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COMMUTATORS, LITTLE BMO AND WEAK
FACTORIZATION

by Xuan Thinh DUONG, Ji LI,
Brett D. WICK & Dongyong YANG (*)

ABSTRACT. — In this paper, we provide a direct and constructive proof of weak
factorization of h! (R x R) (the predual of little BMO space bmo(R x R) studied by
Cotlar-Sadosky and Ferguson—Sadosky), i.e., for every f € h'(R x R) there exist
sequences {a?} € ¢! and functions g;?, h;? € L2(R?) such that

oo o
— k k k k k
f = Z Zaj <hj H1H2gj — gj Hlehj>

k=1 j=1
in the sense of hl(]R X R), where H; and Hy are the Hilbert transforms on the first
and second variable, respectively. Moreover, the norm || f[|,1 (g xr) is given in terms
of ||9§'€HL2(]R2) and ||h§\|L2(R2). By duality, this directly implies a lower bound on
the norm of the commutator [b, H1 Hz] in terms of |[b|lpmo(rxR)-
Our method bypasses the use of analyticity and the Fourier transform, and hence

can be extended to the higher dimension case in an arbitrary n-parameter setting
for the Riesz transforms.

RESUME. — Dans ce papier, nous donnons une preuve directe et constructive
de la factorisation faible de h! (R x R) (le prédual de ’espace little BMO bmo(R x R)
étudié par Cotlar-Sadosky et Ferguson—Sadosky), i.e., pour chaque f € h' (R x R)
il existe des suites {oe?} € ¢! et des fonctions g;?, h? € L2(R?) telles que

oo oo
=Y Zag?(h;?Hnggf - ngngh;?)
k=1 j=1

au sens de hl (RxR), ot Hy et Ho sont les transformées de Hilbert dans la premiére
et la seconde variable, respectivement. De plus, la norme ||f||,1(gxg) est donnée
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en termes de Hg;C |2 (r2) et th | L2 (r2)- Par dualité, ceci implique directement une
borne inférieure de la norme du commutateur [b, H1 Hz] en termes de [|b]|bmo(rxR)-

Notre méthode contourne l'utilisation de ’analyticité et de la transformée de
Fourier, et peut donc étre étendue en dimension supérieure dans le cadre de n-
parametres arbitraires, pour les transformées de Riesz.

1. Introduction and Statement of Main Results

As motivation for this paper we point to two fundamental results in
complex analysis and harmonic analysis. An important result, obtained by
Coifman, Rochberg, and Weiss in [3] shows that for the Hilbert transform
Hf(x) =[5 %dy and the commutator between multiplication by b (i.e.,
Myf = bf) and the Hilbert transform, [b, H| := MyH — H M, that:

(b, H] : L*(R) — L*(R)| %sgp (ré'/Q‘b( b(y) dy‘ dx)l,

IQ!

where the supremum is taken over intervals ) in R and the right-hand side
is the well-known BMO(R) norm. To obtain this, they used methods of
harmonic analysis that were general enough to work for certain Calderén—
Zygmund operators, and in particular the Riesz transforms: R;f(z) :=

Cn fRn %—yﬁﬁgdy, 1 < j < n, and obtained:

max |[|[b, R;] : L*(R") — L*(R")||

1<j<n
~ sgp (ﬁ/@’b(w) - |51|/q)b(y)dyfda:)a,

where the supremum is taken over cubes ) in R™ and the right-hand side
is the well-known BMO(R"™) norm. Commutators play an important role in
harmonic analysis, complex analysis, and partial differential equations (see
for example [1, 2, 12]) and have a characterization of their boundedness in
terms of the symbol b which is extremely useful.

Nehari studied and characterized the boundedness of Hankel operators
in [15]. Recall that H?(R?2) is the space of functions that are analytic on the
upper half-plane and have boundary values belonging to L?(R). Let P, :
L*(R) — H?*(R?Z) denote the orthogonal projection between these spaces
and so we have that L?(R) = H3 (R%) @ H2(R3) where H1(R2) is sup-
ported on the positive/negative Fourier frequencies. Then define the Hankel
operator hy(f) := P_(bf) and Nehari’s Theorem, stated in modern termi-
nology, is then the relationship: ||k, : H2(R%) — H? (R2)|| =~ 6]l a0 @2 )-

ANNALES DE L’ INSTITUT FOURIER



COMMUTATORS, LITTLE BMO AND WEAK FACTORIZATION 111

There is a strong connection between the results of [3] and [15]. To see
this recall that we have H = ¢P, —iP_ where P, and P_ are the projections
onto the positive and negative Fourier supports respectively. It is then a
simple computation to show that: [b, H] = hy — hz. As the domains and
ranges of the operators h; and hg are orthogonal, Nehari’s Theorem and
the characterization of commutators can then easily be deduced from one
another.

Via H!'-BMO duality and some standard functional analysis it is direct
to see that the commutator theorem can be translated to the following
statement: For every f € H'(R), the real Hardy space, there exist functions
gj, hj € L*(R) so that f = Z;’;l gjHhj+h;Hg; in the sense of H*(R) and

o0 (e.e]
1F 1oy = i Q> 1951l 2y Whsll gy = f =D g5HA; +hiHgj o,
j=1 j=1
where the infimum is taken over all possible representations of f as above
(for the definition of H'(R) see [7]). In fact these factorization results and
corresponding commutator results are always equivalent to each other. For
more details about the classical Nehari Theorem and background, we refer
to the note of Lacey [13] and the references therein.

Extensions of the commutator results and Nehari’s Theorem have re-
ceived lots of attention; in particular we focus on the extensions in the prod-
uct setting for the little BMO space bmo(R x R), introduced and studied by
M. Cotlar and Sadosky [5] in connection with weighted norm inequalities
for the product Hilbert transform. For this reason, the space bmo(R x R)
was originally defined in terms of the Hilbert transforms, one for each vari-
able. The characterization of bmo(R x R) in terms of mean oscillation on
rectangles was given later in [5]. For our purpose here, we take this char-
acterization of bmo(R x R) as our starting point. Note that in [5] and [9],
they stated the results on bidisc. Here we state the results on R x R and
study the real analysis approach. More precisely, a function b € L}, _(R?) is
in bmo(R x R) if
(1.1) [10/lbmo(rxr) = sup L // b(21, 22) — br|dzidas < oo,

rcrxer | R J /R

where

1
bp = @ //R b(x1, z2)dridas

is the mean value of b over the rectangle R.
It is well known that bmo(R x R) coincides with the space of integrable
functions which are uniformly of bounded mean oscillation in each variable

TOME 68 (2018), FASCICULE 1



112 Xuan Thinh DUONG, Ji LI, Brett D. WICK & Dongyong YANG

separately [5]. Moreover, from Ferguson—Sadosky [9], we have the following
equivalent characterizations for bmo(R x R).

THEOREM 1.1 ([9]). — Let b € L}, .(R?). The following conditions are
equivalent:
(i) b € bmo(R x R);
(ii) The commutators [b, Hy] and [b, Hs] are both bounded on L?(R?);
(iii) The commutator [b, Hy Hs] is bounded on L?(R?).

We note that bmo(R x R) can also be equivalently characterized by big
Hankel operators and by certain Carleson measures. For the details, we
refer to [9].

It was shown in [5] that the predual of bmo(R x R) coincides with
H} (R)® L'(R) + HE (R) ® L' (R). Based on the result in [5], Ferguson—
Sadosky [9] obtained the weak factorization for Hy (R)® L' (R)+H} (R)®
LY(R).

The aim of this paper is to provide a direct and constructive proof for the
weak factorization for predual of bmo(R x R), which implies the equivalence
of (i) and (iii) in Theorem 1.1 directly and our result here bypasses the use
of Fourier transform and hence can be extended to the higher dimension
case in an arbitrary n-parameter setting for the Riesz transforms. To get
this, we note that in [9], Ferguson—Sadosky also showed that the predual
of bmo(R x R) can be characterised in terms of rectangular atoms.

DEFINITION 1.2 ([9]). — An atom on R x R is a function a € L>(R?)
supported on a rectangle R C R x R with ||a|| o rxr) < |R|™' and satis-
fying the cancellation property

/ a(zy,ze)dridry = 0.
R2
Let Atom(R x R) denote the collection of all such atoms.

DEFINITION 1.3 ([9]). — The atomic Hardy space h'(R x R) is defined
as the set of functions of the form

(1.2) f= Zaiai

with {a;}; C Atom(RxR), {a;}; € C and ), |a;] < oo. Moreover,
h'(R x R) is equipped with the norm || f||p:®xr) := inf >, |oy| where the
infimum is taken over all possible decompositions of f in the form (1.2).

Then we have the following result from [9] on the duality of the atomic
Hardy space h' and little bmo, whose proof will be sketched in Section 2
for the convenience of the reader.

ANNALES DE L’ INSTITUT FOURIER



COMMUTATORS, LITTLE BMO AND WEAK FACTORIZATION 113

THEOREM 1.4 ([9]). — A function b € L}, (R?) is in bmo(R x R) if and

loc

only if

sup / b(z1,z2)a(xy, x2)dr1dre < 00.
a€Atom(RxR) JR2

Consequently, the predual of bmo(R x R) is h'(R x R).

Our main result of this article is the following.

THEOREM 1.5. — For every f € h'(R xR), there exist sequences
{af}j € (' and functions g;-“, h? € L? (R?) such that

(1.3) f:ZZa?H(gf,h?)

k=1 j=1
in the sense of h'(R x R), where II(f, g) is the bilinear form defined as
(14) H(g, h,) = hHngg - ngHQh
Moreover, we have that
~ i k k k
(1.5) 1f Int sy = inf § > [ | [lg5 ]| @) 105 1| 2 oy ¢
k=1 j=1

where the infimum is taken over all representations of f in the form (1.3)
and the implicit constants are independent of f.

Remark 1.6. — The functions gf and hé‘? in the main theorem above are
actually in L°°(R?) with compact support.

By duality, we obtain the lower bound of the commutator [b, H1 Hs],
which was known from the work of Ferguson and Sadosky in [9] (see The-
orem 1.1) .

COROLLARY 1.7. — Letbe L _(R?). If[b, Hy Hs] is bounded on L* (R?),

loc

then we get that b € bmo(R x R) and there exists a constant C' so that
(1.6) 1b][bmo(rxr) < C ||[b, H1H2] : L* (R?) — L* (R?)||.

We further remark that in Theorem 1.5 and Corollary 1.7 it is possible
to change L? to LP for 1 < p < oo and to replace the factorization in terms
of LP and L4, where % + % = 1. We leave these standard modifications to
the reader. Also, as can be seen from the proofs given below, the role of
the Hilbert transforms play no substantive role and in fact work for the
Riesz transforms just as easily. In the interest of ease of presentation, we
have focused on the proof with the Hilbert transforms and leave the direct
modifications again to the reader.

TOME 68 (2018), FASCICULE 1
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We also point out that the results in Corollary 1.7 can be seen as special
cases of the work in [16], where Ou et al. first proved the lower bound for
commutators with respect to certain BMO spaces (using the ideas from [8,
14]) and then obtained the weak factorization for the predual of their BMO
space in the form Hy (R(@1:42)) @ L1(R%) + LY (R4) @ HE (R(42:43)) by
duality. For more details, we refer to Section 6 in [16].

2. Weak factorization of the product Hardy space
h'(R x R)

In this section we will first sketch the proof of Theorem 1.4, and then we
provide the proof of the weak factorization for the predual of bmo(R x R)
characterised by rectangular atoms (as in Definition 1.3). We adapt the
idea from [17] (see also a recent refinement of the idea in [6]) to our current
product setting for atoms and for the bmo defined via rectangles. The
main approach here is to approximate each h!(R x R) atom a by a related
bilinear form II(f, g) with two L?(R?) functions f and g constructed with
respect to a.

Sketch of the proof of Theorem 1.4. — We first consider the definition of
h'(R x R) via g-atoms. Suppose q € (1,00]. A g-atom on R xR is a function
a € LY(R?) supported on a rectangle R C R x R with [|a||pag2) < ]R|5_1
and satisfying the cancellation property

/ a(zy,ze)dridry = 0.
RxR

Let Atomg(R x R) denote the collection of all such atoms. The atomic
Hardy space h14(R x R) is defined as the set of functions of the form

(2.1) f= Zaiai

with {a;}; C Atomy(R x R), {a;}; € C and ), |a;| < oo. Moreover,
hb4(R x R) is equipped with the norm || f||p1.q@xr) := inf Y, [a;] where
the infimum is taken over all possible decompositions of f in the form (2.1).

Next, it suffices to prove that for ¢ € (1, 00), the spaces h'¢(R x R) and
h' (R x R) coincide with equivalent norms. Assuming that this is true
at the moment, then to prove the duality of h'(R x R) with bmo(R x R),
we just need to show the dual space of h1'2(R x R) is bmo(R x R). This
follows from a standard argument, see for example [4], also [11, Section II,
Chapter 3.

ANNALES DE L’ INSTITUT FOURIER
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Concerning the equivalence of the spaces h14(RxR) and h'*°(RxR), we
first point out that the inclusion A *°(R x R) C h14(R x R) for q € (1, 00)
is obvious, since an oo-atom must be a g-atom for all ¢ € (1,00). Thus,
we only need to establish the converse. We do so by showing that any
(1,g)-atom a with supp(a) C Ro, b := |Rp|a has an atomic decomposition
b= >, a;b;, where each b;, i € Z4, is a (1, 00)-atom and Y .o |a| S 1.
Actually, this follows from a standard induction argument (see e.g. [4])
using the Whitney covering lemma and a variant of the argument in [4,
Lemma (3.9)]. O

THEOREM 2.1. — Let € be an arbitrary positive number. Let a(x1,x2)
be an atom as defined in Definition 1.2. Then there exist f,g € L? (R?)
and a constant C(e) depending only on € such that

la —TI(f, 9)|ln mxr) < €,
where || f|| Lz r2)l|9l L2 r2) < C(e€).
To prove Theorem 2.1, we first provide a technical lemma as follows.

LEMMA 2.2. — Let R = I x J be a rectangle in R xR with center
(xr,x7). For every e > 0, we choose M such that

log M
2.2
(2.2) i
Then define R = I x J as another rectangle in R X R centered at (x}f, :zc:f)

and satisfying: £(I) = €(I), ¢(J) = £(J) and |z; —a7l = M), |vy—z5 =
Me(J).
Let f : R? — C and assume that supp f C RU R. Further, assume that
1
<

and that f has mean zero property:

(XR(xl,wz) + X§($1,$2)>

(23) f(l‘l,xg) diIZ‘ldLIZ‘Q =0.
RxR

Then || f||n1(mxr) S € where the implicit constant is independent of f, e
and M.

Proof. — Suppose f satisfies the conditions as stated in the lemma above.
We will show that f has an atomic decomposition as the form in Defini-
tion 1.3. To see this, we first define two functions fi(x) and fa(z) by

fi(m1,22) = f(z1,22), (z1,22) € Ry fi(21,22) =0, (21,22) € R*\ R, and
fo(x1,29) = f(1,22), (x1,22) € R; folar,22) = 0, (z1,72) € R?\ R.

TOME 68 (2018), FASCICULE 1



116 Xuan Thinh DUONG, Ji LI, Brett D. WICK & Dongyong YANG

Then we have f = f; + fo and

1 1
|fi(z1,22)] S M’R‘XR($1,$2) and | fo(21,22)| < M
Define

Xﬁ(xb xZ) .

R\X1,T
91 (21, 32) = X2 |2};| 2 // fi(y1,y2)dy1dys,

fi(z1,22) = fi(x1,22) — g1 (1, 22),
o = || f1 | r2)|2R)] -

Then we claim that a} := (a}) 7! f{ is a rectangle atom as in Definition 1.2.
First, it is direct that a is supported in 2R. Moreover, we have that

/ai(ml,xg)dxldxg
R?
1 (fier, w2) — g (21, 22)) dardas

RQ

( fi(z1, z2)dz1des — fl(I17$2)d$1dl’2>
R2

RQ

and that
1

||a%||L°°(R2) < \(0&)_1|Hf11||L°°(R2) = m

Thus, a} is an atom as in Definition 1.2. Moreover, we have
1 1
o] = £ Nl oo v2[2R] < || full e w2y [2R] S MR 2RI S 57
And
filwr, w2) = fi (w1, 22) + g1 (21, 22) = 0ya1 + g1 (w1, 72).
For gi(x1,x2), we further write it as

9%(5171,372) = g%(ﬂﬁbwz) - 9%(901,962) + 9%(551,902) =: f12(301,902) +9%(961,SE2)

with
X4R(5171> 962

2

/ f1(y1, y2)dyidys -
R

Again, we define

0 = | liee UB] and af = (0])7f2,

ANNALES DE L’ INSTITUT FOURIER
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and following similar estimates as for ai, we see that a7 is an atom as in

Definition 1.2 with

1 1
a3 ]| oo 2y < ] and |ai| S U
Then we have
2
filon,as) = 3 alal + gl (a1, 2s).
i=1
Continuing in this fashion we see that for i € {1,2,...,4},

io
fi(z1,22) = Zaﬁaﬁ + 91 (21, 22),
i=1

where for i € {2,...,ip},

i Xfl $1,$2
g} (x1, w2) = =21 T 2R // fi(y1, y2)dyrdye,

fi(z1, 22) == gi " (21, 22) — g (21, 22),
Ozi = Hf1|‘Loo(R2)‘2ZR| and
ab = (of) " f1.

Here we choose iy to be the smallest positive integer such that R C 2R,

Then from the definition of E, we obtain that
1o ~ log, M .
Moreover, for i € {1,2,...,ip}, we have

4] < fillzee @2y [2°RI < 12°R[(lgr | 2o m2) + gt [l Lo ®2))

) 1 1
< |21R’(m//va(ylay2)|dyldy2+pi—R‘//R’fl(yb?D”dyldyZ)

1
271 R
1
M]|R|

S 2Rl il o ey | R

SIR

i

Following the same steps, we also obtain that for i € {1,2,...

1o
f2(x1=x2) = Zaéaé +g§0(:v1,:c2),
i=1

TOME 68 (2018), FASCICULE 1
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where for i € {2,...,4p},

XziR(ﬂcl, 372) /
=———= [[_fa(y1,y2)dy1dy2,
2R R

fa(zr, 22) == g5 (w1, 2) — g(x1, 32),
ah = || f5]l L @2)|2° R and
ay == (o)~ f3.

Similarly, for i € {1,2,...,i9}, we have

gy, @2) =

1
U

Combining the decompositions above, we obtain that

f(@1,22) = Zza +9J (z1,22).

j=11:=1

o] <

We now consider the tail gio (x1,22) + géo(xh x32). To handle that, consider
the rectangle R centered at the point

(Z‘[ + Ty Ty + xJ~>
2 ’ 2
with sidelength 20+1¢(I) and 2i0+¢(.J). Then, it is clear that RUR C R,
and that 20 R, 2% R C R. Thus, we get that
XR(xla x2
—’_

Hence, we write

XR($17$2

/ fi(y1,y2)dyrdys + W

/ f2(y1,y2)dy1dys = 0.

91 (21, 22) + g% (21, T2)

T ~ xg(@1,22) )
= (91 (21, 22) —|F\ //_f1(y1,y2)dy1dy2

i Xg\T1, X2
+ (930(561,552) - R(T/ f2 yl,yQ)dy1dy2)
— Zo—|—1+f20+1
For j = 1,2, we now define
Oé;.-O_Fl = "f;0+1"Lm(R2)’2io+lR‘ and
a;o-f—l — (a§o+1>—1f;0+1 )

ANNALES DE L’ INSTITUT FOURIER
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10+1

Again we can verify that for j = 1,2, a°"" is an atom as in Definition 1.2

with
. 1
io+1 _

Moreover, we also have

Thus, we obtain that
2
f(z1,22) = Z Oé;ﬂ;-,

which implies that f € h'(R x R) and

2 io+1 2 i9+1

I flln mxr) < Z Z |o/‘| < Z Z % < loi/[M <e.

=1 =1 =1 i=1

Therefore, we finish the proof of Lemma 2.2. O

Proof of Theorem 2.1. — Suppose a is an atom of h!(R x R) supported
in a rectangle R centered at (zr,zs), as in Definition 1.2. For every fixed
e > 0, we now let M, R be the same as in Lemma 2.2.

We define the two functions

(xlv x2)
HiHa f(zr,25)

flxy,x0) := ]1}‘3:({6‘1,332) and  g(x1,x9) :=

Then by definition, we have
=1 1
1fllz2 ®2) = |R[? = |R[?

and
1 |R|~%
llgll L2 (R2) = \HyHa f(z1,27)| lall 2 (R2) ]H Hof (xp, @)
Observe that
|HiHaf (x1,25)| = /fé . i LT i yzdy1dy2 ~ #

Thus, we have that

11122 2y llgll e re) < CM?

with the positive constant C' independent of a(x1,x2) and M. We take C(¢)
as

(2.4) C(e) :== CM?,

TOME 68 (2018), FASCICULE 1
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then it is easy to see that C'(¢) depends only on € as M only depends on e.
Now, write

a—1(f,g9) = (a—gH Haf) + fHiHag =: w1 + wo.
First, consider wy. Observe that supp w; C R and

a(xi,x
|w1($1,$2)| = |H1|H(2f1(x12)a|:J)| |H1H2f($l,xJ) - H1H2f(171,1132)| .

Then as x € R, we can estimate

|H1Hy f(xr,x5) — HiHa f (21, 22)|

1 1
/E (1 —2n)(y2 —2g) (g1 —x1)(yo — $2)dy1dy2

< /~ 21 = 1] + 2 = @] dydys
Elyn —zrllyn — 2llya — s |y — z1llye — 22]ly2 — 25|
((I) 0(J)
< dyd
/};M%(I)QME(J) e arzen
< L

Combining this with the definition of w; immediately gives:

1
w1z, 22)| S g7la(z1,22)],
which implies that
1

M|R|z

1
|willLe m2) S MHQHLQ ®?) S

Now, consider wy(x1,x2). Note that
wa (w1, 72) = f(21,02) Hi Hag(1, 22)

1
= 1~ H{H. .
Ao (ar,ay) RO P2 HiHoa(m, o)

Clearly, supp ws C R. Furthermore, using the mean zero property of
a(z1,z2), we have:

H1H261(1131,CU2)

[,
r (Y1 —21)(y2 — 22)

- /R ((2‘/1 - xl)l(y2 — ) (21— x1)1(:1:J - x2>>a(y1,y2)dy1dy2,
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It is immediate that
1
L5 (z1, 22) HiHza(zy, 22) S 121, 22) 7z llall o e2).-
Thus, we can conclude that
1
jwa(z1,72)| S ]lg(ﬂﬁlwz)MHaHLoo(u@),

which implies that

1
w 2 2 < .
w2 L2 m2) S VA

Combining the estimates of w; and ws, we can conclude that a —II(f, g)
has support contained in

RUR

and satisfies )

a—1II y 2 (R2 S—l
I (f, 92 (r2) E

Moreover, from the definition of the bilinear form, we obtain that

(a(z1,z2) — II(f, g9)(x1,22)) dz1dze = 0.

RQ
Then, the fact that |[[a —II(f, 9)|[n1 (rxr) S € now immediately follows from
Lemma 2.2. U
Remark 2.3. — From the proof of Theorem 2.1 as above, we observe

that the functions f and g that we constructed are actually in L°°(R?)
with compact support.

Now we provide the proof of the main result in this paper. To begin with,
we need the following two auxiliary lemmas.

LEMMA 2.4. — Suppose b € bmo(R x R). Then we have
(25) H [b7 HlHQ] HLQ(RQ)HLQ(RQ) S Hbemo(RxR) )

where the implicit constant is independent of b.

Proof. — We point out that the proof of upper bound of [b, Hy Hs| follows
directly from the property of bmo(R x R) and the L? boundedness of the
Hilbert transforms H; and Hs.

Suppose that b € bmo(R x R). Then we know that for any fixed zo € R,
b(x1,x2) as a function of x; is in the standard one-parameter BMO(R),
symmetric result holds for the roles of x; and x5 interchanged. Moreover,
we further have that
(2.6)  [|bllbmorxr) & sup [[b(z1,-)[[BMmo®) + sup [|b( -, z2)|[BMO(R) »

ZlileR xQGR
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where the implicit constants are independent of the function b.
Next, we point out that

[b, Hy Hy] = Hy[b, Hy] + [b, Hy|Hs .

Then based on (2.6) and the result of Coifman-Rochberg—Weiss [3], we
know that

H[b’ H2]HL2(R2)—>L2(R2) + H[b’ Hl]HLz(R2)—>L2(R2)
< sup [|b(z1, - )||Bmo) + sup [[b( -, 22)|Bmo®)
1 ER T2 ER

S ”bemo(RxR)~

Then, denote by Id; and Ids the identity operator on L?(R) for the first
and second variable, respectively. We further have

b, H1 Ha] = (Hy ® Id2) o [b, Ho] + [b, H1] o (Id1 ®Ha),

where we use 17 o Th to denote the composition of two operators T and
T5. Thus, we obtain that

H [b, H Ho)] |‘L2(R2)—>L2(R2)

= ||(Hy ® Idz) o [b, Ha] + [b, H1] o (Idy ®H2)HL2(R2)—>L2(]R2)
< ||(Hy ®1d2) o [b, H2]HL2(R2)—>L2(R2)
+ H[b, HyJo (Idy ®H2>HL2(R2HL2(R2)
< HH1|’L2(R2)—>L2(R2)H[Z’7 H2]HL2(R2)—>L2(R2)
+ H[bv Hl]HL?(R2)—>L2(R2)HH2HL2(R2)—>L2(R2)
S 1llbmo(RxR) »
which shows that (2.5) holds. O

LEMMA 2.5. — Suppose f,g € L*(R?) with compact supports. Then
the bilinear form I1(f, g) defined as in (1.4) is in h'(R x R) with the norm
satisfying

(2.7) ITECEs Ol mxry S 122 @2 gl e2)

where the implicit constant is independent of f and g.

Proof. — We first note that for every b € bmo(R x R), b is in L} (R?)
for ¢ € (1,00). In fact, for any compact set 2 in R x R, there exist two
closed intervals I,J € R, such that 2 C I x J. For any x; € I, we have
b(x1,2z2) as a function of x5 is in BMO(R). Hence, b(z1,x2) as a function

ANNALES DE L’ INSTITUT FOURIER



COMMUTATORS, LITTLE BMO AND WEAK FACTORIZATION 123

of 9 is in L9(J). Again, for any xo € J, b(x1,x2) as a function of z; is in
Li(I). As a consequence, we have that for any ¢ € (1, 00),

[ b aatandrs < [ [ b s < [ e ogds

< sup ||b(xq, - )HqBMo(R) u
x1 €l

which shows that b is in L}, _(R?) for ¢ € (1, 00) with

(28) /Q|b<l‘1,$2)|qd$1d.%‘2 < CQ”ngmo(RXR)

for any compact set {2 € R x R.

We now consider the property of the bilinear form II(f,g) defined as
in (1.4). For each f,g € L°(R?) with compact support, we have that
I(f,g) = gH Ho f — fH{Hyg is in L?(R?) with compact support. In fact,
since f is in L°°(R?) with compact support, we get that f is in L?(R?)
with compact support, which implies that Hy Hsf is in L?(R?), and hence
gH 1 Hyf is in L?(R?) with compact support. Similar argument holds for
fH1Hzg. Also note that from (2.8), for each b € bmo(R xR), b is in
L? (R?). We have that

loc

(0, T1(f, 9)) > (r2)

/ b($1,$2)H(f; 9)($1,$2)d$1d$2
RxR

< C“bemo(RxR) < 00,

where the constant C' depends on the support of f and g. Hence
(0, 11(f, 9)) 12 g2y 1s well-defined.
Next we claim that for each f,g € L>°(R?) with compact support,

(29> <b’H(fag)>L2(]R2) = <[b, HIHQ] f7g>L2(R2)-
To see this, note that by definition of II(f, g),
<b7 H(fa g)>L2(]R2) = <b7gH1H2f - fH1H29>L2(R2) .

Next, since f,g € L>°(R?) with compact support and b € L3 (R?), it is
direct that

<b,gH1H2f>L2(R2) = <g: bH1H2f>L2(R2)
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and that

(0, fH1H29) 122y = / b(z1,x2) f(z1, x2) Hi Hag(x1, x2)dz1das
RxR

= Hng(b'f)(CL’l,.’L’g)g(LEl,xg)dxlde
RxR

= (H1Hs(b- f), 9) 12 (re) -

Combining these two equalities, we get that the claim (2.9) holds.
From the claim (2.9) and the upper bound as in (2.5), we obtain that

(b, TU S, 9)) ey | = | (0, HL o) £, 9) 2 e

S blbmomxr) | fll 22 ®2) |9l 2 (R2)

(2.10)

where the implicit constant is independent of f and g.

Now for any fixed f,g € L°°(R?) with compact support, we claim that
II(f, g) is in A1 (R x R).

To see this, we now show that II(f, g) is the product of a constant and
a 2-atom of h!'(R x R). In fact, from the definition of the bilinear form, we
obtain that

/1%2 H(f7g)($17;[;2)dxldx2 —0.

Next, since both f and g are in L°°(R?) with compact support, we get that
II(f,g) € L*>(R x R) with compact support, denoted it by a rectangle R C
R x R. And we further have [|II(f,g)|2m2) < CrgllgllLee @)l fll Lo r2),
where the constant Cy, depends on the compact supports of f and g.
Moreover, we assume that ||II(f, g)||z2®2) # O since otherwise II(f, g) = 0
almost everywhere and hence it is in h!(R x R).

Now we can write

H(f, 9)(z1,22) =t a(w1, x2) - [[II(f, 9)l|L2®2) | R]>
where I
a(xl,:cg) — (fag)(xlvl?) T

ITLCS, 9) [l L2 (re) | B[ 2
Then it is direct that a(x1,x3) is supported in R, foR a(zy,z9)dridry =0
and that |la|p2me) < |R|~2. Hence a(zy,x) is a 2-atom of h'(R x R),
which implies that II(f, g) is in h!'(R x R), i.e., the claim holds.

Note that TI(f, g) is in h'(R x R), we then further have

2]l p1 (RxR) ~ sup (b, h)

‘ bllbr!)o(RXR)<1

which follows from the fundamental fact as in 1.4.12(b) in [10].

b
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This, together with (2.10), immediately implies that (2.7) holds. O
We now provide the proof of our main result.

Proof of Theorem 1.5. — We first point out from Remark 1.6, the func-
tions g¥ and h¥ in the representation (1.3) are actually in L>(R?) with
compact support. Hence, from (2.7), for every f € h'(R x R) having the
representation (1.3) with

co 00
ZZ ‘Q{?‘ Hg;€HL2 (]R2) Hh;€HL2 (RQ) < o0,

k=1 j=1

it follows that

[ 1ln (rx)
S inf ZZ || Hg;ch (R2) Hhé?Hzﬂ (R2) * f:ZZO‘?H (95 15)
k=1 j=1 k=1j=1

It remains to show that for each f € h'(R x R), f has a representation
as in (1.3) with

(2.11) inf ZZ\@’“H\%HH(M 1251 2 gy

k=1 j=1
f= oI (gh, hE) & S fln (rxr) -
J
k=1 j=1
To this end, assume that f has the following atomic representation f =
oo (ee]
Za;a} with Z |aj| < Col| f]ln1 (rxwr) for certain absolute constant Cp €

= ]—1
(1,00). We show that for every € € (O,Co_l) and every K € N, f has the
following representation

K oo
(2.12) F=2_> o (g, hf) + Ex,
k=1j=1
where
(2.13) > o] < EFTCENflln xry »
=1

and Fx € h'(R x R) with

(2.14) IEK ||n (rxry < (€Co) S| flln1 rxr)
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and gf € L? (R?), hf € L? (R?) for each k and j, {a?}j € (' for each k
satisfying that

(2.15) Hhk < Cle)

Hgﬂ’m (R2) HL2 (R2) ~

with the absolute constant C/(e) deﬁned as in (2.4).
In fact, for given ¢ and each a , by Theorem 2.1 we obtain that there
exist g; € L* (R?) and hj € L? (R2) with

ngl'HL2 (R2) thHL2 (R2) ~ < C<€)
and

o — (gj’h})th(]RixR) <€

Actually, from Remark 2.3, these two functions gjl- and h} are in L>°(R?)
with compact supports.
Now we write

f= Za Zoz H gj,h})—i—Za} [ajl.—l_[ gj,hl)}
= j=1 7j=1
:.M1+E1.

Observe that
HEluhl(RXR Z‘al‘ Ha - (gjl'ah})Hh1(RXR) < 6C’O”thl(]RXR)'
7j=1

Since F; € h(R x R), for the given Cy, there exists a sequence of atoms
oo

{a?}j and numbers {ozjz-}j such that F; = Za?a? and

ZW CollBx s ey < €CE 11 s ey

Again, we have that for given €, there exists a representation of F; such
that

Bo= 30 (202 + 3 [ 1 (202)]
=: Ms + Fs,

and
€

1951 2 ey 1511 2 gy & ©(©) and. [|af = TU (g5, 15) || gy < 3
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Moreover,

B2 lln ey < D 3] [laF = T(g7 53) | rocay
=1

< (€Co)? (I f 11 rxcr) -

(2.16)

Now we conclude that
() 2 o
(2.17) F=Y ajaj =>"Y ol (g¥,nk) + E,,

Again, from Remark 2.3, all these functions g;-“ and h;? are in L°°(R?) with
compact supports.

Continuing in this way, we deduce that for every K € N, f has the
representation (2.12) satisfying (2.15), (2.13), and (2.14). Thus letting K —
00, we see that (1.3) holds. Moreover, since eCy < 1, we have that

ZZIa’“} Ze L (eCo)¥ || Fllm ey S I1F 1tk -

k=1 j=1

which implies (2.11) and hence, completes the proof of Theorem 1.5. [

Next, by duality, we provide the proof of our second main result in this
paper.

Proof of Corollary 1.7. — Suppose that b € Ug~1 L} (R?). Assume that
[b, Hy Hs] is bounded on L? (R?) and f € h'(R xR) and f has compact
support. From Theorem 1.5, we deduce that

<b7 f>L2(]R2) - Z Z a? <b7 IT (g;gv h§)>L2(R2)

k—1j—1

_Zzak <g]a b H1H2 >L2(R2)’

k=1j=1

where in the second equality we have applied the fact that
<b’ II (9?7 h?)>L2(R2) <gj ;10 HlH?]h >L2(]R2) ’

which follows from (2.9) since the functions g;?, h;‘? here are constructed as
in L>°(R?) with compact support (see Remark 2.3).
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This implies that
|(b, f) r2(re)|

<2 o551 e gy b2 HLHRIRE o
k=1 j=1

<||[o, HiHa) = 27 (R?) = L2 R > [af][[95]] 2 gy 1751] 2 ey
k=1j=1

< ||[b, HiHa) = L2 (R%) — L2 (R?)|| [ £l 02 (xr) -

Then by the fact that {f € h'(R x R) : f has compact support} is dense
in h*(R x R), and the duality between h!'(R x R) and bmo(R x R) (see [9]),
we finish the proof of Corollary 1.7. OJ
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