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Spaces of Dirichlet series with the complete
Pick property

John E. Mc¢Carthy * Orr Moshe Shalit!
December 7, 2015

Abstract

We consider reproducing kernel Hilbert spaces of Dirichlet series
with kernels of the form k(s,u) = > a,n *"%, and characterize when
such a space is a complete Pick space. We then discuss what it means
for two reproducing kernel Hilbert spaces to be “the same”, and in-
troduce a notion of weak isomorphism. Many of the spaces we con-
sider turn out to be weakly isomorphic as reproducing kernel Hilbert
spaces to the Drury-Arveson space Hg in d variables, where d can be
any number in {1,2,...,00}, and in particular their multiplier alge-
bras are unitarily equivalent to the multiplier algebra of Hg. Thus,
a family of multiplier algebras of Dirichlet series are exhibited with
the property that every complete Pick algebra is a quotient of each
member of this family. Finally, we determine precisely when such a
space of Dirichlet series is weakly isomorphic as a reproducing kernel
Hilbert space to H 3 and when its multiplier algebra is isometrically
isomorphic to Mult(H?2).

1 Introduction

Let ‘H be a reproducing kernel Hilbert space on the set X, with kernel func-
tion k(z,y) (below we shall also use the terminology Hilbert function space
on X). For any positive natural number m, we say that H (or k) has the
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m-Pick property if, whenever Wy, ..., Wy is a finite set of m-by-m matrices,
and A, ..., Ay are points in X, and the m/N-by-m/N matrix given in block
form by

[k()\,-, ) [ — WZ-W;}]

is positive semi-definite, then there is a multiplier ® in the closed unit ball
of Mult(H ® C™) that satisfies

If H has the m-Pick property for all positive natural numbers, we say it has
the complete Pick property.

The most well-known space with the complete Pick property is the Hardy
space H?, but there are others, e.g. [1, 19, 17, 15, 13]. Spaces with the m-Pick
property are described in [3], but the description is cleaner for spaces with
the complete Pick property. These are totally described by the McCullough-
Quiggin theorem [16, 19, 2]. We say the kernel k is irreducible if X cannot be
partitioned into two non-empty sets Xi, X5 such that k(z,y) = 0 whenever
r € X; and y € X5. We shall make a standing assumption throughout this
note that all kernels are irreducible.

Theorem 1 (McCullough-Quiggin) A necessary and sufficient condition for
k to have the complete Pick property is that for any finite set {\y, ..., An}
of distinct points in X, the matrix

1
k(Xi, Aj)
has exactly one positive eigenvalue.

It was proved in [2] that there is a universal space with the complete Pick
property, in the sense of Theorem 3 below. For d € {1,2,... 00}, let B,
denote the open unit ball in a d-dimensional Hilbert space, and define a

kernel a? on By by
1

=N
When d = oo we simplify notation to a>® = a. Let H2 denote the Hilbert

function space on B, with a as its reproducing kernel (this is the infinite
dimensional version of the Drury-Arveson space). We denote by M, the

a’(C.\) =
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multiplier algebra Mult(HZ2)) of H2.. The space H2 not only has the complete
Pick property (as can be easily seen from the McCullough-Quiggin theorem),
but is universal.

We shall say that a kernel on X is normalized at a point \g € X if
k(C,Xo) = 1 for all (. Any complete Pick kernel k can be normalized by
replacing it by the equivalent kernel

HGN
k(C, Mo)k(Xo, A) (2)

the condition that k is irreducible and has the 1-Pick property means that
k(C, \o) is never 0 [4, Lemma 7.2], so (2) will remain holomorphic in ¢ if k is.

Theorem 3 Suppose k is a kernel normalized at Ag. Then k has the complete
Pick property if and only if there is a map b : X — B, that maps Ag to 0
and satisfies

k(G A) = a(b(C), b(A)).

It follows immediately from the theorem that every multiplier algebra
of a complete Pick space is a quotient of M. The purpose of this note
is to show that there is a space H of Dirichlet series that is also universal
with respect to having the complete Pick property, in the sense that every
multiplier algebra of a complete Pick space is a quotient of Mult(#). (This is
Theorem 31 below). On the other hand, the space H is not universal in the
same sense as Theorem 3 because its joint domain of definition is a half plane
and this set turns out to be “too small”. Thus we will begin by exploring
notions of isomorphism of reproducing kernel Hilbert spaces.

Acknowledgement: We would like to thank Michael Hartz for pointing
out a gap in an earlier version of this paper.

2  When are two reproducing kernel spaces
the same?

A reproducing kernel Hilbert space ‘H is equipped with a set X on which the
functions are defined. But the functions are also defined on every subset of
X, and perhaps there are sets containing X to which the functions in H can
be extended naturally. In this section we discuss some issues arising from the
fact that a reproducing kernel Hilbert space may be defined on a set which
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is not “maximal”. Our discussion is similar to the one carried out in [8] (see
their Definition 1.5, algebraic consistency) and [13, Section 5].

Definition 4 We say that the reproducing kernel Hilbert spaces (Hi1, k1) on
Xi and (Hs, ko) on Xy are isomorphic as reproducing kernel Hilbert spaces
iof there is a bijection ¢ : X1 — Xo such that

k2(¢(x)7 ¢<y>> = kl(x7y) quy € Xi.

Equivalently, (Hi, k1) on X; and (Hs, ko) on X, are isomorphic as reproduc-
ing kernel Hilbert spaces if there is a bijection ¢ : X; — X5 such that there is
unitary isomorphism between the spaces that is induced by composition with
the function ¢. The above definition seems like the most natural condition
for saying that two reproducing kernel Hilbert spaces are the same. But the
space (H1, k1) need not come presented with a maximal set X; on which it
is a function space. For example, suppose X; and X, are disjoint subsets of
the unit disk, both of which are sets of uniqueness, and let ; be the Hardy
space H? restricted to X;, and Hs be H? restricted to X,. Both spaces are
“the same”, but the kernels seem to live on disjoint sets.

The points of X; are bounded point evaluations for H;. How does one
find others? If x is a bounded point evaluation, then the kernel function k, is
a joint eigenvector for the adjoint of every multiplication operator; but this
may not be the right generalization. Consider for example the Fock space, all
entire functions on C that are square integrable with respect to the standard
Gaussian measure. The only multipliers are the constant functions, so every
vector in the space is a joint eigenvector.

Instead, we shall use the following definition.

Definition 5 A wvector v in the Hilbert function space H is a generalized
kernel function if v is non-zero and

(fg,v) = (f,v){(g,v) whenever f, g and fg are in H. (6)

Clearly, every kernel function is also a generalized kernel function. Loosely,
we think of the generalized kernel functions as being the evaluation function-
als for the largest set to which functions in H can be extended so that H
continues to be a Hilbert function space. The correct interpretation of the
previous sentence requires caution: every Hilbert space can be considered
as a Hilbert function space on itself — a Hilbert space H is just the set of
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all bounded linear functionals on H. However, on this function space point-
wise multiplication is not allowed (the product of two linear functionals is no
longer linear), and one may say that it is not very interesting as a function
space.

It should be kept in mind that when given a Hilbert function space H
on a set X, the realization of elements of H as functions on X determines
a multiplication between elements of H, and makes sense of the question
whether fg € H when f, g € H. Thus the generalized kernel functions of H
(given as a Hilbert function space on X) are the evaluation functionals for
the largest set on which H is a Hilbert function space with the same algebraic
structure determined by its realization as a function space on X. Note also
that if ‘H is a Hilbert function space on X and f in H vanishes on X, then
f=0in H.

In the most familiar examples of a Hilbert function space H on a set X,
the only generalized kernel functions are the point evaluations (see Definition
1.5 and the surrounding discussion as well as Theorem 2.1.15 in [8] and [13,
Section 5]). We will encounter situations where X is only a small part of the
space of generalized kernel functions.

Proposition 7 Let H be a Hilbert function space on a set X with kernel k.
Define a set X CH by

X = {g : g is a generalized kernel function}. (8)

Then there is a map b : X — X (injective if H separates the points of X)
and a Hilbert function space H on X such that the map f — fo b is an
isometric isomorphism 0f7-l onto H. Moreover, 7—[ separates the points of
X, and the set of generalized kernel functions for H is {k kobe X}

PROOF: Let X be as in (8). Define b: X — X by

By definition b is injective if X separates points. For every f € H, define
f X > C by R

flg) =(f.9)
We have that f(b(z)) = f(z). Let H be the space {f : f € H}. We see
that f — f is a linear bijection that respects multiplication when defined,
and its inverse is given by composition with b. Defining the norm in H by



Il f | := ||f|| makes these linear isomorphisms isometric. Finally, it is clear
that H and H share the same set of generalized kernel functions, and those
of H are identified with X. O

Note that 7 and 7 might not be isomorphic as reproducing kernel Hilbert
spaces (i.e. in the sense of Definition 4), because b may fail to be surjective.

On the other hand, b preserves some additional structure that X has. For
example, if X is a topological space and k : X x X — C is continuous then
b is continuous. Indeed, this follows from considering

ke — kyl|> = k(z,2) — k(z,y) — k(y, z) + k(y,y).

Likewise, if X C C is a domain and k£ : X x X — C is continuous, holo-
morphic in the first variable and anti-holomorphic in the second variable,
and if evaluation of the derivative at every point of X is also bounded, then
b: X — H is anti-holomorphic.

In natural cases we can identify X with a concrete subset of C%.

Proposition 9 Let H be a Hilbert function space on a set X, and suppose
that there are d functions {¢1, ¢o,...} (where d € {1,2,...,00}) such that
the algebra generated by {¢1, ¢a, ...} is contained in H and dense in H. Then
X can be identified with the set

X ={((¢1,9), (#2,9),...) : g is a generalized kernel function}. (10)

PRrooOF: This is similar to the previous proposition, with the change that we
define b : X — C¢ by

b(ZE) = <¢1(x)7¢2(x>7 3 ) = <<¢lakx>7 <¢2;kx>> .- ) (11>

O

If one of the ¢;’s is equal to the constant function 1, then it can be omitted
in the above construction (provided the space is more than one-dimensional).
Thus if X is a subset of C¢ and H contains the algebra of polynomials as a
dense subspace, then the set X of generalized kernel functions can also be
identified with a subset of C%.

In many cases of interest, the function b from (11) can be chosen to play
the role of the embedding b — B, from Theorem 3 (see Section 5 below,
or Section 7 in [9]). Adapting the arguments of [13, Section 5] (which use
slightly different definitions) we see that X can be identified with a subset of
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the smallest multiplier variety in the ball containing b(X); we do not know
whether in general X can be identified with the smallest multiplier variety
containing b(X). See Remark 36.

Definition 12 Let Hy and Hy be reproducing kernel Hilbert spaces. A uni-
tary U : Hy — Hsa is said to be a multiplicative unitary uf

If f,g € Hi, then fg € H; if and only if U(f)U(g) € Ho. (13)

U(fg) = U(f)U(g) whenever f,g and fg are in H;. (14)
Note that U is a multiplicative unitary if and only if U* is.

Definition 15 Let Hi and Ho be reproducing kernel Hilbert spaces. We shall
say that H, and Ho are weakly isomorphic as reproducing kernel Hilbert
spaces if there is a multiplicative unitary U from Hi onto Hs.

Proposition 16 For every reproducing kernel Hilbert space H on a set X,
H is weakly isomorphic as a reproducing kernel Hilbert space to Hoon X.

This follows from Proposition 7.

We shall prove (Theorem 31) that there are Hilbert spaces of Dirichlet
series that are weakly isomorphic as reproducing kernel Hilbert spaces to
H2.

Proposition 17 Let U : Hy — Hy be a unitary. Then U is multiplicative
if and only if it maps the set of generalized kernel functions in Hq onto the
set of generalized kernel functzons in Hy. When these conditions hold, then
there is a multzphcatwe unitary U : 7—[1 — 7—[2 and a bijection ¢ : X1 — X2
such that U(f) = fo¢L.

PROOF: Suppose that U is a multiplicative unitary. Let v be a generalized
kernel function in H;, and let V = Uv. Let F,G and F'G be in Hy. Let
f=U*F and ¢ =U*G. Then fg € H;, by (13). We have

(FG,V)y, =

(U (FG), UV ),
{(fg9,v)

(f;0) (g, v)

(ES V), (G V),
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Thus U maps X, into Xo; applying this to U* we conclude “onto”.
Conversely, assume that U maps X, onto Xo. Applying Proposition 16

we pass to a unitary U : Hy — ’Hg which maps X; onto X». There exists

therefore a bijective function ¢ : X; — X, such that Ukl = k:2 , for every

T € X;. It follows that U* is implemented by composition with c;S 1, therefore
U is implemented by composition with ¢. In particular, U is multiplicative,
so U is too. a

Corollary 18 Let Hi and Ho be reproducing kernel Hilbert spaces. Then
Hi and Ha are weakly isomorphic as reproducing kernel Hilbert spaces if and
only if H1 and Hy are isomorphic as reproducing kernel Hilbert spaces.

3 The complete Pick property for spaces with
nice bases

Definition 19 Let Y be a set. A sequence {¢,}22, of functions defined on
Y is said to be strongly linearly independent on Y if for all k € N, there is
no series of the form Zn# Cn®n which converges pointwise to ¢ on Y.

Examples of strongly independent sequences are given by ¢,(z) = 2" or
¢n(s) = n~° on non-empty open sets. In fact, any space of functions where
there is a series expansion with a uniqueness theorem would be an example.

Lemma 20 Let {¢,}22, be a strongly linearly independent sequence of func-
tions on Y, and let {a,}5°, be a sequence of real numbers. Consider the

kernel -
= Zan¢n(x)¢ (y)
n=1

Then K is positive semi-definite if and only if a, > 0 for all n.

PROOF: We prove the nontrivial (but probably well known) direction: sup-
pose that K is positive semi-definite. Put [ = {n : a, < 0} and J = {n :
a, > 0}. Then

K](ZE, y) = Z _an¢n(x)¢n(y)

nel



and

K](l’, y) = Z anqﬁn(x)qﬁn(y)
neJ
are both positive semi-definite kernels, and we have the kernel inequality
K; < K;. In particular, for every m € [

¢m(x)¢m(y) < CKJ<5U: y)

for some positive constant c¢. We deduce (by [18, Theorem 4.15]) that ¢, is
in the reproducing kernel Hilbert space H(K ;) determined by K;. By [18,
Theorem 3.12] it follows that {¢,}nes is a Parseval frame for H(K ;). From
[18, Proposition 3.10] it then follows that

neJ

in norm (hence pointwise), contradicting the assumption that the sequence
{bn}22 is strongly linearly independent. If follows that I must be empty. O

Let H be a reproducing kernel Hilbert space on a set X that contains the
constants. Let {¢,}>2; be an orthogonal basis for . Then the kernel of H
is given by

k,y) = andn(@)dn(y), (21)

where a, = ||| 2.

Proposition 22 Suppose that k is a kernel on X that is never zero, and is
normalized at xy. Suppose that {¢,}5°, is an orthogonal basis for H, and
that the sequence {$,}°2, is such that one can write 1 — k(z,y)™! as

1- k(% y)_l = Z an¢n(x)¢n(y) (23>

Then k is a complete Pick kernel if o, > 0 for all n > 1. Conversely, if
{n}22, is a strongly linearly independent sequence on X, then the condition
oy, > 0 is also necessary for that H be a complete Pick space.

PROOF: Suppose that o, > 0 for alln > 1. Put b,, = \/a,,. Define a function
f: X — By by
f(x) = (g1 (z), batpa(), . . .).
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By (23) and positivity of k, we have || f(z)||* =1 — k(z,z)"' < 1 for all z,
so f indeed maps into B,,. Rearranging (23), we find

1
1= (f(z), f(y))

It follows that H is isomorphic to the space Span{ays.) : * € X}, thus H is
a complete Pick space, since HZ is

Conversely, assume that # is a complete Pick space and that {¢, }5°, is
strongly linearly independent. We re-organize (23) as

k(z,y) =

Ery) " =1-> andn(z)én(y). (24)

n=1
By the McCullough-Quiggin Theorem 1, the complete Pick property implies
that for every choice of points xy,..., 2y € X, the matrix [k~ (z;, mj)]?;zo

has exactly one positive eigenvalue. By taking the Schur complement with
respect to the (0,0) entry, we conclude that the N-by-N matrix with entries

[ 1 (o, o) ]N B { 1 1}N
k(%i,ﬂf]’) k(mi,x())k(.??o,l'j) ij=1 k(l’i,x]‘) i =1
is negative semi-definite. Using (24), we get

N N

[Zanqsn )bn :c])] = {1 -~ W;%J > 0.

ij=1 4,j=1
Thus the kernel

) = Zan¢n($)¢ (y)

is positive semi-definite on X. By the lemma, «,, > 0 for all n. a

4 Spaces of Dirichlet series

We can apply Proposition 22 to spaces of Dirichlet series. Let us provide
some details.

Let H be a Hilbert function space of Dirichlet series, with the kernel given
by k(s,u) = > a,n"*""% and suppose that this kernel converges for all s, u in
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some half plane Hjs := {s: R(s) > 0}. For simplicity we assume that a; = 1.
Since the coefficients of this series are positive, the abscissae of absolute and
uniform convergence are the same as the abscissa of convergence of the series.

One sees that H is the space of all functions h with Dirichlet series
h(s) = > ~4,n~* satisfying > a, |7, < oo (the formal Dirichlet series
ku(s) = > apn~"n~* is readily seen to satisfy this bound provided Reu > ¢).
Consequently, the Dirichlet series of every h € H converges also in Hs. It
follows that for every Hilbert space of Dirichlet series H as above there exists
a g € [—00,00) such that the Dirichlet series for every h € H converges in
the half plane Hs,, and that there are functions in H that do not converge
on any strictly bigger half plane.

Let ¢,, denote the coefficients of k! as follows:

[e.e]
1
_— = E can”®.
D et G
n=1

n=1 -

One finds that ¢; = 1 and that ¢, for n > 1 are given by the recursive
formula:
Cp = — Z n/dCd- (25)
d<n,d|n

Now we will see how to obtain that H is a complete Pick space if and only
if ¢, <0 for all n > 1.

Suppose that ¢, < 0 for all n > 1. Then the sum Zd<n7d|n (p,/qCq 1S NON-
negative for all n > 1. Since the first term is equal to a, and a, > 0, and
as all other terms are negative, it follows that [, , 4, an/aci| < ay for all
n > 1. Hence |¢,| < a, for all n.

We conclude the following: if ¢, <0 for n > 1 then |¢,| < a,, for all n; in
particular, the Dirichlet series for k! converges on Hj; too, and Proposition
22 applies to show that H is a complete Pick space.

Conversely, if H is a complete Pick space with kernel k(s,u) = f(s + @)
where f(s) =1+ .,a,n"* converges on some half plane H,,, then k™' is
also given by a Dirichlet series that converges uniformly on some half plane,
say H,,. Now put ¢ = max{oy, o2}. It is well known that the Dirichlet series
of a function is unique, hence the condition of strong linear independence is
satisfied. Now Proposition 22 applies to H}HU (which is still a complete Pick
space), and we conclude that ¢, < 0 for n > 1 (and the remarks above now
show that o = 7). Thus, we have proved Theorem 26.
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Theorem 26 Suppose H is a holomorphic Hilbert space with kernel function

o0

k(s,u) = Zann_(”ﬁ)

n=1
and assume ay # 0. Let the Dirichlet coefficients of% at infinity be given by
LY &
—x . s = cpn .
Zn:l AnTy n=1
Then H has the complete Pick property if and only if

¢, <0 Vn > 2.

Examples of kernels with the complete Pick property are easy to come
by using Theorem 26 and known formulas for the zeta function [21]. For
example, let k(s,u) = ¢(s+u). Then this will give a complete Pick kernel if

o) = o=

2= )
((s)

%) = TS o)

o) = )

2¢(2s) — C(s)

In the first formula, f(n) is the number of distinct ways in which n can be
factored (where the order matters).

We finish this section by showing that Hilbert spaces of Dirichlet series
with the complete Pick property cannot be supported on the entire plane.

Theorem 28 Let H be a Hilbert space of Dirichlet series with kernel k(s,u) =
1+ ang a,n "% and suppose that H has the complete Pick property, and
that dimH > 1. If Hy s the largest half plane of convergence for H, then
d > —o0.

PROOF: If § = —o0, then for every ¢ > 0 the series > a,n’ converges. Thus,
for all t > 0, there exists a constant M, such that a,, < M;n™t for all n > 1.
On the other hand, inverting (25) and using Theorem 26, we find that

an =Y adlcasal,

d<n,d|n

12



and therefore
Ak > |cn\k )

Finding some n > 1 so that ¢, # 0, we find
lenl® < apr < Myn ™"
for all £ and all t. Fixing n and taking ¢ sufficiently large we obtain a

contradiction. O

It follows from the above theorem and a change of variables that all
reproducing kernel Hilbert spaces of Dirichlet series with the complete Pick
property are isomorphic as reproducing kernel Hilbert spaces to a space with
joint domain of convergence equal to the right half plane Hj.

5 The universal representation

Let {bx}2, be a sequence of positive numbers such that Y 7, b7 = 1. Mo-
tivated by the first part of the proof of Proposition 22, we consider the map
f:Hy — B, given by

f(S) - (blpl_sa b?pQ_SJ b3p§87 e ')7 (29>

where p; denotes the kth prime. We define a kernel in Hy by

k(s,u) = a(f(s), f(u) = Y agn™*7F,
and we denote by H the Hilbert function space determined by k. We have
that H is a complete Pick space on Hy.
Let us recall some familiar facts about H (see [20]). The space H is
isometric to the restriction of H2 to the smallest multiplier-variety V in B,
that contains f(Hp), which means

V={z€B :9g(z) =0 for all g € M, such that g’f(HO) = 0}. (30)

The mapping U : ky = ay(y) extends to a unitary map from H onto K my),
where
Koy = V{ay( : s € Ho} C HZ.

Denoting
Ky :=V{a,:veV}C H2,

13



we have that, as subspaces of H2, Ky = Kgm,) (see Proposition 2.2 in [10]),
but it is important to remember that we consider Ky, as Hilbert function
space on f(Hp) and Ky as a Hilbert function space on V.

The adjoint of U is given by U*h = h o f. It is clear that U is a multi-
plicative unitary from H onto Kga,); we will show below (Theorem 31) that
U is a multiplicative unitary from H onto Ky . Note the difference: we must
show that if g1, go and h are in H2 | and g;g, = h on f(Hy), then gigo = h
on V.

Let Mult(H) be the multiplier algebra of . Then Mult(#) is isomorphic
to My := Mult(Ky); the isomorphism ® : My — Mult(H) is given by

O(M,) =U"M,U, g€ My.
For g € My and h € Ky, we compute
U*(gh) = (go f)-(ho f)=(go f)Uh.

Thus ®(M,) = U*M,U = My, or simply ®(g) =go f.
It is interesting to see where ®~! sends the functions n=%. To this end,
we compute

P(z,)(s) = zp o f(s) = bpy°.

Thus ®~1(p;*) = b, 'z, and ®~1(n~*) is given by the appropriate product,
determined by the prime factoring of n. To set notation we spell this out: if
n=p{" - pi*, we write u(n) = p = (g1, ..., t, 0,0,...), we write n(p) = n,
and we have

q)—l(n—S) — (bu(n))—lzu(n).

Theorem 31 Let the notation be as above. Then V = B, and the map
U : kx = ago) extends to a multiplicative unitary from H onto Ky = H2..
Thus, H is weakly isomorphic as a reproducing kernel Hilbert space to HZ,
and in particular Mult(H) is unitarily equivalent to M, := Mult(HZ)).

We will need two lemmata. For r € (0,1), and ¢ : B, — C, we denote by g,
the function g,(z) = g(rz) for all z € B.

Lemma 32 Let g : B, — C be a function such that g. € My for all
r € (0,1). For every p € (0,1), there exists a constant C, such that for all
z,w € By,

121 lwll < p = llg(w) = g(2)|| < Cpllz = wl. (33)

14



ProOOF: We begin by proving the result for g € M. Without loss of
generality, we may assume that ||g[|yra2) < 1. By the positivity of the 2
point Pick matrix of g, we have

=1gM)A = lg@)*) |1 =g(z)g(w)*

(T=[=HA = fwl*)  — L= {zw)]
9(2) — g(w) L A= =P A — fwl?)
1 —g(z)g(w)| T 1= (z,w)[?
< [l

Since ||1 — (z,w)|| > 1 — p? and |1 — g(z)g(w)| < 2, we obtain the result for
multipliers.

Now let g be as in the statement of the lemma. Fix r € (p,1), and
consider g,. Then g, is a multiplier, and by the previous paragraph there is
a constant C’ such that for al z,w € B,

1zl [wll < p/r = llglrw) — g(rz)|| < C'[|lz — w]].

Setting C, = C'/r, we obtain (33). O
Note that the hypotheses of Lemma 32 hold for all ¢ € H2 — and

therefore for all g € M, — because g, then has a Taylor series that converges
absolutely in a neighborhood of the ball for all r.

Lemma 34 Let g : B, — C be a function such that g, € My, for all
€ (0,1). If g vanishes on f(Hy), then g =0 on all By,.

PRrOOF: Fix ¢ > 0 and define L, to be the line L. = {e + it : t € R}. For
every N we let Py denote the orthogonal projection onto {z € £* : zy,; =
Znie = ... = 0}. We define gy to be the restriction of g to the subspace
PyBo = {2 € B : 2n41 = 2n42 = ... = 0}. It will be convenient to let W
denote f(L.), and let W = Py f(L.). Thus

Wy = {(blpl—ee—ilog;mt7 o ’pr]—Vee—ilogpNt) te R}.

Suppose we can show that gy vanishes on Wy for all N. By Kronecker’s
theorem, Wy is dense in the polytorus byp; “T X - - - X bypy'T C By. So if gy
vanished on Wy, by the maximum principle it would vanish on a polydisk,
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and hence it would be zero on the whole ball By. But g has a power series

of the form
g(Z) = ZCMZH,

where p runs over all finite multi-indices. From gy = 0 for all N, it would
follow that ¢, = 0 for all u, hence g = 0.

Thus we must show that gy vanishes on Wy for all N. Fix Ny, and let
N > Ny. Now apply Lemma 32 to g with w € W and z = Pyw, noting that
for any 27¢ < p < 1, we have W C pB,. Since g(w) = 0 and g(z) = gn(2),
we get

o0

gn(2)] < Collw =2 = Cy | D [bul?pi™.

k=N+1

This gives that |gn| restricted to Wy has values less than C,ry, where
ry = Z b2p; %
k>N

Since Wy is dense in the polytorus

bipy T X -+ x bypy'T,
the maximum principle gives that ||gn||e < C,ry on the polydisk

bipyD X -+ x bypyD.
Since Ny < N, it follows that

lgno| < Corn (35)

on Wy,. Letting N — oo in (35), we get gy, = 0 on Wy, as required. O

PrROOF OF THEOREM 31: To show that the multiplier closure V' of f(Hy)
(given by (30) ) is equal to B, we must show that the only multiplier g that
vanishes on f(Hy) is g = 0. This follows from Lemma 34.

It remains to show that U is a multiplicative unitary. Clearly, U* is
a multiplicative unitary from Kym,) to H, because it is implemented by
composition with a bijective function f : Hy — f(Hy). Now, every h € Kzmy,)
(considered as reproducing kernel Hilbert space on f(Hy)) extends uniquely
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to a function in Ky = H2 (a reproducing kernel Hilbert space on B,,). We
need to show that this extension operator is a multiplicative unitary.

When viewing K s, as the subspace of HZ spanned by ay) (s € Hy),
this extension operator becomes the identity map, so it may seem like there
is nothing to prove. But there is something to prove: we have to show that
if g1,92,h € H2, and that glgg}f(HO) = h}f(HO), then g1g2 = h on the whole
ball. This would show that g,g, € H2 if and only if g |f(H0)gg|f(H0) € Ksmy)-

The function F' = g1go — h satisfies the assumptions of Lemma 34 (since
hy, (91)r and (g2), are multipliers, F,. = (¢1)-(g92)» — (h), is a multiplier too),
so invoking this lemma completes the proof. a

Remark 36 It follows from the proof of [13, Lemma 5.2(a)] (where the
setting is somewhat different), or from Proposition 9, that the generalized
kernel functions of H2 are precisely the point evaluations in B, thus in the

—

setting of Theorem 31 we have the identification f(Hy) =V = B.

Corollary 37 The norm of an element h(s) = > v,n~° € H is given by

2 n)!
I = 3 G e 9

Proor: We have

U™(z")(s) = 2"of(s)
= W),
SO
Un=?) = ! 21
pr(n)
Using ||2||* = |ZEZ;;' we get (38). O

Note that comparison of (38) with ||h]|* = >_ |v.|%a,! yields the formula

p(n)t’

n

in agreement with the inversion formula for Dirichlet series.
Using the universal property of the shift on Drury-Arveson space [11], we
also obtain the following von Neumann type inequality.
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Corollary 39 Let T' = (T1,...,T4) be a commuting row contraction. Then
for every polynomial Q) in d variables, one has

|Q(Ty, ..., Ta)|| < Q1py ", - - -, bapy ) | Muts(r) - (39)

We get a universal kernel from any choice of positive sequence b, that
satisfies Y- b2 = 1. Here is a particular choice that gives a nice form for the
kernel function. Let

P(s) = Y p°

p prime
be the prime zeta function. Let
1
b, =
P(2)pi

Then by Corollary 37 we get that

P(2)
P2)— P(2+s+a)

= a(f(s), f(u)),

where f(s) = (b127%,b237%,b357°,...), is a universal complete Pick kernel,
in the sense that every complete Pick space is a quotient of H (k) and every
complete Pick algebra is the quotient of Mult(H(k)). However, it is not
universal in the sense of Theorem 3, and in particular H is not isomorphic
as a reproducing kernel Hilbert space to HZ .

k(s,u) =

6 Which complete Pick spaces of Dirichlet se-
ries are universal?

In Section 5 we saw that some particular spaces of Dirichlet series are weakly
isomorphic as reproducing kernel Hilbert spaces to H2 , and that their mul-
tiplier algebras are unitarily equivalent to M. In the present section we
ask which of the complete Pick spaces of Dirichlet series have this property.

Fix d € {1,2,...,00}, and let {b;}¢_, be a sequence of positive numbers
such that ZZ=1 b2 = 1. Let ny,na, ..., be an increasing sequence of positive
integers and define the map f : Hy — By by

f(s) = (byny®, bang *, bgng®, .. .). (40)
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Letting a? denote the kernel of the space H?, we define a kernel in Hy by

ks ) = 07 (0). ) = Ty = Do 0an

and we denote by H the Hilbert function space determined by k. By Propo-
sition 22, we have that H is a complete Pick space on H.

n

Theorem 41 The multiplier closure of f(Hy) is equal to B, if and only if the
sequence logny,logns, ... is linearly independent over Q. In this case H is
weakly isomorphic as a reproducing kernel Hilbert space to H3, and Mult(H)
is unitarily equivalent to My := Mult(H3).

ProOOF: If the sequence logmni,logns,... is linearly independent over Q,
then the multiplier closure of f(Hy) is By and H is weakly isomorphic as a
reproducing kernel Hilbert space to H?, by repeating the proof of Theorem
31, replacing p; with n,.

Conversely, assume that the sequence logn,logns, ... is linearly depen-
dent over Q. We show that the multiplier closure of f(Hp) is not B, (and

—

by the ideas of [13, Section] this would also show that f(Hy) # B,). We will
exhibit a nonzero multiplier ¢ on By such that ¢(f(s)) = 0. Let I and J be
disjoint finite subsets of the positive integers, and let {k;}ic;us be nonnega-
tive integers, not all zero, such that

Z kilogn; = Z kjlogmn;.
iel jeJ
Let p be the multi-index supported on I with ; in the ith place, and let

v be defined likewise in terms of J. Then we have that the polynomial
q(z) = bVz" — bMz¥ is not zero but satisfies

q(f(s)) = 0" Mierbn; ™™ — bunjejb;jn;SHj
— blH—l/(e—s dicr wilogn; o= * Zjej K log nj)

=0.
This shows that the multiplier closure of f(Hp) is not all of B,. O
Remark 42 When the sequence logng,logns, ..., logng is linearly inde-

pendent over QQ, the space H is weakly isomorphic as a reproducing ker-
nel Hilbert space to H3, but these spaces are not isomorphic as reproduc-
ing kernel Hilbert spaces. To illustrate the difference between these two
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notions, suppose that d < oo, let H be as in Theorem 41, and consider
o(s) =r—z0 f(s) =r—bny® for r € (by,1). We have that ¢ € Mult(H)
and infgep, |p(s)| > r—b; > 0. On the other hand, under the isomorphism of
Mult(#H) and My, ¢ is mapped to r — 21, which has a zero in B, and is there-
fore not invertible in M. It follows that while infecp, [¢(s)| > 7 — b1 > 0,
there is no function ¢ € Mult(H) such that ¢ = 1. In contrast, if
¢ : B; — C is a multiplier of H? and satisfies inf,cp, |p(2)] > 0 then ¢!
is also a multiplier (this follows either from the corona theorem in Drury-
Arveson space [7], or from the “corona theorem for one function” proved
directly in [12]).

Theorem 41 does not rule out that Mult(H) is isometrically isomorphic
to My for d’ < d, or for d = d in the case where d = co. We now show that
this possibility cannot happen.

Theorem 43 Iflogni,lognas,... are linearly dependent over Q then for any
d < d, Mult(H) is not isometrically isomorphic to My, and therefore H is
not weakly isomorphic as a reproducing kernel Hilbert space to H3.

Proor: Without loss of generality we assume that d = co. Continue with
the notation from the above theorem, and denote by V' the multiplier closure
of f(Hp) in Bs. To show that Mult(H) is not isometrically isomorphic to
My for any d' < d, it suffices to show that V' is not an affine subspace of
Bo (see [20], Theorems 4.6 and 4.8). Since 0 € V, it remains to show that
V' is not a linear subspace.

Let ¢ be the polynomial defined in the proof of the previous theorem;
it is a nontrivial polynomial which vanishes on V', and depends only on
finitely many variables, say the first N variables. Let CY C ¢? be the finite
dimensional subspace generated by the first N standard basis vectors, and
consider ¢ as a function on CV. Since g vanishes on V and depends only on
the first IV variables, it vanishes also on PevV. The zero locus of ¢ in CV
has dimension N —1 (as a complex variety) and contains Peny'V, in particular
PenV ois not equal to CV. We will show that if V is a subspace, then PenV
has dimension N and hence is equal to CV¥ — a contradiction.

Consider the sequence of functions g; : Hy — C given by g;(s) = be=5108m,
Since g1, ..., gy are linearly independent, the family of vectors

{(g1(5),- - 9n(5)) : 5 € Ho}
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spans all of CV. If V were a linear subspace, then PexV would also be a
linear space, therefore linear combinations of Pewn f(Hy) would lie in PenV.
But Pe~ f(s) = (g1(s), ..., gn(s)), so taking linear combinations we obtain
that PenvV = CV. This contradiction completes the proof. a

Our results settle the problem of when H has a multiplier algebra which
is isometrically isomorphic to M, for some d. The question of when the mul-
tiplier algebra is algebraically isomorphic (or boundedly isomorphic, which
is the same due to semisimplicity — see [10, Lemma 5.1]) remains open.

Question 44 Let d < oo and let H be as above. Suppose the sequence
n1,Ma,...,ng contains d' numbers ny,, ..., ny, with logny,, ..., logng, ra-
tionally independent, such that every ny can be obtained as a product of
powers of ny,, ..., ng,. Is it true that Mult(H) is isomorphic to My ?

By the main results of [5, 14] the answer is yes when d’ = 1 (see also [6,
Section 2.3.6]). On the other hand, [10, Section 6] or [9, Section 7] show that
the answer is not necessarily yes when d = oo.

One may ask if the assumption in Question 44 can be replaced by the
weaker assumption that d’ is the maximal number of rationally independent
numbers among logng,...,logng. To see that the latter assumption is in-
sufficient consider the case where d =2, d =1, n; = 4 and ny = 8. In that
case, the variety V has the form {z : cz? = 22}, which has a singularity at
0 and therefore Mult(Ky) cannot be isomorphic to M; = H*>(D) (see [10,
Theorem 5.6]).

References

[1] J. Agler. Nevanlinna-Pick interpolation on Sobolov space. Proc. Amer.
Math. Soc., 108:341-351, 1990.

[2] J. Agler and J.E. McCarthy. Complete Nevanlinna-Pick kernels. J.
Funct. Anal., 175(1):111-124, 2000.

[3] J. Agler and J.E. MC¢Carthy. Nevanlinna-Pick kernels and localization.
In A. Gheondea, R.N. Gologan, and D. Timotin, editors, Proceedings of

17th International Conference on Operator Theory at Timisoara, 1998,
pages 1-20. Theta Foundation, Bucharest, 2000.

21



[4]

[5]

[10]

[11]

[12]

[13]

[14]

[15]

J. Agler and J.E. M¢Carthy. Pick Interpolation and Hilbert Function
Spaces. American Mathematical Society, Providence, 2002.

D. Alpay, M. Putinar, and V. Vinnikov. A Hilbert space approach to
bounded analytic extension in the ball. Commun. Pure Appl. Anal.,
2(2):139-145, 2003.

N. Arcozzi, R. Rochberg, and E. Sawyer. Carleson measures for the

Drury—Arveson Hardy space and other Besov—Sobolev spaces on com-
plex balls. Adv. Math., 218:1107-1180, 2008.

S. Costea, E.T. Sawyer, and B.D. Wick. The corona theorem for
the Drury—Arveson Hardy space and other holomorphic besov—sobolev
spaces on the unit ball in C". Analysis and PDE, 4(4):499-550, 2012.

C.C. Cowen and B.D. MacCluer. Composition operators on spaces of
analytic functions. CRC Press, Boca Raton, 1995.

K.R. Davidson, M. Hartz, and O.M. Shalit. Multipliers of embedded
discs. Complex Anal. Oper. Theory, 9(2):287-321, 2015.

K.R. Davidson, C. Ramsey, and O.M. Shalit. Operator algebras for
analytic varieties. Trans. Amer. Math. Soc., 367(2):1121-1150, 2015.

S.W. Drury. A generalization of von Neumann’s inequality to the com-
plex ball. Proc. Amer. Math. Soc., 68:300-304, 1978.

Q. Fang and J. Xia. Corrigendum to “Multipliers and essential norm
on the Drury-Arveson space”. Proc. Amer. Math. Soc., 141(1):363-368,
2013.

Michael Hartz. On the isomorphism problem for multiplier algebras of
Nevanlinna-Pick spaces. preprint, 2015.

M. Kerr, J.E. M¢Carthy, and O.M. Shalit. On the isomorphism question
for complete pick multiplier algebras. Integral Equations and Operator
Theory, 76:39-53, 2013.

J.E. McCarthy. Hilbert spaces of Dirichlet series and their multipliers.
Transactions of the American Mathematical Society, 356:881-893, 2004.

22



[16]

[17]

[18]

[19]

[20]

[21]

S.A. McCullough. Carathéodory interpolation kernels. Integral Equa-
tions and Operator Theory, 15(1):43-71, 1992.

D. Marshall and C. Sundberg. Interpolating  sequences
for the multipliers of the Dirichlet space. Preprint;  see
http://www.math.washington.edu/~marshall /preprints/preprints.html,
1994.

V.I. Paulsen. An introduction to the theory of reproducing kernel hilbert
spaces. http://www.math.uh.edu/~vern/rkhs.pdf.

P. Quiggin. For which reproducing kernel Hilbert spaces is Pick’s the-
orem true? Integral Equations and Operator Theory, 16(2):244-266,
1993.

G. Salomon and O.M. Shalit. The isomorphism problem for complete
pick algebras: a survey. In Operator Theory Advances and Applications,
volume XXX, page XXX. Birkhauser, Basel, XXX.

E.C. Titchmarsh. The theory of the Riemann Zeta-function, Second
edition. Oxford University Press, Oxford, 1986.

23



	Washington University in St. Louis
	Washington University Open Scholarship
	6-2017

	Spaces of Dirichlet series with the complete Pick property
	John E. McCarthy
	Orr Moshe Shalit
	Recommended Citation


	tmp.1498769182.pdf.X_zQa

