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Abstract

In Chapter 1, we introduce three varieties of reproducing systems—Bessel
systems, frames, and Riesz bases—within the Hilbert space context and
prove a number of elementary results, including qualitative characterizations
of each and several results regarding the combination and partitioning of
reproducing systems.

In Chapter 2, we characterize when the integer lattice translations of a
countable collection of square integrable functions forms a Bessel system, a
frame, and a Riesz basis.

In Chapter 3, we introduce composite wavelet systems and generalize sev-
eral well-known classical wavelet system results—including those regarding
pointwise values of the Fourier transform of the wavelet and scaling func-
tion and those regarding dependencies on the multiresolution analysis defin-
ing properties—to the composite case. Two corollaries of these results are
the nonexistence of composite scaling multifunctions of Haar-type, when the
composite dilation group is infinite, and the nonexistence of classical mul-

tiwavelets, when the dilation matrix is integral and has determinant 1 in
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absolute value.

There is a well-known connection, via the Fourier transform, between
smoothness and integral polynomial decay. In Chapter 4, we prove several
generalized versions of this result in which smoothness and integral polyno-
mial decay are replaced with Holder continuity and fractional polynomial
decay; logarithmic continuity and logarithmic decay; iterated Holder conti-
nuity and multivariable fractional polynomial decay.

In Chapter 5, we prove the nonexistence of shearlet-like scaling multifunc-
tions that satisfy a minimal amount of decay and either a minimal amount
of regularity or one of two “finite type” conditions.

In Chapter 6, we indicate a number of interesting questions that arise
from the reproducing system characterizations of Chapter 2 and the scaling

multifunction nonexistence results of Chapters 3 and 5.
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Notation

e We represent elements of the time domain, R”, by column vectors x

and elements of the frequency domain, R™, by row vectors &.
e 7" denotes the collection of all 1 x n row vectors with integer entries.

e N and Z* denote the collections {p € Z:p >0} and {p € Z : p > 1},

respectively.

e We define the Fourier transform F : L2(R") —s L2(R") for f €
L'(R™) N LX(R™) by

Ff) = f(f) = . f(z)e™ ™" dg,

e A measurable function f : R" — C is said to be Z"-periodic if for

each k£ € Z™ we have that

flz+ k) = f(z)

for almost every (a.e.) x; Zn-periodic functions are defined similarly.
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For 1 < p < oo, we define LP(T") to be the collection of all Z™-periodic

functions satisfying

/ |f(z)|P dz < oo.
[0,1]™

We define L>(T") to be the collection of all Z™-periodic functions that

are essentially bounded.
For f € L*(R") and y € R", we define the translation operator T, :
L*(R") — L%*(R") by

Tyf(x) = f($ - y)'

For f € L*(R") and ¢ € GL,(R), we define the dilation operator

D.: L*(R") — L2(R") by
D.f(x) = |dete| V2 f (¢ a).

C(R™) denotes the collection of all continuous functions f : R” — C.

Co(R™) denotes the collection of all functions in C(R™) that vanish at

infinity.

For each positive integer p, C?(R™) denotes the collection of all func-
tions in C'(R™) whose partial derivatives up to order p exist and are

continuous.



e (C'°(R") denotes the collection of all functions that belong to C?(R"),

for each positive integer p.

e The Schwartz class of R", denoted by S(R"), consists of all functions
that belong to C*°(R™) and that, together with all their derivatives,

vanish at oo faster than any power of ||z||.

e The spaces LP(T"), C(R"), Co(R™), CP(R"), and S(R") are defined

similarly.



Chapter 1

Reproducing Systems in

Hilbert Spaces

This chapter contains the definitions and results regarding reproducing sys-
tems within the general Hilbert space context that will be needed in subse-
quent chapters. Section 1 includes some basic facts regarding unconditional
convergence of sums in Banach spaces. In section 2, we introduce three va-
rieties of Hilbert space reproducing systems—Bessel systems, frames, and
Riesz bases—and prove several elementary results. In particular, we obtain
illuminating qualitative characterizations of each of the three. In section 3,
we offer several results regarding the circumstances under which, first, two
reproducing systems of a certain type can be combined to form a reproduc-
ing system of the same type, and, second, a subcollection of a reproducing

system of a certain type forms a reproducing system of the same type. In



particular, we obtain interesting results regarding the circumstances under
which two frames (Riesz bases) may be combined to form a new frame (Riesz
basis).

We enumerate definitions, theorems, etc. as indicated by the following

example: Definition 1.2 refers to the second definition in the first chapter.

1.1 Unconditional Convergence of Sums in
Banach Spaces

In this section, we define unconditional convergence of sums and other rel-
evant Banach space terminology and prove several elementary facts there-

about. We have the following definition:

Definition 1.1. Suppose that X is a Banach space, that I is a nonempty

countable indexing set, and that {x;:i € 1} C X.

(i) We say that Y. ., x; converges unconditionally to x € X if for every
€ > 0 there corresponds a finite subset F' = F(e) of I such that for any

finite subset F' of I satisfying F' D F we have

|5 <

i€l

(ii) We say that )", x; is unconditionally Cauchy if for every e > 0 there

corresponds a finite subset F' = F'(€) of I such that for any finite subsets



F' F" of I satisfying F', F" D F we have

If X and Y are Banach spaces, we define B(X,)) to be the collection of
all bounded linear operators mapping X" into ). We write B(X) in place of
B(X,X). For A € B(X,)), we denote the operator norm of A by ||Al|; that
is,

IAl = sup{[|[Az] 2 € &, [Jzf] = 1}.

Let X, I, and {z; : ¢ € I} be as in Definition 1.1. We make the following

observations:

(i) If > ,c; @; converges unconditionally to € X', then for any collection
{1, };2, of finite subsets of I satisfying I, C I, C I3y C ... and | J;2, I, =

I we have

lim E T, = .
p—>00

icl,

In particular, x is unique.

(ii) Since X is complete, it follows that ) ._; x; is unconditionally Cauchy

if and only if ), , #; converges unconditionally.

(iii) »,c; 7 is unconditionally Cauchy if and only if for every e > 0 there

corresponds a finite subset F' = F'(¢) of I such that for any finite subset

10



F’ of I satisfying F' N F = () we have

|2

1€ F’

<e.

(iv) Suppose that ) is a Banach space and that A € B(X,)). If Y., z;
converges unconditionally to z € X, then ., Az; converges uncondi-

tionally to Az.

We have the following lemma, which validates certain rearrangements of

unconditionally convergent sums.

Lemma 1.1. Let X, I, and {x; : i € 1} be as in Definition 1.1. Assume

that ) .., x; converges unconditionally to x € X.
(i) If J is a nonempty subset of I, then Y, ; x; converges unconditionally.

(i) If {11, 15, 1I3,...,In} is a finite collection of nonempty disjoint subsets
of I for which I = U;])V:1 I,,, then for each p, Zielp XT; CONVErges uncon-

ditionally, and we have

S a

p=1 i€l

(111) If {I1,I5,I3,...} is a collection of nonempty disjoint subsets of I for
which [ = U;ozl I,,, then for each p, Zielp x; converges unconditionally,

o oy
and Y 7, D e, @i converges unconditionally to .

(i) If Iy and Iy are countable indexing sets and if I = I; X I3, then for each

11



i1 € I, D i er, Tinin) COnETges unconditionally, and

DD T

i1€lh i2€ls

converges unconditionally to x.

Proof. Part (i) is easily verified. The proof of part (ii) is similar to (but
easier than) the proof of part (iii); part (iv) follows from parts (ii) and (iii).
We therefore only prove part (iii).

Suppose that {Iy, I5, I3, ...} is a collection of nonempty disjoint subsets
of I for which I = U;il I,. It follows from part (i) of this lemma that for each
Dy Y ic 1, Ti converges unconditionally to some element y, € X'. Let € > 0 and
choose a finite subset F' of I for which ||}, . z; — 2| < €/2, for all finite
subsets F” of I satisfying [/ O F. Choose N for which F' C U;}VZI I, Fix a
finite subset P of ZT satisfying P D {1,..., N}. For each g € Z* choose a

collection {F}? : p € P} of finite subsets satisfying
(i) FZC I, for all p € P;
(i) £ C Upep £y, forall ¢ =1,2,3,...;
(iii) Fpl CFI,?CF];3 C...,forallpeP;

(iv) Uy Ff = I, for all p € P.

12



For ¢ € Z™", we have

1D v —all =11 v~

pEP peEP

< szp_

pEP

< szp_

pEP

2 0wt ) ) wi—al

PEP icFy PEP i€ F]

YDl Y wi—al

PEP icFy PEP icFf

PEP icFy

where we have used that F is a subset of the disjoint union | J, ., 9. Using

that

pEP ~ p

T (1> wp = > wl =1 wp—>_ Jim >

peP PEP icFy

peP peP i€
= || Zyp - Zyp”
peP peEP

=0,

it follows that || > cp yp— 2|l < €, which completes the proof of part (iii). [

13



1.2 Elementary Properties of Reproducing Sys-
tems

If ‘H is a Hilbert space and if {f; : ¢ € I} is an orthonormal (ON) basis for

H, then it is well-known that

=Y (ff)f (1.1)

el

is valid for each f € H. In the sequel, we shall be very interested in collections
{fi -1 € I} C H that are not necessarily ON bases but nevertheless satisfy a

reconstruction property similar to (1.1). We have the following definition:

Definition 1.2. Suppose that H is a Hilbert space, that I is a countable
indexing set, that {f; - i € I} C H, and that C and D are constants satisfying

0<(C <D< .

(i) {fi i €I} is said to be a Bessel system with constant D if

S UL < DI,

iel
forall f € H;

(i) {f; :i €I} is said to be a frame for H with constants C < D if

ClIFIP <D If P < DI,

el

14



for all f € H;

(i5i) {f; : i € I} is said to be a Riesz basis for H with constants C < D if
its linear span is dense in H and if for each finite subset F' of I and

each collection {ca; : i € F'} C C we have

CY il <Y afillP <D ol
i€F i€F i€F

A frame with constants 1 < 1 is said to be a Parseval frame. Clearly, a
Riesz basis with constants 1 < 1 is an ON basis. Bessel systems, frames, and
Riesz bases will be referred to, in general, as reproducing systems.

In this section, we prove a number of basic results regarding Bessel sys-
tems, frames, and Riesz bases and the relationship between the three. In
particular, we obtain interesting characterizations of the Bessel, frame, and

Riesz basis properties.

1.2.1 The Bessel Property

This section includes a result clarifying the relationship between the Bessel
and Riesz basis properties (Proposition 1.1) and an interesting characteriza-

tion of the Bessel property (Proposition 1.2).
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Some Preliminary Results

We have the following easy result regarding Riesz bases, which is needed in

the proof of Proposition 1.1:

Lemma 1.2. Suppose that H is a Hilbert space, that I is a countable indexing

set, that {f; -1 € I} CH, and that 0 < C' < D < oc.

(1) If

2
Hzaifi SDZ|O%'|2,
ieF ieF

for all finite subsets F' of I and all {c; : © € 1} C C, then for each
{ai}ier € PP(I) the sum Y, ;aifi converges unconditionally and we

have

2
| > ais| <Y Jail
i€l iel

(i) If {fi - i € I} is a Riesz basis for H with constants C' < D, then for
each {a;}ier € 1*(I) the sum Y, ; a;f; converges unconditionally and

we have

2
OXlail* < || et < DX ol
i€l iel icl
Moreover, for each f € H there exists a unique sequence {a;}icr € 1*(1)

such that f = 3. a;f;.

We need the following two results in the proof of Proposition 1.2. The
first is the Closed Graph Theorem (see, for instance, section 12 of chapter 3

of [1]). The second is a rather interesting general measure-theoretic result.

16



Theorem 1.1 (The Closed Graph Theorem). Suppose that X and Y are
Banach spaces and that A : X — Y is a linear transformation that satisfies
the following condition:

Whenever x,, — x in X and Az, — y in Y, then A(z) = y.
Then A is bounded.

Let (X, p) be a measure space. Recall that X is said to be o-finite if there
exists a sequence {X;}7°, of measurable subsets of X satisfying u(X;) < oo
(for all 1) and X = U, X;. Suppose that f : X — C is a measurable

function. For 1 < p < oo, we define

= | U b < oo

0, otherwise.

and we define

[fllse = sup{er > 0 p({x € X :|f(2)| = a}) > 0}.

When context makes the index p clear, we write || f|| in place of || f||,. For
1 <p < oo, LP(X) will denote the Banach space of all measurable functions

f: X — C satistying || f||, < co. We have the following result:

Lemma 1.3. Let (X, u) be a measure space and let p and q satisfy 1 <

p,q < 0o and % + % = 1. Assume that f : X — C is a measurable function

satisfying |f]l, = oc.

17



(i) If p = 1, then there ezists a function g € LY(X) = L*(X) such that

f(x)g(x) >0 (for almost every (a.e.) x) and [, fg= oc.

(i1) If X is o-finite and if 1 < p < oo, then there exists g € LI(X) such

that f(x)g(x) >0 (for a.e. z) and [, fg = oo.

(111) If the hypothesis “X is o-finite” is omitted from the statement of (i),

then the assertion can fail for each 1 < p < oo.

Proof. If p =1, it is easy to see that the function g : X — C defined by

Lt f(x) #0;

0, if f(z)=0.

g(z) =

belongs to L>(X) and satisfies f(x)g(z) = |f(z)| > 0 (a.e. x) and

= [ 1=

This proves (i).
To prove (ii), suppose that X is o-finite and that 1 < p < oo. If p = o0,
making use of the o-finite property of X, choose a sequence {X;}2; of disjoint

measurable subsets of X satisfying
(i) 0 < pu(X;) < oo, for all I;

(ii) |f(z)] > 13 for a.e. x € X].

18



It is straightforward to verify that the function g : X — C defined by

11 fl=z) :
B Leoiion if x € X, for some [;
g(x) =
0, otherwise.

belongs to L'(X) and satisfies the desired result.
Now suppose that 1 < p < oo. Making use of the o-finite property of X,
choose a sequence {X;}7°, of disjoint measurable subsets of X such that for

each [ the following is satisfied:
(i) p(Xi) < oo;
(ii) f(z) #0, for a.e. x € Xj;
(iii) f is bounded on X;
() [y /1P > 1.

Define the function g : X — C by

%ailf($)|f($)|p72, if z € X, for some [;
g(x) =
0, otherwise.

mz(&UMWﬂﬂwz(wawf7

the latter equality holding since (p — 1)q = p. Clearly, f(x)g(x) > 0, for a.e.

where

19



. First note that

11 _ 1
Jls@ir =3 g [ @ =3 5 <o
X =1 LJX =1

since 1 < ¢ < oo, implying that g € L9(X). Second, note that

proving part (ii).

We now prove part (iii). For [ € Z*, write ¥; = {0,1} and consider
the infinite product Y = H;’;Y}. For each [, let m; : Y — Y, denote
projection onto the I coordinate. Let S denote the collection of all subsets
of Y. Consider the measure space (Y, S,v), where v is defined for £ € S by
v(E) = oo if mz = 1, for some x € E and some [ and v(E) = 0 otherwise.

If g: Y — C is any function (note that g is necessarily measurable),
it is easy to see that [, [g] < oo if and only if g(x) = 0, for almost every
x. Thus, for ¢ € [1,00), it follows that the space L(Y") consists solely of
the zero function. Therefore, to prove (iii), it suffices to exhibit a function

f:Y — C such that || f||, = oo, for all 1 < p < oco. This is simple to do:

20



For each [, let ; € Y be the element satisfying

1, ifl' =1,

Xy =

0, otherwise.

and consider the function f:Y — C defined by

I, fe=x,1=1,2,3,...;
flx) =

0, otherwise.

It is clear that f satisfies the desired property. n

The Bessel and Riesz Basis Properties

If H is a Hilbert space and if {f; : ¢ € I} forms a frame for H with constants
C < D, then {f; : 1 € I} clearly is a Bessel system with constant D. Below

is the analog of this result for Riesz bases.

Proposition 1.1. Suppose that H is a Hilbert space, that I is a countable
indexing set, that {f; i € I} CH, and that 0 < D < co. Then, {f;:i € I}

is Bessel with constant D if and only if

| S e T<DY il (1.2)

el el

for all finite subsets F' of I and all {c; : i € I} C C.
Proof. 1t {f; : i € I} is Bessel with constant D, then (1.3) shows that (1.2)

21



is satisfied for all finite subsets I of I and all {«; : i € I} C C.
Suppose now that (1.2) is satisfied for all finite subsets F' of I and all {a :
i€ l} CC. Let f € H. Using part (i) of Lemma 1.2 and Proposition 1.2,

we see that >, [(f, fi)|* < oo. Using again part (i) of Lemma 1.2 we have

SOUE P =D )

el i€l

= (1D (L F)F)

el

iel

<l wr far) "

i€l

< [I71

implying that
> AP < DIAIP

icl
This verifies that {f; : i € I} is Bessel with constant D and thus completes

the proof. O]

A Characterization of the Bessel Property

We have the following interesting characterization of the Bessel property:

Proposition 1.2. Suppose that H is a Hilbert space, that I is a countable

indexing set, and that {f; : 1 € I} C H. Then the following are equivalent:

(1) {fi:i €I} is a Bessel system;

22



(1) > c; i fi converges unconditionally, for each {o}icr € I(I);

(i4i) Y ics I(f, f)|? < oo, for all f € H.

We note that the equivalence of (i) and (ii) in the above proposition

provide the following qualitative characterization of the Bessel property:

The Bessel property is the weakest condition that can be imposed on a count-
able collection {f; : ¢ € I} in a Hilbert space H which ensures that ), ; a; f;

converges unconditionally, for each {a;}ies € 1*(I).
We now prove Proposition 1.2.

Proof of Proposition 1.2. Suppose first that {f; : ¢ € I} is a Bessel system
with constant D and that {a;}ie; € [*(I). If F is any finite subset of I, we

use the Schwarz inequality and obtain

= sup

(> aifi f )
Ifl<t!
< sup S lal|(fi, f)

H Z%‘fi
i€F

[FES iy
1/2
< i O 1.3
.E‘ﬁ%(Z'“') (;w nie) (1.3)
1/2
< ; D'/?
_”3”151(21@ ) oy
/2
§D1/2 | i|2 1 ,
(X 1eif)

from which it follows easily that ). ; a; fi converges unconditionally, verify-

ing that property (i) implies property (ii).
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Suppose next that property (ii) holds and let f € H. For any {«;}icr €

[*(I), using that >, ; o, f; converges unconditionally, that g — (g, f) is a

continuous linear functional on H, and hence that

<Z@2fl>f> = Zai<fi7f>7

il il
it follows that ) ., a;(f;, f) converges unconditionally. By the contrapositive
of part (ii) of Lemma 1.3, it follows that >, [(f, f;)|* < co. This verifies
that property (ii) implies property (iii).

Finally, suppose that property (iii) holds. We may then define the linear
map A : H — (1) by A(f) = {{f, fi) }ier- Tt follows immediately from the
Closed Graph Theorem that A is bounded. We thus have

SR =A< AP

i€l

implying that {f; : ¢ € I} is Bessel with constant |A||*>. This verifies that

property (iii) implies property (i) and thus completes the proof. O

1.2.2 The Frame Property

In this subsection, we introduce the dual frame concept and prove an inter-
esting result regarding the frame property (Proposition 1.3). As a corollary

of these, we obtain an interesting qualitative characterization of the frame

property.
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Some Necessary Tools

We will need the following two results in the proof of Proposition 1.3. The
first is the Open Mapping Theorem (see, for instance, section 12 of chapter

3 of [1]) and the second is an easy corollary thereof.

Theorem 1.2 (The Open Mapping Theorem). If X and Y are Banach spaces

and if A € B(X,)) is surjective, then A is open.

Lemma 1.4. Suppose that X and ) are Banach spaces and that A : X — Y
is linear and open. Then there exists C' = C(A) > 0 such that for eachy € Y

we can find x € X satisfying
Cllzl* < llyll*  and Az =y.

Dual Frames

We now introduce the dual frame concept. Suppose that H is a Hilbert space,
that I is a countable indexing set, and that {f; : i € I'} forms a frame for H
with constants C' < D. A Bessel system {g; : i € I} C H is said to be a dual

frame to {f; : i € I} if, for all f € H, we have

=Yl 9

i€l

Note that, by Proposition 1.2, the convergence of the above sum is necessarily

unconditional. We make the following comments regarding dual frames:
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(1)

(i)

(iii)

If {g; :i €I} CHisadual frame to {f; : i € I}, then {g; : i € I}
also forms a frame for H with lower frame constant D~!. The upper
frame constant of {g; : i € I} must be > C~! (provided C' is optimal)

but need not equal C 1.

If {g;:7€ 1} CHisadual frame to {f;:i € I}, then {f;:i € [}isa

dual frame to {g; : ¢ € I}.

The Bessel assumption in the dual frame defintion is not redundant.
More precisely, for every Hilbert space H, we can find a frame {g; : ¢ €
I} for H, and a non-Bessel collection {h; : i € I} C H such that, for

each f € H, we have

f= Z<f, hi) i,

iel

where the above sum converges unconditionally.

Dual frames, in fact, always exist. We sketch the canonical construction;

for the omitted details, see section 1 of chapter 8 of [6]. Consider S € B(H)

defined by

Sf=> AL, fi) fi

el

It can be shown that S is invertible. For each i € I, define ]72 = S71f;. The

collection {}; .1 € I} enjoys the following properties:

(1)
(i)

{fi:ieI}isadual frame to {f; :i € I};
{f; i € I} forms a frame for H with constants C~+ < D™
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(iii) if {f; : i € I} forms a Parseval frame for 7, then f; = f;, for all i.
To distinguish {f; : i € I} from other dual frames of {f; : i € I}, we call the
former the canonical dual frame of {f; : i € I}.
A Characterization of the Frame Property

We have the following result:

Proposition 1.3. Suppose that H is a Hilbert space, that I is a countable
indexing set, that {f; : i € I} C H is Bessel with constant D, and that C > 0.

If for each f € H we can find a sequence {c;}ier € 12(I) satisfying

= Z @; fis

el

then {f; : i € I} forms a frame for H. Moreover, if the sequence {«;}icr can

always be chosen to satisfy

CY e <117,

i€l
then {f; : 1 € I} has frame constants C < D.

We note that the above discussion on dual frames and Propositions 1.2

and 1.3 imply the following qualitative characterization of the frame property:

The frame property is the weakest condition that can be imposed on a count-
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able collection {f; : i € I'} in a Hilbert space H which ensures that

Zaz‘fi (1.4)

el

converges unconditionally in H, for all {a;}icr € [2(I) and that each f € H

can be written in the form (1.4), for some {«; }ier € I*(1).

We now prove Proposition 1.3.

Proof of Proposition 1.3. Using Proposition 1.2 and that {f; : ¢ € I} is

Bessel, we may define the linear map A : [*(I) — H by

Maitier = Z%’fi-
iel
By assumption, A is onto, and it follows from part (i) of Lemma 1.2 and
Proposition 1.1 that A is bounded. Applying the Open Mapping Theorem
and Lemma 1.4, we see that the following condition is satisfied:
There exists C' > 0 such that for every f € H we can find a sequence

{ai }ier € I2(I) satisfying

CZ’OH’Q <|[IfI® and f= Z&ifi-

el i€l

We now show that this condition implies that {f; : ¢ € I} forms a frame
for H with frame constants C' < D. Let f € H be nonzero and write

[ =2y oifi where {a;}icr € 1*(1) satisfies C' Y, |ou|* < || f]|*. By the
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Schwarz inequality, we have

Y

SIS | S B

el el

for all {f;}icr € lQ(I) satisfying Zie[ |ﬁz|2 < Zie[ (], f2>|2 By substituting
{Bi}ier € 1*(I) defined by

(Sper W LR
(e P

fi =

into this inequality and using Proposition 1.2, we obtain

' A\ [211/2
SO RS S £ = (Z@'({af o Y

iel el i€l

(Cer I F) Y2

B SpRrye U ILY

e U £
PIREE

Sl BB
= =iy M

= (s faR) il

el

112

Since f # 0 and since the linear span of {f; : i € I} is dense in H, it follows

that >, [(f, fi)|* # 0. We thus conclude that

CIIFIP < D WSl

iel
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Since {f; : i € I} clearly has upper frame constant D, this completes the

proof. n

1.2.3 The Riesz Basis Property

In this subsection, we characterize the Riesz basis property (Proposition 1.4).

We require the following definition in the formulation of Proposition 1.4:

Definition 1.3. Suppose that H is a Hilbert space and that I is a countable
indexing set. A Bessel system {f; : i € I} C H is said to be [*-linearly
independent if the following condition holds:

If {ow}ier € P(I) and if 3, i fi = 0, then a; = 0, for all i.

We have the following result:

Proposition 1.4. Suppose that H is a Hilbert space, that I is a countable
indexing set, that {f; : 1 € I} C H, and that 0 < C < D < oo. Then
{fi i € I} is a Riesz basis for H with constants C' < D if and only if it is

a frame for H with constants C < D and is I>-linearly independent.

We note that Proposition 1.4 and the qualitative characterization of the
frame property (following the statement of Proposition 1.3) imply the fol-

lowing qualitative characterization of the Riesz basis property:

The Riesz basis property is the weakest condition that can be imposed on a
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countable collection {f; : i € I} in a Hilbert space H which ensures that

Zai.fi (1-5)

el

converges unconditionally in H, for all {a;}icr € [2(I) and that each f € H

can be written in the form (1.5), for a unique {o; }icr € 1*(I).

We now prove Proposition 1.4.

Proof of Proposition 1.4. Suppose that {f; : i € I} is a Riesz basis for H
with constants C' < D. It then follows from Proposition 1.1 that {f; : i € I}
is Bessel with constant D. Thus, part (ii) of Lemma 1.2 and Proposition 1.3
together imply that {f; : ¢ € I} is a frame for H with constants C' < D.
Moreover, using again part (ii) of Lemma 1.2, we see that {f; : i € I} must
be [?-linearly independent.

Conversely, suppose that {f; : i € I} is a frame for H with constants
C < D and is [*linearly independent. It is clear that the linear span of
{fi i € I} is dense in H. For, if f € H is orthogonal to the collection

{fi : i € I}, then it follows that
1
IA1P < 5 DK f)lP =0,
icl

implying that f = 0. Let {}; .1 € I} be the canonical dual frame to {f; : i €
I} (see the discussion immediately following the proof of Propositon 1.1).

Consider {a;}ie; € 1*(I) and f = Y icrifi € H. Using the dual frame
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property, we may also write

=Y F)fs

el

The [*-linear independence of {f; : ¢ € I'} implies that (f, f,) = «y, for all 7.

Using that {f; : i € I} has frame constants % < &, we obtain

2

Slaift = S FP < I = G| et

1€l i€l

and
2

Y

Sl = ST 2 S0P = 5] S e

iel i€l iel
verifying that {f; : i € I'} is a Riesz basis for H with constants C' < D. This

completes the proof. O

1.3 New Reproducing Systems from Old

In this section, we offer several results regarding the circumstances under
which, first, two reproducing systems of a certain type can be combined to
form a reproducing system of the same type, and, second, a subcollection of
a reproducing system of a certain type forms a reproducing system of the

same type.
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1.3.1 Combining Reproducing Systems

Suppose that H is a Hilbert space, that I and J are countable indexing sets,
and that {f; : i € I} and {g; : j € I} are subsets of . The following two

statements are quite clear:

(i) If {f; - i € I} and {g; : j € J} are Bessel systems with respective
constants Dy and Ds, then {fi;,g; : i € I,j € J} is a Bessel system

with constant Dy + Ds.

(ii) Assume that {f; : i € I} and {g; : j € J} form ON bases for their
respective closed spans V and W. Then {f;,g; : ¢ € I,j € J} forms an

ON basis for its closed span if and only if V' 1L W.

The corresponding statements for frames (Theorem 1.4) and Riesz bases
(Corollary 1.1), which we prove in this subsection, turn out to be very inter-

esting and suprisingly somewhat difficult.

Some Preliminary Results

We need the following two results in the proof of Theorem 1.4. The first,
the Inverse Mapping Theorem, is an easy corollary of the Open Mapping
Theorem. The second is a result on weak convergence in Hilbert spaces. For

its proof, see section 4 of chapter 5 of [1].

Theorem 1.3 (The Inverse Mapping Theorem). If X and Y are Banach
spaces and if A € B(X,DY) is bijective, then A=t € B(Y, X).
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Lemma 1.5. Suppose that H is a Hilbert space and that {x,}52, is a sequence
in H. If the sequence {{(xp,y) }52, converges for each y € H, then there exists
x € H such that (x,,y) — (x,y), for each y € H.

Combining Frames

We have the following result regarding the circumstances under which two

frames can be combined to form a new frame:

Theorem 1.4. Suppose that H is a Hilbert space and that V and W are
closed subspaces of H for which V + W is dense in H. Then the following

properties are equivalent:
(i) V + W is closed; that is, V + W = H.

(i1) There is some € = ¢(V,W) > 0 such that for all x € H we have
ellzl* < [|1Pvall® + | P,
where Py and Py denote the orthogonal projections of H onto V' and

W, respectively.

(11i) Let I and J be countable indexing sets. Whenever the collections {f; :
i€ l} and {g; : j € J} form frames for V and W, respectively, then

the collection {f;,g; i € 1,5 € J} forms a frame for H.

(i) Let I and J be countable indexing sets. There exists a frame {f; :i € I}
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for V and a frame {g; : i € J} for W such that the collection {f;, g;

iel,je J} forms a frame for H.

Proof. We first show that (i) implies (ii). Suppose that (i) holds. Define
addition and scalar multiplication on V' x W componentwise, and for (v, w) €

V x W, define ||(v, w)|| = \/]Jv|? + [[w]]2. Tt is straightforward to verify that,
with these operations, V' x W is a Banach space.

Consider the subspace Z of V' x W given by Z = {(Pyx, Pyz) : v € H}.
We claim that Z is closed. To see this, let {(Pyz,, Pw,)}52, be a sequence
in Z that converges to some point (y1,y2) € V x W. By assumption, if y € H,

we may write y = v + w, for some v € V and w € W. We then have

<xp7y> = <3$p,21> + <xp7w>

= (Pyay,v) + (Pway, w)

= (Y1, v) + (Y2, w),

as p — co. By Lemma 1.5, there is some = € #H such that (x,,y) — (x,y),

for each y € H. Using that Py is self-adjoint, for any y € ‘H we have

(y1,y) = lim (Pyx,,y) = lim (z,, Pvy) = (z, Pyy) = (Pyx,y),
p—00 p—00

from which it follows that Pyx = y;. A similar argument shows that Py x =
yo. It follows that Z is closed and thus a Banach space in its own right.

Consider the map A : H — Z defined by Ax = (Pyx, Pwz), which is
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easily seen to be a surjective element of B(H, Z). For x € H, write z = v+w,
where v € V and w € W. If Ax = 0, then z is orthogonal to both V' and W
and we find

”‘TH2 = <JZ,ZE> = <‘T’U> + (x,w) =0+0=0,

implying that x = 0 and hence that A is injective. It thus follows from

Theorem 1.3 that A~! is bounded. Therefore, for every z € H, we have

o]l = 1A Azl < AT Az = AT V][ Prall? + [ Pwal?,

which verifies that (ii) is satisfied with ¢ = [|[A7!]| 72

We next show that (ii) implies (iii). To do this, suppose (ii) holds for some
e > 0 and let I and J be countable indexing sets. Assume that {f; : i € I}
and {g; : i € J} form frames for V and W, respectively, with respective
frame constants C; < D; and Cy < Dy. Write C' = min{C}, Cs} and let

f € H. We then have

Z|<f7fi>|2+2|<f,9i>|2 = Z|<Pvafi>|2+Z|<Pnygi>|2

el jeJ el jedJ
> C1||Py fII” + Cal [ Pw f])?
> C(|PvfII” + |1 Pw f11%)

> CellfII*.

Since {fi,g; : 1 € I,j € J} is clearly Bessel with constant Dy + D, it follows
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that {fi,g; : i € 1,5 € J} forms a frame for H.

To see that property (iii) implies property (iv), simply choose ON bases
(and, in particular, frames) {f; : ¢ € I} and {g; : i € J} for V and W,
respectively. If property (iii) holds, then the collection {f;,g;:i € I,j € J}
forms a frame for H.

Lastly, we show that (iv) implies (i). Suppose that (iv) holds. That is, let
I and J be countable indexing sets and assume that {f; : i € I} is a frame
for V, that {g; : i € J} is a frame for W, and that {f;,g; : ¢ € I,j € J}
is a frame for H. If f € H, using part (ii) of Lemma 1.1 and the dual
frame to {fi,g; : i € I,j € J}, it follows that we can find two sequences

{ai}ier € 13(I) and {B;};es € I?(J) such that
f= Z o fi + Zﬂjgj,
i€l j€d
where each sum converges unconditionally, implying that f € V + W. This
shows that (i) is satisfied and thus completes the proof. ]
Combining Riesz Bases

We have the following corollary of Theorem 1.4 which reveals the circum-
stances under which two Riesz bases can be combined to form a new Riesz

basis:

Corollary 1.1. Suppose that H is a Hilbert space, that V' and W are closed

subspaces of H, and that I and J are countable indexing sets. Assume that
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{fi:iel} and {g;:j € J} form Riesz bases for V and W, respectively.

Then the collection

forms a Riesz basis for its closed span if and only if V + W 1is closed and
VnWw ={0}.

Proof. First note that, by Proposition 1.4, both {f; :i € I} and {g;: j € J}
form frames for V and W, respectively, and both {f; : i € I} and {g; : j € J}
are [2-linearly independent.

Now, suppose that {f;,g; : i € I,j € J} forms a Riesz basis for its closed
span. Then, by Proposition 1.4, {f;,g; : i € I,j € J} forms a frame for its
closed span and is [?-linearly independent. Thus, by Theorem 1.4 and the
discussion in the preceding paragraph, it follows that V + W is closed. If
f € VNW, we can find sequences {«;}ic; € I*(I) and {8;};es € (*(J) for
which

f= Zaifi = Z/ngja

icl jeJ

implying that

> aifi— Y Bigi=0.

il jed
Since {f;,9; : ¢ € I,j € J} is [*linearly independent, it follows that «; =
B =0, for all < and j. In particular, f = 0; this shows that VN W = 0.
Conversely, suppose that V + W is closed and that V NW = {0}. In

conjunction with Theorem 1.4 and the first paragraph of this proof, the
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former implies that {f;,g; : ¢ € I,j € J} forms a frame for its closed span.

Assume that {a;}ics € I*(I) and {B;}jes € I(J) satisfy
> aifi+ ) Bigi=0.
i€l jeJ

Then,

doaifi==) BigreVnW,

iel jed

implying (since VN W = {0}) that

> aifi==)Bigi=0.

iel jeJ

Since both {f; : i € I} and {g; : j € J} are [*linearly independent, this
implies that a; = §; = 0, for all i and j. It follows that {f;,g; : i € I,j € J}is
[*-linearly independent. Therefore, by Proposition 1.4, {f;,g;:i € I,j € J}
forms a Riesz basis for its closed span. O

An Example

In Section 2.3, we give an example of two functions ¢, 1) in the Schwartz class

of R that satisfy the following:

(i) {Txp : k € Z} and {T}¢ : k € Z} both form ON bases for their

respective closed spans V' and W;

(il) VN ={0};
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(iii) {Tkp, Ty : k € Z} does not form a frame for its closed span.

In conjunction with Theorem 1.4 and Corollary 1.1, we see that V+W cannot

be closed.

1.3.2 Separating Reproducing Systems

Suppose that H is a Hilbert space, that I and J are countable indexing sets,
and that {f; : ¢ € I} and {g; : j € J} are subsets of #. The following

assertions are all straightforward to verify:

(i) If {fi,g; :i € I,j € J} is Bessel with constant D, then {f; : i € I} is

Bessel with constant D.

(i) If {fi,g; i€ I,5 € J}is an ON basis for H, then {f; : i € I} forms

an ON basis for its closed span.

(iii) If {fi,g; : i € I,j € J} is a Riesz basis for H with constants C' < D,
then {f; : ¢ € I} is a Riesz basis for its closed span with constants

C<D.
Below is an analogous statement for frames, which is not quite so clear.

Proposition 1.5. Suppose that H is a Hilbert space, that I and J are count-
able indexing sets, and that {f; : i € I} and {g; : j € J} are subsets of H.
Let V and W denote the closed linear spans of {fi:i € 1} and {g; :j € J},
respectively. If {fi,g; 11 € I,j € J} is a frame for H with constants C < D
and if VAW = {0}, then {f; : ¢ € I} is a frame for V with constants C < D.
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Proof of Proposition 1.5. Suppose that {fi,g; :i € I,j € J} is a frame for H
with constants C' < D and that V N W = {0}. Clearly, {f; : i € I} is Bessel
with constant D. Let {ﬁ,gNJ 24 € 1,7 € J} be the canonical dual frame to

{fi,g;j:i€l,je J}andlet f € V. Then we may write
F=Y (0 f+> ()9
iel jeJ

or

F=Y =D {009

iel jeJ

implying that f —>",_/(f, ﬁ)fZ € VN W and hence that f = Zie[<f7ﬁ>fi'

Moreover, since {};, gj i € 1,5 € J} has upper frame constant %, we have

that

ST < SR FIP+ 210G < SR

i€l i€l i€J
It thus follows from Proposition 1.3 that {f; : ¢ € I} is a frame for V' with

constants C < D. O

An Example

In Section 2.3, we give an example of two functions ¢ and v in the Schwartz
class of R which satisfy the following:
(i) {Trp, Tkt : k € Z} forms a Parseval frame for its closed span;
(ii) Neither {Txp : k € Z} nor {T}y) : k € Z} forms a frame for its closed
span;
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(iii) Denoting the closed spans of {Typ : k € Z} and {T}yy) : k € Z} by V
and W, respectively, we have VN WL #£ {0} # W N VL

In particular, we see that the assumption that V N W = {0} (or, at least,

some additional assumption) in Proposition 1.5 is necessary.
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Chapter 2

Shift Invariant Spaces

A shift invariant (SI) space is a closed subspace V of L?(R™) that satisfies
T,V Cc V, for all k € Z™. Such spaces play an important role in many areas
of mathematics, particularly in the theory and applications of wavelets. In
section 1, we introduce the bracket product, an extremely useful tool in the
study of SI spaces. Clearly, a very natural choice of reproducing system for

an Sl space V' is one of the form
{Thpi : keZ" i€}, (2.1)

where {¢; : i € I} C V and [ is a countable indexing set. If |I| = 1 (|I|
denotes the cardinality of I), we say that (2.1) is singly generated; other-
wise, we say that (2.1) is multiply generated. When |I| = 1, it is well-known

that essentially every reproducing property of (2.1) is characterized rela-
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tively simply in terms of the bracket product. In section 2, we show that
several reproducing properties of (2.1) (for any countable indexing set I) are
characterized in terms of operator inequalities involving matrices of bracket
products. These are the main results of this chapter. In section 3, we use
the above mentioned characterizations to give two interesting examples of SI

spaces.

2.1 The Bracket Product

As mentioned above, a very useful concept in studying SI spaces is the bracket
product. In this section, we define the bracket product and prove several
elementary results.

Let f,g € LQ(R"). The bracket product of f and g, denoted by [f, g], is

defined as follows: For any cube C of side length 1 we have

/CZIf(§+k)|2= Z/C|f(€+k)|2

keZn keZn

-> Gk

keZn

- [ 1ror

< 00,
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implying, in particular, that
D fE+R)P <o,
keZn

for a.e. £. Using the Schwarz inequality and the result of the above compu-

tation, for a.e. ¢ we have

S+ Rgts+ 01 < (3 1+ o) (3 late + o) < .

kezn keznr kezn

implying that Y, 5. f(§ + k)g(§ + k) converges absolutely. For such £, de-
note its value by [f, ¢g](£), thereby defining the function [f, g] a.e. From the
above computations, it is clear that [f, g] € L*(T"). We have the following

basic result:

Lemma 2.1. Let f,g,h € L*(R") and let {¢; : i € I} C L*(R™), where I is
a countable indexing set. Denote the closed linear span of the collection

{Thpi keZiel} byV.

(1) If {ag}rezn € I2(Z™) and if {T}.f : k € Z"} is Bessel, then

( > Oékaf>A= mf,

kezm
where m € L2(']AI'") is given by m(§) = >, czn e 2mEk

(ii) If the collections {Tyf : k € Z"} and {Tyg : k € Z"} are both Bessel,
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then [h, f] € L*(T") and

( Z<h’aka>Tkg>A: h, f19-

kezn

(1)) {Tyf k€ Z"} L{Tvg: k€ Z"} if and only if [f,f]](f) =0, for a.e. .

() If {Thp; : k € Z",i € 1} is Bessel with constant D, then

ST @l < DlifIE

il

(v) If{Tp; : k € Z",i € I} is a Bessel system and if {m; : i € I} C L*(T")
satisfies Y, ; [mi|* < oo, then > .., m;@; converges unconditionally in

V.

(vi) Suppose {Tpp;: k € Z",i € I} forms a frame for V with canonical dual
frame {Tk\;z ckeZiel}. Then for each k € Z™ and i € I we have

Tk\S;i = T;.

(vii) Suppose {Tpp; : k € Z",i € I} forms a frame for V with dual frame
{Tip; - keZ"iel} andlet f € V. Then

with unconditional convergence in V.

Proof. To prove (i) suppose that the collection {7} f : k € Z"} is Bessel and
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that {ag}trezn € [2(Z"). Define m € L*(T") by m(§) = Y cpm e 2™F.

Using Proposition 1.2, we obtain

< Z Oékaf)AZ Z T f

keZm keZm

_ Z ak€—27rz-k:f

kezZ™

= < Z ake_Qm'k)f

kezZm™

=mf,

which proves (i).
To prove (ii), suppose that the collections {Tyf : k € Z"} and {Tyg : k €

Z"} are both Bessel. We have

[ 27rz§k 2mick
/ﬂ),l]n[hf d¢ = /01 Zh£+l F(E + De2me ge

= Z / B(E+ D F(E + 1)e>m dg
- lZ [ e feeea

— [ e T ag

— [ HOTF©dg

= (h.Tef)

= (1. Tif),
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where the switch in summation in the second equality is easily verified. Thus,

since Yy ez [(h, Tif)|? < 00, we have

b, f1 = > (b, Tif)e >™* € L2(T");

keZn

(ii) now follows from (i).
To prove (iii), first note that {Tyf : k € Z"} L {Trg : k € Z"} if and only
if (f,Txg) =0, for all k € Z". By the calculation in the proof of part (ii) of

this lemma, we know that

[, @ de = (1. Tio); 2.2)

(iii) now follows.
To prove (iv), suppose that {Typ; : k € Z",i1 € I} is Bessel with constant

D. Tt follows from (2.2) that

S =3 S 1 Teen P < DI

iel i€l keZn

To prove (v), suppose that {Typ; : k € Z",i € I} forms a Bessel system
and that {m, : i € I} C L2(T") satisfies > ier lmil* < oo. For each i, write

m;(§) = Zkezn 0426_27”51‘“'. Since

DD Ml =) lml® < oo,

i€l pein iel
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it follows that

Z O‘ZTk%‘

i€l keZn
converges unconditionally in V. Thus, using part (iv) of Lemma 1.1 and part

(i) of this lemma, we have

( Z aszgoi>A: (Z Z aZTk@i)A

i€l keZn i€l gegn

= Z ( Z a};Tkwi)A

’ie[ kGZn

from which (v) follows.
To prove (vi), suppose {Typ; : k € Z",i € I} forms a frame for V' with
canonical dual frame {’_Z:k\g;z : k€ Z"i € I}; that is, with S : V — V

defined by
Sf= > (fTuei)Tepi,

i€l kezn
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we have ml = S Tp;. For 1 € Z" and f € V we have

TZSTJf:Tl< Z (T—lf>Tk90i>Tk80i>

i€l kezn

=Tz< Z <f7Tl+k80i>Tk%0z'>

i€l kezn

Z (f, Tirpi) Tivweps

i€l kezn

=5t

from which it follows that for each ¢ € I and k € Z™ we have ﬂ;l = Thp;.
To prove (vii), suppose {Trp; : k € Z",i € I} forms a frame for V

with dual frame {Ty; : k € Z",i € I} and let f € V. Using the dual

frame reconstruction property, of part (ii) of this lemma, and part (iv) of

Lemma 1.1 we obtain

f:( > <f,Tk¢¢>Tk<Pi)A

i€l kezn

= ( YDA Tk%)Tk%)A

i€l kezZn

=> ( > Tk%)TkSOi)A

i€l keZn

el
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2.2 Characterizations of Reproducing Systems

As mentioned above, essentially every reproducing property of the collec-
tion (2.1) (with |I| = 1) is characterized in terms of the bracket product.

The following theorem (see [5]) lists four such characterizations:

Theorem 2.1. Let ¢ € L*(R™). Denote the closed span of the collection

{Tho:keZn}y by V.

(i) f € V if and only z'ff = my, for some measurable function m :

0,1]" — C satisfying
| im@Pe gl de < o
0,1]n

(i) {Trp : k € Z"} forms a Bessel system with constant D if and only if

(&, 8](&) < D, for a.e. &.

(iii) {Typ : k € Z"} forms a frame for V with constants C' < D if and only

iof for a.e. & either
[£,21(€) =0 or C<[p,¢)(§) <D.

(v) {Tpp: k € Z"} forms a Riesz basis for V with constants C' < D if and

only if C < [p,¢|(&§) < D, for a.e. &.

The three main results of this chapter (Theorems 2.4, 2.5, and 2.6) gen-

eralize parts (ii), (iii), and (iv) of Theorem 2.1 in a very interesting manner
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to collections of the form (2.1), where I is a general countable indexing set.

We state and prove these results in subsection 2.2.2.

2.2.1 Some Necessary Tools

In this subsection, we develop the various tools necessary in the proofs of

Theorems 2.4, 2.5, and 2.6.

A Density Result

The proof of the following lemma is very similar to the proof of Lemma 1.10

in chapter 7 of [6]. We include it here for the sake of completeness.

Lemma 2.2. Suppose that H is a Hilbert space, that I is a countable indexing

set, that {f; -1 € I} CH, and that 0 < C' < D < oc.

(1) If
U< DI (2.3)

iel
for all f in some dense subset of H, then {f; : i € I} is Bessel with

constant D.

(i) If
CIFIZ <D IF £ < DI (2.4)

iel
for all f in some dense subset of H, then {f; :i € I} is a frame for H

with constants C' < D.

52



Proof. To prove (i), suppose that inequality (2.3) is satisfied for all elements
in some dense subset D of H and let f € H. Choose a sequence {g,}>2; in
D converging to f. Using the Bessel property within D, for any finite subset

F of I we obtain
> )7 = lim ) H|? < lim D||g,||* = D| f|I?
iEF|<f,f>| pggoiEF|<gp,f>| < lim Dilg, | LA,

from which it follows that >, ; [(f, fi)|* < D||f||>. This proves (i).
To prove (ii), suppose that inequality (2.4) is satisfied for all elements in
some dense subset D of H. It follows from part (i) that {f; : ¢ € I'} is Bessel

with constant D. Let f € H and let € > 0. Choose g € D satisfying

01/2
lg = [ SWGSG-

Using the frame property within D, the Bessel property within H, and
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Minkowski’s inequality in [?(I), we obtain

[f]l —2e < |lgll — €
D1/2
< lgll = m“g — [l

< cin( Sl R)" - %ﬁﬁ(;ug—ﬁw)m
= (S lo k)" - Ga(Sho - r.08)
< (S pr) "

il

1
12
implying that C|| f[|* < >,c; [(f, fi)|*. Part (ii) now follows. O

Positive Operators on a Hilbert Space

Theorems 2.4, 2.5, and 2.6 will be formulated in terms of operator inequali-
ties. If H is a Hilbert space and if S,T € B(H), we say that T is positive if
(Tx,x) > 0, for all z € H (note that some authors call such a T “positive
semidefinite”). In this case, we write 0 < 7. We write S < T if T'— S is
positive.

We have the following two results. For a proof of the first, see chapter 12
(page 314) of [10].

Theorem 2.2. If H is a Hilbert space and if T € B(H) is positive, then

there exists a unique positive S € B(H) satisfying S* =T .
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Lemma 2.3. Let H be a Hilbert space and assume that T € B(H) is positive.

Then the following are equivalent:
(i) [IT|} < D;

(ii) T < D;

(111) T? < DT.

Proof. 1f ||T'|| < D, then making use of the Schwarz inequality we obtain

(Tz,2) < ||Ta|l||lz]| < D||z||* = D(z, ),

for all z € H. Thus, T' < D, verifiying that (i) implies (ii).
If T < D, in conjunction with Theorem 2.2, let S € B(H) be the unique
positive square root of T'. Using that positive operators are self-adjoint, we

obtain

(T?z,x) = (S*r, x) = (S*z, Sx)
= (T'Sz, Sz)

< D{(Sx,Sx) = D{S*v,2) = D(Tx,z),

for all z € H. Thus, T? < DT, verifying that (ii) implies (iii).

If 7% < DT, then for all z € H we have

|IT2|* = (T, Tx) = (T*x,x) < D(Tz,x) < D||Tx||||z],
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implying that ||7z|| < D||z|| and hence that || 7| < D. This verfies that (iii)

implies (i) and thus completes the proof. ]

Two Lemmas

The proofs of Theorems 2.4, 2.5, and 2.6 all involve similar techniques. To
avoid repetition, we have isolated the common arguments into Lemmas 2.4
and 2.5 below.

We require the Lebesgue Differentiation Theorem (see chapter 8 of [11])
in the proof of Lemma 2.4. A measurable function f : R" — C is said to

be locally integrable if
[ 1#©1dg <,
K

for all compact subsets K of R™. If n € R", a sequence {E,}52, of Borel
subsets of R™ is said to shrink nicely to n if there exists an a > 0 and a

sequence {Tp}gozl of positive numbers satisfying the following:
(i) m, = 0, as p — oc;
(i) E, C B(n,r,) ={€ € R": [|¢ = ]| < r,}, for all p;
(iii) |E,| > a|B(n,1p)|, for all p, where | - | denotes Lebesgue measure.

We have the following result:

Theorem 2.3 (The Lebesgue Differentiation Theorem). Suppose that the

function f : R —s C s locally integrable. Define the Lebesque set, Ly, of f
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to be the collection of all n € R™ such that

im — [ 1£(€) — F(m)]de =0,

p—oo | Ep| B,
for all sequences { E, ooy Shrinking nicely to n. Then a.e. n belongs to Ly.

Note that if f : R* —» C is locally integrable and if n € Ly, then in

particular we have

for all sequences {£,}>2, shrinking nicely to 7. We now state and prove

Lemmas 2.4 and 2.5.

Lemma 2.4. Suppose that {¢; : i € I} is a collection of functions in L*(R™),
where either I = {1,..., N} for some N € Z* or I = Z*. Let V denote the
closed linear span of the collection {Typ; + k € Z"i € I}. For & € R, let

P(&) denote the (bi-finite or bi-infinite) matrix

(21, @1l(§)  [22, 211 (&) [@s,91](€)
21, @21(§)  [@2,@2] () [@3, 2] (€)

21, @sl(§)  [@2, @3] (&) [@s, 5] (€)

Then, we can find a subset E of R" of full measure such that for eachn € E
every entry of P(n) is a well-defined complex number and the following are

satisfied:
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For any M € I and any h € I*(I) of the form

ha

we can find a sequence of functions {f,}°2, in V that satisfies the following:
(i) for each p, fp is of the form Ej]\il mip;, where m} € L>(T™), for all
p and j;
(ii) limpo0 [| o> = (P(n)h, h);
(ii) if, for each p and j, we write m} =3, ;. afke’%l'k, then

DD P = ().

J=1 kezm

Moreover, if for each i' € I we have [, 1n 3 e |18 @7](§)[* < oo, then

2

every entry of P(n)* is a well-defined complex number and we have

(iv) 1imp o0 3ier ez [{fp Tor) |2 = (P2(n)h, h).

Proof. In conjunction with part (i) of Theorem 2.1, first consider f € V of

the form f = Zj\il m;p;, where M € I and m; € L>(T"), for each j. Define
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m : R" — 12(I) by

Let C C R™ be any cube of side length 1. First note that

2 _ 112 —
AP =151 = [

2
dg

Z m;(&)p;(€)

where the switch in order of summation in the final equality is easily verified.



Also note that for all 4 and k we have

<f’ Tk¢2> — <f 6—2m‘k(0\‘>

E 27rzk/\
m]@], Z

-3 [ S meEengen de 26)

= Z/Zma 56 + DBE + e ™" dg

lezn Jj=1

= /C Z mi(€) Y G(€ + DGi(€ + 1)e*™ ™ de

lezn

/(ng @5, 8(6)) et de.

Using (2.6) and that the collection {e*"** : k € Z} forms an ON basis for
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L*(C), we have

T A zmj 5. 21(0)
kezn kezn

-/ 1ij<f>[@m<g>f

33'=1

M

= [ 3 miem @17 2. 516

33'=1

where the above quantity may be infinite. However, if for all i’ € I we have

f[o i 2ier | @i @i ©i](€)]? < 0o, then clearly we also have

[T iaer <.

el

for all 7/, and it follows that

Z Z ‘(fv Tkgplﬂz

i€l keZn

-3 [ 3 mm@E AemFIOE (9

where the last equality is easily verified.

In conjunction with the Lebesgue Differentiation Theorem, choose a meas-
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urable subset E of R™ that satisfies the following:

(i) E has full measure;
(i) Y pesm [Qi(§ +K)|* < oo, for all £ in F and all i € I

(iii) E is contained in the Lebesgue set of the functions [@;, p#](&), for all

i, € 1.

Fixne E, M € I, and h € [>(I) of the form

ha

Note that every entry of P(n) is a well-defined complex number. Let {F},}>2,
be a sequence of measurable sets each contained in some cube C' of side length
1 that shrink nicely to 7. Denote the periodic extension of |F,|~/2xx, to R"
by mP, where x g, denotes the characteristic function of F},. For each p, define
the collection

{mf,...,mi} € LA(T")

by mb = hym? and define f, € V by

M
;L p—
fp = § :mj%'
=1

62



Clearly the sequence {f,};2, satisfies property (i) in the statement of this
lemma.

Using equality (2.5), for each p we obtain

I = [ S eI, A d

JJ’ 1

:Zh]h |F’/ 903790]

Jy'=1

Letting p — oo in the above equality, we obtain

lim [1£,]° = Z hihyle?, 7\ (n) = (P(m)h, h),

7],_1

where the last equality is easily seen to be true. This verifies property (ii) in
the statement of this lemma.
To verify property (iii) in the statement of this lemma, for each p and j

write

P __ P _—2m-k
Tnj-—- E Oﬁke

kez™
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We then have

M M
oDl =)Imll?

j=1 kezn j=1

M
= PE*d .
> JAIGIRE (210)
M1 M
=Y — [ |h|Pdé = hi|> = (h, h).

> J, ol de =St =

Now, suppose that for all / € I we have

/[Ol}n Z s, ) ()|? < o0.

iel
It follows that we may assume that E satisfies the two additional properties:

(iv) Dicr i, 0i](€)]? < o0, for all { € E and all ¢’ € I;

(v) E lies within the Lebesgue set of the functions

Y lor @l(©)lwis pirl(€),

icl
for all 7/,¢" € I.

It is then clear that every entry of P(n)? is a well-defined complex number.
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Using (2.8), for each p we have

M

SN W Teed)| —/ > mEEmE (&) (@5, Gil(©)[Gi B7](€) de
icl keZn =1 icl
M
= > hhy 7 |/ > @5, @)@ 7€) de.
jij'=1 PUVEy et

Letting p — oo in the above equality, we obtain

M
plggo Z Z | fpa Tk@z = Z hjh_J’Z[@’ @](77)[@7 @](77) dg§

i€l keZn j,3'=1 i€l

= (P*(n)h, h),

where, again, the last equality is straightforward to verify. This verifies
property (iv) in the statement of this lemma and thus completes the proof.

]

Lemma 2.5. Let I, {p;:i € I}, V, and P be as in Lemma 2.4 and let M,
fo{m;:j=1,...,M}, and m be defined as in the beginning of the proof of

Lemma 2.4. For each j, write

mi= 3 age .
Then,
(i) £ = fig.yn(PE)mM(E), m(€)) d;
(i) 3520 Sopenn el = fjg 10 (m(),m(€)) dE;
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(1) if, for all i € I, we have f[O,l}" Y oier 180 @0l(€)|? < oo, then every

entry of P? belongs to L*(T™) and we have

SNl Tiedl = [ P em©).mie) de

icl kezn 0,1]™

Proof. Using (2.5) with C' = [0, 1]", we obtain

””2:/[01] S €y 7, (6 de

J:3'=1

_ /[ | (PEm(©).m) as,

where the last equality is easily seen to be true. This proves part (i).

To prove part (ii), note

M M
SO ol = Z 2
j=1 kezn j
2
—Z/m]n‘mﬂ P de

/01 Z [m; ()P d€ = (m(&), m(€)) dé.

[0,1]

To prove part (iii), suppose that for all ' € I we have

[ Sl pdr <o
[0,1]"

el
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It then follows that for each j and j’ the function

> 65,2108, e71)

el

belongs to L'(T™); these are the entries of P2, Using (2.8), we obtain

SXl el = [ 30 miem @ Y AR e de

i€l kezr ,3'=1 iel
— [P omie)mle) de
[0,1]"
where the last equality is straigtforward to verify. m

2.2.2 Main Results

The following three theorems—which generalize parts (ii), (iii), and (iv) of
Theorem 2.1 to collections of the form (2.1), where [ is a general countable
indexing set—are the main results of this chapter. Although we only prove
these results for indexing sets I of form I = {1,..., N} for some N € Z" or
I = 7Z*, it should be clear that the analogous results for the general countable

indexing set I follow from this special case.

Theorem 2.4. Let I, {p; : i € I}, V, and P be as in Lemma 2.4. If the
collection {Typ; : k € Z",i € I} is a Bessel system with constant D, then for
almost every &, P(€) belongs to B(I*(I)), is positive, and satisfies each of the

following conditions:
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(i) 1P < D;
(ii) P(¢) < D;
(iii) P(€)? < DP(¢).

Conversely, if, for almost every &, P(€) belongs to B(I*(I)) and satisfies one
of the of the above three conditions, then {Typ; - k € Z"",i € 1} is a Bessel

system with constant D.

Proof of Theorem 2.4. Suppose that the collection {Typ; : k € Z",i € I} is
a Bessel system with constant D. For i’ € I, by letting f = @y in (2.7) (with

C' =1[0,1]") and using the Bessel property we obtain

/Mn > |i@w. @) de = Z/ @7, @i(©)| de

iel ier Y 10,1"

=D |(pir, Tugi)|” (2.11)

i€l keZn

< Dljgi||* < o0.

Choose E as in Lemma 2.4. Fix n € B, M € I, and let h € [>(I) be as
in (2.9). Choose a sequence of functions {f,};2; as in Lemma 2.4. Using

properties (ii) and (iv) of the same lemma and the Bessel property yields

(P(n)h, ) = Tim > 3 [(fy, Tiepi)

i€l keZn

< lim DI|f,||* = D{P(n)h, h).
p—+o0
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Although we do not yet know that P(n) € B(I*(I)), it is clear that
P(n)h € I*(I) and that the relation

(P(n)h, P(n)h) = (P*(n)h, h)

is valid (since P(n) is “self-adjoint”). We thus have

IP(n)h||> = (P(n)h, P(n)h)
= (P*(n)h, h) (2.12)

< D{P(n)h,h) < D|Pm)hIA],

implying that [|[P(n)h| < D||h||. Since h of form (2.9) constitute a dense
subspace of [*(I) it follows that P(n) € B(I*()) and that |[P(n)| < D.
Using again that & of form (2.9) constitute a dense subspace of [*(I), that

the inner product is bi-continuous, and that

(P, ) = Tim [1£,] > 0,

it follows that P(n) is positive. In conjunction with Lemma 2.3, this com-
pletes the proof of the forward implication.

We now prove the converse. Suppose that for almost every £, P() be-
longs to B(I*(I)) and satisfies one of the three properties in the statement
of this proposition. Using Lemma 2.4 (particularly, property (ii)), that h of

form (2.9) constitute a dense subspace of [*(I), and that the inner product

69



is bi-continuous it follows that P(¢) is positive almost everywhere. It then
follows from Lemma 2.3 that for almost every &, P(£) belongs to B(I*(I))
and satisfies all three properties in the statement of this proposition. In

particular, we have that [|[P(£)|| < D and hence that

S @5 GO = IP©e 1> < Dley|* = D2,

<Y/

for almost every £ and for all j € I, where ¢, is the j canonical basis vector
of I*(I).

Let M, f, {m; : 7 =1,..., M}, and m be defined as in the beginning
of the proof of Lemma 2.4. Making use of Lemma 2.5 (particularly parts (i)

and (iii)), we obtain

U TAI= [ (P, mie)

i€l keZn

<D (P(&)m(&), m(§)) dg

[0,1]™

= D] f]I*

It thus follows from part (i) of Lemma 2.2 that {Tryp; : k € Z™,i € I} is

Bessel with constant D. This completes the proof. O

Theorem 2.5. Let I, {¢; : i € I}, V, and P be as in Lemma 2.4. The

collection {Typ; - k € Z",i € I} forms a frame for V with constants C < D
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if and only if for almost every &, P(€) belongs to B(I*(I)) and satisfies
CP(g) < P(§)* < DP(§).

Proof of Theorem 2.5. Suppose that {Typ; : k € Z",i € I} forms a frame for
V' with constants C' < D. Then {Typ; : k € Z",i € 1} is clearly Bessel with

constant D. Using (2.11), we see that

/[01]n Z H@v @](f)ﬁdf < 00,

iel

for all i'. Choose F as in Lemma 2.4. It follows from the proof of Theorem 2.4
that, for every € € E, P(€) belongs to B(I*(I)) and satisfies P(£)? < DP(E).
Fixn € E, M € I, and h € [*(I) as in (2.9), and choose a sequence of
functions {f,}52, as in Lemma 2.4. Using parts (ii) and (iv) of the same

lemma and the frame property, we obtain

(PPh.hy =l S 7> (. Togn)|

el keZn

> lim C|[f,|* = C(P()h, ).

Using that P(n) € B(I*(I)), that h of form (2.9) constitute a dense subspace
of 1?(I), and that the inner product is bi-continuous, it follows that C'P(n) <
P(n)?. This completes the proof of the forward implication.

To prove the reverse implication, suppose that, for almost every &, P(§)
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belongs to B(I*(I)) and satisfies
CP(§) < P(§)* < DP(S).

By Theorem 2.4, it follows that {Typ; : k € Z",i € I} is Bessel with constant
D. Using (2.11), we see that

[ Yl anorde <o
0.1]" g

for all 4'. Let M, f, {m; : j = 1,...,M}, and m be as defined in the
beginning of the proof of Lemma 2.4. Using parts (i) and (iii) of Lemma 2.5,

we obtain

SN st = [ (PrOme).m©)ds

icl kezn
> ¢ /[ POm(E),m(e) de
0,1]"
= C||f]*.
It thus follows from Lemma 2.2 that {Typ; : k € Z",i € I} forms a frame for

V' with constants C' < D. This completes the proof. O

Theorem 2.6. Let I, {¢; : i € I}, V, and P be as in Lemma 2.4. The

collection {Tyrp; : k € Z",i € Z} forms a Riesz basis for V with constants
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C < D if and only if for almost every &, P(€) belongs to B(I*(I)) and satisfies
C<PE<D.

Proof of Theorem 2.6. Suppose that {Typ; : k € Z",i € I} forms a Riesz
basis for V with constants C' < D. It then follows from Theorem 1.4 that

{Typi: k€ Z" i€ I} is Bessel with constant D. Using (2.11), we see that

/[01]n Z H@v @](f)ﬁdf < 00,

iel
for all i'. Choose F as in Lemma 2.4. It follows from the proof of Theorem 2.4
that, for every £ € E, P(€) belongs to B(I*(I)) and satisfies P(£) < D. Fix
ne€E, Mel, and h € I*(I) of form (2.9). Let the sequence {f,}>2, and
the collections

{mP;j:17,,,,M};°:1 and {Oz?k:jzl,...,M,/CEZn ;il

J

be as in the statement of Lemma 2.4. Using Lemmas 1.1, 1.2, and 2.1, it

follows that

fp = Z % Thpy,

JEM kEZ™

with unconditional convergence, where M = {1,..., M }. Using again Lemma 2.4
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and Lemma 1.2, we obtain

(P, ) = Tim [1f,

2
= lim H Z a2 Tip;

p—0o0

JEM ke
M
> i P2 = .
_ﬁgc;é;@g C(h, h)
j= n

Using that P(n) € B(I*(I)), that h of form (2.9) constitute a dense subspace
of 13(I), and that the inner product is bi-continuous it follows that C' < P(n).
This completes the proof of the forward implication.

To prove the reverse implication, suppose that, for almost every £, P(§)

belongs to B(I*(I)) and satisfies
C<PE)<D.

It then follows from Theorem 2.4 that {Tyy; : k € Z™,i € I} is Bessel with

constant D. Proposition 1.1 thus implies that

H Z i Thpi : < DZZ ||,

el ke K i€l keK

for all finite subsets F' of [ and K of Z™ and all {«; : i € I} C C. Let M,
fi{m;:j=1,..., M}, and m be as defined in the beginning of the proof of

Lemma 2.4 and let

{ojp:5=1,... .M, k€ Z"}
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be as in the statement of Lemma 2.5. Using Lemmas 1.1 and 2.1 and Propo-

sition 1.2, it follows that

f= Z ik Tkp;,

JEM kEZ™

with unconditional convergence, where M = {1,...,M}. Using parts (i)

and (ii) of Lemma 2.5, we obtain

O N apl= [ Clm(e),m(e) de

j=1 kezn [0,1]"
< / (P(E)m(€), m(€)) de

[0,1]™

et

:H Z i Thp;

JjeEM, keZn

2

It follows that {Typ; : k € Z™,i € I} is a Riesz basis for V' with constants

C < D. This completes the proof. m

If we “deperiodize” the result of Theorem 2.4, we obtain the following

corollary, which we will use in the next chapter:

Corollary 2.1. Let I, {p;:i € I}, V, and P be as in Lemma 2.4. Suppose
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that {Tywp; - k € Z",i € I} is Bessel with constant D. For € € R", define

21(6)
A ?a(6)
es(¢)

Then, for almost every £, the collection {®(€+k) : k € Z"} is Bessel in 12(I)

with constant D. That is, for almost every &, we have

S S wdie+m| <DY Il
=1

kezn =1
for all {z;}22, € I2(1).

Proof. Let M € I and define = € [*(I) by

X1
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Using Theorem 2.4, we obtain

N b+ k). Z\me

ke kezn =1

M
=3 3 TG+ HEE R

ke ii'=1

M
=Y Txe Y G+ E)pa(E+ k)

ii'=1 kein

= Z:vxz @i pr(€)

3,4/ =1

= (P(§)7,7) < D|z|?,

for a.e. £&. The desired result now follows from Lemma 2.2. O

2.3 Two Examples

We now utilize Theorems 2.5 and 2.6 to give the two examples that were

promised after Corollary 1.1 and 1.5.
Example 2.1.

Our first example is that of two functions ¢, : R — C that belong to the

Schwartz class of R and satisfy the following:

(i) {Txe : k € Z} and {Tyy) : k € Z} both form orthonormal bases for

their respective closed spans, V and W;
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(ii) VnWw ={0};
(ili) {Trp, Ty : k € Z} does not form a frame for its closed span.

It is interesting to compare this example with the results of Theorem 1.4 and
Corollary 1.1. In particular, we see that V 4+ W cannot be closed.

Choose real valued functions a, 8 € C(R) satisfying the following;:
(i) a is supported on [0, 3];
(ii) |+ la(E + 1)+ |a(E+2)|* =1, for all £ € [0,1];
(iti) a(€) >0, for all £ € (2,3);
(iv) B is supported on [0, 2];
(v) 1BE)I?+1B(E+ 1P =1, for all £ € [0,1];
(vi) a(l) =p(1) = 1.

Define ¢ and ¢ in L2(R) by ¢ = a and ¢ = 8. For & € [0,1], simple

calculations show that

~—~
p—
—
—
S~—
>
AT
—~
mm
N—
Il

a(§)BE) + (€ +1)B(E +1).

By Theorem 2.1, we see that {Typ : k € Z} and {T}¢ : k € Z} both form
orthonormal bases for their respective closed spans, which we’ll denote by V'

and W.
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If f € VW, then by part (i) of Theorem 2.1 there exist measurable

1-periodic functions s and ¢ such that f = s = th. For € € (2,3), we have

implying that s(§) = 0 (since () # 0). It follows that s (and hence f) is 0
almost everywhere. We conclude that V- N W = {0}.

For £ € [0, 1], write

Y(€) = [@,¥](€) = (&) BE) + a(€ + 1)B(E +1).

Using the notation of Theorem 2.4, we have that

and hence that

1 1
<P(£) ( ) : ( ) > =2(1=7(9) (2.13)
1) \—1
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and

<P2<5> 11 , 11 >=2(1—7(€))2- (2.14)

Using the properties of o and  and the Schwarz inequality, for £ € (0,1) we

have

1(€)* < (| + las + D)UBE)* + |B(€ + D))
= | + (€ + 1) (2.15)

=1—l|a(+2)> <1

Since v € C([0,1]) and v(0) = 1, it now follows from (2.13), (2.14), (2.15),
and Theorem 2.5 that the collection {Typ, Ty : k € Z} cannot form a frame
for its closed span.

Finally, note that if we choose av and 8 to be in C*°(R), then ¢ and 1)

belong to the Schwartz class.
Example 2.2.

Our second example is that of two functions ¢, : R — C that belong to

the Schwartz class of R and satisfy the following:
(i) {Txe, Tib : k € Z} forms a Parseval frame for its closed span;

(ii) Neither {Typ : k € Z} nor {T}¢ : k € Z} forms a frame for its closed

span;
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(iii) Denoting the closed linear spans of {Typ : k € Z} and {1}y : k € Z}

by V and W, respectively, we have

VAW £{0} AWV

It is interesting to compare this example with the result of Proposition 1.5.

Choose 0 € C(R) satisfying the following:
(i) € is supported on [0, 2[;
(i) (&) > 0, for all € € (0,2);
(iii) |0(E)*> +10(€+1)|> =1, for all £ € [0, 1].
Also, choose my, my € L*(T) N C(R) satisfying the following:
(i) m1(§) =0, for all £ € [1/5,2/5];
(il) ma(&) =0, for all € € [3/5,4/5];
(i) [m1 (&) + [m2(§)® = 1, for all £ € [0,1].

Define ¢ and ¢ in L2(R) by ¢ = my0 and ¢ = ms6. For ¢ € [0,1], simple

calculations show that
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Using the notation of Theorem 2.4, we have

26 (€))7 ma(€)ma(€)
L )(€) mi(E)ma(€)  ma(€)?

By performing a simple computation and using property (iii) of m; and mso,
it follows easily that P(£)? = P(&), for all £. Tt thus follows by Theorem 2.5
that {Typ, Tyt : k € Z} forms a Parseval frame for its closed span.

Since m; and my are continuous, it follows from part (iii) of Theorem 2.1
that neither {Typ : k € Z} nor {T}y : k € Z} forms a frame for its closed
span.

Denote the closed span of {Typ : k € Z} by V and the closed span of
{Tip : k € Z} by W. Define the function s € L*(T) to be the periodic

extension of

ml&) it ¢ e [3/5,4/5);
o) — 4 7 if £ € [3/5,4/5]
0,  ifee[0,3/5) U (4/5,1].

to R. By part (i) of Theorem 2.1, s¢ € V and for ¢ € [3/5,4/5] we have

Note also that the support of s¢ is contained in [3/5,4/5] U [8/5,9/5]. Ap-

pealing again to part (i) of Theorem 2.1, we see that if f € W, then

f =t = tmob
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for some measurable 1-periodic function ¢, and therefore f must vanish almost
everywhere on [3/5,4/5] U [8/5,9/5]. We thus conclude that s¢ € V N W+,
This shows that V N W+ 2 {0}. A similar argument shows that W N VL #
{0}.

Finally, note that if we choose 6, m;, and ms to be in C*°(R), then ¢ and

1) belong to the Schwartz class.
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Chapter 3

Classical and Composite

Wavelet Systems

Wavelets, MRAs, and scaling functions will play a prominent role in this and
subsequent chapters. In general terms, if C is a countable subset of G L, (R),

then a countable collection
{4y : 1€ L} c L*(R")
is said to be a wavelet if
{DTyp,:ceCkeZ" €L}

forms a reproducing system (e.g., frame, Riesz basis, etc.) for L?(R").

In section 1, we introduce both classical and composite wavelet systems
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and give several examples. In section 2, we generalize to composite wavelet
systems several well-known classical wavelet system results regarding point-
wise values of the Fourier transform of the wavelet and scaling function. An
interesting corollary of these results will be the nonexistence of aB-scaling
multifunctions of Haar-type when B is infinite. It is widely known that
dependencies exist among the defining properties of a 2-MRA. In section
3, we show that these dependencies are retained in the defining properties
of an aB-MRA. An interesting corollary of these dependency results is the

nonexistence of a-multiwavelets, for all a € §Z/n(Z)

3.1 Definitions and Examples

In this section, we introduce and define 2-wavelet systems, a-wavelet systems,

and composite wavelet systems and give examples of each.

3.1.1 2-Wavelet Systems

We begin this subsection by defining 2-wavelets and 2-MRAs. We then dis-
cuss the relationship between the two and give a sketch of their use in appli-

cations.

Definition 3.1. A function ¢ € L*(R) is said to be a 2-wavelet if the col-
lection

{DT) - 5,k € 2}
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forms an ON basis for L*(R). Note that
DiTp() = 2926292 — k).

A very important concept that is intimately related to 2-wavelets is the

following;:

Definition 3.2. A sequence {V;};ez of closed subspaces of L*(R) is said to

be a 2-multiresolution analysis (2-MRA) if the following conditions hold:
(1) V; C Vi, forall j;

(ii) V; = Dy?Vy, for all j;

(i) (e V; = 0}

(i) Upea ;= 12(R);

(v) There is a function ¢ € Vi such that the collection
{TkQO ke Z}

forms an ON basis for V.

In this case, we say that ¢ is a 2-scaling function for the given MRA.

The Relationship Between 2-Wavelets and 2-MRAs

We give a brief description of the relationship between 2-wavelets and 2-

MRAs. Suppose that {V;},ez is a 2-MRA with scaling function ¢. Since
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1/2¢(-/2) € V,, we may write

%gp(x/Q) = Z app(x + k), (3.1)

keZ

with unconditional convergence in L?(R), where

1

= é/Rgp(x/Q)gp(a: + k)dx. (3.2)

Applying the Fourier transform to both sides of the above equality, we obtain

P(286) = mo(§)p (),

where mo € L*(T) (the so-called low pass filter) is given by

mo(§) =) ape”™ . (3.3)

kEZ

Define Wy = Vg5 N V4, and, for each j # 0, define W; = Dy TWy. Tt follows

easily from the 2-MRA properties that

Pw, =L’ R). (3.4)

JEZ

It is simple to obtain (from ¢) a function ¥ € W} such that

{T}) : k € Z} forms an ON basis for W (3.5)
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For instance, it can be shown that the function ¢ € L*(R) defined by

D(26) = e¥™mo (€ + 1/2)$(€), (3.6)

for a.e. £ or, equivalently,

Sb(z/2) = Y (-1 a4 ), (3.7)

kEZ

for a.e. x satisfies (3.5) (see section 2 of chapter 2 of [6]). It is immediate

from (3.4) and (3.5) that the collection
{DiTi+ .k € Z}

forms an ON basis for L?(R); i.e., that 1 is a 2-wavelet. In general, when a
2-wavelet ¢ arises from a 2-MRA {V}};ez with scaling function ¢ in this fash-
ion, we say that ¢, {V;};ez, and ¢ are associated, and we call the collection

Y, {Vi}jez, ¢ a 2-MRA wavelet system. We have the following example:
Example 3.1.

Define ¢ = x[o,1 and ¥ = X(0,1/2] — X[1/2,1)- It is straightforward to verify that
@ is a 2-scaling function for an MRA and that 1 is an associated wavelet.
This simplest and most well-known of 2-MRA wavelet systems is called the
Haar system; ¢ and ¢ are called the Haar wavelet and Haar scaling function,

respectively.
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Applications of 2-MRA Wavelet Systems

2-MRA wavelet systems have been used very successfully in a variety of
applications. This success is due, in large part, to the plentiful existence of
compactly supported and smooth 2-scaling functions. Specifically, we have

the following remarkable result, due to I. Daubechies:

Theorem 3.1. For each p € Z*, there exists a 2-scaling function @ that is

compactly supported and belongs to CP(R).

In the following two paragraphs we give a rough sketch of how 2-MRA wavelet
systems are often used in applications and indicate why the compact support
and smoothness of the scaling function play an important role.

Suppose that {V;};ez is a 2-MRA with scaling function ¢ and associated
wavelet 1 given by (3.7). As above, define Wy = Vgt N Vi, and, for each
j # 0, define W; = D;?W,. Suppose that f € L*(R) is a “signal” we wish
to store in compressed form. Choose J € Z™ large enough so that f ~ f;,
where f; is the orthogonal projection of f onto V. Since V) = W, & V) and
since the operator Dy is unitary, it follows that V; = W,_; @ Vj_4, for each

j. We thus have

Vi=Wyaa@Vsi=W,1 oWy 00V,

=W;s1@Wya@--- Wy D Vh.
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We thus may write

f~fr=g9/-1+9g5—2+ -+ g0+ fo, (3.8)

where fy € Vj and, for each j, the function g; € W, can be thought of
as the component of f; (or the approximate component of f) at the ;™
scale. At first sight, it seems that we have gone in the opposite direction
of compressing f—we have replaced the approximation f; with the sum of
J + 1 functions. However, it is often the case that many of the functions
g; are small enough (either in whole or part) so that if they are discarded
(either wholly or partially) from (3.8), the resulting sum (which contains
significantly less data than f;) still remains a very good approximation to f.
This abbreviated sum is then stored.

The above outlined scheme of using the 2-MRA wavelet system {V;},cz,
v, and Y to decompose the signal f into different scales, discarding the
scales at which f is small (either partially or wholly), and then storing what
remains can be a very effective method for compressing data. However, for
this process to be efficiently implemented, it is almost always necessary that
the 2-scaling function ¢ satisfies a certain amount of decay and regularity.
For decay, it is usually very desirable that ¢ be compactly supported. In this
case, it is clear that the sequence {ay }rez given by (3.2) is finitely supported,
implying that both (3.1) and (3.7) are finite sums, a crucial property. For

regularity, it is usually desirable that ¢ satisfies some degree of smoothness
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or, more generally, Holder continuity.

3.1.2 a-Wavelet Systems

The above concepts (2-wavelet, 2-MRA, 2-scaling function, etc.) all extend

very naturally to higher dimensions. Essentially, the operators

{D}:j€Z} and {T,:kecZ}

are replaced with the operators

{D}:j€Z} and {T}:keZ"}, (3.9)

where a belongs to GL,(Z) and is usually taken to be expanding. More

precisely, we have the following two definitions:

Definition 3.3. Let a € GL,(Z) and let L € Z". We say that

{p:1=1,...,L} c L*(R")

15 an a-multiwavelet if the collection

(DT €Zk ez l=1,...,L}

forms an ON basis for L*(R™).
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Definition 3.4. Let a € GL,(Z). A sequence {V;};ez of closed subspaces of
L*(R™) is said to be an a-multiresolution analysis (a-MRA) if the following

conditions hold:

(1) V; C Viq, for all j;
(ii) V; = D, 9Vy, for all j;
(iii) Moz Vs = {0}

(iv) Ujer Vi = LP(R™);

(v) There is a function ¢ € Vi such that
{Trp: keZ"}

forms an ON basis for V.

In this case, we say that the fucntion ¢ is an a-scaling function for the given

MRA.

The relationship between a-multiwavelets and a-MRAs, the concept of
a low pass filter, the meaning of an associated a-wavelet, a-MRA, and a-
scaling function, the use of a-MRA multiwavelet systems in applications,
and the importance of compact support and smoothness are all similar to

their analogs in the 2-wavelet case.
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3.1.3 Composite Wavelet Systems

As indicated above, 2-MRA wavelet systems have been used very successfully
in a variety of applications. Given how naturally one-dimensional 2-wavelet
concepts extend to higher dimensional a-wavelet concepts, one would expect
a-MRA wavelet systems to also be very useful in applications. In many
instances, this is very much the case. However, there are some important
applications where a-wavelet systems do not perform as well as would be
expected. This deficiency arises from the fact that the geometry of R (n > 2)
is considerably more complex than the geometry of R. In particular, in
dimensions two and higher, there is a nontrivial directional component that
is simply not captured by the operators (3.9) employed by a-wavelet systems.

In an attempt to create higher-dimensional wavelet systems with direc-
tional sensitivity, the composite wavelet systems were introduced in [3]. Com-
posite wavelet systems, in addition to employing the operators in (3.9), use

operators of the form {D,, : b € B}, where B is a countable subset of
SLa(R) = {c € GL,(R) : | det ¢| = 1}.

The following two definitions are adapted from [3]:

Definition 3.5. Let a € GL,(R), let B be a countable subset of S/’Z/,L(R),
and let L be a countable indexing set. We say that {1, : 1 € L} C L*(R") is

an aB-multiwavelet (or composite multiwavelet if we do not wish to specify

93



a and B) if the collection
{DIDyTytpy: j €Z,b€ B,k €Z",1 € L}
forms a frame for L*(R™). Note that
DIDy Ty (x) = | det a| /2 (b~ a x — k).

Definition 3.6. Let a and B be as in Definition 3.5 and let I be a countable
indexing set. A sequence {V;};ez of closed subspaces of L*(R™) is said to be an
aB-multiresolution analysis (aB-MRA or composite MRA) if the following

conditions hold:
(1) V; C Vi, forall j;
(ii) V; = D, 9Vy, for all j;
(i11) Njez Vi = {0}
(v) Ujez V; = L*(R");
(v) There is a collection {p; : i € I} C Vi such that

{DyTypi:be B keZ"iel}

forms a frame for V.
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In this case, we say that the collection {y; : i € I} is an aB-scaling multi-

function (or composite scaling multifunction) for the given MRA.

We will refer to a-wavelet systems (in particular, 2-wavelet systems) as
classical wavelet systems. Although we will make no formal definitions, the
meaning of a Parseval/Riesz/ON aB-multiwavelet/a B-scaling multifunction
should be clear. Also, as before, the relationship between aB-multiwavelets
and aB-MRAs, the concept of a low pass filter, the meaning of an associated
aB-multiwavelet, aB-MRA, and aB-scaling multifunction, the use of aB-
MRA multiwavelet systems in applications, and the importance of compact

support and smoothness are all similar to their analogs in the 2-wavelet case.

Two Examples

In Definitions 3.5 and 3.6, the set B may either be finite or infinite. We offer
the following two examples of a B-MRA wavelet systems to illustrate each

situation:
Example 3.2.

The following example is borrowed from [7] and is a higher dimensional com-
posite analog of the Haar wavelet system of Example 1. Let a be the quincunx

matrix
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and let B be the group of symmetries of the square

Let Ty, T, C R? be the triangles with vertices

o) [1/4) [1/2 12\ [1/4) (1/2
) ) a’nd ) Y
0 \1/4 0 0 1/4] \1/2

Define

o =2V2(xr, +xn) and ¢ =2v2(xn — xz)-
Although we will verify none of the details, it is not hard to show that ¢
is an ON aB-scaling function and that 1 is an associated ON aB-wavelet
(see [7]).
Example 3.3.

The following example (and notation) is borrowed from [3]. Let a be the

matrix
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and let B be the so-called shear group

el

Define the sets Ij, I}, I7, I§ € R2 by

If ={(&,6) €R?*:0<& <1,0< & <&,
IF={(&,&6) e R?:1<¢ <2,0<& <1/2},
If ={(&.&) eR*:1<6 <2,1/2<6 < 1},

IF={(6,&6) eR:1<6<2,1<6 <& )

For | = 0,1,2,3, define I, = —I;' and I, = I, U I;. Define the functions
S07w17’l/}27w3 € LQ(RQ) by

©=x1, and Y= xy,.

Although we will verify none of the details, it is not hard to see that ¢ is
an ON aB-scaling function and that {i1,19,13} is an associated ON aB-

multiwavelet (see [3]).
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3.2 Pointwise Values of the Fourier Trans-
form

There are several well-known results regarding the value at integers of the
Fourier transform of a 2-wavelet and 2-scaling function. In this section, we
generalize these results to composite wavelet systems. A very interesting

corollary will be the nonexistence of aB-scaling multifunctions of Haar-type,

for all countably infinite B € SL,(R) and all a € GL,(R).

3.2.1 Preliminary Results

Before we state and prove the above mentioned results, we need the results
of this subsection. The following lemma, which we require in the proof of

Theorem 3.2 below, is an easy consequence of part (iii) of Theorem 2.1.

Lemma 3.1. Suppose that E is a measurable subset of R™. The collection
{e*™F . k € Z™} forms a Parseval frame for L*(E) if and only if |E N (E +
k)| =0, for all k € Z"\ {0}.

We note that the below result is very similar to Proposition 4.1 of [4].

Theorem 3.2. Let C be a countable subset of GL,(R) and let I be a countable

indexing set. If the collection

{D.Typ;:ceCkeZ"iecl}cCL*R"

98



forms a Bessel system with constant D, then

S Y lacol? < b,

ceC i€l

for a.e. €.

Proof of Theorem 3.2. Let F be any finite subset of C and let E be any

measurable subset of R” satisfying
|(Ec+ k)N Ec| =0, for all k e Z"\ {0} and all ¢ € F. (3.10)
Define 6 € L2(R") by = . A calculation shows that
(DTupi) (€) = | det cf 25 (Ec)e . (3.11)
For ¢ € F, using a change of variable, we obtain

(D Tipi, 0) = (DTwpi) ", 0)

= | det c|1/2/ Pi(Ec)e 2™k g (3.12)
E

= |detc\_1/2/ <,5,-(§)e_2’”5]’C dg.
FEc

Using the above equality, Lemma 3.1, and another change of variable gives

99



us

2

> (DTigs, )| = [dete| ">

kezm ke7Zmn

= |detc|™" [ |2:()I" d¢ (3.13)

| aeeme e
Ec

E
- / ulee)? de.
E

Using the above equality and the Bessel property, we have

/EZZ |@i(€e)|* dE = ZZ[E |@i€e)|® dé

ceF i€l ceF i€l

=33 (DT 0)]°

ceF iel kezn

<3N (DT, 0)]°

ceC el kezn

< D|¢|]* = D|E|.

Letting E range over all measurable subsets satisfying (3.10), it follows easily

from the above equality that

S S Igiga) < D,

ceF iel

for a.e. £. Since F was an arbitrary finite subset of C, it follows that

I 21(35] el

ceC i€l
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for a.e. &. O

If we assume some continuity of the functions {@; : i € I}, we obtain the

following corollary of Theorem 3.2:
Corollary 3.1. Let C and I be defined as in Theorem 3.2, let n € R", and
let |C| denote the cardinality of C. Assume that

{D.Typi:c€CkeZ"icl}CL*R")

forms a Bessel system with constant D.

(i) If |@;| is continuous at ne, for all i and all ¢, then

> @l <.

ceC i€l

(ii) If n is fized by C (i.e., nc =mn, for all ¢) and if |¢;| is continuous at n,

for each i, then
D
G < =5
Z C]
if |C| < oo, and @;(n) =0, for all i, if |C| = oco.

(111) If |@i| is continuous at 0, for each i, then

if |C] < o0, and @;(0) =0, for all i, if |C| = co.
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Proof. Since parts (ii) and (iii) follow from part (i), we shall only prove the
latter. Suppose that |@;| is continuous at nc, for all ¢ and all ¢. Let F be any
finite subset of C and let F' be any finite subset of I. It then follows that the

function

E= ) ) @)

ceF i€F

is continuous at 7. In conjunction with Theorem 3.2, choose a sequence

{fp}gil converging to 1 which satisfies

> 1@i&e)lf < D,

ceC i€l

and thus, in particular,

> D lage)l’ < b,

cEF i€F
for each p. Using the above inequality, we obtain
S S Il = i 35 B (AP < b.
ceF ieF P eF ieF

Since F and F were arbitrary finite subsets of C and I, respectively, the

desired conclusion now follows. O
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3.2.2 The Fourier Transform at Zero

In this subsection, we generalize to the case of composite wavelets two well-
known results regarding the value of the Fourier transform of a 2-wavelet and

2-scaling function at zero.

The Wavelet

If ¢ is a 2-wavelet and if |1ﬁ| is continuous at 0, then it is well-known that
¥(0) = 0. The below Corollary, which is an immediate consequence of Corol-

lary 3.1, generalizes this result to a B-multiwavelets.

Corollary 3.2. Let a € GL,(R), let B be a countable subset of@l(R), and

let L be a countable indexing set. If {4, : | € L} is an aB-multiwavelet and
of
[{a’b:j € Z,b € B}| =

(in partciular, if |detal # 1), then {D\l(O) = 0, for each | such that |TZl| is

continuous at 0.

The Scaling Function

If ¢ is a 2-scaling function and if |@| is continuous at 0, then it is well-known
that [¢(0)] = 1. Corollary 3.3 below, which is an immediate consequence of

Corollary 3.1, partially extends this result to aB-scaling multifunctions:

Corollary 3.3. Let a € GL,(R), let B be a countable subset ofé'\L/n(R), and

let I be a countable indexing set. Suppose that {p; : i € I} is an aB-scaling
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multifunction with upper frame constant D.

(i) If |B| < oo and if |@;| is continuous at O (for each i), then
D
G0 < (3.14)
Z | Bl

(i1) If B is infinite, then @;(0) = 0, for each i such that |@;| is continuous

at 0.

Part (ii) above is somewhat surprising considering the intimate relation-
ship, in the 2-wavelet case, between the nonzero value of || at 0 and the
density (property (iv) of Definition 3.2) of the associated MRA system. When
B is finite, part (i) above only partially generalizes the above quoted 2-scaling
function result to aB-scaling functions. If we strengthen our assumptions on
the matrix a, we can complete the generalization by obtaining a nontriv-
ial lower estimate to the sum in (3.14). In the formulation of this result
(Theorem 3.3 below), we will require the following terminology:

If ce GL,(R) and A € C, X is said to be a left eigenvalue of ¢ if there
is some z € C" with z # 0 such that cz = Az; right eigenvalues are defined
similarly. A matrix ¢ € GL,(R) is said to be left expanding if |A| > 1, for
all left eigenvalues \ of ¢; right expanding is defined similarly. The following

result is taken from [4].

Lemma 3.2. A matriz ¢ € GL,(R) is left expanding if and only if there exist

constants k and v with 0 < k <1 < vy < 0o such that for all j € N and all
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z € R™ we have

Iz = kv ]

or, equivalently,

le™]l < &=y ).

It is clear that an analogous characterization holds for matrices that are
right expanding. Using these two results, it follows easily that a matrix
¢ € GL,(R) is left expanding if and only if it is right expanding. When
¢ € GL,(R) satisfies either (and hence both) of these conditions we will

simply say that c is expanding. We have the following result:

Theorem 3.3. Let a € GL,(R) be expanding, let B be a finite subset of
ﬁ/n(R), and let I be a finite indexing set. Let {V;};cz be a sequence of closed

subspaces of L*(R™) and let {@; : i € I} be a subset of L*(R™). Suppose that

o the sequence {V;}cz and the collection {p; : i € I} satisfy properties
(i), (i), (iv), and (v) in the definition of an aB-MRA, where (v) is

satisfied with frame constants C' < D
o |©;| is continuous at 0, for each i.

Then

C D
— <) |@0)? < =
B Z ]
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Proof. 1t follows from part (iii) of Corollary 3.1 that

~ 2 D
> IBOF < 5

We proceed as in the proof of Theorem 3.2. Let E be any bounded measurable
subset of R” with |E| = 1 and define € L2(R") by § = xp. Using the

computations (3.11) and (3.12), for all b, k, and ¢ and all j > 0, we have

(D7 DT, 0) = | det af’? / Gi(E)e 2 de,

Ea—ib

Since a is expanding and since B is finite, it follows from Lemma 3.2 that,
for large enough j, we have Ea™7b C [—1/2,1/2]", for all b. Thus, using

Lemma 3.1 and the computation (3.13), we obtain

S (0D O)f = ldetal [ 1Pde (39

kezn Ea~7b

for all b and ¢, when j is large enough. For these j, let P; denote the

orthogonal projection of L*(R™) onto V. Since
{DyTypi:be BjkeZ",iecl}

forms a frame for V; with constants C' < D and since the operator D, is
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unitary, it follows that
{D.;’DyTyp; b€ B, ke€Z"icl}

forms a frame for V; with constants C' < D. Thus, using (3.15), we have

PO <33T (D7 DyTigs, P

beB iel keZ»

= ZZ Z |<D;ijTk80i,9>‘2

beB i€l keZn

—ZZIdetaV/ REGIRE

beB icl b
= (&) de,
S P

for all large enough j. Using properties (i), (ii), and (iv) in the aB-MRA

definition, the continuity of each |p;| at 0, and that a is expanding, we obtain

¢ =Cllo|* = lim C||P;0]*
J—00

<Jm> > ,Ea T Jpgesy PHEIN 08

beB il
= () d¢
XX i g
=Y > @0 =B Z |:(0)*
beB icl iel
This completes the proof. n
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3.2.3 The Fourier Transform at Nonzero Integers

In this subsection, we generalize to the case of composite wavelets two well-
known results regarding the value of the Fourier transform of a 2-wavelet and
2-scaling function at nonzero integers.

The Scaling Function

If p is a 2-scaling function and if ¢ satisfies certain regularity assumptions,
then it follows that ¢(k) = 0, for all k € Z \ {0}. The below proposition

extends this result to aB scaling functions, when B is finite.

Proposition 3.1. Let a € GL,(R) be expanding and let B be a finite subset

of
SLo(Z) = {c € GL,(Z) : | det ¢| = 1}.

Suppose that ¢ is an aB-scaling function (with frame constants C' < D) such

that ¢ is continuous at each k € Z". Then

S [ S e[ < -0y

kezn\{o} bEB
In particular, if C = D, then ), 5 ¢(kb) =0 for all k € Zn\ {0}.

Proof. Since B C g\L/n(Z), the collection

{DkaQO :be B, ke Zn}
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may be written as

{TkaQO :be B, ke Zn}

Since this collection is, in particular, Bessel with constant D, it follows from

Corollary 2.1 that

2

> [Tt +on] = 3 [ 1k

kezn beB kezn bEB

<D) 1”=DIB|

beB

for a.e. €. Since ¢ is continuous at each k € Z", it follows easily that

=S|t +rp| <Dl

]{?EZ” beB kEZn beB

Using this and Theorem 3.3, we obtain

S| = ST S| | S eon|

kezn\{0} bEB kein beB beB
2
= > [ Y eun)| - 1RO
kein bEB

C

< D|B| — |B|* =
| B|

= (D -0)|B|,

which completes the proof. O

It is natural to wonder if a version of Proposition 3.1 holds for a-scaling
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multifunctions. For instance, if a € GL,(R) is expanding, if I is a finite
indexing set, and if {¢; : i € I} is an ON a-scaling multifunction such that,

for each 4, @; is continuous at each k € Z", does it then follow that
Z g@(k) =0,
iel

for all k € Z" \ {0}? The answer to this question is “no”. To see why,
assume that the answer is “yes” and that {¢; : i € I} is such an ON a-

scaling multifunction. Then,
{api 1€} (3.16)

is also such an ON a-scaling function, for any collection {a; : i € I} C C
satisfying |a;| = 1, for all . Applying the assumed result to appropriate

collections of the form (3.16), it follows that
Bi(k) =0, for all k € Z"\ {0} and all i. (3.17)

Thus, to obtain a contradiction, it suffices to exhibit an ON a-scaling multi-
function of the above sort that does not satisfy (3.17). It will be clear from
the discussion of section 3.2.5 that the aB-scaling function of Example 3.2 is

an example of such an a-scaling multifunction.
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The Wavelet

If ¢ is a 2-MRA wavelet with associated 2-scaling function ¢ and if @/A) and @
satisfy certain regularity assumptions, then it follows that 1&(2/6) =0, for all
k € Z. The corollary below extends this result to a B-multiwavelets, when B

is finite.

Corollary 3.4. Let a € GL,(R) be ezpanding, let B be a finite subgroup of
S’\L/n(Z), and let L be a countable indexing set. Suppose that {V;}jez is an
aB-MRA with Parseval frame scaling function ¢ such that ¢ is continuous
at each k € 7. Suppose that {1, : | € L} is an associated aB-multiwavelet.
If, for fixed |, we have that

(i) {D\l is continuous at ka, for all k € Z", and
(1) [@/Z)\l(-a), &(+b)] is continuous at 0, for all b,

then

> dh(kba) =0,

beB

for all k € Z". In particular, if a normalizes B (i.e., if aBa™' C B), then

> i(kb) =0,

beB

for all k € Z"a.

Proof. Since the second assertion follows from the first, we shall only prove

the latter. Assume that we have fixed an [ such that conditions (i) and (ii)
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in the statement of this corollary hold. First note that by Corollary 3.2, we

have

> " di(0ba) = [Bl(0) = 0.

beB

Since D, € Vj, using part (vi) of Lemma 2.1, it follows that

| det a|"/?y(¢a) = Dythi(€)

= > _[Dutt, D] (€) Dop(€)

beB

= |detal' Y "[t(-a), G(-D)]()P(ED),

beB

for a.e. £. By the various continuity assumptions, it follows that the above
equality must hold for all k € zn. Thus, using Proposition 3.1 and that B is

a group, for any k € Z" \ {0} we have

> di(kba) = > h(-a), ¢(-b)] (kb)(kbb)

beB beB b'EB
=3 S [dia), G(H)](0) @ (kbY)
beB bV eB
= 3" [dia), @(0))(0) S p(kbb) = 0.
bVeB beB
This completes the proof. ~
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3.2.4 The Nonexistence of aB-Scaling Multifunctions

of Haar-Type When B is Infinite

We have the following interesting corollary of Corollary 3.1:
Corollary 3.5. Let C be a countably infinite subset of GL,(R).

(i) If v is a nonzero element of L'(R™) N L*(R") that satisfies p(x) > 0,
for a.e. x, then the collection {D.Typ : ¢ € C,k € Z™} cannot form a

Bessel system.

(i1) If E is a measurable subset of R™ with finite positive measure, then the

collection {D Tyxg : c € C,k € Z™} cannot form a Bessel system.

Proof. Since part (ii) follows from part (i), we only prove the latter. Suppose
that ¢ belongs to L'(R") N L*(R") and satisfies p(z) > 0, for a.e. z, and
assume that the collection {D. Ty : ¢ € C,k € Z"} is a Bessel system. Since

¢ € L*(R™), ¢ is continuous. Thus, using part (iii) of Corollary 3.1, we have

0=4(0) = [ pla)ds

Since ¢ is nonnegative, the above equality implies that ¢(x) = 0, for a.e. x.

This completes the proof. n

The scaling functions of Examples 3.1 and 3.2 are clearly related. We

formalize this relation with the following definition:
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Definition 3.7. Let a, B, and I be as in Corollary 3.2. We say an aB-
scaling multifunction

{p; i€} C L*(R")

is of Haar-type if, for each i, @; is of the form o;xg,, for some a; > 0 and

some measurable subset E; of R".

Example 3.2 shows that aB scaling functions of Haar-type exist when B
is nontrivial and finite. When B is infinite, however, we have the following

striking result, which is an immediate consequence of Corollary 3.5.

Corollary 3.6. Let a and B be as in Corollary 3.2 and let I be a countable

indexing set; assume that |B| = oc.

(i) There does not exist an aB-scaling multifunction {y; : i € I} such that,
for each i, p; € LY(R™) N L*(R™) and p;(x) > 0, for a.e. x.

(ii) There does not exist an aB-scaling multifunction of Haar-type.

Define

2 0 1 1
a= and B = el

0 1 0 1

Recall that, in Example 3.3, an a B-scaling function ¢ of minimally supported
frequency (MSF) type is constructed; that is, ¢ = xg, for some measurable
subset E of R2. Tt is interesting to compare this example with part (ii) of
Corollary 3.6 (which implies that no aB-scaling multifunctions of Haar-type

exist).
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3.2.5 An Example

We now verify some of the results of this section within the context of a
specific example. Let a, B, T, T, ¢, and ¥ be as in Example 3.2. Note that
a is expanding and that a normalizes B. Using that |T}| = |T3| = 1/16, we

obtain

$(0) = R21/J(x)dx:2\/§(/ﬂldx—/nldx)
= 2V2(|Th| = |Ta]) = 0

and

@(0):/Rzgo(x)dx:2\/5(/T11dx+/T21dx)

= 2V2(|Th| + |T3)
22 1 1

8 V8 Bl

verifying Corollary 3.2 and Theorem 3.3. We now examine the results of

Proposition 3.1 and Corollary 3.4 in this context. Calculations show that

R if & = 0,6 #0;

2m2¢3 2mi€a )

95(51,52) =

5*7”5 — _ e~ Tt .
G 4 22T 6 #£0,6 =0,
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and that

_ e—mg /2 6771'7,5 .
A Va4 2772255 = 2! + 2;—/227 if & =0,8 7£ 0;
¢(§17€2) — /s oo .
e~ m€1/2 _3e—mié1 /2o .
e TP TUSN e i £0,6, =0,
We have

> @((1.0)b) =26((1,0)) + 26((—1,0)) +2((0, 1)) + 24((0, ~ 1))

w2 2m 2 271
2 2 2 2
+2<£+£) +2(£_£>
T2 2m w2 2m
:()7

which is in accordance with Proposition 3.1 and completes the discussion

began after its proof. Note that

(2,0) = (0,1)a® € Z2a.
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We have

> d((2,00) =2¢((2,0)) + 20((—2,0)) + 2¢((0,2)) + 2((0, 2))
(- - 2)ro(- 5 )

w2 4m w2 4dm
2 2 2 2
+2<£+£> +2<£_£>
w2 4m w2 4m
—0,

which is in accordance with the last assertion made in Corollary 3.4.

3.3 Dependencies in the MRA Definition

Suppose that {V;};cz is a collection of closed subspaces of L?(R) and that

¢ € L*(R). The following dependencies in the the 2-MRA definition (Defi-

nition 3.2) are well-known:

(I) If {V;}jez and ¢ satisfy properties (i), (ii), and (v) in the 2-MRA

definition, then

(Vi = {0}

JEZ

(II) If {V;}jez and ¢ satisfy properties (i), (ii), and (v) in the 2-MRA

definition and if || is continuous and nonzero at 0, then

Jv; = 22(®).

JEZ
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Theorems 3.4 and 3.5 below extend these results to aB-MRAs. A very in-

teresting corollary of Theorem 3.4 is the nonexistence of a-multiwavelets, for

all a € SL,(Z).

3.3.1 Dependency I

Before we state and prove Theorem 3.4 (which extends dependency I to aB-

MRAs) we need the following definition and lemma:

Definition 3.8. Let a € GL,(Z) and let B be a subset of §Z/n(Z) We
say the pair (a, B) is admissible if there exists a countable collection & of

measurable subsets of R" satisfying the following:
(1) U{E € £} =R™ (in measure);
(i1) |Ea’by N Ea’by| =0, for all j € Z%, all by # by in B, and all E € &;

(iii) for each fized E € &€ and positive r and €, we have

‘(UE“jb>“{§€R”ZIIEI| <r} <e

beB

for some j.

We make the following observations regarding admissibility:

(i) The assumption “a normalizes B” significantly simplifies the admis-

sibility criterion: If @ € GL,(Z), if B is a subset of SL,(Z), and if
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a normalizes B, then (a, B) is admissible if there exists a countable

collection & of measurable subsets of R” satisfying the following:

(a) U{F € £} = R™ (in measure);
(b) |Eby N Eby| =0, for all by # by in B and all £ € &;

(c) for each fixed FE € & and positive r and €, we have

((UEb)ajﬂ{éeR":ngsT} <e

beB

for some j.

(i) If a € GL,(Z) is expanding, if B is a finite subset of SL,(Z), and if a

normalizes B, then (a, B) is admissible.

(iii) If

then (a, B) is admissible.

(iv) Let b € SL,(Z) and write B = {b/ : j € Z}. Writing b in its Jordan

canonical form and using that
{<€2ml91’ - 6271'1l9m) 1 c Z}

is uniformly distributed (and, in particular, topologically dense) in the
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set

{(z1,...,2m) €C™ : |z4| = -+ - = |2m| = 1}

(when 1,6q,...,60,, are rationally independent), one can show that
(a, B) is admissible, for any expanding matrix a € GL,(Z) that nor-
malizes B. In particular, (a, B) is admissible, where a € GL,(Z) is the

diagonal matrix with all diagonal entries equal to 2.

(v) If B is the group
SLy(Z) ={b € GLy(Z) : det b = 1},

then (a, B) is not admissible for any a € GLy(Z). This follows from
the fact that for (&,&) € R? with & # 0 and &,/& ¢ Q, 0 is in the
closure of the orbit {£{b: b € B}.

The proof of the following lemma is straightforward and is omitted:

Lemma 3.3. If c € GL,(Z) and if g € L'(T"), then

/ g(€)de = [dete| [ g(€)de.
[0,1]¢

[0,1]™
We have the following result, which extends Dependency I to aB-MRAs:

Theorem 3.4. Let a € GL,(Z), let B be a subset of S/i/n(Z), and let I be a
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finite indexing set. Suppose that (a, B) is admissible. If the collection
{DyTypi b€ B, keZ"icl}CL*R")
forms a frame for its closed linear span V', then

() DV ={0}.

jez+

Proof of Theorem 3.4. In order to obtain a contradiction, suppose that
{DyTypi b€ B, keZ"icl}CL*R")

forms a frame for its closed linear span V' with constants C' < D and that
there exists f € [,z DIV with [|f|| = 1. Fix j € Z*. Since D;/f € V, it

follows from parts (iv) and (vi) of Lemma 2.1 that

[detal 2 f(¢aT) = D f(6) = 3 mi,(€)Fi(eD),

]

with unconditional convergence in L?(R™), where the collection
{ml,(€) i e I,be B} c L*(T")

satisfies

D lmylP<chfP=0

i€l beB
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Using both the Schwarz inequality and that convergent sequences in L?*(R™)

contain subsequences that converge pointwise a.e., it follows that

el < et Y2 i ©P) (X2 1aen?)

i€l beB i€l,beB

for a.e. &.

Choose £ as in Definition 3.8. We may refine £ so that for each £ € &,
E is contained in some cube K of the form K = [0,1]" + k, for some k € Z".
Fix such an F € £ and a cube K with F C K. Using a change of variable,

the Schwarz inequality, and Lemma 3.3, we obtain

[ 1f@1de = 1detal [ |(ea)]dg
E Eal
<fdecal 2 [ (3 wior) (X Iaer)

i€l,beB i€l,beB
1/2
< |det al J/Q(/ > mi( ) (/ > 15i(eh) |2d§>
Eal i1 beB Eal ic1beB
1/2
(ydeta| J/ > mid( ) </ > 1Bi(eh) |2d§>
KaJ icrpep Eal jeTpeB
1/2
-( [ 3 o) ([ 3 ator)
icl,beB Ea’ ic1peB
1/2
<C- 1/2(/ > 1@u(en) |2d§) .
Eal i1 beB
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Using a change of variable and admissibility property (ii), we obtain

/E > |aen)Pde = Z/ > laien)l de

icel,beB beB el
SN G
beB J Ealb ey
- [ Yla@re
UbEB Eaib el

Varying j and using admissibility property (iii), it follows from the above

[E ()] de =o.

By admissibility property (i), it follows that f(£) = 0, for a.e. &, a contra-

two calculations that

diction. This completes the proof. O

We make the following comments regarding Theorem 3.4:

(i) If @ € GL,(Z) is expanding, if B is a finite subset of S?LJ,Z(Z), and if
I is a finite indexing set, then we may omit the assumption “(a, B) is
admissible” from the statement of Theorem 3.4, since, in this case, the

collection

{DyTyp; : b€ Bk € Z",i €I} C L*(R")

can be rewritten as

{T.Dyp; : b€ B,k € Z",i€I}.
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(ii) It follows from the existence of Gabor systems that the assumption “/

is finite” in the statement of Theorem 3.4 is necessary.

We have the following interesting corollary of Theorem 3.4:

Corollary 3.7. Let B be a subset of E?LJ,Z(Z), let I be a finite indexing set,
and let
{p; i €I} C L*(R™).

If there exists a matriz a € GL,(Z) for which (a, B) is admissible, then the

collection

{DyTrp; :be BkeZ"icl}
cannot form a frame for L?(R™).

Using comment (iv) following Definition 3.8 and the above corollary, we
obtain the following very interesting result regarding the nonexistence of

certain a-multiwavelets:

Corollary 3.8. There does not exist an a-multiwavelet {1, ..., v} (L €

Z*t) for any a € S’\L/n(Z)

3.3.2 Dependency II

We have the following result, which extends Dependency II to a B-MRAs:

Theorem 3.5. Let a € GL,(Z) be expanding, let B be a subset of g\L/n(Z),

and let I be a countable indexing set. Let {V;};ez be a sequence of closed
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subspaces of L*(R") and let
{pi:iel} c L*(R").

Suppose that {V;}jez and {p; = i € I} satisfy properties (i), (ii), and (v) in

the the aB-MRA definition. If there exists a measurable set E such that

(i) >icr 1@ (E)]? >0, for all € € E and

(11) UsezUpep B 1! = R™ (in measure),

then U e, Vi = L*(R™). In particular, if, for some i, |@;| is continuous and

nonzero at 0, then \J;c, Vi = L*(R").

Proof. Write V = Ujezvj- We claim that V is translation invariant, i.e.,
that T,V Cc V, forally e R*. If f € V, p e Z*, and | € Z", it follows that

we may write f in the form

f= E ki Dy Dy T,
beB,keZn icl
with unconditional convergence in L*(R™), for some j > p and some sequence

{opi} € I*(B x Z™ x I). Thus,

To»nf = Z ki Ty D7 Dy Tiip;

bEB,kETN icl

= Z OgbkiD;ijbelajpr_kSOi € ‘/] C ‘/7

beB.kezZ™iel
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since b~1a’ 7Pl € Z™. We have shown that T,,—»;V C V. Since T, —»; is unitary,
it follows that T,-»V C V. Since a is expanding, it follows from Lemma 3.2
that the collection

D={aPl:peZ e}

is dense in R™. Now, if f € V and y € R™, choose a sequence {ygto, in
D converging to y. The above argument implies that T}, f € V, for each gq.
Since T, f — T, f in L*(R"), it follows that T,,f € V.

To show that V = L*(R"), let ¢ € V. For any f € V, the function
f ¢ belongs to L'(R™). For y € R, using the Plancherel theorem and the

translation invariance of V', we calculate

(19 W) = | F©5€)e de
= (e f,9)
= (T-f.9)

= <T—yf7 g> = O

It follows that f(£)g(€) = 0, for a.e. £ For cach 4, j, and b, setting f =

D Dy, we see that

i(ga’b)g(€) =0,

for a.e. £&. By assumptions (i) and (ii) in the statement of this proposition,

it follows that ¢g(&) = 0, for a.e. £. This completes the proof. O
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Chapter 4

Decay, Regularity, and the

Fourier Transform

For p = 1,...,n, x, and &, denote the p'" coordinate functions in R™ and

R, respectively. We write d, in place of % (or %). The results of the

following lemma are well-known (see, for instance, Theorem 8.22 of [2]):
Lemma 4.1. We have the following:
(i) If f € L*(R™), then f € Cy(R™).

(ii) If f,x,f € L*(R™), then, for all &, 6pf(5) exists and is given by
0pf(6) = (—2muz, [)(€).
In particular, 8pf € CO(R”).
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(iii) If f € L (R") N Co(R") and 8, € L (R") N C(R™), then

~

(apf)/\(g) = QWprf(f),

for all &. In particular, @,]E € C’D(R").

In this chapter, we state and prove several generalized versions of Lemma 4.1
in which smoothness and integral polynomial decay are replaced with Holder
continuity and fractional polynomial decay (section 1); logarithmic continuity
and logarithmic decay (section 2); iterated Holder continuity and multivari-
able fractional polynomial decay (section 3). These results will be needed in

the following chapter.

4.1 Holder Continuity and Fractional Poly-
nomial Decay

In this section, we state and prove an analog of Lemma 4.1 in which smooth-
ness and integral polynomial decay are replaced with Holder continuity and

fractional polynomial decay. We have the following definition:

Definition 4.1. Leteq,..., e, andéq,...,¢é, be the canonical basis vectors of

R™ and R", respectively. Let f : R" — C be measurable and let 0 < o < 1.

7 1s said to be Holder continuous in the direction e, with exponent o 1
P
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f € L*(R") and if there exists 0 < M < oo such that

IS (2 + tey) = f(=)
2]

o < M, (4.1)

for all t # 0.

(i1) f is said to be locally Holder continuous in the direction e, with ex-
ponent o if there exists 0 < M < oo such that (4.1) holds for all

0 < |t| < 1. Note that we are not requiring that f € L>®(R™).

(1it) f is said to be strongly Hélder continuous in the direction e, with ex-

ponent « if f € L*(R") and if

IS (2 +tep) — f(x)
£l

e < w), (42)
for allt # 0, where the function M is bounded and satisfies M(t) — 0,
ast — 0.

() f is said to be strongly locally Hélder continuous in the direction e,
with exponent a if (4.2) holds for all 0 < |t| < 1, where the function
M is bounded and satisfies M(t) — 0, ast — 0. Again, note that we

are not requiring that f € L>=(R").

(v) [ is said to be L'-Holder continuous in the direction e, with exponent

129



a if f € LYR™) and if there exists 0 < M < oo such that

[ Merta) =t
T =

for all t # 0.

Let f : R — C be measurable and let 0 < a < 1. We make the

following comments regarding Definition 4.1:

(1)

(i)

If f is (locally) Holder continuous in the direction e, with exponent «,
then f is strongly (locally) Holder continuous in the direction e, with

exponent 3, for all 0 < 8 < a.

If f is everywhere defined, if 0,f(x) exists for all x, and if there exists
0 < M < oo such that |0,f(x)] < M (for all z), then f is locally
Holder continuous in the direction e, with exponent 1. If, in addition,
f € L>*(R"), then f is Holder continuous in the direction e, with

exponent 1.

If f is L'-Holder continuous in the direction e, with exponent a, then
f is L*-Holder continuous in the direction e, with exponent f3, for all

0<p<a.

If f € L'(R") is everywhere defined, if d,f(x) exists for all x, and if
d,f € L*(R™)NC(R™), then f is L*-Holder continuous in the direction

e, with exponent 1.
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(v) (local) Holder continuity, strong (local) Holder continuity, and L!-
Holder continuity are defined similarly for functions f : R" — C;

the analogs of properties (i) through (iv) above hold in this context as

well.

We have the following version of Lemma 4.1:
Lemma 4.2. Let f : R" — C be measurable and let 0 < o < 1.

(i) If |xp|* f € L*(R™), then there exists 0 < M < oo such that

|672mtacp _ 1|
TV(IN dr < M, (4.3)

for all t # 0. If, in addition, a < 1, then the left hand side of (4.3)

approaches 0 as t — 0.

(ii) If f,|z,|*f € LY(R™), then f is Holder continuous in the direction é,
with exponent «. If, in addition, o < 1, then f 15 strongly Holder

continuous in the direction €, with exponent c.

(iii) If f € LY(R"), then for & = (&, ..., &) with &, # 0 we have

O <350) (5 )

where, fort # 0,

M;(f)(t) _ /n |f<x+t|e;l_f(x>| dr.
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(iv) If f is L*-Holder continuous in the direction e, with exponent «, then
folgl°f € L=(R").
Proof. To prove (i), suppose that |z,|*f € L'(R"). Using that | —1| < ||,

it follows easily that |e” — 1| < 2|z|*, for all x € R. Thus, for a.e.  we have

2|2mitz,|*

—_Hlf(x)\ < Tlf(x)! = 2%, || f ()] (4.4)

for all ¢ # 0, which implies (4.3). If @ < 1, then for a.e. x we have

|672mtxp . 1| . |6727th;tp . 1|
|f(2)] = [t |f(@)]
t] |t]
o 2mt]zp|
<! 2\ f () (45)

2
= [t|'" 27|z, ]| f ()]

— 0,

as t — 0. Using (4.4), (4.5), and the Dominated Convergence Theorem (see
Theorem 2.24 of [2]), we obtain

|6727mtxp _ 1|
| e r@lde =0,

as t — 0. This proves (i).

To prove (ii), suppose that f, |z,|*f € L*(R™). It follows from part (i) of
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Lemma 4.1 that f € L>(R"). Since

~ A o~

fle+te,) — &) (e 1 )
DI () @

it follows that

A~

F(E+t) = O _ [l —1]
B [ ) e

for all £ and all ¢ # 0; (ii) now follows from (i).

To prove (iii), suppose that f € L*(R™). Since

~

€2mt£—p_1A ([ flx+te,) — f(x)
i fe) = ( m ) (€),

it follows that

2™ — 1 5 |f(z +tep) — f(2)]
Tﬁ(fﬂ S/ dz,

for all £ and all t # 0. Denote the right hand side of the above inequality by
ME(f)(t). For & = (&,. .., &) with &, # 0, substituting ¢ = (2£,)"" into the

above inequality yields

2a+1 al f . |€27”(2€p)71§p B 1| ¢ < M© 1
1176 = e o1 < 350 (52 ).

which proves (iii).

Part (iv) follows immediately from part (iii) of this lemma and part (i)
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of Lemma 4.1. OJ

4.2 Logarithmic Continuity and Logarithmic
Decay

In this section, we state and prove an analog of Lemma 4.1 (Lemma 4.4) in
which smoothness and integral polynomial decay are replaced with logarith-

mic continuity and logarithmic decay. We have the following definition:
Definition 4.2. Let f : R" — C be measurable and let a > 0.

(1) f is said to be logarithmically continuous in the direction e, with expo-

nent o if f € L®(R™) and if there exists 0 < M < oo such that
|log [t]|*|| f (= + tey) — f(2)|| , < M,

for all 0 < |t| < 1.

(it) f is said to be strongly logarithmically continuous in the direction e,

with exponent o if f € L®(R™) and if

|log\tHaHf($+tep) — f(x)Hoo < M(t),

for all 0 < |t| < 1, where the function M is bounded and satisfies

M(t) — 0, ast — 0.
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(iii) f is said to be L*-logarithmically continuous in the direction e, with

exponent o if f € LY(R™) and if there exists 0 < M < oo such that

/Rn | log [t]|"| f(x + te,) — f(x)| dx < M,

for all 0 < |t| < 1.

Let f : R® — C be measurable. We make the following comments

regarding Definition 4.2:

(i) Let a > 0. If f is logarithmically continuous (L'-logarithmically con-
tinuous) in the direction e, with exponent «, then f is strongly loga-
rithmically continuous (L'-logarithmically continuous) in the direction

e, with exponent 3, for all 0 < 8 < a.

(ii) Let 0 < o < 1. If f is Holder continuous (L!-Hdlder continuous) in the
direction e, with exponent «, then f is strongly logarithmically contin-

uous (L'-logarithmically continuous) in the direction e, with exponent

B, for all 0 < 8 < o0.

(iii) Logarithmic continuity, strong logarithmic continuity, and L'-logarithmic
continuity are defined similarly for functions f : R* —» C, and the
analogous versions of properties (i) and (ii) above hold in this context

as well.

We need the following result in the proof of Lemma 4.4:
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Lemma 4.3. We have the following:

(i) If o > 0, then there exists 0 < M’ = M'(«) < oo such that

log(z + 2)

t*log(1/t) < M’
xa

’

for all z,t € R satisfying x > 0 and 0 < t < min{1,z71}.

(i1) If o > 0, then there exists 0 < M = M (a)) < oo such that

| log [¢]]

for all z,t € R satisfying 0 < [t| < 1.
Proof. To prove part (i), let @ > 0 and choose M’ € [1, 00) satisfying

log(z + 2)

e tat < M
:CCY

Y

forall 0 < z < e® '. Consider f € C[0,1) N C>°(0, 1) defined by

t*log(1/t), if0<t<1;
ft) =
0, if t = 0.

For 0 <t < 1, a calculation shows that
f1(t) = t*"Halog(1/t) - 1).
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Using the mean value theorem (see Theorem 5.10 of [12]), it follows from the
above equality that f is increasing on [0, e~ '] and decreasing on [e=® ", 1].
Let x,t € R be such that > 0 and 0 < t < min{l,z7'}. If 27! > e,

then 2 < e* ' and using (4.7) we obtain

- 1 2
log(1/t) = f(t) < fleo) = e-la-t < a8 £2)
xa
If 271 < e then
log(z + 2)

t*log(1/t) = f(t) < f(e™") = ™ log(w) < M'———.

This proves (i).
To prove (ii), let a > 0. Choose M" = M'(a™!) as guaranteed by part (i)

of this lemma and set M = max{2, M'}. Rearranging (4.6), we obtain
1 2)\“
tr < M (M> , (4.8)

for all z,t € R satisfying x > 0 and 0 < t < min{1,z7'}.
Let x,t € R be such that 0 < |t| < 1. We may assume that x # 0. If

|zt| > 1, then log(|z|) + log(|t|) = log(|zt|) > 0, implying that

log(| +2) > log(|z[) > —log([t]) = [log |t]].
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We thus obtain

|eitx_1| < |€itx|+|1| :2§M<10g(|x|+2)) ‘
| log ||

If |zt| < 1, then we may substitute |¢| and |z| into (4.8) to obtain

. 1 2\ “ 1 N\
log(1/]t]) | log [t]|

This proves (ii). O
We have the following version of Lemma 4.1:
Lemma 4.4. Let f: R" — C be measurable and let a > 0.

(i) If f, (log(|zp| + 1))af e LY(R"), then f is strongly logarithmically con-

tinuous in the direction €, with exponent c.

(ii) If f is L*-logarithmically continuous in the direction e, with exponent

o, then f, (log(|xy| + 1))af € L>*(R").

Proof of Lemma 4.4. To prove (i), suppose that f, (log(|z,|+1))" f € L'(R").
It follows from part (i) of Lemma 4.1 that f € L>°(R"). Choose M ()
and M(a + 1) as guaranteed by part (ii) of Lemma 4.3 and set M =
max{M (a), M (o +1)}. Since

~

| log [t]|* (F(¢ +te,) — £(€)) = (|log [t]|" (e = 1) f(x))” (),
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it follows that

[og t]]*[ f(¢ + &) — f(©)] < /R NTogltl[*|e7r —1]|f(z)] de,  (4.9)

for all € and all 0 < [t| < 1. Using part (ii) of Lemma 4.3, for a.e. = we

obtain

| log ||

= M (log(2m|z,| + 2))°| f ()], (4.10)

Hog |1 |27 — 1| /()| < |tog |¢]|* M (log(z”'%' * 2>) (@)

for all 0 < |t| < 1. Moreover, it follows easily from our assumptions that the
right hand side of the above inequality belongs to L'(R™). Using again part

(ii) of Lemma 4.3, for a.e. « we have

|10g‘t|‘a|6—2mt:ﬂp . 1Hf

mogwM( e e

| log |||

(log(2m|z,| + 2))a+1

— M
| log |||

| f(z)| =0,

as t — 0. Using (4.9), (4.10), the above calculation, and the Dominated
Convergence Theorem, it follows that f is strongly logarithmically continuous
in the direction €, with exponent o.

To prove (ii), suppose that f is L'-logarithmically continuous in the di-
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rection e, with exponent . It follows from part (i) of Lemma 4.1 that

f € L®(R"). Choose M as in part (iii) of Definition 4.2. Since
[1og |#]° (¢ — 1) (&) = (| 10g J|" (f(x + te,) — £(2))) (©),
it follows that

| log [¢[|*[e*™*» — 1

FOl < [ ogitl"| o + tey) ~ fla)| o < 2

for all £ and all 0 < |t| < 1. For & = (&1,...,&,) with |§,| > 1, substituting

t = (2¢,)~" into the above inequality yields

(log(1&] + 1)*|f(©)] < (log(l&] +1&:)) " £(©)]
< 2(log(21&))“|/(€)|
- 2’10g\(2§p)‘1} "|fe)
= ‘logl(%p)*l\ l

< M.

22606 1| ()|

It follows that (log(|z,| + 1))af € L>*(R™). This proves (ii). O
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4.3 Iterated Holder Continuity and Multivari-
able Fractional Polynomial Decay

In this section, we state and prove an analog of Lemma 4.1 in which smooth-
ness and integral polynomial decay are replaced with iterated Holder conti-
nuity and multivariable fractional polynomial decay.
Let f : R" — C be measurable and let y € R". Define A, f : R* — C
by
Ayf(x) = flz+y) — flx).

Fori e {1,...,n} and t € R, write A;(t) = As,. Note that A, belongs to

B(LP(R™)) (p =1,00). We make the following observations:

(i) If z € R™, then AJA,f = A, A, f. More generally, if y1,...,y, € R",
the operators A,,,..., A, may be applied to f in any order with the

same result.

Let m € Z* and let iy,... i, € {1,...,n}.

(i) Let 0 < B < a; <1 (j=1,...,m) and let p € {1,00}. Suppose
that ||f||, < oo and that there exists a constant K’ such that for all

k=1,...,mand all j; <--- < j; belonging to {1,...,m} we have

”Aih (tj1) T A%k (tjk)pr < K/|tj1 |Oéj1 e |tjk|ajk7

141



forall ¢;,,...,t;, € R. Then

1A (1) - A () fllp < K)o Ko () [ ™,

for all ¢1,...,t, € R, where, for each j, the function K; is bounded

and, if 8; < «;, satisfies K;(t) - 0 as t — 0.

Let 0 < a < 1 and assume m > 2. Suppose that f is everywhere defined and

that 0;; ... 0;, f(x) exists for all x (for each j =2,...,m).

(iii) If there exists a constant K’ such that

A (t1)0s, - .. Oi,, [ (2)] < K'|t1]°,

for all t; € R and all x, then there is a constant K such that

A (t1) - A, (E) f ()| < K[| [Eo] - [t

for all x and all ¢,...,t,, € R. In particular,

1A (t1) - Ay (B flloo < K| [E2] - [tn],

for all ¢1,...,t,, € R.

(iv) If 0;, ... 0, f is continuous (for each j = 2,...,m) and if there exists
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a constant K’ such that
1A, (#1)0s, - - 0y, flIn < K[t
for all t; € R, then there is a constant K such that
1A (t1) - A () fll < Kt [[E] - [t

for all t1,...,t,, € R.

(v) For & € R, the operator A¢ is defined similarly, and the analogs of

properties (i) through (iv) above hold in this situation as well.

If f e LYR") + L*(R™), write f = f1 + f» with f, € LP(R") (p = 1,2)
and define f = fl + fQ. It is simple to check that this definition results in
a well-defined extension of the Fourier transform to L'(R") + L?*(R™). We

have the following version of Lemma 4.1 (and extension of Lemma 4.2):

Lemma 4.5. Let f € L'(R") + L*(R"), let iy,...,im € {1,...,n}, and let

ag, ..o € (0,1].

(i) If | |°t .. |z, % f € LY(R™), then
1A, () Ay, ) Flloo < K (E1s oo b)) [t | [t ],

forallty,... t, € R, where the function K is bounded and, for each j
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such that a; < 1, satisfies
sup{K(tl,...,tm) : tl)"'atj—lytj+l7"'7tm S R} — 0,

as t; — 0.

(ii) If there exists a constant K such that
1A, (t1) - A () fll < K[ [l

forall ty, ... t, €R, then |&,|* ... |&.,|*m f € L®(R™).

Proof. If g : R" — C and h : R™ —s C are measurable and if y € R" and

n e R", define M,g : R* — C by

Myg(x) = (e — 1) f(2);

Myh : R" — C is defined similarly. If g € L'(R") + L2(R"), it is straight-

forward to verify that
Ang = (Mn )A and (Ayg)/\: M—yga

where, for ¢/, i’ € Co(R™)+L2(R"), we write ¢ = ' if and only if ¢/(£) = I (€)

forae. & Ifyy,...,ym € R and my,..., 0 € R", it follows that

Ay Ay g = (M, ... M, g) (4.11)
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and that

(A, .. A9 =M_, ...M_, g (4.12)

We now prove (i). Define the function K by

6—2mt1331-1 —1l... 6—27”tm33¢m -1
Kt = [ -] /@) ds

|t1‘o¢1 R |tm|am

if t1,...,tm € R\ {0} and K(t1,...,t,) = 0 otherwise. If t1,...,t, € R,
using (4.11) and that

9| < | lo(@)]da. (113

for all g € L'(R") + L*(R") and a.e. 7, we obtain

1Ai (1) D, () O] = |Avyey, - Dee, FE)]
= |(Mye,, ... Mee, ) ()]
< / ) |Mye,, ... My,e, f(z)]dx
= [ et 1| et || f(2)| de

R

= K(t1, ... tm)|[t1]™ oo ||,
for a.e. &, and thus

1A, (t1) - .. Aim(tm)fﬂoo <K (g, tm) [t o |
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Ifty,...,t, € R\ {0} and 5 € {1,...,m}, using that

e — 1| < 2|x|® (4.14)

(for all a € (0,1] and all z € R) we obtain

—2mit;x;

m |e—2mtk:vik o 1|> ’e—sztkmik o 1| |€ i 1|
(I @l = (Il ) @
el L vl s |t
22ty | e 2™ — 1|
< (=) e @)
K i J
—2mitjr;. 1
= (T 22me ) 2@ @as)
oy |£5]%
227t ;x5 |
< (T 2w ) 22 o
j J

= 2" (2m) Ty [, [ f ()],

for a.e. x.

If ty,...,t, € R\ {0}, using (4.15) we obtain

672mt1x¢1 . 1 . @*Zthxim . 1
Kt = [ -] | f@)]do

[Eror . [E]om

=< 2m(2ﬂ)a”"'+°‘m/R i, [, | ()| < oo

It follows that K is bounded.
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If a;j <1andty,...,t, € R\ {0}, using (4.15) we obtain

e—27rzt13:i1 —1]. .. e—2mtm$im —1
Kt = | | | | (@) da

P
| —2mat; i ; _1|
< [ (Toere i) s @) de

k#j
The above inequality implies that

Sup{K(tl,...,t ) ti,...stj—1, i1, -5t GR}

2mat iTi; |

/ n<H2|27%|‘”’“>|€ T f@ldr,

for each ¢; # 0. Using (4.14), (4.15), and the Dominated Convergence The-
orem, it follows that the right hand side of the above inequality approaches
0 as t; — 0. This proves (i).

We now prove (ii). Choose € > 0 such that
|2 — 1| > e, (4.16)

for all 1/3 < |z| <2/3.
Fixty,...,t, € R\{0} such that ¢t; = t; if i; = i;. Using (4.12) and (4.13)
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we obtain

|2 — 1] [ePmintim — 1| f(£)]
= [M_tie;, .- M_te., f(E)]
= |(Dtrey, - Dby, F)E)] (4.17)
<Apyey, - Aty [l

= |A; (t1) . Ap, (En) fll < Kt | |,

for a.e. € Let E(ty,... t,) denote the collection of all £ € R™ satis-
fying 1/3 < [t;&;] < 2/3 (for all j). Using (4.16) and (4.17), for a.e.

¢ € E(ty,...,ty) we obtain

EMf(E)] < s — 1] | Pminsn —1]|f(€)|

< K[h|o . [t

2\ 2\
<% (se1) (1)

or, equivalently,

o S K /2 a1+-tam
Gl demifols 5 (3)

Since R™ can be obtained (up to a set of measure zero) as an appropriate

countable union of the sets E(t1,...,t,), it follows from the above inequality
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that

N R K /92 a1t tam
gt el < 5 (5)

This proves (ii). O

Of course, one can also study the LP-boundedness properties (p = 1,00)

of the operators Ay, (t1) ... A, (t,) in terms of products of the form

1 1
[log [ta[* " |log [t ][
where i1,... 0, € {1,...,n}, 0 <|t1],...,|tm] < 1, and
0<ag,...,a,, < oo.

Comments (i) and (ii) following Definition 4.2, Lemma 4.4, etc. can all be
formulated within this more general context. However, we do not require

these results and therefore do not state or prove them formally.
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Chapter 5

The Nonexistence of Shearlet

Scaling Multifunctions

Let

2 0 1 1
a= and B = leZ

0 1 0 1
B is said to be a shear group (due to its action on R? (or R?)). We call an aB-
multiwavelet, an a B-MRA, and an aB-scaling multifunction a multishearlet,
a shearlet MRA, and a shearlet scaling multifunction, respectively. There are
numerous results indicating that shearlet systems (and their variants) have
the potential for great success in multi-dimensional applications: Continuous
variants of shearlet systems have been shown to be very effective (indeed,
to outperform the continuous variants of classical wavelet systems) in edge

analysis. Discrete variants of shearlet systems are known to be essentially

150



optimal at representing a certain subclass of L*(IR?) (see section 5 of [8] for
these and other results).

As in the case of classical wavelet systems, a very useful tool for developing
fast algorithmic implementations of a multishearlet {¢1, ..., } would be an
associated shearlet MRA {V; : j € Z} along with an associated “suitable”
shearlet scaling multifunction {py,..., ¢} (i.e., one that satisfies a certain
amount of decay, regularity, and/or other desirable properties).

In section 1 of this chapter, we prove results regarding the nonexistence
of shearlet scaling multifunctions that satisfy a minimal amount of decay
and regularity. In section 2, we prove results regarding the nonexistence of
shearlet scaling multifunctions that satisfy a minimal amount of decay and
one of two “finite type” conditions. Combining the results of this chapter
with those of Corollary 3.6 (which implies the nonexistence of shearlet scaling
multifunctions of Haar-type), it will follow that essentially no “suitable”

shearlet scaling multifunctions exist.

5.1 Nonexistence Results Regarding Decay and
Regularity

The two main results of this section (Theorem 5.1 and Corollary 5.1) regard
the nonexistence of a large collection of shearlet-like aB-scaling multifunc-

tions that satisfy a minimal amount of decay and regularity.
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5.1.1 Some Preliminary Results

Before we state and prove Theorem 5.1 and Corollary 5.1, we need the two

lemmas and proposition contained in this subsection.

Lemma 5.1. Let a, 3,7 € R with a > 1 and § # 0. Then

[e.9]

Z(1+Iv+lﬁ| Z 1+l|5|

l=—00

Proof. We may assume that v lies between 0 and . Using this assumption,

it follows that

1B < v+ 118 = |y + 18],

for [ =0,1,2,... and that

18] = =Bl < =Bl + 18] =[]
=—(=DIB =l
= [ =1DBl ==+ =18,
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forl=...,—2,—1,0. We thus obtain

0o —1 00

1 1 1
DB rener TP DN e i) BY cen T

l=— l
0

- 1
i%(lﬂw( DEIR +ZZ<1+|v+w|>a

: ZOO(HW?\ 2 1+um

I=—

—22.4 e

O
The below proposition is the major ingredient in the proof of Theorem 5.1.

Proposition 5.1. Let z > 0, let By be an infinite subset of

and let ¢ € L*(R?). Suppose that
(i) the collection {DyTyp : b € By, k € Z*} forms a Bessel system;
(i1) |@| is continuous;

(111) there exists « > 1/2 such that || and |&2|*|@| are strongly locally Hélder

continuous in the direction é, with exponent 1/2.
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Then, for (&1,&) with 0 < |&| < min{1, (22)7'} we have

Z |2((&1, &)D)[F < M (&),

beB

where the function M is bounded, measurable, and satisfies M(t) — 0, as

t— 0.

Proof. Note that
(£1,6)0(1) = (&1, & +126),

for each [ and each (&1,&>). In particular, By fixes the {;-axis. Thus, using
assumptions (i) and (ii) and Corollary 3.1, we see that ¢(0,&) = 0, for all

&,. Hence, using assumptions (ii) and (iii), we obtain

6(&1, &) < My(&)]&]Y? and |&]%[@(&1, &)| < Ma(&)[& ], (5.1)

for all (&1, &) with |&1] < 1, where, for p = 1,2, the function M, is bounded,
measurable, and satisfies M,(t) — 0, as t — 0. Using (5.1) and that there

exists a constant K such that
(1+2)* < K(1+2%,

for all x > 0, it follows that

M(€1)|€1|1/2 (52>

‘@(51752)’ < (1+|£2’)a ’

154



for all (&,&) with |&] < 1, where the function M is bounded, measurable,
and satisfies M (t) — 0, as t — 0.
Fix (&1,&) with 0 < [&| < min{1, (22)7'}. Using (5.2) and Lemma 5.1,

we obtain

o0

D @& D) = > [@((&, &)b(0)]?

beB l=—o00

= Z [p((&1, & + 1261))?
l=—o0
. M(&1)?|&]
= Z (14 [&2 + 1261 ])%

l=—0

00 1
= M(€1)2|€1| l;m (14 |& + 126 )

- 1
2
S 2M(£1) ‘€1| ; (1 i lz‘€1|)2a'

Using integral estimation and a change of variable, we obtain

i 1 </°° dz
2 T EIENE < ), (v el
1 & dz
- 4 5.4
26| Jiosje 2@ (5:4)
1 * dx 1 9221

~ z|& 1/2 a2 Z|& )20 — 1

Combining (5.3) and (5.4) gives the desired result. O

We need the following lemma in the proof of Corollary 5.1:

Lemma 5.2. Let ¢ € L*(R?) and consider the following properties:
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(i) Dap(x) exists for all x, Dyp € C(R?), and @, |x1]%p, |21|*02p € L'(R?),

for some 1/2 < o <1,

(ii) p € L*(R?) and |x1|*p is L'-Holder continuous in the direction ey with

exponent (3, for some 1/2 < o, f < 1.

(111) @ is compactly supported and Holder continuous in the direction es with

exponent (3, for some 1/2 < < 1.

(iv) ¢ is continuous and there exists 1/2 < B < 1 such that ¢ and |&|Pd
are strongly locally Holder continuous in the direction é, with exponent

1/2.
FEach of properties (i), (ii), and (iii) imply property (iv).
Proof. Since (iii) implies (ii), we need only verify that (i) implies (iv) and
that (ii) implies (iv).

If p € L'(R?) and if 1/2 < o < 1 and 1/2 < 8 < 1, then using the

notation and result of part (iii) of Lemma 4.2 yields

Il 2l6 + 1) — |Gl RAO] _ . alo(6+161) — o(6)
e

-~

- el ) GICE

t]
6727rzt:1:1 . 1 1
s () (1)

for all £ = (&1,&) with & # 0 and all ¢ # 0. For s # 0, a simple calculation
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shows that

—2mitry __ 1 €T
i — e
7] .
e e} |6727rzt:1:1 . | 1 T T
/ / el sl

To + 8 X9

Suppose that ¢ satisfies property (i), for some 1/2 < a < 1. It follows
from part (i) of Lemma 4.1 and part (ii) of Lemma 4.2 that ¢ is both continu-
ous and strongly locally Holder continuous in the direction e; with exponent
1/2. Using the continuity of dyp and the Fundamental Theorem of Calculus,

for s > 0 and fixed z1, x5 we obtain

T T T2+s T
® - - / Oap dr
To+ S T *2 r
To+s T
< / Orp dr (5.7)
xro r

o0 r 1
= / 0 Oap dr,

% i) T
where
r 1, ifay<r<zy+s;
0 =
x2 0, otherwise.

157



Using (5.7) and Fubini’s theorem, for s > 0 we obtain

o0 | ,—2mitxy 1 T T
/ / e T l— — @ dx1dxy
| ’ 5 To+ S To
00 —2mitxy —1l1 r €T
/ / ]e - | / 0 Do ' drdzidxs
I N ,
00 —2mite, __ T 1 00
/ / |€ - 1 Osp ' dxldr—/ 0 dxo
o) —2mitzy T 1 r
/ / |€ - 1 Oz ! dxldr—/ 1dxy
|t| r S r—S8
o] —2mitery T
/ / |6 ]t|a 1 Osp dxdr.
T

Using the above inequality and a change of variable, it follows that

o] 6—271'115331 _ 1 X1 T
[ e, )
s Ty + S X9
o) ‘6—27rztx1 _ ’ T
/ / |t|o‘ 62(,0 d[L‘ldl'Q, (58)
T3

for all s # 0. Using (5.5) and (5.6) with 8 = 1, (5.8), and part (i) of
Lemma 4.2, it follows that |£;]@ is strongly locally Hélder continuous in the

direction é; with exponent 1/2. This shows that (i) implies (iv).
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Suppose that (ii) is satisfied, for some 1/2 < o, 5 < 1. Again, it follows
from part (i) of Lemma 4.1 and part (ii) of Lemma 4.2 that ¢ is continuous
and strongly locally Holder continuous in the direction e; with exponent 1/2.

Recall that | — 1| < 2|z|*, for all x € R. Using this, we obtain

® Je?mizt | 1 T x
[ =) A
To + S X9
22wty | 1 Ty 31
<[]l A
To+ S T
T T
= 2a+1 a/ / | |5 | 1|a — |Z‘1|a§0 dl’ldxg.
o0 To+ S Ta

Combining the above inequality with (5.5) and (5.6), it follows that |&[?@
is strongly locally Hélder continuous in the direction é; with exponent 1/2.

This shows that (ii) implies (iv). O

5.1.2 Main Results

This subsection contains the two main results of the current section—results
regarding the nonexistence of certain aB-scaling multifunctions. It turns out
that the only a B-MRA properties necessary in the proofs of Theorem 5.1 and
Corollary 5.1 are properties (i), (ii), and (v). The first of our main results,
Theorem 5.1, involves only these three a B-MRA properties and certain decay

and regularity assumptions. Corollary 5.1, the second of our main results,
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translates Theorem 5.1 into a statement regarding the nonexistence of a large
collection of shearlet-like aB-scaling multifunctions which satisfy a minimal

amount of decay and regularity.

Theorem 5.1. Let a € GLy(R), let z > 0, and let By be an infinite subset
of

Suppose that

(i) a7 e , as j — 00;
0 0

(i) there exists € > 0 such that |kb~'a?|| > €, for all k € Z*\ {0}, all
b€ By, and all 5 > 0.

Let V' be a nonzero closed subspace of L*(R?), let I € Z*, and let {41, ..., o1} C
L*(R?). Suppose that

(iii) D,V C V;

(iv) {DyTyp; :b € Bo,k € Z2,i=1,...,I} forms a frame for V.
Then, the functions 1, ..., cannot satisfy the following:

(v) |@i| is continuous, for each i;

(vi) there exists o > 1/2 such that |¢;| and |&|“|@i| are strongly locally

Hélder continuous in the direction é, with exponent 1/2, for each i.
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We make the following comments regarding the hypotheses of Theo-

rem 5.1:

(1)
(i)

(iii)

(iv)

Note that (ii) is automatically satisfied if a € GLy(Z) and z € Z™.

It is easy to see that both (i) and (ii) are satisfied for any a € GLy(R)

of the form

a; as

where |a;| > 1 and |ag| > 1.

As will be evident from the proof, the assertion of Theorem 5.1 remains

true if (v) and (vi) are only assumed to be satisfied on the &>-axis.

In general terms, (vi) assumes a certain amount of regularity in the
é; direction and a certain amount of decay in the é5 direction. There
are several other versions of (vi) resembling this general form for which
the assertion of Theorem 5.1 remains true. However, the (vi) we have

chosen is most convenient for our purposes.

We now prove Theorem 5.1.

Proof of Theorem 5.1. To obtain a contradiction, suppose that the functions

@1y .- -

,or satisfy (v) and (vi) in the statement of Theorem 5.1 and assume

that (iv) in the same statement is satisfied with frame constants C' < D.

It follows from assumption (ii) in the statement of Theorem 5.1 that there

exists a bounded measurable subset E of R? satisfying
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(i) (E4 kb 'a/)NE =0, for all k € Z2\ {0}, all b € By, and all j > 0;

(i) (@i, xEg) # 0, for some 1.
Define 0 € L*(R?) by § = ypg. For j € Z*, write V; = D;7V, and note, since
the operator D, is unitary, the collection

DD, :be By, keZ?i=1,...,1
o @

forms a frame for V; with constants ' < D. Let P denote the orthogonal
projection of L*(R?) onto V, and, for each j, let P; denote the orthogonal
projection of L?(R?) onto V;. Using property (ii) of E, assumption (iii) in the

statement of Theorem 5.1, the Plancherel theorem, and a change of variable,
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we obtain

0 < [[PO]* < [P0

I
<Cc! Z Z Z (D, DyTypi, P;9)|?

i=1 beBy keZ?

I
=C7' Y N> UD DT, O)F

i=1 beBg keZ?

=071 Y Y > KD DiTe) ™, 0)f

i=1 beBg keZ?

Sy Y Y

i=1 beBy keZ2

= O | det JZZZ

i=1 beBg keZ?

=C- 1|deta|]z:z: Z

i=1 beBg keZ?

/ (D77 DyTip) (€)

/ Bi(€a~Tb)eme bk ge

/ —27rsz
FEa~ Jb
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Using Lemma 3.1 and property (i) of E, we obtain

/ —27rsz d£
FEa~ Jb

|deta|JZZ/ (&) de¢

i=1 beB, Y Pa~7b

= | detal’ Z > / B:(€D)|? de (5.10)

i=1 beB, Y Fa™?

<|deta|JZZ/ B:(€D)|? de

i=1 bep Y Fa™l

bEB

2

|deta|JZZ Z

i1=1 beBg kecZ2

Note that, for each ¢, @; satisfies the hypotheses of Proposition 5.1. Thus,

for each i and for all (£, &) with 0 < |£] < min{1, (22)~'} we have

S 1B, Q)P < M), (5.11)

beB

where the function M; is bounded, measurable, and satisfies M;(t) — 0, as
t — 0. If (&,&) € Ea™, then (&,&) = na™?, for some € E. Using
assumption (i) in the statement of Theorem 5.1 and that E is bounded, we

obtain

1 1 .
6] = |na™ < [Inll {|a” < Kjla™ =0, (512
0 0 0
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as j — oo, where the constant K is independent of (£1,£;). By (5.12), the
inequalities of (5.11) are valid a.e. in Ea™’, when j is large enough. For

these j, using (5.11) and (5.12) yields

Z\Ea ]|/EQJZ’SOZ 61762 ‘df

beB

1
sz B [ Ml de (5.13)

< ap M) -

i—1 (1,€2)€Ea—I

as j — oo. Combining (5.9), (5.10), and (5.13) obtains the desired contra-

diction. This completes the proof. O

The below corollary, which follows immediately from Theorem 5.1 and

Lemma 5.2, is the second of the two main results of this section.

Corollary 5.1. Let z > 0, let a € GLy(R), let I € Z*T, and let By be an

infinite subset of

1 1z
leZ

0 1

Suppose that a and By satisfy properties (i) and (ii) in the statement of Theo-
rem 5.1. Then there does not exist an aBy-scaling multifunction {1, ..., o1} C

L?(R?) such that, for each i, ONE of the following is satisfied:

(i) Oapi(x) exists for all z, Dap; € C(R?), and @y, |x1|%0s, |11|*Oap; €
LY(R?), for some 1/2 < a < 1.
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(ii) p; € LY(R?) and |z1|%p; is L'-Holder continuous in the direction eq

with exponent (B, for some 1/2 < o, f < 1.

(111) p; is compactly supported and Holder continuous in the direction es

with exponent B, for some 1/2 < < 1.

We make the following comments regarding Theorem 5.1 and Corol-

lary 5.1:

(i) Let

a= and B = leZ

Choose 0 # # € C(R?) that is compactly supported in

{((6.&) eR G <HESU{(6,&) R0 &L < &)

and satisfies [0, 0](¢) = 1, for all £&. Define ¢ in the Schwartz class of
R? by ¢ = 6. Tt follows easily from part (iii) of Lemma 2.1 and part

(iv) of Theorem 2.1 that
{DyTyp : b€ B,k €Z%

forms an ON basis for its closed span V. It is interesting to compare
this example with the result of Theorem 5.1; in particular, we cannot

have D,V C V.
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(ii) Let a and B be as in (i) above. In section 5 of [3], a Parseval a B-wavelet
1 is constructed that belongs to the Schwartz class of R?. However,
by Corollary 5.1, 9 cannot be associated with an a B-MRA whose aB-
scaling multifunction {1, ..., pr} is such that, for each i, ¢; satisfies
ONE of (i), (ii), and (iii) in the statement of Corollary 5.1. In partic-
ular; the functions ¢4, ..., s certainly cannot belong to the Schwartz

class of R2.

5.2 Nonexistence Results Regarding Decay and
Finite Type Conditions

Let a € GL,(R) and let B be an infinite subgroup of @Z(Z) Assume that
{V;:j €Z} is an aB-MRA with ON aB-scaling multifunction {¢1,..., ¢}
(I € Z*). Let ¢ € {1,...,I}. By properties (i) and (ii) in the aB-MRA
definition, we have D,p; € Vj. Using aB-MRA property (v) and part (iii)

of Lemma 1.1, we may write

I
Doy = Z Z Z (Datpir, DyTrpi) DpTpi, (5.14)

1=1 beB keZ™

where each sum converges unconditionally in V;. In developing fast algorith-
mic implementations of the aB-MRA system {V} : j € Z} (and its associated
aB-multiwavelet), it is very desirable that the sum (5.14) be finite. If each

of ¢1,...,p; are compactly supported, then, for each ¢ € [ and b € B, it
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follows that the collection {(Dypi, DyTipi) - k € Z™} is finite. However, to

ensure that, for each 7, the collection

{(Dapir, DyTips) - b € B,k € Z"}

is finite, we must also assume the existence of a finite subset F' of B such

that, for each j', Dypj belongs to the closed span of

{DkaQOjIbEF,kEZn,jIL...,[}. (515)

In summary, to ensure that (5.14) is finite, we have assumed, in particular,
the following two properties of the above a B-MRA system and its a B-scaling

multifunction:

(i) {¢1,-..,¢r} is an ON aB-scaling multifunction; more generally, there

exists some “separation” amongst the elements

{Dka(pl cbeb kel 1= 1,...,]};
(ii) there exists a finite subset F' of B such that, for each j’, D,¢; belongs

to the closed span of (5.15).

Properties (i) and (ii) above will form the basis for the more general finite
type 1 and finite type 2 conditions (Definitions 5.1 and 5.2). The three main

results of this section (Theorems 5.2 and 5.3 and Corollary 5.2) regard the
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nonexistence of a large collection of shearlet-like aB-scaling multifunctions
which satisfy a minimal amount of decay and either the finite type 1 or the

finite type 2 condition.

5.2.1 Finite Type Conditions

In this subsection, we introduce the two finite type conditions that will be
used in the statements of the main results of this section. Below is the

defintion of the first.

Definition 5.1. Let a € GL,(R) and let B be an infinite subgroup of SL,(Z).
Assume that {p1,...,01} (I € ZT) is an aB-scaling multifunction. We say
that {p1,...,p1} is of finite type 1 if there exists a finite subset F' of B such

that the following are satisfied:

(i) for each i, Dyp; is in the closed linear span of the collection
{Dka(pi/ be Fk e Zn,i/ = 1,...,]};

(i1) there exists a dual frame to

{DkagOZ'ZbEB,kEZn,izl,...,I}

of the form

(DyTihi :be B keZri=1,...,1}
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such that @; L DTy, for allb € B\ F, all k € Z", and all i,i =
1,1

Let a and B be as in Definition 5.1 and let {¢1,...,0;} C L*(R") (I €

Z*). We make the following comments regarding the above definition:

(i) Suppose that {1, ..., s} is an aB-scaling multifunction of finite type
1 and let {¢1,...,%;} and F be as in Definition 5.1. If each of the func-

tions @1, ..., @1, Y1, ..., are compactly supported, then {¢1, ..., ¢}

has finite refinement equations. That is, there exists a finite subset Z

of Z™ such that, for each 7', there exists a collection
{ab, :i=1,....1,be F2 ke Z} cC

such that

I
Dapir = Z Z ZafékaTk%-

i=1 beF? keZ

{DkaQDZ‘ZbGB,kGZn,izl,...,]}

forms a frame for its closed span, then its canonical dual frame
{(DkaQOl)N b e B,k € Zn,Z = 1,,[}

automatically satisfies the first part of condition (ii) of Definition 5.1;
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that is,

(DoThpi)™ = DyTi(i)”,
for all b, k, and 7.

(iii) Tf
{DkagOZ'ZbEB,kEZn,izl,...,I} (516)

forms a Parseval frame for its closed span, then it is canonically dual
to itself. Thus, condition (ii) of Definition 5.1 is satisfied if there exists
a finite subset F' of B such that ¢; L DTy, for all b € B\ F, all
keZ" and all 1,7/ =1,...,1.

(iv) If (5.16) forms a Riesz basis for its closed span, then condition (ii) in

Definition 5.1 is satisfied with F' = {I}.

Below is the definition of the second finite type condition.

Definition 5.2. Let a € GLy(R), let z € ZT, and let

0 1

Assume that {p1,...,01} (I € ZT) is an aB-scaling multifunction. We say
that {1, ..., o1} is of finite type 2 if there exists a sequence Ly < Ly < L3 <

. of positive integers such that the following are satisfied:
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(i) for each i, D,p; is in the closed linear span of the collection

{DyyTupir : I| < Li,k € 227 =1,...,1};

(i1) there exists 0 < C' < D < 0o such that, for each j € Z*, the collection

{DyyTis : 1| < Lj, k € Z:i=1,...,1}

forms a frame for its closed span with constants C' < D.

Let a and B be as in Definition 5.2 and assume that {¢q,..., ¢} is an
aB-scaling multifunction satisfying condition (i) in the same definition, for
some L; € Z*. Tt follows from Proposition 1.5 (and the comments preceding

it) that {¢1,..., e} is of finite filter type 2 if EITHER of the following hold:

(i) The collection

{DkaQOZ'2b€B,k€Z2,i:1,...,[}

forms a Riesz basis for its closed span.

(ii) There exists a sequence Ly < L3 < Ly < ... of positive integers such

that, for each j, the intersection of the closed spans of

{DyyTrpi : | < Lj,keZ?i=1,....1}
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and

{DyoyTypi: I| > L+ 1, ke Z?i=1,....1}
is the zero subspace.

Definitions 5.1 and 5.2 are very similar. In fact, Corollary 5.2 will im-
ply that the two definitions are trivially equivalent when a and B are as in
Lemma 5.3 below and each element of the a B-scaling multifunction {1, ..., ¢}
satisfies a small amount of fractional polynomial decay. However, when con-

sidered within the more general context of collections of the form

{Tyvpi : kel i€Z"},

it is not hard to see that condition (ii) in Definition 5.1 and condition (ii) in

Definition 5.2 are independent.

5.2.2 Preliminary Results

This subsection contains the various lemmas that will be needed in the proofs
of Theorems 5.2 and 5.3 and Corollary 5.2.
The above mentioned three results will be formulated in the following

generality with respect to a and B: We will consider groups B of the form
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where z € Z7, and we will consider matrices a € GLs(Z) that normalize B

(i.e., aBa™' C B) and that satisfy

a™’ —

as j — 00. The following easy lemma characterizes the structure of such a:

Lemma 5.3. Let a € GLy(Z), let z € Z*, and let

B=1<b() = ekl

Consider the following conditions:

(i) a normalizes B;

(ii) a™? — , as j — 00.
0 0

Then a satisfies (i) and (ii) above if and only if

for some p,q,r € Z satisfying |p| > 1, |q| > 1, and q | p (i.e., q divides p).

For the remainder of this subsection, the notation a, z, B, p, ¢, and r will

be as defined in Lemma 5.3 (in particular, we are assuming that (i) and (ii)
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in the said lemma hold).
Note that b(1)b(I') = b(l+1') and that ab(l)a™' = b(pg~'l). For M, j € Z*

and any finite subset E of B, write
B(M) = {b(l) - [I| < M}
and
Ef = {d" b 107V Ve 2b; a7 abia g i by q, ..., by € E}.

We require the following three lemmas in the proofs of Theorems 5.2 and 5.3:

Lemma 5.4. For each M, j € 7" we have

B(M|pg~'1%), if |p| > la|;

B(Mj), if Ipl = lal-

B(M) c

Proof of Lemma 5.4. Fix M,j € Z* and let b € B(M)?. We may then write

b=a’b(l;_1)a" Y Va?2b(1;_5)a" U2 L ab(ly)a " b(ly),
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where |l,| < M, for each p. We have

b=a"'b(l;_1)a" Y Va?2b(1;_9)a" Y2 . ab(ly)a " b(ly)
b((pg™ Y 1) b((pg ™) 2l—2) - b(pa ) b(lo)

b((pg ) e + (g™ o+ -+ pg + o)

and

(g™ Y o+ (pg Y P li—a + -+ g+ |
< |(pg™) M|+ [(pa ™Y s + -+ |pg T |+ [l

< M(lpg P+ g P A+ pg T 1)
Mlpg™', if Ipg~' > 1;
M3, if [pg~!| = 1.
where the last inequality is easily verified. O

Lemma 5.5. Let E be a finite subset of B and let {1, ..., 01} C L*(R?)

(I € Z*). Suppose that, for each i, we have
I .
Giga) =D > min()Pn(€D). (5.17)

/=1 bek

for a.e. &, where

{mb, :i'=1,...,1,b€ E} C L>™(T?).
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Then, for each i and each j € Z+, Dip; is in the closed linear span of
{DyTppy :be B ke Z? i =1,...,1}.

Proof of Lemma 5.5. We will show that, for each ¢ and each j € Z™T, there
exists a collection

{mi, i =1,...,I,be E’} C L™(T?)

i'b

such that

Pi(cal) =) ) mi ()@ (8h), (5.18)

i'=1beEJ

for a.e. & In conjunction with part (i) of Theorem 2.1, this will prove the
claim.

We proceed by induction on j. The case when 7 = 1 follows by assump-

tion. Fix j € Z" and suppose that, for each 7, there exists a collection

{m?b:i,zla"'ajabeEj}CLOO(TZ)
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such that (5.18) is satisfied. For fixed i, using (5.18) and (5.17) we obtain

i(6a’™) = Gi(aa’)

- Z Z m?b(fa)@(ﬁab)

i'=1beFEi

= Z Z m4,(€a) Py (Eaba™'a) (5.19)
i'=1beFRJ

= Z Z m §a Z Z m; ub/ (Eaba™ )i (Eaba™ D),
/=1 becEJ i"=1beck

for a.e. £. Since b € E’ and b’ € E implies that aba™'t’ € E/*! and since all
of the functions m7,(£a) and m#,,, (€aba~") belong to L>(T?), it follows that

the final quantity in (5.19) may be written as

Z > mi € (b),

/=1 pcEi+1

for a suitable collection
(M9 i =1, 1,be B} L¥(T).

This completes the induction and proves the lemma. O

Lemma 5.6. Let E C R? be bounded and measurable and let {M;}32, be a

sequence of positive integers. Assume that

{DyTpp;:be B keZi=1,....1} (5.20)
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is a Bessel system in L*(R?) (I € Z7T).

(i)

(i)

Suppose that |p| > |q| and that, for each i, |pi| is continuous and

strongly locally Holder continuous in the direction €, with exponent «,

1 ( log!q\>
a=—-[(1-— .
2 log |p|

Suppose also that there exists a constant K' such that M; < K'|pg~*|’,

where

for all j € Z*. Then

|deta|J/Ea]Z > gl dg — 0,

i=1 be B(M,)
as j — oo.

Suppose that |p| = |q| and that, for each i, |pi| is continuous and
strongly logarithmically continuous in the direction €, with exponent
1/2. Suppose also that there exists a constant K' such that M; < K'j,

for all j € Z*. Then

|deta|ﬂ/ Z > 1G(Eb))P de — 0,
Ea—J

i=1 be B(M,)

as j — oo.

Proof of Lemma 5.6. If j € Z™ and € € Fa™7, then £ = na™/ for some n € F

and we have

[ex| = na~ es] < |Inllllaes|| < Klp|™, (5.21)
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where K > 0 depends only on E.
To prove (i), suppose that |p| > |¢| and that, for each ¢, |@;| is continuous

and strongly locally Holder continuous in the direction é; with exponent «,

aot (1 B 10g|q|)
2 log |p|

Suppose also that there exists a constant K’ such that M; < K'|pg~!|?, for

where

all j € Z*. Using part (ii) of Corollary 3.1 and that (5.20) is Bessel, it follows
that there exists a bounded increasing function M : [0,00) — [0, 00) such

that
I

D 1BQP < M([Eer])lEer (5.22)

i=1
for all £ with 0 < |€e;| < 1, where M(t) - 0ast — 0. If 0 < [£eq] <1 and
j € Z*, then using (5.22), that B fixes ey, and that |B(M)| < 3M (M € Z*),

we obtain

S S IBEDE S Y Mljeber])leber

beB(M;) i=1 be B(M,)
= 3 M(ge))e
be B(M;)
= [B(M;)|M(|€e1)|€e* (5.23)

< MM (|€en|)|ger [

< 3K'|pg ' M (|€ea])|Een] >

By (5.21), (5.23) is valid a.e. in Fa™/ for large enough j. For these j,
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using (5.23), (5.21), and the definition of o we obtain

|deta|]/Ea]Z Z 2:(€b)|? dg

i=1 be B(M,)

< |E| 3K'|pg~ ' M (|€ex])|Eer [P d€

|E _j| Ea—J

< 3|E|K'|pg” [’ sup M(|eql)|Eeq|*
(€Ea—

< 3|E|K'|pg~ ' M (K|p| ) (K |p|7)*

i bl )’
_ 3| B|K K M (K |p|) (
Ip|?*|q

= 3|E|K'K**M (K|p|™) — 0,

as j — 00.

To prove (ii), suppose that |p| = |¢| and that, for each i, |@;| is continuous
and strongly logarithmically continuous in the direction é; with exponent
1/2. Suppose also that there exists a constant K’ such that M; < K'j, for
all j € ZT. We proceed as in the proof of (i). Using part (ii) of Corollary 3.1
and that (5.20) is Bessel, it follows that there exists a bounded increasing

function M : [0,00) — [0, 00) such that

I

~ e M(IEe])
;’%(f” Sm; (5.24)

for all £ with 0 < |€eq| < 1, where M(t) - 0ast — 0. If 0 < |{e;] < 1 and
j € Z*, then using (5.24), that B fixes ey, and that |B(M)| < 3M (M € Z1),
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we obtain

I M([€bey )
2:(€)? < —_—
bEBZ(]\/[j) ; el Z | log |fb€1|}

beB(M;)
M
beB(M;) ‘108; ’§€1||
M([Eea])
= [B(M;)|[-———7
|log |£el\|
3M] (|§61|) S 3K/ - M(|§61|) )
| log [€e: || | log [€e: ||
If j € ZT is large enough so that K|p|™ < 1, then (5.21) implies that (5.25)
is valid a.e. in Fa™7. For these j, using (5.25) and (5.21), we obtain

|deta|]/Ea]Z Z OIS

1=1 beB(Mj)
1
|Ea™| Jpa-i ‘10g|§e1|‘

M
cera— | log|éeq]|

M(K|p|™7
| log(K[p|=7)]

_ J
= 3|E|K'M(K|p|™)- — 0,
M) o ol —10g &

as j — oo, where the third inequality and final equality follow from K|p|™ <

1. [l
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5.2.3 Main Results

This subsection contains the three main results of the current section—results
regarding the nonexistence of certain aB-scaling multifunctions. Similar to
before, the only a B-MRA properties necessary in the proofs of Theorems 5.2
and 5.3 and Corollary 5.2 are properties (i), (i), and (v). The first two of
our main results involve only these three aB-MRA properties, certain decay
assumptions, and either the finite type 1 (Theorem 5.2) or the finite type
2 (Theorem 5.3) condition. Corollary 5.1, the third of our main results,
translates Theorems 5.2 and 5.3 into a statement regarding the nonexistence
of a large collection of shearlet-like aB-scaling multifunctions which satisty
a minimal amount of decay and either the finite type 1 or the finite type 2

condition.

Theorem 5.2. Let z € Z*, let

1 Iz
B=<b() = ez,
0 1
and let
p T
a': )
0 ¢

for some p,q,r € Z satisfying |p| > 1, |q| > 1, and q | p. Let {0} #
{p1,..., 01} C LA(R?) (I € Z*). Suppose that there exists a finite subset F

of B such that the following conditions are satisfied:
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(i) for each i, Dyp; is in the closed linear span of

{DyTppy :bE FkeZ?d =1,....1};

(ii) the collection

{DyThpi:be B keZ?i=1,...,1} (5.26)

forms a frame for its closed linear span;

(iii) there exists a dual frame to (5.26) of the form
{DyTpp; :be B keZi=1,...,1} (5.27)
such that @; L DyTytby, for allb € B\ F, all k € Z?, and all i,7 =
1,...,1.
Then we have the following:

() If |p| > |q|, the functions ¢y, ..., @ cannot be such that, for each i, |p;]
15 continuous and strongly locally Holder continuous in the direction é;

with exponent o, where

1 (1 B 10g|q|)
2 log |p|
(v) If |p| = |q|, the functions 1, ..., @1 cannot be such that, for each i, |@;]
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1s continuous and strongly logarithmically continuous in the direction

é, with exponent 1/2.

Theorem 5.3. Let B and a be as in the statement of Theorem 5.2. Let
{0} # {o1,..., 01} C LA(R?) (I € ZT). Suppose that there exists 0 < C' <
D < oo and a sequence Ly < Ly < Lg < ... of positive integers such that the

following are satisfied:

(i) for each i, Dyp; is in the closed span of the collection

{DyyTypr - |I| < L1,k € Z*,¢' = 1,..., I} (5.28)

(i1) for each j € Z*, the collection
{DyyTrpi : | < Lj,k€Z?i=1,...,1}

forms a frame for its closed span with constants C' < D.

Then we have the following:

(iii) If |p| > |q|, the functions ¢, ..., @1 cannot be such that, for each i, | @]

15 continuous and strongly locally Holder continuous in the direction é;

with exponent o, where

1 ( 10g|q|)
a=—-[1-— .
2 log |p|
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() If |p| = |q|, the functions @1, ..., @ cannot be such that, for each i, |@;|
15 continuous and strongly logarithmically continuous in the direction

é, with exponent 1/2.

We make the following comments regarding the statements of Theo-

rems 5.2 and 5.3:

(i) Using the notation of Theorems 5.2 and 5.3, note the interesting man-
ner in which the regularity of the functions ¢y, ..., s depends on the
matrix entries p and ¢: roughly speaking, the closer |g| gets to |p], the

less regularity the functions @1, ..., ¢ can attain in the direction é;.

(ii) As will be evident from its proof, the statement of Theorem 5.2 can
be strengthened in the following fashion: under the assumptions of
Theorem 5.2, condition (iv) or (v) (whichever is relevant) cannot be
satisfied on the &;-axis. A similar remark can be made regarding the

statement of Theorem 5.3.

We now prove Theorems 5.2 and 5.3.

Proof of Theorem 5.2. For M € Z*, let V(M) and W (M) denote the closed
spans of

{DyyTips = 1| £ M,k € Z*i=1,...,1}

and

{DyyTypi : Jl| > M k€ Z%,i=1,...,1},

respectively. Choose L € Z* such that F C B(L).
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Claim 5.1. For each M € Z*, we have V(M) L W(M + L +1).

Proof of Claim 5.1. Suppose that [l| < M, that [I'| > M + L + 1, that
k k' € Z?, and that i,i' € {1,...,I}. Then

(Doy Tipi, Doy Tirbir) = (i, T;QIDb_(ll)Db(z’)ka%O
= (@i, Dor—iy T —pa—1rywir)

=0,
where the last equality holds since, as a consequence of
N=UI>|-||>M+L+1-N=L+1,

we have b(I" — 1) ¢ F. The claim now follows.

Let 0 < C < D < oo denote the frame constants of both of (5.26)

and (5.27).

Claim 5.2. Let M € Z*+ and let f € L*(R?). Suppose that [f, f] € L=(T?)
and that f € V(M). Then

) I
flor=> ma(€) Gi(€D),
=1

i=1 be B(M+L)

for a.e. &, where the collection {my : 1 <1 < I,b € B(M + L)} belongs to
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L>(T?) and satisfies

Z Y. lmalz < DS

=1 be B(M+L)

Proof of Claim 5.2. We may write the collection (5.26) and its dual frame (5.27)
as

{TWDyp; :be B keZi=1,....1}

and

{TiDy; :be Bk Z?i=1,...,1}.

Using conditions (ii) and (iii) of this theorem and part (vii) of Lemma 2.1,

we may write

(5.29)

Kﬁ-w
™
'\‘:‘3>
=)
&
S
<

1<i<IbeB
with unconditional convergence in L?(R?). Using part (ii) of Theorem 2.1, it

follows that

L)) = | 32 76+ k)u((€ + k)
< (S 1+ nl) (Tiae+mmr) " G

= [£. A (b)) () 2
< [f, fl(&)*DV2,
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for a.e. € and all b and ¢. Part (iv) of Lemma 2.1 implies that

o I GCol; < DI (5.31)

1<i<IbeB

Using Claim 5.1 and part (iii) of Lemma 2.1, it follows that

forae. & all|l| > M+ L+ 1,and alli=1,...,I. Thus, by (5.29), we have

Z S [ i(b)(E)FilEh), (5.32)

i=1 beB(M+L)
for a.e. €. The claim now follows from (5.30), (5.31), and (5.32).

Using condition (ii) in the statement of this theorem and part (ii) of

Theorem 2.1, it follows easily that
[(D3wi)™, (Do) 1(8) < | detal’ D, (5.33)

for a.e. ¢ (for each 7 € Z* and each 7). Using the above inequality (with
j = 1), that Dyp; € V(L) (for all 7), Claim 5.2, and Lemma 5.5, it follows

that DJy; belongs to the closed span of

{DyTppy :be BRLY ke Z?,i =1,...,1}
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(for each j € Z* and each 7). Consequently, Lemma 5.4 implies that D’¢p; €
V(L;), where

2LIpg~ ", if [pl > |ql;

2Lj, if [p| = gl
(for each j € Z* and each 7). Note that the sequence {L,} defined here bears
no relation to the sequence of the same name that appears in the statement

of Theorem 5.3. Using (5.33), Claim 5.2, and that L; + L < 2L;, we may

write

I
| det al’/*@;(Sa’) = (Digi) (&) =) mi, (€)@ (€D), (5.34)

i’=1beB(2L;)

for a.e. &, where the collection {my, : 1 < i’ < I,b € B(2L;)} belongs to

L>°(T?) and satisfies

Z S° ImE)13 < DIDigi? = Dl (5.35)

i'=1beB(2L;)

(for each j € ZT and each 1).
Since {¢1,...,¢r} # {0}, there is an index ¢ and a measurable bounded
subset F of R? which satisfies |E N (E + k)| = 0 (for all k € Z*\ {0}) such

/ BO)] de > 0.
E

Using a change of variable, (5.34), and two applications of the Schwarz in-

that
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equality, we obtain

o</E|soi<g>|d§:|deta| /Eajm-(gaﬂnds

|deta|ﬂ/2/E } Z S wi©F gb)’ de

i'=1 beB(2L,)
<|deta|3/2/ Z Z Im7,( )
Ea™0 21 beB(2L;)
(Z > (el > " e
i'=1beB(2L;)
1/2
§|deta|j/2(/ Z Z miy( |2d5) (5.36)
Ea™0 /1 beB(2L;)
/2
(/ S Y m 5b|2d§)
Ea™7 /1 beB(2L;)
1/2
(/ SOY i |2d§)
Ea™ i1 beB(2L;)
/2
(|deta|ﬂ/ Z Z @i (€D) |2d§) )
Ea™ i1 be B(2L;)

for each j € Z*. Using (5.35), we obtain

i'=1beB(2L;) i'=1beB(2L;)

-3 2 Il (5.37)

/EMZ S m |2d£</ S Y P
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for each j € Z*, where the first inequality follows easily from choice of E.
We claim that the proof now follows: if either condition (iv) or condi-

tion (v) in the statement of this theorem fails, it would then follow from

Lemma 5.6 and (5.37) that the right hand side of (5.36) goes to 0 as j — oo,

a contradiction. O

Proof of Theorem 5.3. For M € 7, let V(M) and W (M) denote the closed

spans of

{DyoyTypi: I| <M,k €Z?i=1,...,I}
and

{(DyyTopi : I| > Mk € Z%i=1,...,1},
respectively.

By condition (ii) in the statement of this theorem (with j = 1), the

collection (5.28), which we may write as

{TDyp; : b€ B(Ly),ke€Zi=1,...,1}, (5.38)

forms a frame for its closed span with constants C' < D. By comment
(i) following Definition 5.1, the canonical dual frame to (5.38) (which has

constants D~! < C~!) may be written as

{Tka@iib€B<L1),k€Z2,i: 17,[}
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Using condition (i) in the statement of this theorem and part (vii) of Lemma 2.1,

we may write

| det a2 3;(¢a) = (Dagp:) (€)
—Z 3" (Dai) 50 (D)](€)F0 (ED), (5.39)

i/=1beB(L1)

for a.e. ¢ and for each . Using the Schwarz inequality and part (ii) of

Theorem 2.1, we obtain

[1(Daspi) > 5 (0)1(€)] = Idetal' 2| D7 Gi(€ + k)a)@ul (€ + k)

keZ?

S\detall/Q(Zm (€ +k)a ) (ZI% (€ + k)b)
keZ? keZ2?

/2~ —

= deta*( Y [Gilca+ ka)?) " [B (). B (H))(€)?
keZ?

< Jdetal2( Y latga+ w?) 2 (5.40)
k€22

= |deta|'?[@;, @i (€a)'2C 712

< |deta|1/2D1/2C_1/2,

for a.e & and for each 7. Using (5.39), (5.40), and Lemma 5.5, it follows that

Dig; belongs to the closed span of

{DyTppy b€ B(Ly) ke Z? i =1,....1}
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(for each j € Z* and each 7). Consequently, Lemma 5.4 implies that D’¢p; €
V(M;), where

Lylpg™F, if [pl > |ql;

Lyj, if [p| = lql.
(for each j € Z* and each i). Choose a sequence j; < jo < jg < ... of

positive integers such that
M;, < Lg < Mj 41, (5.41)

for all large enough s € Z*.

Since {¢1,...,¢r} # {0}, there is an index ¢ and a measurable bounded
subset E of R? which satisfies |[EN(E+k)| = 0 (for all k € Z2\{0}) such that
(@i, xE) # 0. Define 6 € L2(R?) by 6 = yp. Using the Plancherel theorem,

a change of variable, Lemma 3.1, and choice of E' we obtain

Z (D7 DyTipy, 0)° = Z (D7 DyTiepir) ™, 0) 2

kez2 keZ2
2
= > | [ (DT de (.42
keZ2 E
2
= eta|™ O (Ea™7b)e2mea”
S d |”/2/s0(§ p)e-2ma Ik g
kez? E
2
= |detaf > / G (Eb)e N e
geze | Y Ba™d
— |detaf / (Gen)P e,
Fa—J
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for all b, 7/, and j € Z*.
Let V denote the closed subspace {awp; : a € C}, and let P : L?(R?) —

V be the orthogonal projection of L*(R?) onto V. For j, M € Z7, let
P(j,M) : LQ(R2) — D;jV(M)

be the orthogonal projection of L?(R?) onto D7V (M). Using (5.41), (5.42),
that V C D;7<V(M;,), and that

{D;"DyTipw 1 b€ B(Ly),k € Z°,i' =1,..., I}

forms a frame for D;7<V(L,) with constants C' < D (for all s € Z%), we

obtain

0 < [[PO|* < [|P(js, M;,)0])*
< |1P(js, Ls)o|*

<O Z > Y UDIDTipr, Pis, L)O)  (5.43)

i'=1beB(Ls) keZ?

=C~ Z > UD DT, 0)]

/=1 beB(Ls) keZ?

[ “Z ETORS

i'=1beB(Ls)

=C~

for all large enough s.

We claim that the proof now follows: First note that condition (ii) in the
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statement of this theorem easily implies that
{DyTpp;:be B keZi=1,...,1}

is a Bessel system. Thus, if either condition (iii) or condition (iv) in the state-
ment of this theorem fails, it would then follow from (5.41) and Lemma 5.6

that the right hand side of (5.43) goes to 0 as s — oo, a contradiction. [

The below corollary, which follows immediately from Theorems 5.2 and 5.3

and Lemmas 4.2 and 4.4, is the third main result of this section.
Corollary 5.2. Let B and a be as in the statement of Theorem 5.2.

(1) If |p| > lq|, then there does not exist an aB-scaling multifunction
{o1,...,01} (I € Z*) of finite filter type 1 or 2 such that, for each

i, we have @;, |11|%p; € L*(R?), where
1 1
ao L (1_ 0g|q|).
2 log [p|

(1) If |p| = |q|, then there does not exist an aB-scaling multifunction

{o1,..., o1} (I € Z) of finite filter type 1 or 2 such that, for each

1, we have

1/2
i, (log(|z1| + 1)) i € LY(R?).

In any case, there does not exist an aB-scaling multifunction {¢1, ..., o1}

(I € Z%) of finite filter type 1 or 2 such that, for each i, p; is compactly
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supported.

We make the following comment in connection with Corollary 5.2: Let

2 0
a = ,
01
let
11
B=1<b() = leZy,
01
and let ¢ = y7, where I =T U, I~ = —I", and

I"={(,6)eR*:0<€ <1,0<6 < &)

As observed in Example 3.3, ¢ is an ON aB scaling function. It is straight-

forward to verify that

p(6a) =m(§)@(€) +m()@(Eb(—1)),

for a.e. £, where m € L*(T?) is the 22—periodic extension to R2 of X[0,1/2]x[0,1]-
It follows easily that ¢ is of finite filter type 1 and 2. In accordance with

Corollary 5.2, note that p ¢ L'(R?) (by the discontinuity of ¢).
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Chapter 6

Final Comments

In this chapter, we indicate a number of interesting questions that arise
from the reproducing system characterizations of Chapter 2 and the scaling

multifunction nonexistence results of Chapters 3 and 5.

6.1 Regarding the Reproducing System Char-
acterizations of Chapter 2

Recall that a shift invariant (SI) space is a closed subspace V' of L*(R") that
satisfies T,V C V, for all k € Z". Such spaces play an important role in
many areas of mathematics, particularly in wavelet theory. Clearly, a very

natural choice of reproducing system for a SI space V' is one of the form
{Thpi : keZ",i €I}, (6.1)
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where {p; : i € I} CV and [ is a countable indexing set.

When I = {1}, essentially every reproducing property of (6.1)—ortho-
normality, Riesz basis, frame, minimality, [>-linear independence, Bessel,
Schauder basis (n = 1), etc.—is characterized relatively simply in terms of
the bracket product [¢71, 1] (see [5] and [9]). In Chapter 2, we characterize
when (6.1) (with I a general countable indexing set) forms a Bessel system, a
frame, and a Riesz basis. These characterizations involve operator inequali-
ties of matrices whose entries are the bracket products [¢;, @;] (4,7 € I). It is
very likely that the methods used to prove the results of Chapter 2 can also
be used to characterize the other above mentioned reproducing properties
(minimality, /*-linear independence, Schauder basis (n = 1), etc.) of (6.1)

when [ is a general countable indexing set.

6.2 Regarding the Scaling Multifunction Nonex-
istence Results of Chapters 3 and 5

In this section, we indicate several interesting questions that arise from the
nonexistence results of Chapter 3 (regarding aB-scaling multifunctions of
Haar-type when B is infinite) and the nonexistence results of Chapter 5 (re-
garding shearlet-like scaling multifunctions satisfying certain desirable prop-

erties).
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6.2.1 What Shearlet Scaling Multifunctions Can Ex-

ist?
Let
20
a:
0 1
and let
1 1
B = leZ
01

Recall that B is said to be a shear group and that an aB-multiwavelet, an
aB-MRA, and an aB-scaling multifunction are said to be a multishearlet, a
shearlet MRA, and a shearlet scaling multifunction, respectively.
Corollaries 3.6, 5.1, and 5.2 imply that there does not exist a shearlet scal-
ing multifunction {p1,...,¢r} (I € Z™) that satisfies ANY of the following

properties:

(i) {¥1,-..,r} is of Haar-type;

(ii) ¢; is compactly supported and Hélder continuous in the direction ey

with exponent [, for some 1/2 < 8 <1 (for each 7);

(iii) ¢; is compactly supported (for each i) and {¢1,. .., s} is of finite type
1or2.

In contrast to the above nonexistence results, following Corollary 5.2, an

example of a MSF ON shearlet scaling function ¢ that is of finite filter type
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1 and 2 is given. However, although ¢ € C*(R?), it has very slow decay
(¢ ¢ L' (R?). ¢ is essentially the only shearlet scaling multifunction in
existence.

Given the relatively large gap between the above existence and nonex-
istence results, an obvious question is: What is the maximum amount of
decay and regularity that the elements of a shearlet scaling multifunction
can attain? For example, does there exist a shearlet scaling multifunction

{¢1, ..., 1} such that, for each i,
e ; belongs to L'(R?)?
e (; is compactly supported?
e (p; is compactly supported and exhibits a certain amount of regularity?

Or, on the other hand, can the nonexistence results of Corollaries 5.1 and 5.2

be substantially strengthened?

6.2.2 The Nonexistence of Shearlet-Like Scaling Mul-

tifunctions in Higher Dimensions

It is natural to wonder whether Corollaries 5.1 and 5.2 have higher dimen-
sional analogs. In general, a matrix b € SL,(R) is said to be shear if
(b — I,)* = 0, where I, is the n x n identity matrix. Given a countable

shear group B C SL,(R) (i.e., a matrix group consisting of shear matrices)
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and a matrix a € GL,(R), one can ask how much decay, regularity, and/or
other desirable properties an aB-scaling multifunction can exhibit.

The author is currently considering this question for a very large class of
countable shear groups B C SL,(R) and matrices a € GL,(R). The answer
depends very interestingly on the structure of B. For example, consider the

following shear groups and matrices:

1 ll lg 13
1 1 I
01 0 O
Blz 01 0 Ill,ZQGZ B2: le,lz,lgéz
0 0 1 O
0 0 1
\ 00 0 1 )
and
2 0 00
2 00
01 00
aa=10 1 0 Qg =
0 010
0 0 1
0 0 01

The results of Corollaries 5.1 and 5.2 carry over to asBs-scaling multifunc-
tions. For instance, there does not exist an ag By-scaling multifunction {¢1, ..., ¢}
such that ¢; is compactly supported (for each ) and EITHER of the following

is satisfied:
(i) ; € C3(R*) (for each i);

(ii) {®1,...,pr} is of finite type 1.
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However, the arguments of Corollaries 5.1 and 5.2 fail (for a good reason)
when applied to a; B;-scaling multifunctions.

An obvious question, therefore, is: How much decay, regularity, and/or
other desirable properties can a; Bi-scaling multifunctions exhibit? In partic-
ular, does there exist a Parseval a; Bi-scaling multifunction that is compactly
supported and of finite type 17 Such an a;Bj-scaling multifunction would
most likely be very useful in applications. In any case, an answer to this
question would help foster a much greater understanding of aB-scaling mul-

tifunctions, when B is a shear group and, more generally, when B is infinite.

6.2.3 The Nonexistence of aB-Scaling Multifunctions

for Non-Shear B

aB-scaling multifunctions of Haar-type are clearly the simplest variety of
aB-scaling multifunctions. In general, their existence (for a particular a and
B) can be taken as evidence in favor of the existence of other a B-scaling mul-
tifunctions that, in addition to being compactly supported, also satisfy some
degree of regularity. Moreover, if aB-scaling multifunctions of Haar-type can
be constructed (for a particular @ and B), their method of construction can
often provide some insight as to how smoother compactly supported aB-
scaling multifunctions may be constructed. Therefore, the nonexistence of
aB-scaling multifunctions of Haar type, for all countably infinite B C g\L/n(R)

and all a € GL,(R) (Corollary 3.6), can be seen as strong evidence against
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the existence of other varieties of aB-scaling multifunctions (in paricular,
those satisfying certain amounts of decay, regularity, and/or other desirable
properties), at least for certain countably infinite B C g\L/n(R) In confirma-
tion of this, Corollaries 5.1 and 5.2 imply the nonexistence of a large class of
shearlet-like a B-scaling multifunctions that satisfy a certain amount of decay
and either some regularity or one of two finite type conditions.

A natural question to ask, then, is: Do versions of Corollaries 5.1 and 5.2
exist for, say, other subgroups B of SLy(Z) that are not shear groups? For

example, define the matrix

A= +2‘/5 and Ay — o _2‘/5,

where \;y > 1 > Ay > 0; in particular, b is not shear. Define the infinite
group B = {VV : j € Z}. How much decay, regularity, and/or other desirable
properties can aB-scaling multifunctions exhibit (where a is some matrix be-
longing to, say, GLs(Z))? In paricular, does there exist a Parseval a B-scaling
multifunction that is compactly supported and of finite type 17 Such an aB-
scaling multifunction would most likely have many useful applications, and,

in any case, an answer to this question would help us to better understand
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composite scaling multifunctions when the composite group is infinite.

6.2.4 A New aB-MRA Definition When B is Infinite

Classical wavelet systems utilize operators of the form
{DI:jez}y and {T,:kecZ"}, (6.2)

where a € GL,(R). In dimensions two and higher, there are several im-
portant applications in which the relative geometric simplicity of classical
wavelet systems limits their usefulness. In response to this deficiency, the
more geometricly diverse aB-wavelet systems (or composite wavelet sys-
tems) were introduced in [3]. Composite wavelet systems, in addition to
the operators in (6.2), employ operators of the form {D, : b € B}, where
B is a countable subset of LS?E;(R) Taking the composite wavelet definition
for granted, the a B-MRA and aB-scaling multifunction defintions follow in
a natural and almost obvious manner from the classical MRA and scaling
function definitions, particularly when B C %(Z)

When B is finite, aB-wavelet and aB-MRA systems retain many of the
fundamental characteristics of classical wavelet systems. Haar-type systems,
for instance, continue to exist: In Example 3.2, a compactly supported ON
aB-wavelet 1 and associated compactly supported ON aB-scaling function
@ of Haar-type are constructed, where a is the quincunx matrix and B is the

group of symmetries of the unit square.
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When B is infinite, the aB-wavelet definition seems to be well-made,
particularly in the case of shearlet systems: As discussed at the beginning
of Chapter 5, shearlet systems and their variants have been shown to excel
(indeed, to outperform classical wavelet systems) in several important appli-
cations. Additionally, very well-behaved shearlet systems exist: In section
5 of [3], a Parseval shearlet 1 is constructed that belongs to the Schwartz
class of R?2. However, it is evident from Corollaries 3.6, 5.1, and 5.2 that
the aB-MRA definition has serious limitations: aB-scaling multifunctions
of Haar-type do not exist, for any countably infinite B C Sz/n(R) and any
a € GL,(R). Moreover, essentially no useful shearlet scaling multifunctions
exist.

The above paragraph seems to indicate that, despite its naturality, the
aB-MRA and aB-scaling multifunction defintions (when B is infinite) are

incorrectly formulated. A natural question, therefore, is:

Do there exist alternative a B-MRA and aB-scaling multifunction defintions
(when B is infinite) that, while retaining much of the useful structure of the
current definitions, allow the existence of desirable a B-scaling multifunctions—
in particular, aB-scaling multifunctions of Haar-type and shearlet scaling
multifunctions that satisfy substantial amounts of decay, regularity, and/or

finite type conditions?

If yes, such concepts would undoubtedly be very useful in developing fast al-
gorithmic implementations of a B-wavlelet systems and, in particular, shear-

let systems. In either case, an answer to the above question would greatly

206



enhance our understanding of aB-wavelet and aB-MRA systems when B is

infinite.

207



Bibliography

1]

John B. Conway, A Course in Functional Analysis, Second Edition,

Springer-Verlag, New York NY, 1990.

Gerald B. Folland, Real Analysis: Modern Techniques and Their Appli-
cations, John Wiley and Sons, Inc., New York NY, 1984.

Kanghui Guo, Demetrio Labate, Wang-() Lim, Guido Weiss, Edward
Wilson, Wawvelets with Composite Dilations and Their MRA Properties,

Appl. Comput. Harmon. Anal. 20 (2006) 202-236.

Eugenio Hernandez, Demetrio Labate, Guido Weiss, A Unified Charac-
terization of Reproducing Systems Generated by a Finite Family, 11, J.
Geom. Anal. 12(4) (2002) 615-662.

Eugenio Herndndez, Hrvoje Siki¢, Guido Weiss, Edward Wilson, On the
Properties of the Integer Translates of a Square Integrable Function in

L*(R) (preprint).

208



[6]

[10]

[11]

[12]

[13]

Eugenio Hernédndez, Guido Weiss, A First Course on Wauvelets, CRC
Press, Boca Raton FL, 1996.

Ilya A. Krishtal, Benjamin D. Robinson, Guido L. Weiss, Edward N.
Wilson, Some Simple Haar-Type Wavelets in Higher Dimensions, J.
Geom. Anal. 17(1) (2007) 87-96.

Demetrio Labate, Guido Weiss, Continuous and Discrete Reproduc-

ing Systems that Arise from Translations: Theory and Applications

(preprint).

Morten Nielson, Hrvoje Siki¢, Schauder Bases of Integer Translates,

Appl. Comput. Harmon. Anal. 23(2) (2007) 259-262.

Walter Rudin, Functional Analysis, McGraw-Hill Inc., New York NY,
1973.

Walter Rudin, Real and Complex Analysis, Second Edition, McGraw-
Hill Inc., New York NY, 1974.

Walter Rudin, Principles of Mathematical Analysis, Third Edition,

McGraw-Hill, Inc., New York NY, 1976.

Elias M. Stein, Guido Weiss, Introduction to Fourier Analysis on Fu-

clidean Spaces, Princeton University Press, Princeton NJ, 1971.

Guido Weiss, Edward N. Wilson, The Mathematical Theory of Wavelets,

in: Twentieth Century Harmonic Analysis—A Celebration (Il Ciocco),

209



NATO Sci. Ser. II Math. Phys. Chem., Vol. 33, Kluwer Acad. Publ.,
Doedrecht, 2001, pp. 329-366.

[15] Robert M. Young, An Introduction to Nonharmonic Fourier Series, Re-
vised First Edition, Academic Press, San Diego CA, 2001.

210



	The Nonexistence of Shearlet-Like Scaling Multifunctions that Satisfy Certain Minimally Desirable Properties and Characterizations of the Reproducing Properties of the Integer Lattice Translations of a Countable Collection of Square Integrable Functions
	Recommended Citation

	tmp.1328375708.pdf.B2XUu

