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Abstract

The focus of this independent study is an in-depth study of viscoelasticity and the mechanisms to
obtaining a viscoelastic spectrum from stress data. The independent study begins with a study of
simple models such as the Maxwell, Kelvin, and Zener models. It then proceeds to biphasic
models associated with Biot theory, as expounded upon by Mow and co-workers. The paper
culminates with a study of spectral methods and Tikhonov regularization for the spectral analysis

of material behavior, including noise sensitivity and signal-noise information.

Introduction

Viscoelasticity is the study of materials which have a time-dependence. It is of great importance
in the study of mechanical properties of materials, especially in biological tissues. These
materials exhibit both viscous and elastic characteristics when undergoing deformation. A
viscoelastic material remembers its loading. Applying a stress quickly makes the material return
to its previous state quickly, but slowly applying stress or holding a stress makes the material
relax slower. Most viscoelastic materials resist quick changes because of their viscous aspect,
while at the same time maintaining elastic solid properties. Most biological systems have some
degree of viscoelasticity in them. It is important to understand the mechanics behind the body to

better be able to treat it [1].



The test of preference to characterize linear viscoelasticity is rotational rheometry, in which a
specimen is oscillated over a range of loading rates and the spectrum of responses over these
loading rates is acquired directly [2-4]. However, this is often not useful for materials that are

anisotropic or that cannot be gripped easily [2-4].

The motivation in studying viscoelasticity for this purpose is to understand how cells and tissues
interact with each other through time dependent processes. A broad range of tissue engineered
systems has been developed for this purpose [5,6]. In most cases, the objective is to infer
material behavior from either natural tissues or these tissue engineered systems by assaying it
using one of the following two tests [2-4,7-10]. The first is a creep test, in which a static load is
applied and deformation is recorded over time; the second is a relaxation test, in which a rapid
stretch is applied and the force necessary for isometric stretching is recorded over time. These
tests must be performed with care because small errors in applying the ramp loading associated
with them can lead to substantial errors in interpretation [11]. Other techniques that thwart this

are periodic oscillation and slow cyclic loading [12-13].

An additional challenge with tissues is that they are typically nonlinear in their strain response,
even if they follow linear viscoelasticity in their relaxation responses [14-16]. A common model
used to account for these effects in biomechanics is the Fung quasilinear viscoelasticity (QLV)
model [17-19]. However, a great number of studies show that the Fung QLV model is overly
restrictive and fails to capture the behavior of tissues due to the nature of the form that temporal
relaxation must take [14-16, 20-22]. A number of alternative approaches have been proposed

[10,14-16,23-25], including discrete spectral approaches [26-27].



Maxwell, Kelvin, and Zener Models

Researchers have tried to model viscoelastic materials by having a representation of both

the viscous and elastic parts.
The Maxwell model has a spring and dash-pot in series. The spring has an instantaneous
response to stress. The strain and stress are directly related by the modulus of the spring.
e=—0g (D

The spring undergoes an instantaneous elastic strain when it is loaded, holds the strain as long as

the load is applied, and the strain instantaneously goes back down to zero once the stress is gone

[1].

$e

[28]

The viscous part is represented by a dash-pot. It is a piston cylinder arrangement which is
filled with a viscous fluid. The piston is slowed by the viscous fluid as it is pulled through the
piston. In this case the strain rate is proportional to the stress. The first derivative of the strain is

proportional to the stress [1].

E=—-0 (2)

T,
T [28]



The larger the stress, the bigger the strain rate change. 1 is the viscosity. The Maxwell model is a

sum of those two parts in series.

E=¢& t+¢& 3)
If we integrate equation 1 and 3 and then plug in equations 1 and 2 into the integrated form of
equation 3, we get the standard form of the constitutive equation for the Maxwell model. Note
that since the spring and dashpot are in series the stress is equal in both parts, but the strain is not

equal in both parts [1].

c+—=0=né “4)

[2]

The Kevin Voight model is similar to the Maxwell model in that it includes the spring and

dashpot, but here they are in parallel. The strain is equal in both the spring and the dashpot.

o=0y+0, (®))
1

E=401 (6)
1

£=-0 (7
n

This simplifies down to the constitutive law.

o =Ee+né (8)
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[28]

A creep test requires applying instantaneous stress to a viscoelastic material in
equilibrium and measuring the strain over time. The material has a large strain reaction to the
stress at first which becomes less over time, but viscoelastic materials keep elongating over long
periods of time. A recovery/relaxation test would come next. After holding the material at a
certain stress for a long time, until there looks to be equilibrium, the stress is then removed and

how the material returns to its original state (relaxes) is the recovery test [1].

The Zener model or the standard linear solid is a combination of both Maxwell and
kelvin models. The Maxwell model does not describe creep while the kelvin model does not
describe relaxation. Thus, combining them makes a more accurate model. Usually viscoelastic
models for real systems use a couple Maxwell elements in series which allows for a more
accurate description of the actual mechanics. For all the parts in series the stress has to be the

same, while all the parts in parallel the strain has to be the same [1].

Generalizations of the models enable large numbers of these elements to be fit to estimate
the spectrum of behaviors that a material presents over a broad range of loading rates and loading
times [29]. Fitting of these spectra with confidence is an ongoing challenge. This will be

discussed in the final section.



Poroelasticity biphasic models associated with Biot theory

Biphasic models are based on poroelasticity. Many biological tissues are made of porous solid
matrices with fluid in the pores, so as stress is applied to the material, the mechanical behavior
not only depends on the solid matrix deformation but also on the movement of the fluid in and
out of the pores. This type of material is very similar to viscoelastic material, so viscoelastic
materials can be modeled in this way since we know the mechanical properties of the solid
matrix as well as the fluid movement. It is biphasic because the solid matrix reacts immediately

in one phase and the fluid is time dependent and reacts in a different phase [30], [31].

We start with some governing equations

div(gosvS + (pfvf) =0 continuity of mass 9)
dive®+m=0 linear momentum for solid phase (10)
dive! —m =0 linear momentum for fluid phase (11)

Where ¢ is the volume fraction and the s and f denote solid phase and fluid phase, respectively. v

is the velocity, o is the stress, and 7 is the momentum exchange [31].

o’ = —@°pl + o° (12)

o/ = —¢pl+ 6" (13)
Where I is the identity tensor, p is the fluid pressure, o€ is the elastic stress of the solid phase,
and o¢ is the viscous stress of the fluid phase. We then add the constitutive equations to get a

well-posed problem.

o¢ = A,(trE)I + 24E (14)

Where E is the infinitesimal strain tensor



1
E= 3 (grad u + grad"u) (15)

Where Ag, ug are the Lamé constants of the solid matrix. The momentum exchange between the
solid and fluid phases is far greater than the momentum exchange between fluid phase molecules
alone, because of small pores which show a high resistance to fluid flow. We can assume that the

viscous stress is negligible [31].

o’"=0 (16)
The momentum exchange between the fluid and solid phases is linearly proportional to the

diffusivity drag coefficient, K, and the relative velocity between the phases

m =K —v®) (17)

We can substitute equations 14-17 into 9-11 to get the Navier form of the governing equations

div(evs + @/v/) =0 (18)
—@Sgrad p + (A; + pg)grad(diva) + u,V2u + K(v/ —v$) = 0 (19)
—pfgradp —K(v/ —v%) =0 (20)

Boundary conditions are needed at the interface of the biphasic mixture to be able to solve the

problem. These boundary conditions are defined with a unit outward normal vector n. The jump
conditions across the boundary are indicated by [[ f ]], which would be the difference of the

variable f'on the positive and negative side of the interface [31].
[[v¥]]'n=0 (21)
Solid movement at the interface must be continuous.
|lpv* + @/v/]|-n =0 (22)

Mass is conserved across the boundary.



[[os + af]] n=0 (23)

Traction forces are continuous across the boundary.

[[p]] =0 (24)
The fluid pressure is the same across the boundary. So basically, the boundary conditions

indicate that everything is continuous across the boundary [31].

Ongoing challenges include the difficulty of fitting these models in the presence of anything
other than idealized uniaxial or confined compression cases and handling the fact that biological
tissues actively change cellular structure and cellular handling of fluid when stressed [32-35]. A
long-term goal is to be able to learn how plant and animal cells adapt to loading through analysis

of their poroelastic properties.



Spectral Methods and Tikhonov regularization

Often data can be taken discretely by measuring the stress relaxation response of a
viscoelastic material. This means that researchers have the stress data but want to know the
material constants such as the time spectrum and the associated young’s modulus with each time
constant. This requires solving the model backwards. Babaei and Rowe show how to derive the
equations so that the model can input the stresses along with time stamps to solve for a spectrum

of time constants and the associated modulus for each point [28], [33].

Stress response g (t) can be modeled using the Boltzmann superposition principal as an integral
of a material response function, {(t, 1) time the strain history. Since our material has time

dependence, {(t,u) = @(t — u). We can also assume the history starts at time 0 [28].

t
a(t) = J- @t —u)é(u)du (25)
0

We can escribe the equation in 24 as a convolution and since convolutions are commutative, we
can rewrite it. Now, since most experiments are done with a constant strain rate, we can rewrite

equation 24 as

t

o(t) = é] o(u)du (26)
0

If we assume that viscoelastic relaxation can be modeled as decaying exponentials the relaxation

function can be modeled as

o(t) =¢ ft <(pe + J-OOHET) exp (—;) dr) du (27)

Unfortunately, experiments do not gather data in continuous spectra but in discreet data points.

We can approximate the relaxation function using discrete Maxwell-Weichert elements



T;

@.(t) = E(t) =Ee+iEiexp<— t). (28)
i=1

Where m is the number of Maxwell elements. The following figure shows a visual representation

of the equation.

[33]

When starting to solve this equation, usually there is not a clear idea of how many elements are
needed. There are a couple ways of thinking about this. With the Ad hoc method, the amount of
springs is specified and solved for backwards for the time constants and E, which are found by
minimizing the mean squared error. This is faster, but there can be false peaks or missing
information. This is better at getting the weightier time constants, but not the time constants that

are really quick. This method is best if the number of peaks for the time constant are known [28].

With the discrete spectral method, t; is picked beforehand so that it is approximately continuous

on a logarithmic scale over the full range expected. Then E is fitted to the relaxation data.

Equation 27 can be substituted in for our continuous relaxation function [28]



o(t) = e'J: <Ee + i E; exp (— %)) du (29)
i=1

Usually there is a period 0 to t,, where strain is increased and then a time period where the strain

is held t,, to ty. If we separate into two separate integrals for these time periods, we get

M
Eoét; + Z Er;é(1—e /™) j=12,..,p
o(t) = t=1 (30)
Eoét, + Z Erié(1—e /%) (e Grt)/m) j=pp+1,..f
i=1
We can put this into a system of equations
0, [ £ty a1 a1 rE,1
[ : } : : i || g
Oh-1| |€th-1 Qia-1) *° Qmn-1)
l[ n Jl_ gty bin 0 bmn : S
O-f | Etf blf bmf | —Em—

where a;; = Tié(l — e_tf/ri) fori=12..,mandforj =1,2,..,h—1;and bij =

7,(1— e"tf/Ti)(e"(tf_tP)/Ti) fori=12..,mandforj=hh+1,..,f.

This means that the system of equations is of the form ¢ =~ AE. They are not exactly equal
because there is some error between them. To ensure finding a solution, least squares is used

[28].
min||AE — o|l3 (32)

Our equations are continuous and discrete Fredholm integral equations of the first kind. In the
presence of noise on the left side (which all experimental data will have) a direct inversion of
this integral type leads to unbounded errors in the solution. Inverse problems are often ill-posed,

and in this case, the solution is highly sensitive to noise. The solution is not very stable.



Tikhonov regularization provides improved efficiency in parameter estimation problems in
exchange for some bias. Zeroth order Tikhonov regularization can be used to penalize the length
of the estimated spectra. Since we know that modulus is not limitless, we can bias our
regularization parameter towards lower E [28]. The above equation is reformulated as

min{[|AE — oll7 + A*||ElI2} (33)

where A is the regularization parameter and controls the weighting of the penalty placed on E.
The L-curve method selects a regularization parameter which balances the norm of the solution

and the norm of the residuals.
Now we arrange the problem using linear algebra to allow for simple computation.

min||BE — d|3 (34)
Where B = [A AI]"and d = [6 0] where I is the identity matrix.

d ~ BE. (35)

Where we use QR factorization to calculate £ [28].
Conclusion

Viscoelastic responses show up in many materials. It is important to model these responses in
order to better predict how materials will react to certain loads as well as learn the mechanics

behind reactions.



References
[1] Kelly, in Solid Mechanics Part 1: An Introduction to Solid Mechanics, 2015, pp. 283-337.

[2] Barnes, H.A. and Bell, D., 2003. Controlled-stress rotational rheometry: An historical
review. Korea-Australia Rheology Journal, 15(4), pp.187-196.

[3] Rod Lakes, Viscoelastic solids, CRC Press, Boca Raton, FL, (1998).
[4] Rod Lakes, Viscoelastic Materials, Cambridge University Press, (2009).

[5] Elson, E.L. and Genin, G.M., 2016. Tissue constructs: platforms for basic research and
drug discovery. Interface Focus, 6(1), p.20150095.

[6] Genin, G. M. and E. L. Elson. “Chapter 7. Mechanics of cell seeded ECM scaffolds.”
(Pages 173-196). In Cell and Matrix Mechanics, Roland Kaunas and Assaf Zemel,
eds, New York: Taylor & Francis, 2014. ISBN: 978-1466553811

[7] Li, Y., Hong, Y., Xu, G.K, Liu, S., Shi, Q., Tang, D., Yang, H., Genin, G.M., Lu, T.J.
and Xu, F., 2018. Non-contact tensile viscoelastic characterization of microscale
biological materials. Acta Mechanica Sinica, 34(3), pp.589-599.

[8] Babaei, B., Velasquez-Mao, A.J., Thomopoulos, S., Elson, E.L., Abramowitch, S.D.
and Genin, G.M., 2017. Discrete quasi-linear viscoelastic damping analysis of
connective tissues, and the biomechanics of stretching. Journal of the Mechanical
Behavior of Biomedical Materials. 69, 193-202.

[9] Babaei, B., Velasquez-Mao, A.J., Pryse, K.M., McConnaughey, W.B., Elson, E.L. and
Genin, G.M., 2018. Energy dissipation in quasi-linear viscoelastic tissues, cells, and
extracellular matrix. Journal of the mechanical behavior of biomedical materials, 84,
pp-198-207.

[10] Schapery, R.A., 1969. On the characterization of nonlinear viscoelastic
materials. Polymer Engineering & Science, 9(4), pp.295-310.

[11] Gimbel, J.A., Sarver, J.J. and Soslowsky, L.J., 2004. The effect of overshooting the
target strain on estimating viscoelastic properties from stress relaxation experiments. J.
Biomech. Eng., 126(6), pp.844-848.

[12] Liu,J., Das, D., Yang, F., Schwartz, A.G., Genin, G.M., Thomopoulos, S. and
Chasiotis, 1., 2018. Energy dissipation in mammalian collagen fibrils: Cyclic strain-
induced damping, toughening, and strengthening. Acta Biomaterialia, 80, pp.217-227.

[13] Massouros, P.G. and Genin, G.M., 2008. The steady-state response of a Maxwell
viscoelastic cylinder to sinusoidal oscillation of its boundary. Proceedings of the Royal
Society of London A: Mathematical, Physical and Engineering Sciences, 464(2089),
pp- 207-221.



[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

R. Lakes and R. Vanderby. Interrelation of creep and relaxation: a modeling approach
for ligaments, J. Biomechanical Engineering, 121, 612-615, Dec. (1999).

Oza, A., Lakes, R. S. and Vanderby, R., "Interrelation of creep and relaxation for
nonlinearly viscoelastic materials: application to ligament and metal" Rheologica Acta,
42, 557-568 (2003).

Provenzano, P., Lakes, R. S., Corr, D. T., and Vanderby, R. Jr, "Application of
nonlinear viscoelastic models to describe ligament behavior", Biomechanics and
Modeling in Mechanobiology, 1: 45-57, (2002).

Fung YC. 2013Biomechanics: mechanical properties of living tissues. New York, NY:
Springer Science & Business Media. Google Scholar

Craiem D, Rojo FJ, Atienza JM, Armentano RL, Guinea GV. 2008Fractional-order
viscoelasticity applied to describe uniaxial stress relaxation of human arteries. Phys.
Med. Biol. 53, 4543-4554.

Wills DJ, Picton DC, Davies WI. 1972An investigation of the viscoelastic properties
of the periodontium in monkeys. J. Periodont. Res. 7, 42-51.

Kevin L. Troyer, Christian M. Puttlitz, Human cervical spine ligaments exhibit fully
nonlinear viscoelastic behavior, Acta Biomaterialia 7, 700-709, 2011.

Ciarletta, P, S Micera, D Accoto, P Dario. A novel microstructural approach in tendon
viscoelastic modeling at the fibrillar level. J. Biomechanics 39: 2034-2042, 2006.

Sverdlik, A. and Y Lanir. Time-dependent mechanical behavior of sheep digital
tendons, including the effects of preconditioning. J. Biomechanical Engineering 124:
78-84, 2002.

Nekouzadeh, A., Pryse, K.M., Elson, E.L. and Genin, G.M., 2007. A simplified
approach to quasi-linear viscoelastic modeling. Journal of Biomechanics, 40(14),
pp-3070-3078.

Pryse, K.M., Nekouzadeh, A., Genin, G.M., Elson, E.L. and Zahalak, G.I., 2003.
Incremental mechanics of collagen gels: new experiments and a new viscoelastic
model. Annals of Biomedical Engineering, 31(10), pp.1287-1296.

Nekouzadeh, A., and G. M. Genin. “Adaptive quasilinear viscoelastic modeling.”
Chapter 2 in Computational Modeling in Tissue Engineering, Liesbet Geris, ed.
Installment in the series, Studies in Mechanobiology, Tissue Engineering and
Biomaterials, Amit Gefen, ed. New York: Springer, 2012, pp 47-83.



[26]

[27]

[28]

[29]

[30]

[31]
[32]

[33]

[34]

[35]

Babaei, B., Abramowitch, S.D., Elson, E.L., Thomopoulos, S. and Genin, G.M., 2015.
A discrete spectral analysis for determining quasi-linear viscoelastic properties of
biological materials. Journal of The Royal Society Interface, 12(113), p.20150707.

Puso, M.A. and Weiss, J.A., 1998. Finite element implementation of anisotropic quasi-
linear viscoelasticity using a discrete spectrum approximation.

Rowe RA, Pryse KM, Elson EL, and Genin GM, 2019. Stable fitting of noisy stress
relaxation data. Mech. Soft Mater., pp. 1-14.

Babaei, B., Davarian, A., Pryse, K.M., Elson, E.L. and Genin, G.M., 2015. Efficient
and optimized identification of generalized Maxwell viscoelastic relaxation spectra.
Journal of the Mechanical Behavior of Biomedical Materials, 55, pp.32-41.

Mow VC, Kuei SC, Lai WM, Armstrong CG, 1980. Biphasic creep and stress relaxation
of articular cartilage in compression: theory and experiments. J. Biomech. Eng., pp. 73—
84.

G. Ateshian, in Mixture Theories for Biological Tissues. 2020, pp. 5-7.

Wang, M., Liu, S., Xu, Z., Qu, K., Li, M., Chen, X., Xue, Q., Genin, G.M., Lu, T.J.
and Xu, F., 2020. Characterizing poroelasticity of biological tissues by spherical

indentation: an improved theory for large relaxation. Journal of the Mechanics and
Physics of Solids, 138, p.103920.

Babaei, B., Davarian, A., Lee, S.L., Pryse, K.M., McConnaughey, W.B., Elson, E.L.
and Genin, G.M., 2016. Remodeling by fibroblasts alters the rate-dependent
mechanical properties of collagen. Acta Biomaterialia, 37, pp.28-37.

Liu, S., Tao, R., Wang, M., Tian, J., Genin, G.M., Lu, T.J. and Xu, F., 2019.
Regulation of cell behavior by hydrostatic pressure. Applied Mechanics
Reviews, 71(4), p.040803.

Nekouzadeh, A., Pryse, K.M., Elson, E.L. and Genin, G.M., 2008. Stretch-activated
force shedding, force recovery, and cytoskeletal remodeling in contractile fibroblasts.
Journal of Biomechanics, 41(14), pp.2964-2971.



	Viscoelasticity and Spectral Analysis with Tikhonov Regularization
	Recommended Citation

	Microsoft Word - 2020 Ethan visco independent study

