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COMMUTATORS IN THE TWO-WEIGHT SETTING
IRINA HOLMES, MICHAEL T. LACEY', AND BRETT D. WICK*

ABSTRACT. Let R be the vector of Riesz transforms on R", and let u, A € A, be two weights
on R, 1 < p < 0o. The two-weight norm inequality for the commutator ||[b, R] : LP(u)
LP(X)] is shown to be equivalent to the function b being in a BMO space adapted to y and
A. This is a common extension of a result of Coifman-Rochberg-Weiss in the case of both A
and p being Lebesgue measure, and Bloom in the case of dimension one.
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1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

The foundational paper of Coifman-Rochberg-Weiss [6] set out a real-variable counterpart
to a classical theorem of Nehari [27]. It characterized BMO, the real-variable space of
functions with bounded mean oscillation, in terms of commutators with Riesz transforms.
Several lines of investigation came out of this work: generalizations to spaces of homogeneous
type, [31], multi-parameter extensions, [7,9,21,22], connections to factorization of function
spaces, [1,3,5,12], div-curl lemmas, [4,20] and additional interpretations in operator theory
[26,27,32].

In 1985, Bloom [2] proved a two-weight extension of the Nehari [27] result in one dimension.
In particular, for the Hilbert transform,

()

Hf(z) :=p.v dy,
TR —Y

a choice of 1 < p < 0o, and two weights p and A in Muckenhoupt’s A, class, (see Section 2.3
for the definitions of these weights), the commutator [b, H](f) = bHf — H(bf) is bounded
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from LP(u) to LP(v) if and only if the function b satisfies

b— dx
fQ| Q| )<oo,

||b||BMO(V) = 81612 ( f vdr

where v = u%)f%. If 4 = A\, the BMO(v) space is the classical one, and the result is well-
known. But, in full generality, this is a subtle result, as it is a characterization in the triple
of p, A and b.

The purpose of this paper is to extend Bloom’s result to the setting of Coifman-Rochberg-
Weiss. Recall that a Calderén—Zygmund operator associated to a kernel K (z,y) is an integral
operator:

Tf(x):=[| K(z,y)f(y)dy, = ¢ suppf,
Rn
and that the kernel satisfies the standard size and smoothness estimates
C
K(r,y)| < —,
Klew) <

0
I

’K(ﬂ?—i—h,y)—K(.I',y)‘+’K(l‘,y—|—h)—K(.’L',y)‘ Scma

for all |z —y| > 2|h| > 0 and a fixed ¢ € (0, 1].
Our first main result is the following upper bound for the commutator, [b, T](f) := bT' f —
T(bf), with a Calder6n-Zygmund operators.

Theorem 1.1. Let T be a Calderdn-Zygmund operator on R™ and pi, A € A, with1 < p < o0.
Suppose b € BMO(v), where v = u%)\_%. Then

I[b, 7] : LP() = LP(N)|| < bl sro),
where ¢ is a constant depending on the dimension n, the operator T', and u, A, and p.

Recall that the Riesz transforms are defined by:

T (n+1) '
R;(f)(x) =pv.—5> | fly >—n_de7 J=1....n
mz Jrel =yl
Specializing to the Riesz transforms, we are able to characterize BMO(v) in terms of the
boundedness of the commutators. This gives a joint generalization of Bloom and Coifman-
Rochberg-Weiss, which is the main result of the paper.

Theorem 1.2. For1 < p < oo, and u,\ € Ay, set v = ,u%)\_%. Then there are constants
0 <c<C < oo, depending only on n,p, u and A, for which

(1.1) c[|bl[ Barow) < Z b, Ri] - LP () — LP(N)|| < C[bll Brrow)-
=1
Similar to [6], the equivalence above yields a weak-factorization result for weighted Hardy
spaces.

Corollary 1.3. Under the hypotheses and notation of Theorems 1.1 and 1.2, let N == \174
and T be a Calderon-Zygmund operator on R™. We have the inequality

191(T92) — (T*91) 92| 110y < gl Lay g2l 2o
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where ¢ is a constant depending on the dimension, the operator T', and on u, A\, and p.
Conversely, there exists a constant ¢ so that every f € H'(v) can be written as

(1.2) ZZgJ RhZ —i—hl( )Rig;-(a;),

=1 j=1

where R; is the Riesz transform in the ith variable, and g5 € LY(N'), b} € LP(u) with

DY Ngilaon 1z < ell fllmw).

i=1 j=1

In the special case of the Hilbert transform, and p = 2, the paper [13] gives a ‘modern’
proof of Bloom’s result. We follow the outlines of that proof in the current setting. Using
a Haar shift representation of 7', a commutator can written out as a sum of several terms.
Most of these are paraproducts, with symbol b, but there are error terms as well. For
the paraproducts, one needs a two-weight criteria of the boundedness. These criteria come
in several different forms, but the additional structure of pu, A\ € A, forces these ostensibly
different criteria to be jointly finite. There are several error terms to handle. A comprehensive
treatment of all terms depends upon an H*-BMO duality, which fortunately has already been
developed.

Here is an outline of the paper. Section 2 collects all the necessary background that will
be used throughout the paper. This includes background on A, weights, and weighted H'.
Section 3 introduces the paraproduct operators of interest and proves they are bounded
in terms of Bloom’s BM(O. We are able to mimic certain unweighted proofs by using a
duality statement for weighted BM O spaces. In Section 4 we provide a family of equivalent
conditions for a function to belong to the dyadic BMO(v). Some of these equivalences are
more useful when obtaining lower bounds as in Theorem 1.2, while others are more important
in the proof of the upper bound in Theorem 1.1. In particular, there is seemingly no canonical
form of the definition of Bloom’s BMO space. We have followed Bloom’s presentation in the
definition above, and find other forms of the definition more convenient at different points
of the proof. We do not track A, constants, since the sharp bound would depend upon
the choice of norm for BMO(v). Section 5 contains the proof of Theorems 1.1 and 1.2 and
Corollary 1.3. For the upper bound, we will use the Hytonen Representation Theorem, [14],
to decompose the Calderén—Zygmund operator into Haar shift operators. Then we carefully
analyze the commutator with each Haar shift to prove the desired statement in Theorem
1.1. A similar proof strategy can be found in [7]. For the lower bound, we follow the original
proof of Coifman, Rochberg, and Weiss, [6], but with suitable modifications. The proof of
Corollary 1.3 is then a standard application of well-known techniques.

2. NOTATION AND BACKGROUND

Throughout this paper, we use the standard notation “A < B” to denote A < ¢B for some
constant ¢ that depends only on the dimension n and, in the case of a weighted inequality,
on p and the A, constants of p, and X\. And, “A ~ B” means that A $ B and B S A. We
let “:=” mean equal by definition.

2.1. Dyadic Grids. Recall the standard dyadic grid on R™:
DY :={27%([0,1)"+m) : k€ Zym e Z"} .
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For every w = (wj)jez € ({0,1}")% we may translate D° by letting
DY = {Q—Fw:QEDO},
where
Q+w:=Q+ Z 27w,
J:279<U(Q)
Here [(Q) will denote the side length of a cube @ in R”. We will only need to pay attention to
w when dealing with E,,, which denotes expectation with respect to the standard probability

measure on the set of parameters w. We denote a generic dyadic grid D* on R™ by D.
Any such D has the standard nestedness properties:

e For every P,Q € D, PNQ is one of P, ), and (.
e All Q € D with I(Q) = 27 for some fixed k € Z partition R".

For every () € D and every non-negative integer k, we denote:

e Q™ the k" generation ancestor of @ in D, i.e. the unique element of D that contains
@ and has side length 2¥1(Q).

e Q) the collection of k™ generation descendants of @ in D, ie. the
subcubes of @ in D with side length 27%1(Q).

2F7 disjoint

2.2. The Haar System. Recall that every dyadic interval / C R is associated with two

Haar functions:

1 1
h)i=—= (1, — 1), and h; i= —=1,.

vl VI
Note that hY is cancellative, while h} is non-cancellative. The cancellative Haar functions
associated to a dyadic system on R form an orthonormal basis for L?(R).
More generally, let Q = Q1 X --- X @), be a dyadic cube in R™ — here all (); are dyadic
intervals in R with common length [(Q)). Then @ is associated with 2" Haar functions:

n

ho(@) = hS'ih (@, - wg) o= [ [ 2, (),

i=1

where € = (€1,...,6,) € {0,1}" is called the signature of hy. We write € = 1 when ¢; = 1
for all 4; in this case,
1
1.

hl, 1
“ Vit

is non-cancellative. All the other 2" — 1 Haar functions hg, with € # 1 associated with @) are
cancellative. Moreover, as in the one-dimensional case, all the cancellative Haar functions
associated with a dyadic grid D on R™ form an orthonormal basis for L?(R™). In other words,
every f € L*(R") has the expansion:

f= > FlQeng,
QeD,e#l

where J?(Q,e) = < /s h€Q> Throughout this paper we use (-,-) to denote the usual inner
product on L*(R™).
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We make a few simple but useful observations about Haar functions. First, note that hg
is constant on any subcube P C @ of @ in D; we denote this value by h¢(P). Then for any
integer k£ > 1, we can express hQ as:

D> ho(P)lp

PeQq)

Second, a simple calculation shows that:

1
hhdy = o
eV
where for €, € {0,1}" we define e +7 € {0,1}" as:
O, if €; i
(2.1) (€ +n)i += O(em) = { 1, if ¢ i Z@

It is easy to see from this definition that e +n =1 if and only if €e = 1, and € +n = € if and
only if n = 1.
Third, we note that the average of a function f over a dyadic cube Q:

1
fg = @/Qfdx,

No= Y. J(POh5(Q).

PED,P2Q
e£l

can be expressed as:

In turn, this yields the following useful expression:

(2.2) No—Pow=D_ FPOQ) = FIQP, )htw (Q).

P,QeD,e#£l 1<k<i

QCcPcQ® e£1
which we shall use later in the proof of our main result.

2.3. A, Weights. Let w be a weight on R", i.e. w is an almost everywhere positive, locally
integrable function. For 1 < p < oo, let LP(w) := LP(R™;w) be the space of functions f that

satisfy:
1l = (/ (@) du >) < oo,

where we also use w to denote the measure w(x)dx. For a cube @ in R", we let

w(Q) == /Qw(x) dr and (w), = %

We say that w belongs to the Muckenhoupt class of A, weights for some 1 < p < oo provided
that:

[w] 4, : —sup <w1 q>p
where ¢ denotes the Holder conjugate of p and the supremum above is over all cubes @)

in R™ with sides parallel to the axes. The quantity [w]4, is called the A, (Muckenhoupt)
characteristic of w.
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If w € A,, then the ‘conjugate’ weight
(2.3) w' =w'"1e A,

with A, characteristic [w']4, = [w]i‘_pl. In other words:

1< (w)g (W' < [wla, and 1< (w), (w)h™ < [w]f !

Q
for all w € A, and all cubes ) in R". We shall make much use of the duality relationship:
(2.4) (LP(w))* = LY(w'), with pairing (f,g), for all f € LP(w),g € LI(w'),
and
[y = sap [ {f,9) |-
geLd(w)
||9HLq(w/)§1

The case p = 2 is particularly easy to work with, as w’ = w™! for w € As.
A crucial property of A, weights that we shall use repeatedly is the LP(w)-boundedness
of the maximal function:

M= s ((fhgle).

Q@ cubes in R”
Muckenhoupt [24] showed that

(2.5) M fll o) S N llzow),

Another pivotal development in A, weight theory was the Extrapolation Theorem - see
[8] - which, in particular, allows one to deduce the LP(w)-boundedness of an operator for
all w € A, solely from its L?(w)-boundedness for all w € Ay. This is an extremely useful
tool because, as we shall see, L?-estimates for A, weights are usually much ‘easier’ than
LP-estimates for A, weights. We shall use the following form of this theorem:

Theorem 2.1. Suppose an operator T satisfies:

1T f 2wy < AC(w)[[f ]| 2w)
for all w € Ay, for some fizted A >0 and o« > 0. Then:

1T f ) < AC(w, p)[ £l 4,
foralll <p < oo and all w € A,.

We are keeping track of the constant A here because in the proof of our main result later,
we will need to keep track of some constants of the form 2" appearing in these bounds (see
for instance Lemma 2.2).

2.4. Dyadic Square Functions. Given a dyadic grid D on R"”, the dyadic square function
Sp is defined by:

Spfzzl > IA(Q,E)V’%Q‘] :

QED,e#£1
A crucial property of this operator is the equivalence of norms
(2.6) [l rw) = (15D f || o),

forwe A, 1 <p<oo.
At points below we will also need to have a weighted estimate for a shifted square function.
This is the content of the following Lemma.
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Lemma 2.2. For a dyadic grid D on R"™ and a pair (i,j) of non-negative integers, define:
2 3
~ij ~ 1
Sof= Y > If(Pe) @ﬂ
QDL \ Pe(QU)) )
Then for every weight w € A,, with 1 < p < 00:

(2.7) ‘

Remark that for ¢ = j = 0, this is just the usual dyadic square function Sp.

o P (w) — LP@)H < 930+,

Proof. In light of the Extrapolation Theorem 2.1, it suffices to prove an upper bound that
is linear in [w]4, for all Ay weights w. So let w € Ay and note that
2

155" ey = S | X 1FPal] (w

QED,e£1 Pe(Q(j))(i>

= > | X ol Y (w,.

ReD,e#£l \ PER; QER()
Now
1
R R (w™1)?2
Yo IFRl= > |f(Pe)—=
PGR(“ PER(i) <'LU71>123
l
<| D PP =% Y (wh,| .
PeRy;, ) PER;)

so, appealing to the square function bound (2.6),

~ij iy R .
150" Flliy <270 30 3 By (g (v

ReD,e#£l PER ;)
- R 1 o
<o) N FP O < 2,
PeD,e#1 < >P
O

2.5. Hytonen’s Representation Theorem. Fix a dyadic grid D¥ on R". For every pair
i, 7 of non-negative integers, a dyadic shift operator with parameters (7, j) is an operator of

the form: B
Sif= > > o nf (P, )bl

ReD PeR (4)
ene{0,1}" QERy;)

where a%y, are coefficients with

VIPIRL _ o-gie,

<
| PQR’ |R|
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The operator S¥ is called cancellative if all Haar functions appearing in its definition are
cancellative. Otherwise, S¥ is called non-cancellative. The parameters k = (i,7) are a
measure of the complexity of the shift. As is well-known, the dependence of norm estimates
upon complexity must be tracked, but is only linear in

(28) ’iij = maX(Lj? ]-)7

whereas there is exponential decay in k, in the celebrated representation theorem of Hytonen
[14,15,17]:

Theorem 2.3. Let T be a Calderon-Zygmund operator associated with a d-standard kernel.
Then there exist dyadic shift operators SY with parameters (i,7) for all non-negative integers
1,7 such that

<Tf7 g> =cE, Z 2—51',]‘% <S¢23f7g> )
i,j=0
for all bounded, compactly supported functions f and g, where ¢ is a constant depending on
the dimension n and on T. Here all S with (i,7) # (0,0) are cancellative, but the shifts S®
may be non-cancellative.

The statement of this Theorem involves a random choice of grids. However, in all applica-
tions of this result, one analyzes the norm behavior of the Haar shift operators, establishing
bounds that are uniform with respect to the choice of dyadic grid. The exact manner in
which the random dyadic grid are formed is not relevant to us. We will discuss the case
1 = 7 = 0 in more detail in Section 5.2.

Another useful tool for us will be the weighted estimate below, which can be found in
[16,19, 30].

Theorem 2.4. Let S be a dyadic shift operator with complezity r;;. Then for any weight
w e Ay withp > 1:

29) s 22w) - )| ol

2.6. Weighted BMO-H' duality. For a weight w on R", the weighted BMO space BMO(w)
is defined to be the space of all locally integrable functions b that satisfy:

1
b w::sup—/ b—(b),|dr < oo,
16l Brr0w) P (0) QI {b)g |

where the supremum is over all cubes ) in R" with sides parallel to the axes. For a general
weight, the definition of the BMO norm is highly dependent on its L! average. But, if the
weight is AL, one is free to replace the L'-norm by larger averages. Namely, defining

1 ;
b a(w) 1= SU —/ b— (b qdw’)
laworie =1 (s [ b= lg]

it is shown in [25] that

(2.10) 16| Brrow) < |0l Brosw) < C(n,p, [w]a )bl Brow)-

The first inequality is a straightforward application of Hélder’s inequality, but the second
one requires a stopping time argument.
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For a dyadic grid D on R", we define the dyadic versions of the norms above by taking
supremum over () € D instead of over all cubes @) in R”, and denote these spaces by
BMOp(w) and BMO%,(w). Clearly BMO(w) C BMOp(w) for any choice of D, and the
equivalence in (2.10) also holds for the dyadic versions of these spaces.

Now fix a dyadic grid D on R™ and a weight w € A,,. Define the dyadic weighted Hardy
space Hh(w) (see [11]) to be the space of all ® that satisfy:

1P| 1, (w) = [1SDP 11 w) < 0.

The dual space of H},(w) is the weighted Carleson measure space C' M3 (w), that is, the space
of all locally integrable functions g such that:

1 g(P, )|
lgllear ) == sup
o) gep | w(Q) PCZQED

e#1
with duality pairing (g, ®) for ¢ € C M} (w) and ® € H,(w) see [23,33]. We have then

{9, P < llglleary ) | Fp Pl 21 (w)-
Specializing to the case of w € Ay, we have an H'-BMO duality.
Lemma 2.5. If w € Ay, there holds
(211) 6.2)] < bl ma103 00 1S5l 100

Proof. The inequality is equivalent to the assertion that if b € BMO2(w) for w € As, then
b € CMp(w) with [bllcarw) S [0 10l Brroz,(w)- But observe that fixing a cube @, and

Y

expanding b in the Haar basis, we have

(b= (Bo)lg= Y. b(Pe)hs =: Bq.

PCQeD,e#1

Then, by (2.6),

/Q b— (B Pduw = [ BolZsps
2 ||SDBQ||%2(w—1)

~Y

= Y (P (w ),

PCQeD,e#1
~ 1
2 b(P,€)[?
PchZDs;él <w>P
And so the Lemma follows. O

2.7. Bloom’s BMO(v). From here on, fix 1 < p < oo and two A, weights p and A on R",
and define Bloom’s weight

1.1
Vi=ur A\ r.
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Lemma 2.6. The weight v belongs to the As class. In particular:

1 1
W], < (14, NG,

Moreover

(2.12) (b )| < 116l Baroz, o) 1S @ 210

Proof. The second inequality is immediate from (2.11). For the first, by Hélder’s inequality:

W) < (050G and (1) < (1) (N3,

Dol < (g W) (W )’

But the terms in parentheses are at most [u] 4, and [A] 4,- Hence v € Ay. O

We record here a simple inequality.

(213) (15 0 S —— S 7= S We-
()4 :

3. TwWO-WEIGHT INEQUALITIES FOR PARAPRODUCT OPERATORS

LsI-

3.1. Paraproducts. For a fixed dyadic grid D on R", the ‘paraproduct’ operators with
symbol b are defined by:

(3.1) MPf =" b(Qe)(fghty,
QED,e#1

P Y 3(@,@?(@7@%1,
QED,e#1

3.2 d Py .= b(Q J?Q e+n
(3.2) an Q;MZ# n\/@

€#n

For ease of notation, we fix D through the rest of this section and suppress the subscript D
from the paraproducts.

Commutators are a difference of products, and the product of two functions is decomposed
into paraproducts as follows:

(3.3) bf = ILf +10gb+ 10 f + T f.
To see the decomposition in (3.3), express b and f in terms of the Haar expansions:
bf= Y ZbQ, F(R,mhohY
R,QeD en#l

and analyze the sum over the three different cases R C ), R 2 @), and ) = R. The latter
case easily yields:

b(Q, ) f1 [ —(—hg" =11 .

QED,e#1 QED, el n#l,e#n
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To illustrate one of the other two cases:

Yoo WQOf(RmhGhE = > QTR mIGhHQ)
QCRED;en#1 QCReDsen#l
= > WQ0hy > F(RALQ)
QED,e#1 R2OQ,n#1
= ) b(Q.e) (fHhy =ILf.
QeD,e#£1

Similarly, the case R C @) yields II;b.

We pause here for a moment to remark that the term I'y disappears in the one-dimensional
case, where the familiar decomposition is bf = II, f +11;b+1I; f. By definition (2.1), e+n =1
if and only if € = 7, so while II} f maintains its one-dimensional structure and contains all the
non-cancellative Haar functions, the term I', contains only the cancellative Haar functions.
Moreover, as in the one-dimensional case, II} is the adjoint of II, in unweighted L*(R™), while
the third paraproduct Iy is self-adjoint in L?(R"):

(L f, g) = (f,1yg) and (T4f,g) = (f,Tvg) .

3.2. Two-weight Inequalities for Paraproducts. Next, we discuss boundedness of the
paraproducts as operators from LP(u) — LP()). Before we proceed, we make the interesting
observation that the adjointness statements about the three paraproducts in unweighted
L?(dr) extend to this case, in the sense of Banach space adjoints. Specifically

The adjoint of IT, : LP(u) — LP(X) is IT; : LY(N) — Li(i');
The adjoint of IT; : LP(u) — LP(N) is I : LY(N) — Li(i');
The adjoint of T'y : LP(u) — LP(N\) is Ty : LY(N) — LI(y).
Here, X' is the conjugate weight, as in (2.3).
These follow from (2.4). For instance, the adjoint of II, : LP(u) — LP(\) is the unique
operator T": L9(\') — L7(u') such that
(Iyf,g) = (f,Tg), for all f € L(n),g € LU(N).

But this is just the inner product in unweighted L?(dx), so (I, f, g) = (f,II}g), and T = II;.
The second statement above follows identically, and the third statement follows from the
self-adjointness of T, in L?(dx).

This is a two-weight result for paraproducts, fundamental for us.

Theorem 3.1. Let D be a fived dyadic grid on R"™, and suppose b € BMO%(v). Then:

(3.4) 1My = () = LPOOI| = TG < LOY) — L) | S bllmason o)
(3.5) I35 22() — L2 = 1y = LAY) = L) | S bllmaron o)
(3.6) 1Ty = L2(1) — L2V = [Ty = LYOY) = L) | S [bllmasono)-

Proof. The proof is by duality, exploiting the H'-BMO duality inequality (2.12) to gain the
term ||b|| pasoz, (). This will leave us with a bilinear square function involving f and g, which
will be controlled by a product of a maximal function and a linear square function. The
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details are as follows. We let f € LP(u) and g € L2()\'). Then

| Hbf g | - Z b (Q,E)
QED,e#£1
=[(b,®) | where @ := Z <f>Q 9(Q, )]f
QED,e#£1
S 10l Baroz, o) [150® || 21 v) by (2.12).

Now, Sp® is bilinear in f and g, and is no more than

(Sp®)* = > [{Nel*la(@, )IZ‘Q’ (Mf? > 15(Q,e )IQ‘Q’ (Mf)*(Spg)?.
QED,e#£1 QEeD,e#£1

A straight forward application of Holder’s inequality, and bounds for the maximal and square
functions will complete the proof.

IS0®l110) < [ (M5)(Spg)dui A3

< 1M fllzea 1S9l vy S W FllLranllgllzacyy
by (2.5), (2.6). This completes the proof of (3.4).

The second set of inequalities (3.5) are equivalent to the first, by a simple duality argument.
Concerning the last set of inequalities, (3.6), they are different in that the operator only has
cancellative Haar functions. One can bound Haar coefficients by maximal functions, doing
so on either f or g.

O

4. EQUIVALENCES FOR DvyAaDIC BLooMm BMO

Bloom’s BM O space has several equivalent formulations, which is a key fact in proof of
the main theorems. Those that we need are summarized here. For a fixed dyadic grid D on
R™ define the quantities:

1 v
Db, N) i=sup [ —— [ |b— (), |[Pd\) :
B (b, ) Qéé(u(@)/Q' o)’

BD (b, i/, N) := sup /yb Vo lidi') .
QeD /\’

We provide several equivalent statements for the dyadic version of Bloom’s BMO space
BM OD(V).

Theorem 4.1. Let D be a fized dyadic grid on R™. The following are equivalent:

1) b€ BMO%(v).

The operator 11, : LP(u) — LP(A) is bounded.

The operator 11} : LP(u) — LP(X) is bounded.

The operators Hb and 10} are bounded L*(v) — L*(v™1).
BP (b, 11, \) < oo.

BD (b, 1/, N) < o0.
b

(

(2
(3
(4
(5
(6
(7) b€ BMOp(v).
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Proof. (1) = (2) and (3). This is the core of Theorem 3.1.

(2) = (5) and (3) = (6): These two assertions are the same by duality, and we consider
the first implication. Assuming the paraproduct I, is bounded, we test the norm of this
operator on indicators of intervals, and get the condition in (5). By the Littlewood-Paley
inequalities in weighted LP spaces, (2.6), we have

110 — D)) llrey S 115p[Lo(b — (0))]llze()
< IS (1) || rr(n)

Above, we have the square function of II,1¢, which follows from the identity

Mlg= Y bPohs+ > bP :g;

PCQ,e#1 P2Q,e#£1
Again by the Littlewood-Paley inequalities,

[Sp (I Tg) ey S e 1g |l Leen)

But, the assumption of the norm boundedness of the paraproduct implies that we have

MQ) ™7 1Sp[La(b — (b)) ooy S My = L2 (1) = LP(N)].

(5) or (6) = (7): Suppose BP (b, i1, \) < oo, the case of B (b, i1/, \') < oo being similar. Then

/|b— Q|dm<</|b— |pd)\) (/de)

S BP(b, 1, Mp(Q)F N(Q)s
SBY (b, 1 \)v(Q) by (2.13).

That is, we have shown ||b]| prropw) < BY(b, 1, A).

Q=

(7) < (1): As discussed in Section 2.6, this is proved in [25].

(1) = (4): Suppose b € BMOZ%(v). We make use of the duality (L?(v))* = L*(v~1), with
the usual unweighted L? inner product as the duality pairing, and let f,g € L?(v). Then

| (M f, 9) [ =10, @) | S 116l Brroz,w)15DPl| 210,
where ® = >, (f)pg(P,€)hp. It follows easily that Sp® < (M f)(Spg), and then from
(2.5) and (2.6):
1Sp@| 1wy < M fll2wy 15D 20y S 11220 9]l 220

Then
|, : L?(v) — L*(v" || S 101l Baroz (1)-

The same statement for IT} follows by noting that II} : L*(v) — L*(v~ ') is the adjoint of
0, : L*(v) — L*(v71).

(4) = (1): Suppose I, : L*(v) — L*(v™') is bounded. Then

HHb]lQHLQ(V—l) S AI/(Q) and HHZ]lQHLQ(V_l) S AV(Q)§
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In this situation we know that both paraproducts are bounded, so we can get to the
BMO2%(v) norm of b faster than in the square function approach, by noting that

(4.1) To(b— (b)) = 1q (Il — I 1g) .
Then

| b=l art = [ Mg - Ttof av?
Q Q
< 2| IolI72 -1y + 2T g 17201
< 44%0(Q),
which gives exactly HbHBM02 o) < 24 [l

We note here that the equivalence (1) < (4) in fact holds for any As weight. Moreover,
the strategy used in proving this last equivalence above can be employed to give more precise
bounds for the quantities BP (b, u, ) and BY (b, i/, ') when b € BMO%(v). For in this case,
we know from Theorem 3.1 that

1
ML Lol ey + M Lollrny S 11l aoz () (Q)7
MLl oy + 15Tl Loy S 1Bl Barog o)A (@)1

Then, using (4.1), we have for any @ € D:

Q=

( /Q b= (b, m) — Lo(Mlo — 1) vy
< gl zeeny + MG Tg ey
1
N “bHBMO%(u),U’(Q)p'

The similar statement for B? (b, i/, ') follows immediately by considering the paraproducts
as operators LI(\') — L9(u'). We state this result separately.

Proposition 4.2. Let p, A € A, with 1 < p < oo and put v := u%/\_%. Then for any dyadic
grid D on R™ and any b € BMOA(v):

B?(balh A S HbHBMo%(V)7 and B?(b, M’a)\,) S ”bHBMO%(u)-
5. TWO-WEIGHT INEQUALITIES FOR COMMUTATORS WITH CALDERON-ZYGMUND

OPERATORS

We prove Theorem 1.1, our upper bound on commutators. By the Hytonen Representation
Theorem 2.3,

([, T)f,g) = c(n, T)E 22 w95 ([b,S7]f.g) .

4,j=0

for all bounded, compactly supported f, g, so it suffices to show that the commutators [b, S|
are bounded LP(u) — LP(A) uniformly in w. We claim that for any choice of D“:

(5.1) 16, S2] = LP (1) — LP(V)]| < #is 10l rro):
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for all non-negative integers ¢, j, where recall that &; ; is defined in (2.8), and in particular is
at most linear in ¢+ 7. The linear growth in complexity in the second estimate is dominated
by the exponential decay in complexity in the first. Hence we conclude an upper bound on
the norm of the commutator, completing the proof of Theorem 1.1.

In what follows, consider D := D¥ to be fixed and simply write S¥. The commutator
[b,S¥]f = bSY f — S¥(bf). Expand the products into paraproducts as in (3.3) and obtain

[b? SU}f = Tlf + TQf + Rijf?
where  Tyf = (I, + II; + T,)(SYf), Tof :=SY(IL, + I} + ') f,
and  RYf :=Ilgy b — SYII;b.

In this equality, the principal terms are 77 and T5. Using (2.9) and Theorem 3.1, we easily
obtain ||Ty, : LP(u) — LP(N)|| S kij||b|lBmoq) for k= 1,2. So we only need to analyze the
remainder term R¥. In what follows, we Wlll show that
(5.2) |RY: LP(1) = LPN)|| S w51l Brrow)
for all ¢, j. Then (5.1) follows.

5.1. Remainder Estimate for (i,j) # (0,0). In this case, the dyadic shift S¥ is cancella-

tive:
SUfi=>" Y a$onf (P.e)h

ReD PeR(Z)
en#L QeRy)

Then for any N € D and v # 1:
SN =22 D ool and (SULI) =3 > adype/(Pe).
nEL QE(NM) ;) #l Pe(NU)
These expressions give us the two terms in the remainder as

(53) Mupb= Y > aforf(Pe)(b)ghly,  STb=Y" 3" afyrf(P.e) (b)phi.

ReD P€R(> ReD PER(Z)
1EL QeRy) 17 QeRg)

From (5.3):

Rif =3 S aforf(P.) (g — (b))
Re’Dl PER(;)
€nNE QeR( )
The difference in the averages of b is an essential term, but the cubes P and () above are
just descendants of R. They need not intersect.

We continue our analysis of the remainder in terms of the relative sizes of ¢ and j, but
the cases of i < j and j < i are dual, and so we only consider the former. Each @ € R;) is
contained in a unique N € Ry;, and then Q € N(;_;. (Note that N = @ if i = j.) Rewrite
R¥ f by grouping the Q’s this way:

RIf=> % J(Pe Y aior((blg—B)p)hd,

rep PNER(; EN—s
S @ QEN(-i)
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and write
<b>Q - <b>P = (<b>Q - <b>N> + (<b>N - <b>R) + (<b>R - <b>P) .

Note that the first term disappears if i = j, and also the expansion (2.2) applies to each of
the terms in the parentheses above. The remainder is the sum of three terms.

RYf = ZZ pr€ NVZQPQR hg

k=1 ReD PER QeN
(%) (k)
67775_&1 NER(] k)

+Z Yo > PNy Y afarhi(Qh)

k=1 ReD PER(;) QEN(_itk)
enEL NER;_p

=S > | X AP ani(P) | 6N Aaprhd.

k=1 ReD NEeR PEN,
(i—k) (k)
17l QeRy;

We relabel the second term by replacing k& with £ — j 4+ ¢, and then combine it with the first
term. Finally, we may write

(5.4) RIf=> Af—> Bif.
k=1 k=1

where:

Afi= D0 >0 FPOWN,Y) Y aforhk(Q)hp,

ReD PeR QEN,
(4) (k)
&1, Wiél NER(J k)

and

Bif =Y Y | DD aforf (PO} (P) | BN, 7)hg,.

RED NER;;_} PeN,
eny#EL QG(R( )) *

It suffices to prove that ||Ag : L*(1) — L*(N)|| + | Bk : L*(1r) = L*(N)|| < 116l Brow), be-
cause then from (5.4) we obtain:

HR” : LQ(M) - LZ()\)H <J HAk : LQ(M) - L2()\)H+i HBk : LZ(M) - LZ()\)H S Hz’ijHBMO(y),

which is nothing other than (5.2). We now turn to computing the norms of A and By.
We begin with A; and again proceed by duality. We let f € LP(u) and g € LX) and
appeal to H'-BMO duality, as expressed in (2.12), to get the BMO,, norm.

| (ArS9) [ =10, @) | S [V]anlbll Baroz o) 190 21 ),

where, as before, ® is a bilinear expression involving f and g.

=> Y ol Y stk @F(Q.n) | Mk

RED PeR; QEN
enEl Ne R(<)k) (k)
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This is a Haar series, and we pass to its square function, summing over the cubes N.
2

—n(i+7 I]'N
(Sp®)* S 27 Y > ol > \/—|9Q77| N’
61\176%31 Pe(NU=R)) QEN )

The term 27"(+7) comes from the decay of the Haar shift coefficients. The sum involving g
is bounded by

> JW' (Qn|_2i 3 /|g|dx—22 ol

QEN(k> QEN

So the square function is bounded by
2
o -~ 1
(Sp®)* S 27" (Mg Y >, el

NeD,e£l \ PE(NG—);
—n(it+j—k) ik 2
o g (557 )
The maximal function is controlled by Muckenhoupt’s bound, and the square function by
the estimate (2.7). We have
— ik

1Spf N1y S 2756 / (Mg)(Sn

n

f)dv

< 2—%(i+j—k)||Mg||Lq(X)

‘ngi,j—k

< 272 gl aony 22N Fll oy = 1 Lo 19l zav)-
The completes the proof of ||Ag : LP(p) — LP(N)|| < |16l Bmow)-
Similarly for By:

| (Bif;9) | = 1{b; @) | < 10l Baroz o) 150P | 1wy

where

=3 3 S APoR(P)afor | 5(Q,

ReD NER, PeN,
Ay Sy \PENoy
The analysis of the square function Sp® is symmetric with respect to the roles of f and g.
The proof is analogous, and so omitted.

5.2. Remainder Estimate for : = j = 0. A precise analysis of the case i = 7 = 0 in
Theorem 2.3 is given in [14], where it is shown that S is of the form

S% =8¢ + I, + 1T,

where S2 is a cancellative dyadic shift with parameters (0,0), and II,, IT% are paraproducts
with symbols a,d € BMOp with |lallpmo, < 1; ||d||Bmo, < 1. (The definition of the
paraproduct is in (3.1).) Here BMOp denotes the unweighted dyadic BMO space. The
functions a@ and d come from the T1 theorem of David-Journé. The remainder R then has
the form

RY =RY + R, + R,
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where
RESf = Hsoopb — SPMpb;  Raf =i, b — I Isb; Ry f = b — T;II¢b.

Now, S% is cancellative, so

S0 f — Zza f(R, e)nl,

ReD en#l

for some |a%| < 1. It is easy to check that

Moo b = SPIb =Y Y aff n b,

ReD en#l

So the term R = 0, and we only need to look at R, and R.
We recall the A, bounds for paraproduct operators, which is classical. Namely, for a €
BMOp and a weight w € A, with 1 < p < 0o we have:

(5.5) Mo f 1 Loy S Nallsrrop L f 1l e )

Let us look at the term R, f:

Rof = 3 @y > FRw) [ — b)) H(@).
QED,e#1 R2Qn#1
We write
Blg - Bla= > D UN. Q)
olNeR TP

and express R, f as a sum of three terms, which we analyze separately. Specifically, we look
at the cases N C R, N = R with v # n and N = R with v = 7. For the first case:

A= > a@@ang Y YT Y N F(RE(QIEQ)

QED,e£1 R2Q21 QCNCR ~#1

= Y a@@ang > N )y (@)

QED,e#1 N2Q#1
= Y AQ,0) (T f)ghy =TI, f.

QED,e#£1

The second case similarly gives:

Bi= > @Q.0hy > > bRA)F(RIRQNLQ)

Q€eD,e£l ROQm#EL vZ£1,v#n

— a(Q, €) (T f)g hy = T f.
>, Q

QED,e#£1
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Here, I'y is defined in (3.2). Finally, the case N = R,y = n yields:
1
Ci= > @Qahy > bRNE g

QED,e#£l R2Qn#1
= > a(@,e>hzg<< Z b(P,n)f >)
QED,e#£1 PCQ n#l

- HaHZf - Aa,bf>

where Aopf = Z \Q|< Z bP?? ))

QEeD,e#1 PCQn#L

In summary

(5.6) R = LI, + 1,1 + T1,00; — Aup
A similar analysis of R} shows that
(5.7) 0 = Ngp — Il — DTG — HZHZ,
where A}, f:= Z dQ,)f(Q ( Z b(P,n h”)
QED,e#1 |Q| PCQm#L

We need to compute the LP(v)-norm for the terms in (5.6) and (5.7). For the terms that
involve the composition of paraproducts and T, first use the two-weight inequalities of The-
orem 3.1, and then (5.5). It remains to show that A,; is bounded.

Lemma 5.1. Let a € BMOp and b € BMO%(v). These inequalities hold.
(5.8) [Aap = L7(1) = LEVI S Nlallzaron 1] a0z )
(5.9) A%y LP(n) = LPV)|| S lall Bros 10l Baroz v)-

Proof. The proof of the first set of inequalities is given, with the other set following by similar
reasoning. We argue by duality, so that the appeal to weighted H*-BMO duality is easy.
For f € LP(p), and g € L” (X'), we have

<Aa,bfag> = Z ‘a Z an ) (Q> )

Q€eD,e#£l PCQn#l

> (P f(Pn)p

PeDn#l

where Up = Z a(Q, €)—
Py Q|

Recall that if we multiply the coefficients a(Q, €) by choices of signs, we do not increase the
BMO norm of a. The same remark applies to b € BMO(v). Therefore, since f and g are
fixed, we are free to assume that each individual summand above is non-negative. This only
requires that we modify the Haar wavelet expansions of b and a by choices of signs, but this
fact is suppressed in the notation.

The key fact that this gives us is a control of the terms ¥ p, namely

Up < (g)p < inf M(ITg)(x).
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Here, we are using the adjoint paraproduct of applied to g, as defined in (3.1). And, then,
using the weighted H'-BMO duality, as expressed in (2.11), we have

(Napf) < 1Bl Brr0 ) 19®l L1 )
where ¢ = Z f(P, Y ph%p.
PeD,y#l

And, last of all, using the definition of x and Holder’s inequality, and weighted inequalities
for the maximal function and paraproduct operators,

1 1
15®]| 110y < / Sf-M(Ig) piA~ do
< F Lo 1M () | 1 o

S llallsron [ 1l zollgll 2o vy -
U

Now we may combine the results in (5.8) and (5.9) with the rest of the terms in (5.6) and
(5.7), which are controlled by (5.5) and Theorem 3.1, and obtain: ||R, : LP(u) — LP(N)]| <
16 Brow), and ||Ry; : LP(u) — LP(N)|| S |[bll o). Then (5.2) for the non-cancellative case
follows.

5.3. Characterization of Bloom BMO by Commutators with the Riesz Trans-
forms. In this section we prove Theorem 1.2. Note the the first part follow directly from
Theorem 1.1, and so it only remains to prove the lower bound. Suppose

b, Ri] : LP(n) — LP(N)|| < 00, i = 1,....,n,

where R; are the Riesz transforms. Then, since [b, R;R;] = [b, R;]R; + Ri[b, R;] and R; :
L"(w) — L"(w) is bounded for all i = 1,...,n and all w € A, with 1 <r < oo [28], we have
that [b, K] is bounded LP(u) — LP()) for all K that are polynomials in the Riesz transforms.

We employ the standard computation in [6]. Let {Y;} be an orthonormal basis for the
space of spherical harmonics of degree n. Then

> Yi(@)P = ealzf™,
k

and, by homogeneity,
Yi(x —y) = Z a1y’
lal+|B|=n
where we are using standard multi-index notation. As shown in [6]:
1 «
(5.10) QI |(b— <b>Q)1Q‘ (2) = — ) agsa"To(@) ([b Ry o)) (v),

C
" ka8

for all cubes @ centered at the origin, where I'q := 1gsgn(b— (b)) and R® is the polynomial
in the Riesz transforms associated with Yj(x)|z|™". Note that, since @ is centered at the
origin

2] S UQ)™,
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for all z € Q. Then from (5.10):

Q| </Q b — <b>Q |pd/\) < Z Z(Q)|a| H[b, R(k)]yﬁﬂQ(wHM()\)

k7a7ﬁ

D=

S D UQPHNb, BPT: L2 () = L) oy 197 L0 @)

k,a,B8
<D Q) (Z 116, Ri] : LP () — LP(A)II) (V@)
B i=1

'EM—‘

S Q| (Z|l[b,Ri]:L”(u)—>Lp( )II) p@Q)r.

Since the argument is translation-invariant, we may conclude that

1 / &
g [ @gl )" S IR ) - DO,
(M(Q) Q 9 ;
for all cubes @) C R™. Then
BY (b, 1, A) <Z||bR p) = L]
for all dyadic grids D on R". By Theorem 4.1,

(5.11) b€ BMOp(v) with [[bllparone) S D IIIb, Ri] « LP(1) — L'V,
i=1
for all D.
To see how this implies that b € BMO(v), recall that there exist 2" dyadic grids D“ such
that for any cube ) C R” there is Q“ € D* such that

Q C Q¥ and I[(Q¥) < 6l(Q).
See the proof in [18, Proof of Theorem 1.10]. Now from (5.11)
|- = Wl < 1y | 11~ e lde % bR £20) = 22OV
Y QI /o IQl Z

/Q b= (b)g | dz S V(@) Z 1T, Bi] = LP () — LP(A)]] -

But, using the doubling property of A, weights

V(Q”) < V], ( 'g"

)2 Y(Q) S V@),

hence

(i [ - (ol dr) 5?“@&}:pr)wpmn,

which is exactly the lower bound in (1.1).
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5.4. Proof of Corollary 1.3. The first part of the proof will use the following duality
statement, which can be found in [10]: (H'(v))* = BMO?*(v), in the sense that every
element of (H'(v))* is of the form

n

Ay H'(v) 3 hw Aph = / b(z)h(zx)dx,

for a unique b € BMO?*(v), with ||b]| ppoz) S || As]|- In terms of maximal functions, the
weighted Hardy space H'(v) is defined as follows: let ¢ € S(R") with [;, ¢(x)dz = 1 and
set @, (x) :=r"p(x/r) for r > 0 and z € R". Then

H1<I/) = {f c Sl(Rn) : f>'< € Ll(l/)} y Wlth HfHHl(l/) = Hf*HLl(V)7

where f*(z) := sup,-q|f * ¢-(z)| is the maximal function. There are many equivalent ways
to define the weighted Hardy spaces — in terms of the square function, or in terms of an
atomic decomposition — see [11,29].

Now let f := g;(T'g2) — (T*g1)g2. Then for g; € LY(N), g2 € LP(u), and any b € BMO?*(v):

[ ve)@rde] = | [ i) Thoa(o) do

< HngLq(/\’) [0, T]Qz”m(,\)
S g1 llzaay g2l Lo g 101 Bar02 () by Theorem 1.1.

(5.12)

Then clearly f € H'(v), with || fm @) S 191l aov) 2]l 2o -
The second statement follows identically as in [6], with the appropriate modifications. We
consider the Banach space of functions f € L'(v) which admit a decomposition as in (1.2),

normed by
1l () = inf {ZZ ||9§||L‘1(/\’)||h§‘||LP(u)} :

i=1 j=1
where the infimum is over all possible decompositions of f. Part one of this corollary shows
that this is a subspace of H'(v). Now (5.12) and Theorem 1.2 show that

Sup{ / b(x)f(x)dx

which implies the norms ||| - |[|g1() and || - ||g1) are equivalent (see [4] for the simple
functional analysis argument that yields this). This completes the proof.

Al = 1} ~ bl paroeen,

REFERENCES

[1] N. Arcozzi, R. Rochberg, E. Sawyer, and B. D. Wick, Bilinear forms on the Dirichlet
space, Anal. PDE 3 (2010), no. 1, 21-47. 11

[2] S. Bloom, A commutator theorem and weighted BMO, Trans. Amer. Math. Soc. 292
(1985), no. 1, 103-122. 11

[3] C. Cascante and J. M. Ortega, On a characterization of bilinear forms on the Dirichlet
space, Proc. Amer. Math. Soc. 140 (2012), no. 7, 2429-2440. 11

[4] R. Coifman, P.-L. Lions, Y. Meyer, and S. Semmes, Compensated compactness and
Hardy spaces, J. Math. Pures Appl. (9) 72 (1993), no. 3, 247-286. 11, 22

[5] R. R. Coifman and T. Murai, Commutators on the potential-theoretic energy spaces,
Tohoku Math. J. (2) 40 (1988), no. 3, 397-407. 11



COMMUTATORS IN THE TWO-WEIGHT SETTING 23

[6] R. R. Coifman, R. Rochberg, and Guido Weiss, Factorization theorems for Hardy spaces
in several variables, Ann. of Math. (2) 103 (1976), no. 3, 611-635. 11, 2, 3, 20, 22
[7] L. Dalenc and Y. Ou, Upper Bound for Multi-parameter Iterated Commutators (2014),
1-25 pp., available at http://arxiv.org/abs/1401.5994. 11, 3
[8] O. Dragicevi¢, L. Grafakos, M. C. Pereyra, and S. Petermichl, Eztrapolation and sharp
norm estimates for classical operators on weighted Lebesgue spaces, Publ. Math 49
(2005), no. 1, 73-91. 16
[9] S. H. Ferguson and M. T. Lacey, A characterization of product BMO by commutators,
Acta Math. 189 (2002), no. 2, 143-160. 11
[10] J. Garcia-Cuerva, Weighted Hardy spaces, Harmonic analysis in Euclidean spaces (Proc.
Sympos. Pure Math., Williams Coll., Williamstown, Mass., 1978), Proc. Sympos. Pure
Math., XXXV, Part, Amer. Math. Soc., Providence, R.I., 1979, pp. 253-261. 122
[11] J. Garcia-Cuerva and J. M. Martell, Wavelet characterization of weighted spaces, J.
Geom. Anal. 11 (2001), no. 2, 241-264. 19, 22
[12] J. B. Garnett and R. H. Latter, The atomic decomposition for Hardy spaces in several
complex variables, Duke Math. J. 45 (1978), no. 4, 815-845. 11
[13] I. Holmes, M. T. Lacey, and B. D. Wick, Bloom’s Inequality: Commutators in a Two-
Weight Setting (2015), 1-9 pp., available at http://arxiv.org/abs/1505.07947. 13
[14] T. Hytonen, Representation of singular integrals by dyadic operators, and the A_2 the-
orem (2011), available at http://arxiv.org/abs/1108.5119. 13, 8, 17
, The sharp weighted bound for general Calderon-Zygmund operators, Ann. of
Math. (2) 175 (2012), no. 3, 1473-1506. 18
[16] T. P. Hyténen, M. T. Lacey, H. Martikainen, T. Orponen, M Reguera, E. T. Sawyer, and
I. Uriarte-Tuero, Weak and strong type estimates for maximal truncations of Calderon-
Zygmund operators on A, weighted spaces, J. Anal. Math. 118 (2012), no. 1, 177-220.
8
[17] T. Hytonen, C. Pérez, S. Treil, and A. Volberg, Sharp weighted estimates for dyadic
shifts and the A2 conjecture, Journal fiir die reine und angewandte Mathematik 2014
(2012), no. 687, 43-86. 18
[18] T. Hytoénen and C. Pérez, Sharp weighted bounds involving A, Anal. PDE 6 (2013),
no. 4, 777-818. 121
[19] M. T. Lacey, On the Ay inequality for Calderdn-Zygmund operators, Recent advances in
harmonic analysis and applications, Springer Proc. Math. Stat., vol. 25, Springer, New
York, 2013, pp. 235-242. 18
[20] M. T. Lacey, S. Petermichl, J. C. Pipher, and B. D. Wick, Multi-parameter Div-Curl
lemmas, Bull. Lond. Math. Soc. 44 (2012), no. 6, 1123-1131. 11
, Multiparameter Riesz commutators, Amer. J. Math. 131 (2009), no. 3, 731-769.

[15]

[21]

0!

[22] M. T. Lacey and E. Terwilleger, Hankel operators in several complex variables and
product BMO, Houston J. Math. 35 (2009), no. 1, 159-183. 11

[23] M.-Y. Lee, C.-C. Lin, and Y .-C. Lin, A wavelet characterization for the dual of weighted
Hardy spaces, Proc. Amer. Math. Soc. 137 (2009), no. 12, 4219-4225. 19

[24] Benjamin Muckenhoupt, Weighted norm inequalities for the Hardy mazimal function,
Trans. Amer. Math. Soc. 165 (1972), 207-226. 16

[25] B. Muckenhoupt and R. L. Wheeden, Weighted bounded mean oscillation and the Hilbert
transform, Studia Math. 54 (1975/76), no. 3, 221-237. 18, 13


http://arxiv.org/abs/1401.5994
http://arxiv.org/abs/1505.07947
http://arxiv.org/abs/1108.5119

24 IRINA HOLMES, MICHAEL T. LACEY, AND BRETT D. WICK

[26] F. Nazarov, G. Pisier, S. Treil, and A. Volberg, Sharp estimates in vector Carleson
imbedding theorem and for vector paraproducts, J. Reine Angew. Math. 542 (2002),
147-171. 11

[27] Z. Nehari, On bounded bilinear forms, Ann. of Math. (2) 65 (1957), 153-162. 11

28] S. Petermichl, The sharp weighted bound for the Riesz transforms, Proc. Amer. Math.
Soc. 136 (2008), no. 4, 1237-1249. 120

[29] J.-O. Stromberg and A. Torchinsky, Weighted Hardy spaces, Lecture Notes in Mathe-
matics, vol. 1381, Springer-Verlag, Berlin, 1989. 122

[30] S. Treil, Sharp Ay estimates of Haar shifts via Bellman function (2011), 1-23 pp., avail-
able at http://arxiv.org/abs/1105.2252. 18

[31] A. Uchiyama, The factorization of HP on the space of homogeneous type, Pacific J. Math.
92 (1981), no. 2, 453-468. 11

, On the compactness of operators of Hankel type, Téhoku Math. J. (2) 30 (1978),
no. 1, 163-171. 11

[33] S. Wu, A wavelet characterization for weighted Hardy Spaces, Rev. Mat. Iberoamericana
8 (1992), no. 3, 329-349. 19

[32]

IRINA HOLMES, SCHOOL OF MATHEMATICS, GEORGIA INSTITUTE OF TECHNOLOGY, 686 CHERRY
STREET, ATLANTA, GA USA 30332-0160
E-mail address: irina.holmes@math.gatech.edu

MiCHAEL T. LACEY, SCHOOL OF MATHEMATICS, GEORGIA INSTITUTE OF TECHNOLOGY, 686 CHERRY
STREET, ATLANTA, GA USA 30332-0160
E-mail address: lacey@math.gatech.edu

BRETT D. WICK, SCHOOL OF MATHEMATICS, GEORGIA INSTITUTE OF TECHNOLOGY, 686 CHERRY
STREET, ATLANTA, GA USA 30332-0160
E-mail address: wick@Omath.gatech.edu


http://arxiv.org/abs/1105.2252

	Washington University in St. Louis
	Washington University Open Scholarship
	2-10-2016

	Commutators in the two-weight setting
	Irina Holmes
	Michael T. Lacey
	Brett D. Wick
	Recommended Citation


	1. Introduction and Statement of Main Results
	2. Notation and Background
	3. Two-Weight Inequalities for Paraproduct Operators
	4. Equivalences for Dyadic Bloom BMO
	5. Two-Weight Inequalities for Commutators with Calderón-Zygmund Operators
	References

