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Transformation Theory
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The general structure of quantum mechanical questions

There are three steps in every quantum mechanical experiment.

@ Prepare a system ~ An&Ke o rlagang on Surel otser ‘/“'666

Let a state be prepared by measuring an observable AIf
Ay =athe, {a,¥Pa} ~ thesetof eigenvalues, eigenvectors of A,

we can start the system in

T(0) = %o
by choosing systems for which an observation of A at t = 0 finds a.
(2) Whait in time
IfH xn = FnXn, the initial state
T(0) = >_ (xnlta) xn

n

evolves in time into

T(t) = 3 e Bt (vale) xn-

@ Observe some quantity.

If B ¢y, = by, observation of B will reveal the value b with probability
2
[ERIONEE

q/\a#«,uj} 1, The V- Z@)

S (Bplxn) e Bt/ (xnliba)
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Unitary transformations ~ <« Larfan —Tr‘aw\.g{ wa‘(t A
A transformation U is linear if
U(atn +byn) = a(U91) + b (Us)
for all a, b, 11, ¥2. A linear transformation U is unitary if
(U |Onp2) = ($1l2)

for all 9, 9.

The 3D vector analogue for this would be that

(U9)- (D) =7-@

for all 7, @. This is valid for rotations in 3D. Thus a unitary transformation is a complex,

multidimensional extension of a rotation. [For real multidimensional vectors these are

called orthogonal transformations.] 'M o) de o Ko ] o Tram S{Mf‘f -
A s ‘(‘ :f'{

Matrix representations of unitary transformations

In an orthonormal basis set {¢n}, U7 would have a matrix representation
Umn = {#m|Udn).
If 1., 1y, are two (arbitrary) vectors with the matrix representations
—7 Yo = Z an Pn,
) ‘nbb Z bn &n,

then
(Yaltp) = ; anbn.

Since

U"I’a = Za’nfj% o Zan(¢k|0¢n)¢k = Z ¢rUknan,
LU kn

(Tt |Utly) = Y UpmomUknbn

kmn

Thus ¥/ is unitary <=

Z anbn — Z UkmamUknbn, all am, bn

kmn
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ay =3 arUinUsn, all a
km
Omn = Zk: UimUkn- (2)

Now the inverse operator {71 is the operator for which
g-1.0 =1,
with 1 the identity operator. Since the matrix representation for 1is dmn,
dmn = (¢m|f]_1fj|¢n}
= % [0, Ukn.

Comparison with (2) shows that U is unitary <= [0’ _I]mn = Upm-

Contrast these two cases: If you transpose and take the complex conjugate of a ma-

trix, you get

(i) the original matrix if the matrix represents an Hermitian operator,

(ii) the inverse of the original matrix if the matrix represents generates a unitery transfor-

mation.

Easis set transformations are unitary transformatior@
Let {¢n} be an orthonormal basis set, let T be a linear transformation, and let
v = Tox
be the vector into which T transforms ¢y. In matrix form,
Y = zn:(¢n|T¢k) $n = ngk dn

with

T = (d’nl’l’k) = (¢‘n|T¢k)



Transformation Theory 6 March 2013

T will give a transformation to a new orthonormal basis set if

bre = (Vrle)
= Z (ka¢mlTn8¢n>

Z anE ¢m|¢n)
= ; TriTne

which shows (compare this with (2)) that T;; is the matrix representation of a unitary
transformation. That is, a ‘rotation’ of an orthonormal basis set gives a new orthonormal

basis set.

The T}, are, of course, the components of 1, in the basis set {¢n}. Writing Ty, =
1Ij(ﬂ)
k t
1 1
1/J§ ) ¢£ )

0 ORI AT AR
The transpose of this matrix is
[w) ) ] [

If we take the complex conjugate of this array, it is clear that the product
T-T* = [(elve)*| = (ke = 1

and

*oT = (gl e)] = [Okel = 1

Of course,

(T Yen = [T*)ar = (Wnldk)* = (dklton)

are just the matrix elements of the reverse transformation, the transformation from the

{1} basis set to the {¢n} basis set.
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The quantum experiment revisited

Since e *Ht/ v ¢~ iEnt/ r‘xn, the probability of seeing ‘b’ after starting a system in
1, and waiting a time ¢ can be written (that is, (1) can be rewritten)
2

> (dplxm) (ije—"ff R yen) (Xnlva)

m,n

There are two basis set transformations. The unitary operator R with matrix elements
Ry = (xn|¥a) generates the basis set transformation  {¢a} — {xn}

The unitary operator S with matrix elements Sy, = (@p|xn) generates the basis set trans-

formation {xn} — {&s}-

Time evolution is associated with

S —

Upnn(t) = (xmle—lHt}'ﬁxn} _ E_E"t/ﬁ(smn
This is also a unitary transformation since

Z Ukm(t)Ukn z etEmt,"h(S :Ent/ﬁ(skn = b

Symbolically, time evolutlon is a linear transformaj;;gn
O(t) = U(@)WO), with U(t)=e AR

with {t) a unitary transformation.

Putting all this together, the sought probability is
2

E SpmUmn(t)Rna| = |[SO(t)R]ba|2 .

mn

The computational problem consists of making three unitary transformations. We start
from a basis set fixed by A, rotate to a basis set fixed by H, rotate by e —~iHt/h , and then
rotate to a basis set fixed by B.

e
UL Teae bk

S
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