that is, there exists a positive constant C
such that
dyr(z,w) < Cr(dp(z,u) + dys(u, w)). (4.17)

With the help of this general result, or, more simply, from the definition of the
area of boundary balls as shown in (4.8), along with what we established in (4.5), we
can check that:

1. 0 <op(Ey(w,r)) < oo;

2. There exists Cy > 0 such that oy (Ey(w,2r)) < Coop(En(w, 7));

3. There exists C5 > 0 such that if Ey(w,r7) N Ey(¢,s) = 0 and r < s, then
Ey(w,r) C Ey(C, Css).

These properties show that 9M is actually a space of homogeneous type (see [8]),

which gives us a geometric result:

Theorem 4.2.1 For r > 0, there exists a mazimal set {w1,...,wx} C IM with

respect to having the balls Ey(w;, ) pairwise disjoint but UL, Ey(w;,2r) cover OM.
As a consequence of this, we have

Cy= oy (OM) < Koy (Ey(wy, 2r)) = K(2r)* = 4K1r?, (4.18)
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which implies that

K> 4 (4.19)

4.3 Construction of f-Polynomials
Let r1,...,rx be Rademacher functions:
r;(t) = sgnsin(2/7t), t € [0, 1],

and define
K

Qio f(z) =) r{f(2), ), (4.20)

j=1
where £ € N.

We first notice that @ o f is a polynomial of fi(2) and fo(z), and Qy(Af1, Afa) =
NeQyo f.

Now, take r = 1/v/k. We wish to find bounds for |Q; o f|.

4.3.1 Lower Bounds

We first calculate that

k

(O, F@ [ = (A Filwy) + 200 Falw) (A filwy) + (0 falw;)" (4.21)
= Y DO,
0<i,s<k
where
Di,s = <l:) f(w)(s,kfs)m(i,k_i). (4.22>
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We note that |fi(w)]* + |fo(w)|*> = 1 for w € OM. Using (4.14) and (4.15), we

have the equations:

Q- fep) do(€ /W Z DO IFT™ dow(c) (423
=20 [ HOMTO dmtc)
¢ ? ik— (i,k—1) N’l'(k )l
=i0<)f(w)( e A

(’?)f(w%’*’““m‘““‘“

Therefore, by the definition of @); o f, we have estimations:

/ dt / Q¢ 0 f(O)>dops (¢ Z / [(F(Q), Fw)) [ done(C) (4.24)

o +/<?)
CyN
~ 41+ k)r?

> 05.
This implies that there exists ¢t € [0, 1] such that

Qs 0 f(Q)? do(C) > Cs. (4.25)

oM
Our focus will be on this Q; o f.
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4.3.2 Upper Bounds
Fixing ( € OM, for m =0,1,2, ..., define the set H,, by
H,, = {w; : mr <dp(Cw;) < (m+1)r}.

If w; € Hy,, we have
2
[(FOs Flw)] <1 —=m*?, (4.26)
and w; € Ey (¢, (m+1)r), which implies that Ey(wj, ) C Ep(C, Cr(m+2)r), because

for any w € Ep(wj,7), we have

dM(C,w) < Cl (dM(C,Wj> + dM(wj,w)) (427)
<Ci((m+1)r+7)

=Ci(m+2)r

and therefore

ou(Eni(wj, ) - #Hm < op(En (G, (m 4 2)r)), (4.28)

where #H,, denotes the cardinality of H,,. According to the estimation (4.8),

#H,, < Ci(m+2)> (4.29)
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Thus we have estimations

=

Q0 FOI< DA Fle)f (4.30)

=53 @, flwf

m=0w;EHm,

o0

<CPY (m+2)°(1—m*?)

m=0

k
2
< C? E (m + 2)26_37”2’"2

m=0
oo

< O} Z(m +2)%

m=0

The last series is convergent. Using ¥ to denote the sum, we therefore have

‘Qt ’ <1 (4.31)

4.3.3 RW-Sequences

According to the results above, we define, for ( € OM,

Qo f(9)

Wio f(Q) = =5, (132

which is a polynomial of fi(z) and f2(z). Moreover, Wy, ()\fl(z), )\fg(z)) = MW, o f.
We call this a homogeneous f-polynomial of degree k. This leads us to the following

theorem.

Theorem 4.3.1 There exists a positive constant ¢ such that, for k € N and Wy o f
as defined, we have

1. Wy o f is a homogeneous f-polynomial of degree k,
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2. [Wyo f(¢)] <1, and

8. forr Wio fI?do > c.

Letting % be a compact subgroup of U(2), we have that

/|WtoUof|2dU:/ W, 0 f|*do > c. (4.33)
4 oM

If 14 is a positive Borel measure on OM, we have

/ dU/ |WtoUof|2dM>c/ dp, (4.34)
w oM oM

and therefore we can find U, such that

/ W, 0Uo fI2du > C/ dp. (4.35)
oM oM

Note that the results in the theorem remain true if we consider W, o Uy o f instead

of W; o f. We add another property for this f-polynomial:

Proposition 4.3.1 There exists a positive constant ¢ such that, for k € N and Wyo f
as defined, we have

1. Wy o f is an homogeneous f-polynomial of degree k,

2 Wio f(Q) <1,

8. [on |Wio fI?do > ¢, and

4o Jors Weo fIPdu > c [, du, if u is a positive Borel measure.

4.4 Inner Functions

Any holomorphic function can be written as a series of homogeneous polynomials:
h(z) = (z) (4.36)
k=0
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Therefore h o f can be written as a series of f-homogeneous polynomials

hof(z) =) hyof(2) (4.37)

Let E be a set of nonnegative integers, an (E, f)-polynomial is a finite sum of the
form ), p Fj, where F}, is a f-homogeneous polynomial of degree k. If we take k
range from 0 to oo, we call this series an (F, f)-function.

If, additionally, E is such that there are such integers a,, (m = 1,2,3,...) that
E contains j + a,, for j = 1,2,...,m, we say that F is an LI-set, which means F
contains arbitrarily long intervals of consecutive integers. A quick result is that the

removal of any finite subset of an LI-set still gives an LI-set.

Proposition 4.4.1 Suppose that ¢ € C(B), E is an Ll-set, and fork =1,2,..., fx
is an f-homogeneous polynomial of degree k, with |fi| <1 on M.

Then there is a sequence {k;}, and there are (E, f)-polynomials F; such that

lim |F(2) — fi () ()] = 0 (438)
uniformly on M.

The following gives a proof of this proposition, which is analogous to Rudin’s
in [30], with a few necessary modifications. First of all, we need to give a Cauchy
integral formula for our case.

Using the change of variables z = f(w) and applying the known Cauchy integral

over S, we have

] F(£(Q)) dow(C)
F(f(w)) = — '
D =N Jo 0= ), £(0)°
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We may assume that ¢(z) is actually a polynomial of zq, z9,Z; and Z,, and we first
consider the monomial case ¢(z) = 1)(z) = z(@102)z(F152),

We then define

b L[ BOp(O) dou ()
L

N Jow (1= (f(z), £(O))°
Note that fi(¢) is a finite sum of terms of the form f(¢)®*=9. We expand

(4.40)

(1 —{f(2), f(€)))2, and due to (4.14), we are only interested in the following non-

vanishing integral, with the integer ¢ to be fixed:

f(c)(m,az)m(ﬁl752)]0(()(1‘,16—1') <f1(21)f1(C) n f2(22)f2(C2)>t 4oy (). (4.41)

oM

We compute
N\t (Gt —3)
(AERE+ ERD) =3 ()o@ )

j=0

Therefore, in order for the integral to be nonzero, we must have relations

i +1 = ﬁl + j7
(4.43)
s+ k—1=[0y+1t—7,
from which we obtain
t=k+ (o1 +a) = (B + fa), (4.44)

and this fixes t.

So we can conclude that Py defined in (4.40) is actually an f-homogeneous poly-
nomial of degree k + |a| — |5].
Taking into consideration that ¢ o f(z) = ZC’agf(z)"mﬁ, and that £ is an

LI-set, we can check that Py is an (E, f)-polynomial for infinitely many k.
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To check for uniform convergence, we first note that

1 RO(P(F0) = e (£(2)) don(©)

Plz) = fel2)e(f(2) =Zu) = [ TN (4.45)
for z € M,( € OM — {z}.
Then we can check that
lim Z4(2) = 0. (4.46)

k—o0

Noting that {Z} is equicontinuous completes our verification of the proposition.
Now, suppose that ¢ is a positive LSC function on B, that is, lim SUPBse e, P(§) =
©(&) for any & € B. We also suppose that ¢ o f € L?(u). In fact, we may simply
assume that ¢ € C(B) because we can use increasing sequences of positive continuous
functions to approximate LSC ¢ from below.
According to the result in Proposition 4.3.1, for any k, we can find f-homogeneous

polynomials Wy, o f such that |Wy o f| < 1 and

| WeenenFauzc [ (oo dn (.47
oM oM

As the constant ¢ in Proposition 4.3.1 is fixed, we can choose another positive
constant C' sufficiently small, such that C'(2—C') < ¢/2. Then applying to Proposition

4.4.1, we can find an (F, f)-polynomial F' and one W}, o f with the relation

[ = (Wi o f)lpo f)l <Cpof, (4.48)
since Cpo f > 0.
Then it comes to two cases. If |F| < |(Wyo f)(¢o f)|, then we have |(Wy o f)(po

)| — |F| < Cpo f, which indicates that

((Weo f)lpo f)l =Coof <|F|<[(Wio f)lpof)l<pof<(1+C)pof, (449)
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because |Wy o f| < 1; if instead, |F| > [(Wy o f)(¢ o f)], it follows that |F| — [(W}, o

f)(po f)] < Cpo f, and we have
(Wio f)lpo /)l =Cpof<|Wyof)lpo )l <|FI<(1+C)pof  (450)

Therefore, in either case, we always have

[(Wio f)(po f)| =Cpo f<|F|<(14+C)pof. (4.51)
Now, let P = HLCF . From the inequality (4.51), we immediately have the result
P = P (452
C14+C '
< (1+C)pof=ypolf.

1+C

Additionally, we estimate that, as |[(Wy o f)] < 1,
[F[* > [(Wio f)(go fIIP = 2C|(Wio f)(go fllpo f+C%(go f)? (4.53)
> |(Wio f)lpo f)I* = (2C = C*)(po f)*.

This gives us:

o_ L 2
/8M]P\ RN LM\F\ (4.54)

g ﬁ /aM (IWeo (o /P = (2C = C*)(po f)?)
” %/aM (IWko (o NP = (2C = C*)(po f)?)

>5(e=c-0) [ (oorp

oM
_¢ o £)2

with our assumptions 0 < C' < 1 and C(2 - C) < ¢/2.
To summarize, we re-state the result in a theorem:
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Theorem 4.4.1 If ¢ is a positive LSC function on B and po f € L*(u), we can find
an (E, f)-polynomial P such that |P(z)| < @(f(z)) and

C

[ iP5 [ oo,
oM oM

where ¢ is the same positive constant that appears in Proposition 4.5.1.
We can now verify the existence of inner functions.

Theorem 4.4.2 Suppose ¢ > 0 on S, ¢o f € LSC N L*(oy), and E is an LI-
set. Then there is a nonconstant E-function F € H*(M) such that for almost every

¢ € OM, with respect to the measure oy, we have

[E(O)] = ¢ o f(Q). (4.55)

Proof We start with an (F, f)-polynomial Py satisfying |Fy| < ¢ o f, and denote
the set of integers which are degrees of monomials in Py by Fy. For example, we may
take Py = 0.

Letting Q)9 = Fy, then on OM we have

[Qo| <o f (4.56)

Thus, according to Theorem 4.4.1 we can construct an (E \ Ey, f)-polynomial P

such that |P| < po f — |Qg| on OM, and

/ |P1|2d0'M > Z/ (QOOf— |Q0|)2d0'M. (457)
oM oM

Denote the set of integers which are degrees of monomials in P, by F4, and note that
EyN E; = 0 and therefore, ) and P; are orthogonal to each other. We can still
regard P as an (£, f)-polynomial.
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Now, suppose we have found pairwise orthogonal (E, f)-polynomials Py, P, ..., Py

such that
Qn| <@of (4.58)
and
c
/ Pyl dow > 1/ (0o f — |Qn 1)) 2don, (4.59)
oM oM

where we define Q; = S°7_ P;.
Then, by Theorem 4.4.1 we can find an (E \ U E;, f)-polynomial Py 1, which

can be also regarded as an (FE, f)-polynomial, satisfying

|Pri1| <o f—[Qn] (4.60)
and
c
/ |PN+1|2dO'M > Z_l/ ((pO f — ’QNDQ dO’M. (461)
oM oM

We note that Py, is orthogonal to P, ..., Py. By definition of Qx4 and the

inequality (4.60), we see that

Qna| S|@n|+ [Pya] <[Qn|+po f—[Qn]=po f (4.62)

In short, we start with an (E, f)-polynomial P, and then construct Q. If we
already have pairwise orthogonal (FE, f)-polynomials Py,..., Py, with Qn = Py +

-+ + Py, satisfying

Qn| <o f (4.63)
and
/ | Py |2 dow > 2/ (0o f —|Qn-1])?dow, (4.64)
oM oM
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then we can inductively construct an (E, f)-polynomial Py, orthogonal to P;, 0 <

1 < N, and Qny1 = Qn + Pya1, such that

|Qns1] <o f

and

c
[ iPvaPdon > [ (oo~ 1Qu?do.
oM oM

Next, we notice that for any N, because of the orthogonality of {P,},

N 9 N
|QN|2dO'M:/ ‘ B dO'M: / |-Pz|2dUM
I8 pS 2 o

On the other hand, by the inequality (4.63), we have

[ taxPdo < [ (oo pidow

oM

Therefore we have the relation

S [ IRPdows [ (po o,
o Jom oM

(4.65)

(4.66)

(4.67)

(4.68)

(4.69)

and it makes sense to define F' =) " P;, because this series converges and further-

more we know that F' € H?*(M).

According to (4.67), we can deduce that |Qy| — |F*| in L?(oa). However, by

(4.64), whose left-hand side goes to 0 as N — oo, we have |Qx| — ¢ o f in L*(oy).

Thus, we can conclude that |F*(¢)] = ¢ o f({) for almost every ¢ € M, and the

theorem is then proved.

We are finally ready to state the main result of the existence of inner functions,

simply a special case of Theorem 4.4.2, taking ¢ = 1:
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Corollary 4.4.1 Inner functions exist for the domain M.

As a reminder, M C C? is such a compact domain with smooth boundary that
there exists a ramified holomorphic mapping f : C* — C? with f(M) = B and
f(OM) = S. This assumption provides room for domains more general than strongly
pseudoconvex ones, such as M, = {(z1,22) € C? : |21]* 4 |22|*’ < 1} which we have

already seen.
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5. Concluding Remarks

Before ending the thesis, we would like to give several remarks about potential work
to do in the future.

In Chapter 2 we are discussing the problem in C? and obtain the result that
admissible approach regions for domains of finite type are optimal and there is no
Fatou’s theorem for approach regions that are complex tangentially broader than
admissible ones. We are wondering if this method could also be applied to explore
domains of finite type in complex space of higher dimension, because we will have
to be more careful about the definition of admissible approach regions and analyzing
inequalities.

That’s the same problem for Chapter 3. In this chapter we give several results
regarding the admissible convergence as supplements to the Lindel6f principle. If we
wish to move on to domains of finite type in C", n > 2, we will first need to figure out
the shape of admissible approach regions and consider applying the same method.

In Chapter 4 our result shows the existence of inner functions a more general type
of domains. Although we can think of this for such domains by just composing with
the mapping f, we provide more work than that such as set up integral formulas and
construct RW-sequences for our case. Actually, if we just consider a specific domain,

for example, M5 as mentioned, we may approach by setting up different measures at
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the beginning instead of making compositions. But the idea is still the same. This
also provides insight for some domains of finite type. However, not all domains of
finite type can be related to the unit ball in such a way. Therefore, it is still unknown
whether for all domains of finite type inner functions exist. There are other methods
and tools we may take advantage of. We may also take into consideration that the
weakly pseudoconvex points form a set of measure zero on the boundary of domains

of finite type, which is a result from the work of D. Catlin in [5].
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