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POLYNOMIALS WITH NO ZEROS ON A FACE OF THE BIDISK

PN o W=

JEFFREY S. GERONIMO, PLAMEN ILIEV, AND GREG KNESE

ABSTRACT. We present a Hilbert space geometric approach to the problem
of characterizing the positive bivariate trigonometric polynomials that can be
represented as the square of a two variable polynomial possessing a certain
stability requirement, namely no zeros on a face of the bidisk. Two different
characterizations are given using a Hilbert space structure naturally associated
to the trigonometric polynomial; one is in terms of a certain orthogonal de-
composition the Hilbert space must possess called the “split-shift orthogonality
condition” and another is an operator theoretic or matrix condition closely re-
lated to an earlier characterization due to the first two authors. This approach
allows several refinements of the characterization and it also allows us to prove
a sums of squares decomposition which at once generalizes the Cole-Wermer
sums of squares result for two variable stable polynomials as well as a sums of
squares result related to the Schur-Cohn method for counting the roots of a
univariate polynomial in the unit disk.
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1. INTRODUCTION

This article is concerned with harmonic analysis and moment problems as moti-
vated by prediction theory and connections to analytic function theory and opera-
tor theory, continuing a tradition of classic works such as Helson-Lowdenslager [13],
Helson-Szegé [14], and Wiener-Masani [25]. Most of these works are concerned with
harmonic analysis on the unit circle and function theory on the unit disk. In this
article, we work in the setting of the two-torus or bi-circle. Helson-Lowdenslager
[13] was perhaps the first paper to pin down which aspects of harmonic analysis on
the circle extend in a straightforward way to the bi-circle. Factorization of posi-
tive trigonometric polynomials is one area that most certainly does not extend in
a straightforward way from one variable to two, and this topic serves as a good
starting point to motivate the rest of the paper.

The classical Fejér-Riesz lemma states that a non-negative trigonometric poly-
nomial ¢(f) in one variable can be factored as

t(0) = [p(e”)[?
where p € Cl[z] is a polynomial with no zeros in the unit disk D = {z : |z] < 1}.
While this is one of the simplest factorization results it is useful in signal processing,
trigonometric moment problems, and wavelets. It is also a prototype for more
advanced and important factorization results, such as Szegd’s theorem. A simple
degrees of freedom argument shows that this result cannot be extended without
conditions to two variables. In recent years, progress has been made in extending
this result to two variables. First in Geronimo-Woerdeman [11] a characterization
was given of positive bivariate trigonometric polynomials ¢ that can be factored as

(1.1) t(0,¢) = [p(e”, ')

. . . c oy 1 T2 = =
where p € C[z, w] is stable, i.e. has no zeros in the closed bidisk D" =D x D. The
characterization is in terms of trigonometric moments of the measure

dfde
(2m)2t(6, ¢)
on [0, 27]2, and the necessary and sufficient conditions for the characterization come
from studying measures on T? = (9D) x (9D) of the form
|dz||dw|
(2m)2[p(z, w)[?

where p is a polynomial. These are called Bernstein-Szegd measures. In one vari-
able, such measures play a natural role since they can be used to match a finite
sequence of moments of a given positive Borel measure in an “entropy maximizing”
way—see Landau [21] or Simon [24].

Surprisingly, the development of the above result passes through a sums of
squares formula related to p which yields a famous inequality of Andd from multi-
variable operator theory and in turn yields Agler’s Pick interpolation theorem for
bounded analytic functions on the bidisk. This connection is described in Cole-
Wermer [8] and Knese [17]. The Hilbert space geometry approach of [17] made it
possible to extend the characterization to the setting where p has no zeros on the
open bidisk D? in [19].

In another direction, an investigation was begun in [12] of orthogonal polynomi-
als associated with bivariate measures supported on the bicircle constructed using
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the lexicographical or reverse lexicographical ordering and the recurrence formulas
associated with these polynomials were developed. As in the one variable case a
spectral theory type result was proved relating the vanishing of certain coefficients
in the recurrence formulas to the existence of a Fejér-Riesz type factorization and
of a Bernstein-Szegé measure with p a stable polynomial. Recently in [9], this
viewpoint yielded extensions of the above results to the problem of characterizing
positive bivariate trigonometric polynomials that can be factored as in (1.1) where
now p € C[z, w| has no zeros on a closed face of the bidisk. A closed face of the bidisk
refers to either T x D or D x T. This result is significantly more difficult because
much of the analyticity of 1/p is lost. However the moments can still be computed
using the one variable residue theorem. Furthermore the factorization is in gen-
eral not of the Helson-Lowdenslager type [13] which would give a rational function
rather than a polynomial factorization. Special consideration was given when the
trigonometric polynomial (0, ¢) = [p(z,w)|*> = |q(z,w)|?> where p(z,w) # 0 for
|z| =1, Jw| < 1 whereas ¢(z,w) # 0 for |w| = 1, |z| < 1, for which a spectral
theory result analogous to the characterization of the Bernstein-Szegd measures on
the circle was shown to hold.

In this article we refine, extend, and give a more complete picture of the results
in [9]; the case where p has no zeros on a closed face of the bidisk mentioned above.
In particular we emphasize that positive linear forms 7 on bivariate Laurent poly-
nomials of bounded degree which can be represented as a Bernstein-Szeg6 measure
as above with p(z,w) # 0 for |z| =1, |w| <1 can be characterized in two different
ways by using 7 to define an inner product on polynomials: (1) a matrix condi-
tion involving certain natural truncated shift operators, and (2) the existence of a
special orthogonal decomposition of spaces of polynomials we call the split-shift or-
thogonality condition. The “matrix condition” is easier to verify (and matches the
condition presented in [9] when we choose an appropriate basis) while the “split-
shift orthogonality condition” provides more information about the geometry of the
spaces involved as well as the polynomial p. In particular, this latter condition is
key to proving a generalization of the sums of squares formula alluded to above. A
subtle fact is that the spaces involved in the split-shift condition are in general not
unique but are in one-to-one correspondence with Fejér-Riesz type factorizations of
the positive trigonometric polynomial t. Furthermore given p we present an explicit
description of these spaces in terms of the decomposition of p(z,0) as a product of
stable and unstable factors. This makes it possible to characterize a whole strati-
fication of factorizations of ¢ as |p|?> where p has no zeros on T x D and p(z,0) has
a specified number of zeros in D. The case where p(z,0) has no zeros in D recovers
the Geronimo-Woerdeman characterization result, and the case where p(z,0) has
all zeros in D results in a related characterization of when ¢t = |p|?> where p has
no zeros in (C\ D) x D. In between these two extremes we can characterize when
t = |p|? where the zero set of p in D x C has a specified number of sheets over z € D
sitting in D x D (and a complementary number of sheets sitting in D x (C \ D)).

We proceed as follows. In Section 2 we introduce the notation used throughout
the paper and state the main theorems. In Section 3 we derive basic orthogo-
nality relations associated with Bernstein-Szeg6 measures. In Section 4 we show
that a Bernstein-Szegd measure with p(z,w) # 0 for |z| = 1, |w| < 1 implies the
split-shift condition using a decomposition of p(z,0) into stable and unstable fac-
tors. In Section 5 we show that the split-shift condition implies the existence of
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a Bernstein-Szeg6 measure of the type given above. Next in Section 6 the matrix
condition mentioned above is shown to be equivalent to the split-shift condition.
In Section 7 we describe all p that give rise to the same positive bivariate trigono-
metric polynomial. In Section 8 we show how to construct p from the moments
associated with the positive linear form. In Section 9 we apply the previous results
to solve the problem when an extended bivariate autoregressive model has a causal
or acausal solution. Also in this section we give necessary and sufficient conditions
in terms of moments when a bivariate Borel measure supported on the bicircle is
a Bernstein-Szegé measure with p nonzero for |z| = 1, |w| < 1. Finally in Sec-
tion 10 we adapt ideas from [20] to give a second proof of our generalized sum of
squares formula which should be of independent interest, while we also consider
“generalized distinguished varieties” and apply an argument of adapted from [18]
to obtain a sum of squares formula for polynomials associated with these varieties.
This allows us to obtain a determinantal representation of the polynomial giving
rise to the variety. Distinguished varieties were introduced in [2] and play an im-
portant role in multivariable operator theory and function theory on the bidisk.
Our determinantal representation generalizes one of the main theorems of [2].

2. NOTATION AND STATEMENT OF RESULTS
We denote spaces of Laurent polynomials by
Lir=V{zw':—j<s<j-k<t<k},
where V denotes the complex linear span of a set, and we denote spaces of polyno-
mials by
Pik = V{z%w':0<s<j,0<t<k},

where j,k € Z,. In some parts of the paper, the spaces L;; and P;j appear
naturally within the context of the Hilbert space L?(T?, i), where 4 is a positive
Borel measure on T2, in which case we may use also j,k = oo by considering the

closed linear spans above.
A linear form 7 : £,, ,,, — C is said to be positive if

T(f(z,w)f(1/2,1/w)) >0

for every nonzero f € Py, ,,, where f(z,w) = f(z,w). With 7 we define an inner
product on the space Py, m, via

(fro)r =T(f(zw)g(1/z,1/w))  f,9 € Pnm.

Let us write H7 for the finite dimensional Hilbert space (P, m, (-, -)7)-
For (k,1) € Z% where the inner product above is defined we denote the following
orthogonal complements:

(2.1) 5;%,1 =Pr1 ©wPgki-1,
(2.2) f;%,l =P © Pri-1,
(2.3) ER 1 =Pri© 2Pr_1,,
(2.4) .7-",3,1 =P ©Pr_1,.

We will often employ the anti-unitary reflection operator ~

g(z, w) = E(za U)) = kalg(l/za 1/w)
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which in this case we say is applied at the degree (k,l). This degree will usually
be clear from context or explicitly stated. For example, applying this operator at
degree (k, 1) to the spaces }",%’l and ]—',fJ we see that

1 _ 7 2 _ T2
gk,l = fk,z and gk,l = flc,lv
since the operator is an anti-unitary in Hy.

Definition 2.1. A positive linear form 7 on L, ,,, satisfies the split-shift orthogo-
nality condition if there exist subspaces of polynomials IC;, Ko C H7 such that
(1) ETIL_Lm =K1 @K,
(2) lCl 1 ZICQ and
(3) K1, 2K9 C gé,m'

The point of conditions (2) and (3) is that they imply K1 @ 2Ky C &} ,,. This
condition actually characterizes positive linear forms coming from a Bernstein-Szegd
measure. What is interesting is that this condition can also be expressed using a
simple matrix condition.

To present the matrix condition let us define three operators

— wE?

_ el
A= ng?z,”m,—le : gnflqm n,m—1
2 1
= : —
B PETII,— wF, 1 gnfl,m

1,m n,m—

T=P M:E,

—

1
—1m n—1,m

where M, is multiplication by z and Py represents orthogonal projection onto a
subspace H C Hz. Notice that T is just truncation of multiplication by z to
g’rlL—l m*

Theorem 2.2. Let T be a positive linear form on Ly, . The following are equiv-
alent.

(1) (Bernstein-Szegd condition) There exists p € C[z, w] with no zeros on T x D
and degree at most (n,m) such that

, ; dz||dw .
(2.5) T(Fw) = /11‘2 ijk(27r)2|]|9|(z,1|u)|2 l7] < n, k| < m.

(2) (Split-shift condition) T satisfies the split-shift orthogonality condition.
(3) (Matriz condition) The invariant subspace of T generated by the range of
B is contained in the kernel of A. More concretely,

(2.6) AT'B =0 for j=0,1,...,n—1.

This theorem is a more geometric formulation of the results in Geronimo-Iliev [9].
In particular, the coordinate free formulation of condition (3) makes it possible to
give a straightforward proof of the equivalence of (2) and (3) in Propositions 6.1 and
6.2—the original proof in [9] involves some non-trivial linear algebra. Of greater
significance, however, is our emphasis on the split-shift condition and the rather
complete knowledge it provides of the geometry of Bernstein-Szegé measures of the
above type. A version of the split-shift condition was recognized as an important
stepping stone in [9], but at that time it was not clear how to construct the spaces
involved directly with Hilbert space geometry—this question was explicitly raised
as [9, Remark 5.3]. The approach developed here resolves this.
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Theorem 2.3. Let T be a positive linear form on L, n, satisfying the Bernstein-
Szeg6 condition of Theorem 2.2 with polynomial p(z,w) having no zeros on T x D
and degree at most (n,m). Then

Ki=Pe | {9(2)a(z) : g € Clz],deg g < degb}

Ko =Pei  {g(2)b(z) : g € C[z],deg g < n — degb},
satisfy the split-shift condition. Here p(z,0) = a(z)b(z) where a € C[z] has no zeros
in D and b € C[z] has all zeros in D.

More explicitly, if we form the span of the following projections of one variable
polynomials
Z'a(z) — Pyp,_, . 2'a(z) for 0 <i < degb
and
2'b(z) — Pyp,_,,,2'b(2) for 0 <i <n—degbh
then the resulting subspaces satisfy all the orthogonality conditions in the split-shift
definition.

Why should we emphasize the abstract looking split-shift condition in the first
place? One answer to this is that the spaces in the split-shift condition appear
naturally in the following sum of (hermitian) squares result that ends up being an
important by-product of our work.

Theorem 2.4. Suppose p € Clz,w] has no zeros on T x D and degp = (n,m).
Define p(z,w) = z"w™p(1/z,1/w). Then, there exist polynomials Ay,..., Am,
Bi,...,B,, C1,...,Cp, € C[z,w] such that

Ip(z,w)|* = [p(z, w)]®

m

= (1~ |wf?) Z — |21 ZIB zw)? = [Cj(z,w)?
j=1

where ng is the number of zeros of p(z,0) in D and ny = n —ny. The same result
holds if p has no zeros in T x D and no factors in common with p.

The different sums of squares terms can be constructed from important subspaces

of L2(|d“z‘|‘dw|) : the A; form an orthonormal basis of £2

orthonormal basis of IC (the reflection of K3), and the C; form an orthonormal
basis of 1. (See Theorem 5.5.) This formula illustrates how natural are the spaces
in the split-shift condition, and it also reproves some important formulas as special
cases.

When ny = 0, p is stable and we get the Cole-Wermer type of sum of squares
formula [8] which can be used to prove Agler’s Pick interpolation theorem on the
bidisk; see also [11], [17], [10], [20], [7]. The exact numbers of squares involved in
this case turned out to be important in recent work on extending Léwner’s theory
of matrix monotone functions to two variables in Agler-McCarthy-Young [5]. When
m =0 (i.e. p does not depend on w) we get a decomposition which readily implies
part of the Schur-Cohn method for counting the roots of a polynomial inside and
outside the unit circle.

The case of p with merely no zeros on T x DD can be derived from a limiting
argument as in [17]. We give a second proof of the sum of squares formula using
ideas of Kummert [20] in Section 10.1. This proof should be of independent interest

m—1, the B; form an
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and has the advantage of working directly for all cases. See Section 10.2 for an
application of the formula to proving a determinantal representation for a class of
curves generalizing the distinguished varieties of Agler-McCarthy [2].

Now that we see that the split-shift condition is natural, we get into a deeper dis-
cussion of Theorem 2.2, and its extensions. From the maximum entropy principle
[6] (see also the proof of Theorem 2.8) there are at most finitely many p(z, w) for
which the Bernstein-Szegé condition holds. Theorem 2.3 therefore gives one partic-
ular way to construct Ky, KCo in the definition of split-shift and this way is uniquely
determined by the choice of p. However, since a trigonometric polynomial factored
as |p|? can potentially be factored in more than one such way—roughly speaking
these polynomials can be obtained from one another by permuting the factors in
|p(z, w)|? which depend only on z—each such factorization will yield spaces as in
the split-shift condition via the above theorem. We prove that these are all the
possible split-shift decompositions corresponding to |p(z,w)|?. See Proposition 7.3.

While each choice of p in the factorization of ¢ = |p|? yields a canonically associ-
ated pair of spaces K1, o in the split-shift condition, the matrix condition naturally
gives rise to two canonical choices for such pairs.

Theorem 2.5. Let T be a positive linear form on L, , satisfying the matriz con-
dition of Theorem 2.2. Then, (K1,K2) = (&), ,, © B,B) satisfies the split-shift
condition where

B=V{T'Bf: fewF,,,_1,j=01,...}.
Similarly, (K1,K2) = (A, €)1, © A) satisfies the split-shift condition where
A=V{(T*VAf: fewE,, 1.j=01,..}

If (K4, KYL) is any other pair satisfying the split-shift condition, then A C K} and
B C K.

To be clear, T* : €} _; ., — isgiven by Per My, and A* : wé’im_l —

1
n—1m

Ep_1m is given by Pei  M;y,.. See Theorems 7.4 and 7.5 where we also show

how the spaces in Theorelm 2.5 relate to those in Theorem 2.3.

Theorems 2.3 and 2.5 directly show how the Bernstein-Szeg6 condition and the
matrix condition yield the split-shift condition. On the other hand, if the split-
shift condition holds, Ky @ 2Ky has co-dimension one in &, ,, and we shall show
that the Bernstein-Szeg6 condition holds using any unit norm element p in the one
dimensional space 5}17m O (K1 @ zK2). A sum of squares result related to Theorem
2.4 ends up being crucial here. In Section 8, we describe a simple procedure for
constructing p from the moments 7 (27w") once we know the split-shift condition
holds.

Our emphasis on the split-shift condition permits several interesting refinements
that were not evident before. Notice that if p does not vanish on T x D, then the
argument principle shows that the number of zeros of p(-,w) in D will be constant
as w varies in D). Thus it is possible to prove a “stratified” version of Theorem 2.2,
where we characterize factorizations involving p with no zeros in T x D such that
p(z,0) has a specified number of zeros in D). See the end of Section 7 for the proof

of the following corollary.

Corollary 2.6. Let T be a positive linear form on Ly, ., and let 0 < d < n. The
following are equivalent.
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(1) (Bernstein-Szegd condition) There exists p € C[z, w] with no zeros on TxD,
degree at most (n,m), and where p(z,0) has d zeros in D such that

; ; dz||dw| _
T(Fw" :/ zjwk‘— il < n, k| <m.
)= ) e
(2) (Split-shift condition) T satisfies the split-shift orthogonality condition where
K1 has dimension d.

(3) (Matriz condition) The invariant subspace of T generated by the range of
B is contained in the kernel of A, and

dim A <d<n-—dimB.
Note A and B are as in Theorem 2.5.

In particular, the case d = 0 yields the Geronimo-Woerdeman result (as well as
much simpler looking conditions). In this case, the split-shift condition merely says

(2.7) 2EL o CEL L.

The matrix condition in this case implies A = {0} which implies A = 0. Since the
range of A is P,¢2 m,lzgvlz—l,m’ this means wéy ,, | L 2E} _; ,,, which is equivalent

to (2.7) because of the orthogonal decomposition

1 2 _ 1 2
gn,m @ wgn,mfl - Zgnfl,m D gn,m‘

By performing the reflection operation, w537m_1 1 zE,lL_l,m is equivalent to f}b_lm 1

_7:2

n,m—1°
Corollary 2.7 (Geronimo-Woerdeman [11]). Let 7 be a positive linear form on

Lnm. There exists p € C[z,w] with no zeros on D™ and degree at most (n,m) such
that =]l
, , dz||dw
(b = [ st o T <nlk <m
= (27)?p(z,w)? ’ ’
if and only if
fé—l,m 1 ]:72L,m—1'
To use the language of [22], the last condition can be neatly phrased as saying
Pr—1,m and Py, ,,—1 intersect at right angles.
As in [9], Theorem 2.2 allows us to characterize when a positive two variable

trigonometric polynomial can be factored as |p(z,w)|? on T? where p has no zeros
in T x D.

Theorem 2.8. Suppose t(z,w) = >27_ St | tjpzlw® > 0 for (z,w) € T?.

Then, there exists p € Clz,w] of degree at most (n,m) with no zeros on T x D such
that t = |p|*> on T? if and only if the positive linear form T on L, m

. . dzl||d
Tty = [ st S < < m
T2 (2m)2t(z, w)

satisfies the split-shift condition.

See the end of Section 5 for a proof of this theorem.
We say a finite, positive Borel measure u on T? is non-degenerate if

/sz | f|?dp > 0,
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for every nonzero polynomial f € C[z,w]. We next turn to the problem of charac-
terizing which such measures p on T? are of the form

1

(2.8) or

do
where p € C[z,w] has no zeros in T x D and degree at most (n,m); do denotes
normalized Lebesgue measure on T2.

Some necessary conditions turn out to be

(2~9) EZ,M = 5g+j,M

for M > m — 1 and j > 0. These conditions are most likely not sufficient though.
Surprisingly, in [9], it was noticed that conditions (2.9) combined with the anal-
ogous conditions obtained by interchanging the roles of z and w characterize when
1 has the form
1

p(z, w)q(1/z,w)[?

where p, ¢ € C[z,w] have no zeros in D°.
We now provide the following necessary and sufficient conditions for p to have
the form (2.8). Define the following one dimensional spaces

(2.10) Has := Panar © V{z7w" 10 <5 <2n,0 <k < M, (5,k) # (n,0)}.

do

Theorem 2.9. Let dy be a non-degenerate, finite, positive Borel measure on T2,
There exists p € Clz,w] of degree at most (n,m) with no zeros on T x D such that

do

dy = —
p[?
if and only if
57%,1\/[ = 5721+j,M and Hpm = Hpyj

for M >m —1 and j > 0.

This theorem is proved in Section 9.2, and in 9.3 it is expressed concretely in
terms of the moments of p. In Section 9.1, we discuss the close connection of our
main theorem, Theorem 2.2, to autoregressive filters as was done in [11].

3. BASIC ORTHOGONALITIES OF BERNSTEIN-SZEGO MEASURES

The next two sections are occupied with proving that the Bernstein-Szegé con-
dition implies the split-shift condition in Theorem 2.2, which is the content of
Theorem 4.8. The approach is an extension of [10].

Let p € C[z,w] and assume p(z,w) # 0 for (z,w) € T x D. Let degp <
(n,m), p(z,w) = z"w™p(1/z,1/w). Let do denote normalized Lebesgue measure
on T2. We use doy(z) = |dz|/(27) or doi(w) = |dw|/(27) to denote normalized
Lebesgue measure on T using the variable z or w. We use (-,-) for the inner
product in L?(1/|p|?do, T?) and V to denote closed linear span in both L?(T?) and
L?(1/|p|*do). This is legitimate because |p| is bounded above and below on T?
so the identity map on C[z,w] extends to a homeomorphism of L2(1/|p|?do) to
L?(T?). The next lemma shows that p and p are orthogonal to all monomials in
half planes.
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Lemma 3.1. In L? (lplgda)

(3.1) p L 2wk forjez,k>1
and

(3.2) pL 22wk forjez,k <m.
Also,

V{Zdp:jeZy=v{zuw*: jez,0<k<m}ov{ziuv:jez1<k<m}

= [ ]

for k > 1 since 1/p(z,w) is holomorphic in w € D when z € T. The proof for p is
similar.

For the final part, we have just shown the inclusion C. On the other hand, if
fevizuwt:jez,0<k<m}ov{ziu*:j€Z1<k<m}and f L z7p for all

j € Z, then

oo [ T [ f0
T2

for all j € Z implies f(z, O)/p(z O) =0 for a.e. z € T (Note that f(z,0) should

be interpreted as >, f(4,0)27 in L2.) Therefore, f(z,0) = 0 which implies f €

Vv{ziwk : j € Z,1 < k < m} making f orthogonal to itself. So, f = 0. O

Proof.

dUl )dUl(Z) =0

Define
2 P(z,w)p(1/Z,m)
oz w) = ==
- Hli_
HW(Z,’LU) — an(Z,'lU)p( {Z?n) .
1—wn

By (3.2) and expanding the denominator in H,,, we see that H, L V{ziw* :j €
Z,k < m} for n € D. Similarly J,, L V{z/w* : j € Z,k > 0} for |n| > 1 since for
(z,w) € T?

—w_npzwp(1/2n)

Jy(z,w) = — [y
Define
L) = Ll win) = o LEPREN P OREEI g ), 210)

which is a polynomial in (z,w,7) of degree (2n,m — 1,m — 1). Notice that
(3-3) 2 wn)" T Lz, 1 i 1/7) = 07 Ly (2, w) = Ly (2, w).
Similarly we define
Gy(z,w) = G(z,w;n) = Jy(z,w) — wiHy,(z,w)

which is a polynomial in (z,w,7) of degree (2n,m,m). Note that the reflection
symmetry for L, (z,w) implies the following symmetry for G, (z, w)

(3.4) 22 (w) "Gy (1), 1/0) = Gy(z,w).
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Up to factors of 27, L, (z, w) and G, (2, w) are parametrized one-variable Christoffel-
Darboux kernels. In the next few lemmas, the orthogonality properties of p and p
are used to obtain orthogonality properties on pieces of these kernels.

Lemma 3.2. If f € L? and supp(f) C Z x Z., then in L*(1/|p|*do)

J77> = Z f(n’ k)77k

k>0
form € D. In particular, J, L V{zlw* : k > 0,5 # n} forn € D.
Proof.
) Z"p(z
/T2 o) p( _n)d 1(w)do(z)

—wn

/ fz )5 doy (=)

:an,kn

k>0

Lemma 3.3. In L?(1/|p|*do), for alln € C
L,,L\/{zjwk:j;én,ogk‘<m}
and for f € V{z7wF :j € 2,0 <k < m}

m—1

Lﬁ> = Z f(n7k)nk
k=0

Proof. Note L,y = J,, — Hy. As f L Hy and (f, J,) = Z;n:_ol f(n,k)n*, we see that
the desired formula holds for n € . Since both sides are polynomials in 7, the
formula holds for all n € C. O

Corollary 3.4. In L?*(1/|p|?do)
VAL, :n €D} =Papm-12 (Pn-1m-1V 2" Pu_im_1)
=Vv{Zw*:jeZ0<k<m}
oVv{zIw" :j#n,0<k<m).

Proof. We have already shown the L,’s are in the orthogonal complements on the
right. On the other hand, if any f (in either orthogonal complement space) is
orthogonal to L, for all n, then f(n,k) =0 for 0 < k < m, implying f = 0. O

The next Proposition (see also Corollary 3.7) shows that certain orthogonal
subspaces are mapped into each other by multiplication by z.

Proposition 3.5. In L?(1/|p|*do)
Poom-1© Prn-1,m—1 = \/{szf7 17 >0,neD}
=V {Zuwt:je2,0<k<m}ov{ziw":j<n0<k<m}
Pocom © Pr1m = V{2/Gy : j > 0,1 € D}
=Vv{Zuwt:jeZ,0<k<m}ov{ziu":j<n0<k<m.
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Proof. By the Corollary, 27 L, is in the orthogonal complement spaces for all j >
0,7 € D. On the other hand, if anything in these orthogonal complements is
orthogonal to 27 L,, for all j > 0,7 € D, then such an element will have no Fourier
support in the set {(j,k) : j > n,0 < k < m} and will be orthogonal to itself.

We get similar decompositions when we use G, instead of L, and allow k =
m. U

If we apply the anti-unitary reflection operation - at degree (n—1,m —1) we get
other useful decompositions
(3.5) V{Zwr:j<n0<k<m}OPi1m1=V{z"L,:j<0,necD}
=Vv{Zuw":j€Z0<k<m}ev{zuw":j>0,0<k<m}

Multiplication of the above equation by z gives the following important consequence
which provides necessary conditions for the full measure characterization in Section
9.2.

Corollary 3.6. In L?(1/|p|?do),
67274’]\/[ 1 Z’POO’M
forall M > m — 1.

We get this for all M > m — 1 simply because we can view p as a polynomial of
degree at most (n, M + 1) for any M > m — 1. Similarly, we obtain the following
corollary.

Corollary 3.7. In L?(1/|p|?do),
Poort © Prvt = 2(Poo,mt © Pr—1,m),

forall M > m — 1.

4. BERNSTEIN-SZEGO CONDITION IMPLIES SPLIT-SHIFT CONDITION

Using the same setup as the previous section, we now delve into the more refined
orthogonalities necessary to prove that the Bernstein-Szegd condition implies the
split-shift condition in Theorem 2.2. Write p(z,0) = a(z)b(z) where a has no zeros

—

in D and b has all zeros in D. Let 3 := degb and b(z) = 2°b(1/2).

Lemma 4.1. In L?(1/|p|*do), for n € D, we have
azl L wl,

for all j < B.
For |n| > 1,

w™bzd L H,

forall j <n— (.
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Proof. Observe that for j < 8 and 0 < || < 1, (az?,wJ,) equals

//1r2 ;((;)j) wi”f(;;;l) Qi?wdm(z) = /TzJ'*”a(z)P(z,ﬂ)/T 2mp(z’j)u()w — n)wdol(z)
- /sz—"a(z)p(z,n) (np(i,n) inp :
_ % ( /T " a(z)do (2) — /T Zbé)Z’)dUl(Z))

since n — j > dega. The proof is easier when n = 0.
For |n| > 1, (mezj,Hn> equals
— . oplz,m) ; 1 d
(et o E e [ iyt [ ()
T

— wi] T p(z,w)n(1/7 — w) 2miw

— /Ezn—ﬁ_jbﬁmp(z7 1/7) (— B 11/ﬁ) + (21 0)) doyi(z)

O B T ES VL P
7/T bndl()/n o (2)
-0

forn—p3>j. O

Lemma 4.2. In L?(1/|p|?do), if f € V{27 : 5 >0}, then f L 2Fp for all k > 0 if
and only if f(z) = a(z)q(z) where q € C[z] has degree less than (3.

If f € V{iw™z) : j > 0}, then f L 2*p for all k > 0 if and only if f(z,w) =
me(z)q(z) where q € C[z] has degree less than n — .

Proof. If 2Fp L f e V{27 : j > 0} for all £ > 0 then

//11‘2 zk f dol(w)dol(z) = /T ;ch(g)) doy(z)

for all k& > 0 implies f(z)/p(z,O) = zg(z) for g € H*(T) = V{27 : j > 0}. Then,
f(z) = p(2,0)Zg(z) and so
2" (2) = 2"p(2,0)g(2) € H?
implies f(z) is a polynomial of degree at most n — 1. In addition, f: Egg implies
a divides f. (We reflect b at degree 8 and a at degree n — 5.) So, f = ah where
h € C[z] has degree less than 8. Finally, f = aq where ¢ € C[z] has degree less
than .
For the converse, let f = ag. Then,

Ty = Y T

_ zkwq(z) e,
‘/Taz) dory(2) /T—Z doy(2) = 0

I\

for all £ > 0.
The proof of the second part is very similar. [
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Define
K :=Poo,m © WPoo,m—1
L:=Pom © Poo,m—1-
Notice
V{zip:j >0} CK
and

v{zip:j >0} C L.
Let Py denote orthogonal projection onto Pus m—1 and POl =1-F,.
Let P; denote orthogonal projection onto wPs pm—1 and Pf‘ =1—-P.

The next two lemmas and corollary construct the spaces K1 and Ky in the split-
shift condition in Definition 2.1.

Lemma 4.3. In L*(1/|p|*do)
Keov{z/p:j >0} =P (V{az’ : 0<j < f})
LoV{Zp:j>0}= P()L(\/{wmgzj :0<j<n—p}).

Proof. Let f € K and f L 29p for all j > 0. Write f(z,w) = f(2,0) — wg(z,w)
where g € Pso,m—1 and notice that P f = 0 = Pi(f(2,0)) — wg(z,w) so that
f = f(z,0) — P f(2,0) = P f(2,0). Since P;f(2,0) L z/p for all j > 0, we see
that f(z,0) L 27p for all j > 0. By Lemma 4.2, f(z,0) = a(z)q(z) where degq < (3.
This shows the inclusion C.
On the other hand, Pi-(az?) = az! — Piaz? € K, Pi(az?) L 2*p for all k > 0,
and az’ L zFp for all k > 0 by Lemma 4.2.
The second equation has a similar proof.
O

Lemma 4.4. In L?(1/|p|*do)
Pir(v{az’ :0<j < B}) C Po-tim
Pir(V{w™bz’ :0< j<n—pB}) C Pr—1,m-

Proof. For 0 < j < 8, Pi-(az?) = az — Py(a2?). Clearly, az? € Pp_1m, so the
main thing to show is that P(az’?) € Py_1 m.
For k>0,neD

<P1(azj),wsz,7> = azj,wszn> since wszn € WPso,m—1
= (az¥ 7% wJ) since az/~F | wH,, when |n| < 1

by Lemma 4.1. On the other hand, since f = wP;(az’) is an element of Pug n—1
) m—1
<P1(azj)awszT]> = <f2k7L77> = f(n+kat)nt EO
t=0
by Lemma 3.3. So, f(j, k) = 0 for j > n and k € Z. This shows Pi(az?) = wf €
Pn—l,m~
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For the second inclusion, the main thing to show is f = Po(wmgzj) € Prcim
for 0 <j<n-—g. ForneC,

m—1

(f,2°Ln) =" fn+k,t)n

t=0
on one hand, while for || > 1
(f,2"L,) = (wmzzj,szn>
= <wmzj_kz, —H,) since J, L w™ 27~ when [n| > 1
=0
by Lemma 4.1 since j — k < n — . This implies f(n + k,t) =0 for k£ > 0 and

0 <t < m as desired.
O

Set ,
Ki=Kev{zp:j>0}
Ly =LoV{Zp:j >0}
Corollary 4.5. In L?*(1/|p|?do)
Ky = Pglil’m(\/{azj 0<j< B céE

n,m?

L= (\/{mezj:OSj<n—ﬂ})C]:l

n 1,m n,m?

L= Per m(v{sz :0<j<n-—p})CzE,

Proof. By Lemmas 4.3 and 4.4, K; is contained in both 57{—1,m and Erllym. Let
P} .1 denote orthogonal projection onto wPp_1m-1. For any f = azl —
Pyi(az?) we know f € Py 1, for 0 < j < 3, and so we see that Pj(az’) =
Py mo1Pi(a??) = Py_y 1 (az?). Therefore, f = az/—P,_y ,,_1(az’) = Pe1_ .
which proves Ky = Pe1 | (V{az? : 0 < j < B}).

The second set of equations has a similar proof. The last set of equations follows
from the second set by taking the reflection operation ™~ at the degree (n—1,m). O

(az?),

Let Ky := &) 1, © K1 so that
En_1m =K1 ®Ka.
Similarly, define L5 so that
Forim =L1®Ls.
The next lemma gives a different characterization of the spaces Iy and L.
Lemma 4.6. In L?(1/|p|*do)
(41) v{zZp:j >0} @ V{w'L,:j>0,neD}
:ICQ@\/{ZjGn :j7>0,n€eD}

(4.2) v{Zp:j>0}®V{s’L,:j>0,neD}
=Ly ®V{z'G, :j>0,n€D}
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Proof. Now,
Poom O WPr—1.m—1 = (Poo,m © WPoo,m—1) ® W(Poo,m—1© Pr—1,m-1)

=K ® V{wz/L, : j > 0,n € D}

=K1 @ V{z/p:j>0}®Vv{wzIL,:j>0neD}
by Proposition 3.5. The same set is equal to

ey am ®V{ZGy i >0,neD} =K1 0Ky ®V{z'G, :j > 0,7 €D}
and after canceling Xy we obtain (4.1). The proof for Ly follows along the same
lines by considering Pog,m © Pr—1,m—1- O
Lemma 4.7. In L?(1/|p|*do)

(4.3) Vv{Zp:j<0}yeVvi{wz "L, :j<0,neD}
=L ®V{z' "G, : j < 0,n € D}

where ZQ is obtained by reflecting Lo at degree (n —1,m) and

(44) V{Zp:jeZyoVv{wz"L,:j<0,meD}dV{wL,:j>0,necD}
=Vv{zZ "G, :j<0,neD}dV{z’G,:j>0,neD}D E}L_Lm.
Proof. The first part follows from applying the reverse operation - at the degree
(n—1,m) in (4.2) and by using (3.3) and (3.4).
The second part comes from decomposing
V{ziwk:jezZ,0<k<m}o WPh—1,m-1
in two different ways. By Proposition 3.5, equation (3.5) and Lemma 3.1 it equals
V{ziwF:jez,0<k<m}ov{ziv*:jez,1<k<m}
O V{wz""IL,:j<0,neD}®V{wL,:j>0,neD}
=V {dp:jeZy e Vviwz L, :j<0,neD}@V{wL,:j>0,n¢cD},
while it also equals the right hand side of (4.4). O
Theorem 4.8. Assume p € Clz,w] has no zeros in T x D and degree at most
(n,m). In L*(1/|p|*do), for
Ki=Pea (V{az’ :0<j<f})
Ly=Pg | (V{bz7:0<j<n—p}

—1,m
we have
5711 =K1 & El

—1m
and
Enm=K1® 2L, &Cp.

Consequently, the split-shift orthogonality condition holds for a positive linear form
associated to a Bernstein-Szeqgd measure with p having no zeros in T x D.
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Proof. By Corollary 4.5, it is enough to prove
L =K,
and
grlhm =K1 P z2K2 @ Cp.
The direct sum of the left sides of (4.1) and (4.3) yields the left side of (4.4).
So, the direct sum of the corresponding right hand sides are equal which means
Ko ® V{z’G, : j > 0,17 € D} @ Lo o V{z' "G, :j <0,n€D}
=V{Z/ "Gy j <0, ED}BV{/Gy:j 20,0 ED}BE, 4
Therefore, £}, ,, =Ko ® L. But, En 1 1 = L1 ® Ly and so Ky = L.
We know Cp, K1 C 5,1,7,1 by Lemma 3.1 and Corollary 4.5. By definition of Ky

we know K1 L p.
Now, using Corollary 3.7, we see that

\/{zjwk:ij,nggm}@\/{zjwk:Ogjgn,lgkgm}

decomposes into
K & 2w(Poom—1 S Pr—1,m—1)
=V {zip:j >0} K ®V{zwL,:j>0,neD}
=Cp @ K1 @ 2(V{z'p:j > 0}) @ z2(V{wz’L, : j > 0,n € D})
=Cp @ K1 @ 2(Ka @ V{2/G, : j > 0, € D}) by (4.1)
=Cp @ K1 @ 2K2 @ 2(V{2'G,, : j > 0,7 € D})
but it also decomposes into
Epm @2(V{z7Gy 1§ > 0,n €D}
and therefore
Epm=Cpo Ky ® 2Ks.

5. SPLIT-SHIFT CONDITION IMPLIES BERNSTEIN-SZEGO CONDITION

The goal now is to prove that the split-shift condition (see Definition 2.1) im-
plies that 7 can be represented using a Bernstein-Szeg6é measure whose associated
polynomial has no zeros on T x D.

We call the pair (K1,K2) a shift-split of é'%vm. By dimensional considerations
Eim © (K1 @ 2K2) will be one dimensional, and therefore of the form Cp for some
unit norm p. We shall call p a split-poly associated to the shift-split. The point
now will be to prove that a split-poly p has no zeros on T x D and along the way
we will prove some interesting formulas for p (which will also give formulas for an
arbitrary p with no zeros on T x D since we can apply our formulas to 1/|p|?do).

There may be more than one shift-split of Ei’m, but we shall see that each split-
poly is associated to one shift-split. We will provide a description of all split-polys
(and hence all shift-splits via the previous section) in Section 7.

Let K, be the reproducing kernel for P;; in Hz. Namely, for (¢,n) € C2,
(Kjx)cm () = Kjr(-, 3¢, n) is the unique element of P, such that

(fs (K k) emiT = f(Cm)
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for all f € Pj.

Remark 5.1. We shall use some standard facts about reproducing kernels of poly-
nomials on T2. See Section 3 of [17].

(1) The reproducing kernel of an orthogonal direct sum is the sum of the re-
producing kernels. B
(2) Shifting a subspace by z (resp. w) multiplies the reproducing kernel by z¢

(resp. wf).
(3) The “reflection” - of a subspace “reflects” the reproducing kernel.

On this last point, if H is a subspace of polynomials of degree at most (4, k) and
H is its reproducing kernel, the subspace

H = {z7wF f(1/2 1/ w) : f € H}
has reproducing kernel
H(z,w; ¢, m) = (2C) (wn)*H(1/C,1/7;1/2,1/w).

The degree (4, k) at which we reflect will either be mentioned explicitly or will be
the maximal degree of the elements of the subspace.

Using these manipulations we get the following formulas.
Ej1 = K ;m — winKj,;m—1 = the reproducing kernel for E}M
Fj1 = Ejl = K m — Kjm—1 = the reproducing kernel for fjl,m
E,% =K — Zganl,k: = the reproducing kernel for 6’3’,C
F? = E’,z = K, — K1,y = the reproducing kernel for .7-"7217k.
For example, the first formula follows from the orthogonal decomposition
Pim = wWPjm_1 @ Ejlm

We record some basic formulas which do not require any special orthogonality
conditions. In fact, they are just the result of manipulating the equations above.

Lemma 5.2. We have

Ej(z,w;¢,n) — Fj (z,w; ¢,n) = (1 = wi) Kj n—1(2,w; ¢, 1)

B (z,w; () = F(z,wi¢,n) = (1= 20) Kn—1,5(z, w5 ¢, ).

If {Eo(z,w),..., Em(z,w)} is an orthonormal basis for £7 ,, then we write
E2 (z,w) = (Eo(z,w), ..., Em(z,w)) = (1w, ..., w™)E2 (2)

for an appropriate (m + 1) x (m + 1) matrix polynomial E2,(z). Then,
En(z,w;¢,n) = Ef(z,w)E2 (C,n)" = (Lw,...,w™)E2 (2)E2 () (1,0, .,n™)"
Lemma 5.3. The matriz polynomial EZ (z) is invertible for all z € D.

Proof. Suppose EZ2,(zp) is singular for some 2y € C and choose nonzero v € C™*!
such that E2 (z9)v = 0. Then,

flz,w) = B2 (z,w)v = (L,w,...,w™)E? (2)v
is in &7, and f(z,w) = 0 for all w. So, f(z,w) = (z — 20)g(z,w) for some
g € Pp—1,m. Since f L zg we have

1f = 29l = 117 + g1 = 20 llg>.
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Then, ||f][* = [lv]|* = (|z0|* — 1)l|g]|* which implies |zo| > 1. U

Let K; be the reproducing kernel for K1, and let K5 be the reproducing kernel
for 9. When p has unit norm, the reproducing kernel for Cp is p(z, w)p(¢,n) but
we will simply write pp.

Lemma 5.4. If (K1, K2) is a shift-split of EL ., with split-poly p then

El_ =K +K,
E, = K1+ 2(Ky + pp
F' =K, +K,
Fp = 2CKy + Ko +pp
where the kernels I?l and f(g are reflected at the degree (n — 1, m).
Proof. These all follow from Remark 5.1 and the definition of shift-split. (]

Theorem 5.5. If (K1, K3) is a shift-split of £}, with split-poly p then

PB— b = (1 — wi) B2, + (1 — 20)(Ks — K1)
= (1 —wi)F2_y + (1 - 20) (K2 — )
= (1= wi)F2_; + (1 = 2)(Kz — K1) + (1= 20)(1 — wil) K11

and
pp — wiipp = (1 — wi) B2, + (1 — 2C) (wijKy — K1)

— (1 wi)F2, + (1 — 20)(K — wilk)

— (1= wi) F2 + (1 — 20wz — K1) + (1= 2)(1 — wi) Kp—1.m.
Proof. Combining Lemmas 5.2 and 5.4, we get

20Ky + Ky — (K + K3)) = (1 — wif) 2CK p_1.m—1
and
K+ 2Ky + pp — (2CK1 + Ko + pp) = (1 — wil) Ky 1.
Subtract these two formulas to get
(1= 2C)(K1 — Ks) +pp—pp = (1 — wi) By,

which rearranges to get the first desired formula. Similar arguments give the re-
maining formulas. O

If 7 comes from a Bernstein-Szegé measure 1/|p|?do where p has no zeros on
T x D, then Theorem 4.8 implies p is a split-poly and then the above theorem
immediately implies Theorem 2.4, the sum of squares theorem from the introduction
since reproducing kernels can be written as a sum of squares of an orthonormal
basis. In general, the sum of squares formula implies a split-poly has no zeros on
T x D.

Corollary 5.6. If p is a split-poly, then p has no zeros on T x D.
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Proof. We use the second set of formulas in Theorem 5.5. Suppose p(z,w) = 0 for
some (z,w) € T x D. Setting 2 = ¢ € T and w =7 € D we have
2 2 = —|wp(z, w)[* = (1 — |w[*) E}, (2,w; 2,w) > 0

Ip(z,w)* = Jw]?[p(z, w)

which shows wp(z,w) = 0. Then, for arbitrary n € C we have
0= E%(z,w;z,m) = B2 (2,w)E2(2,m)" = (L,w,...,w™ E2 (2)E% (2)*(1,n,...,n™)*

which implies
0= (1,w,...,w™)E%(2)E? (2)*
contradicting the fact that E2 (2) is invertible from Lemma 5.3. O

We can now prove the split-shift orthogonality condition implies the Bernstein-
Szegd condition in Theorem 2.2.

Corollary 5.7. Suppose two positive linear forms Ty and Ty both satisfy the split-
shift condition with the same split-poly p. Then, Ty = T and the linear forms agree
with the linear form associated with the measure 1/|p|*do.

Proof. It is enough to show the reproducing kernels K, ,, are the same for both
forms. We can form a matrix polynomial EZ2 (z) corresponding to each form 7;
and 7o, say FEi(z) and F3(z) (just in this proof; we will not use this notation
elsewhere). Using Theorem 5.5 for z = ¢ € T and arbitrary w,n € C we get
E1(2)E1(2)* = E3(z)Es(2)* for z € T using arguments similar to the previous
proof. Then,
By (2)Ei(2) = E2(1/2) By (1/2)".

By Lemma 5.3, the left hand side is analytic for |z| < 1, while the right hand side is
analytic for |z| > 1. By Liouville’s theorem E;*(2)E;(z) =V is a constant unitary

matrix. This in turn implies the reproducing kernels E2 (z,w;(,n) for 7, T3 are
the same. By the next lemma, we may conclude that 7; = 7. O

Lemma 5.8. The inner product in Hy is determined by the reproducing kernel
B2

Proof. Notice F2(z,w;(,n) = (2¢)"(wi)™E2,(1/¢,1/7;1/2,1/w). So, E2, deter-
mines F?2. By Lemma 5.2, E? determines K, _1,, and since K,,, = E2 +

ZEanl,m we see that Efn determines K, ,, as well. O
We can now prove Theorem 2.8.

Proof of Theorem 2.8. We already know that if ¢ = |p|? then the split-shift condi-
tion holds. On the other hand, if the split-shift condition holds with split-poly p,
then p has no zeros on T x D and the form corresponding to 1/|p|?>do agrees with
the form 7. Then, by Cauchy-Schwarz

‘(T%@)ﬁmmd o = [ Lo [ i -

since the forms agree. Since we have equality in our application of Cauchy-Schwarz,
it is not hard to see t = |p|?. O
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6. THE MATRIX CONDITION

The abstract flavor of the split-shift orthogonality condition makes it difficult to
check. This section is devoted to showing it is equivalent to checking that a number
of natural operators vanish.

The “matrix condition” (2.6) from Theorem 2.2 can be viewed as saying the
smallest invariant subspace of T containing the range of B is contained in the
kernel of A.

Proposition 6.1. If a positive linear form T satisfies the split-shift condition with
shift-split (K1,Ks2), then the matriz condition (2.6) holds and

(6.1) V{(T*Y A f: fewE,,, 1,7=0,1,...} CK;
(6.2) V{T'Bf : f e wF. 1,5 =0,1,...} C Ka.
Proof. Let (K1, K3) be a shift-split of £} ,,. Then, &}, ,, =K &Ky and €}, =

K1 @ zKs @ Cp where p is the associated split-poly.
The strategy is to prove (1) the range of B is contained in Kq, (2) K3 is an
invariant subspace of T (TKs C K3), and (3) AKXy = 0. This will imply that (2.6)
holds as well as (6.2).
Since Ky C &, ,,, K1 L wF?,, , and therefore for g € Ky, f € wF}

<Bfa g> = <P$71171,m
So, the range of B is orthogonal to K1 and therefore must be contained in C,.
To show TKs C Ko, let fo € Ko and g1 € K. Since zKo L Ky, we know g1 L zfs
and therefore

,m—1

Pw]:Q

n,m—1 m—1

(T f2,91) = (M:f2,91) = 0.
SO, TICQ 1 ICl and thus T]CQ C ’CQ.
Finally, since zKy C &), ,, L wE?2

n,m—1»

AKy = Pygz  M.Ks =0.

we must have

The proof of (6.1) is similar if we work with adjoints of our operators. O

Proposition 6.2. Suppose T is a positive linear form on L, m, satisfying the matriz
condition (2.6). Set

Ko =V{T'Bf: f €ewF},,_1,j=0,1,...}

and Ky = &)1, © Ko, Then, (K1,K2) is a shift-split of &}
satisfies the split-shift orthogonality condition.

and hence T

—1m

Proof. Notice that by the Cayley-Hamilton theorem we do not need to consider all
powers of T" in the definition of s, so that

Ky =V{TIBf:j=0,1,....n—1,f € wF. .}

and also AT B =0 for j=0,1,2,....

We need to show 2Ky L Ky and 2K, Ky C 57117m.

To prove zKy L Ky, simply note that for f € w.7-"72L7m_1, geK,3=01,2...,
we have

(zT"Bf,g) = (I"*'Bf,9) = 0.
The proves zKo L K; since zK; is spanned by elements of the form 277 Bf.
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To show 2Ky C &L

n,m?

note that
Z’CQ C Pn,m S Zwlpnfl,mfl = grlLﬂn S wgg,mfl

and therefore it is enough to show z/[o L wé’ﬁ,mfl. So, for f € wfim,l and
g € wE,, | we have

(zTVBf,g) = (AT'Bf,g) =0 j=0,1,2...

since A = P,e2 M, and AT’ B = 0. This proves 2K C &, ,,-
Similarly, to show Ky C &}, it is enough to show Ky L wF?,, ,, since K1 C

Pr,m © wPp_1,m—1. Observe that for f € w}?z,mq and g € K1, Bf € K5 and so

0=(Bf.g9)=(f9)
and therefore wF? ,, | L K;. O

7. DESCRIPTION OF SHIFT-SPLITS AND SPLIT-POLYS

If the split-shift condition holds for 7, then we have seen that 7 can be rep-
resented using moments of a measure 1/|p|?do where p € C[z,w] has no zeros in
T x D and p has degree at most (n,m). The description of all such p is essentially
an algebra problem.

Lemma 7.1. Let t(z,w) be a two variable trigonometric polynomial which can be

factored as |p(z,w)|? where p has degree at most (n,m) and no zeros in T x D.
Then, there exists a g € Clz,w] with no zeros in T x D none of whose irreducible

factors involve z alone, and there exists a stable polynomial g € C[z] (no zeros on

D) such that

t(z,w) = |q(2)g(z,w)[* for (z,w) € T?
Moreover, if t(z,w) = |p1 (z,w)|? where py has degree at most (n,m) and no zeros
on T x D, then there exist q1,q2 € C[z] such that ¢ = q1g2 and

p1(z,w) = q1(2)q2(2)g(2z, w)

Proof. Suppose t = |p|? as above. We may factor p(z,w) = h(z)g(z,w) where
g has no irreducible factors involving z alone. By the one variable Fejér-Riesz

lemma we can factor |h|? = |g|> with ¢, a stable one variable polynomial. Then,
t(z,w) = |q(2)g(z,w)|* on T2
Now, if t = |p1|? as above, then again p;(z,w) = hy(2)g1(2, w) where g; has no

irreducible factors involving z alone. Now,

h1(2)g1(z, w)hi(2)g1(z,w) = h(2)g(z, w)h(2)g(z, w)
on T? which implies

I (2)g1 (2, W) (2)51 (2, w) = q(2)g (2, w)q(2)g (2, w)
on all of C2, when we reflect at appropriate degrees. Then, for z € T

hi(2)gi(z,w)  q(2)9(zw)
q(2)9(z,w)  hy(2)q (2, w)
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and the left side is holomorphic for all w € D and the right side is holomorphic for
|w| > 1 making the function entire and rational in w. The same can be said for the
reciprocal and this forces the function to be constant in w. So, for z € T

hi(2)g1(z, w) _ hi(2)g1(z,0)
q(2)g(z,w) q(2)g(z,0)

and we see

91(z,w)g(z,0) = g(z,w)q (z,0).
This extends to all z € C and since g and g1 have no irreducible factors involving z
alone, we may conclude they are constant multiples of one another. The constant
can be absorbed into the definition of h; so that pi(z,w) = hi(z)g(z,w). Then,
Ip1]? = |p|? on T? implies that |h1|? = |q|? on T. It is then elementary to show A4
is obtained by flipping some of the roots of ¢ to inside D. O

Lemma 7.2. If the split-shift orthogonality condition holds with a given split-poly
p, then the spaces K1 and Ko are uniquely determined by p.

Proof. Looking at the formulas in Theorem 5.5, we see that since all of the F or F
kernels are uniquely determined, the kernels f{z — K7 and wﬁf? o — K1 are uniquely
determined. We see that (1 — w#j) K is uniquely determined and so K is uniquely
determined. A similar argument shows K5 is uniquely determined. [

We can now give a description of all possible shift-splits.

Proposition 7.3. If the split-shift condition holds for a positive linear form T on
Ly.m, then there exists g € Clz, w] with no zeros on T xD and no irreducible factors
involving z alone and stable g € C[z], such that q(z)g(z,w) is a split-poly. Write
ny :=deg, g and ng :=n — ny. Every other split-poly is of the form

01(2)q2(2)9(2, w)
where deg q1q2 < ng, q(z) = ¢1(2)q2(2), and qo is reflected at the degree of qo. The
associated shift-split (K1, K2) is given by

Ki=VPe  {2q1(2)g1(2) : 0 < j < deg g + deg g2}

K2 =VPe | {z7q2(2)g2(2) : 0 < j <n—deggz — deg go}

where g(z,0) = g1(2)g2(2) with g1 having no zeros in D and go having all zeros in
D.

Proposition 6.2 singles out the shift-split with minimal s which would cor-
respond to the split-poly g(z)g(z, w), where g(z) is reflected at degree ng. The
shift-split with minimal K; corresponds to split-poly ¢(z)g(z,w). This leads to a
canonical decomposition of £} _; ,, which does not depend on a choice of shift-split.
Let deg g = (n1,m) and ng :=n —ny.

Define

Ko =V{z7g(z,w) : 0 <j <mng}

A=VPer  {Zq(2)g1(2) : 0 < j < deg g2}

B:\/Pgl

1 —1,m

{27q(2)g2(2) : 0 < j <ny — deggo}
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Theorem 7.4. Let T be a positive linear form on L, n, satisfying the split-shift
condition. Then,

5571”” =Ko A B.
Both (Ko ® A, B) and (A, Ko ® B) are shift-splits. If (KC1,K2) is any shift-split, then
AC Ky and B C Ks.

Proof. It follows by inspection of definitions that A C Ky and B C K3 using K4
and Ko from Proposition 7.3.

Let g € C[z,w] and ¢ € C[z] be as in the previous proposition. In L?*(1/|qg|*do),
g L 27wkt for j € Z and k > 0 because

_ J k+1
(Zw*t g) :/ - 2/ - |dw||d;| =0
T lq(2)1? Jr 9(z,w) (27)

since 1/g(z,-) is holomorphic. Therefore, z/g(z,w) € €}, ,, for 0 < j < ng and
we see

Ko = \/Pgi_lvm{zjgl(z)gg(z) :0<j<ng}
is contained in
\/Pgl

n—1,n

n{zjgl(z) :0<j<ng+degga}

but this corresponds to K; in the shift-split coming from the split-poly g(2)g(z, w).
Hence, this space and Ky must be orthogonal to the associated Ko which happens
to be B. Notice also that

ACVPe | m{zjgl(z) :0<j <ng+degga}.
A similar argument shows g is orthogonal to A, and by dimension considera-
tions
Ko®A=VPe:  {27g1(2):0 < j < ng+ deggo}
and again by dimension considerations
Ko AeB= Sé_Lm.

We already noted that Co@.A corresponds to “K1” in some shift-split. Therefore,
(Ko @ A, B) is a shift-split. By a similar argument, (A, o @ B) is a shift-split.
(Il

Propositions 6.1 and 6.2 together show that the invariant subspace of T' generated
by the range of B is the minimal possible “C3” occurring in a shift-split. We have
already computed the minimal Co, which is B. A similar argument can be used for
the minimal Ky which is A. This implies the following.

Theorem 7.5. If the split-shift condition holds,
B=V{T'Bf: f € wF? j=0,1,...,n—1}

;m—1
and

A=V{(T*Y A f: fewEl, _1,j=0,1,....n—1}
where A* = Pg1 and T* = Pg1

. 2 1 el
7L717,”LM1/Z ' wgn,m—l - gn—l n—l,li/Z . gn,m—l -
1
gnfl,m'

,m

We can now prove the stratified characterization of Bernstein-Szegé measures.
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Proof of Corollary 2.6. Suppose 7 is a positive linear form on £, ,, given by

T(ijk):/ Sk |C§Z\|dw| -,
T2 (27)2|p(z, w)|

where p € C[z,w] has no zeros in T x D, degree at most (n,m) and p(z,0) has d
zeros in . We write p(z,0) = a(z)b(z) where b has all zeros in D and a has no zeros
in D. By Theorem 4.8, 7 possesses a shift-split (K1, Kz) where K; has dimension
d = degb(z).

Next, supposing 7 possesses a split-shift (1, o) where K; has dimension d, by
Theorems 7.4 and 7.5 we have A C K1 C AP Ky. Therefore,

il < n, k| < m,

(7.1) dimA <d <n—dimB.

Finally, if 7 satisfies the matrix condition and (7.1), then we see from Proposition
7.3 that it is possible to choose K7 with dimension d and the corresponding split-
poly p has the desired property that p(z,0) has d roots in D. ([l

8. CONSTRUCTION OF p FROM FOURIER COEFFICIENTS

In this section, it is useful to write z = (21, z2) for an element of C? as opposed
to (z,w), so that we can use multi-index notation 2" = 2" 252.
Supposing the split-shift condition does hold, how do we construct p directly

from the Fourier coefficients
T(z")=¢c, 7

In principle, one could construct (K1,K2) and then produce p as an element of
Enm © (K1 & 2K3); however, this is quite involved. In this section we describe a
simpler procedure assuming we already know that the shift-split condition holds.

First, we construct an orthonormal basis for &2 .m- It helps to use interval no-
tation for subsets of integers as in [0,n] = {0,...,n}. Let S; = [0,n] x [0,m] \
{(0,0), ) (03.7 - 1)}7 So = [O,Tl} x [Ovm] Let

(7&{2;)%@6% = (CU—U);ieSj

and define
Z () v (4)
Y0507 /N 0. 0)°
vES;
Then, ¢g, ¢1, ..., P, form an orthonormal basis for 5§7m. To see this let u € S;11

and vy = 1/'}/((3’)],)’(0’].). We compute

<¢j> Zu> = Z 7((37)j)7vcu7v/'7 = 5(0,j),u/’y =0

veES;
since (0,7) ¢ Sj+1 and S;41 C S;. For k > j, ¢y is a combination of z* with
u € S C Sj41 and therefore ¢, L ¢; for k > j. Also,

(65030 = D VD uCuT Wl V= D S0.ia gyl V= Vo 00/ = 1
v,u€S; u€S;

The reproducing kernel for €2 is therefore E7, (2;¢) = X7, 6;(2);(C).
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We assume p(z1, 22) = q(21)g(21, 22) with ¢ stable and g has no factors with z;
alone and then show how to construct g and ¢ using only the moments ¢,,. Theorem
5.5 proves

PEn(21/21,0) = p(2)27p(1/21,0) = q(21)g(2)27'q(1/21)9(1/ 21, 0).
From this we can calculate g up to a constant multiple. The key point is that the
product of all factors of the above polynomial that involve z; alone will be the

greatest common divisor of the coefficients of powers of zs.
Let us write

(2;1/71,0) ZE 21)23,

and then compute = ged{Ey, F1, ..., m} using the Euclidean algorithm. Then,
Q(z1) = Cq(21)21'q(1/z1)g(1/z1,0) for some constant C. This gives

A By (21/71,0)/Q(21) = g(2)

possibly with a constant. At this stage we look at the one variable moment problem

—i _ _ le‘
c;i =T (z7g(2)g(1/z1,1/2 :/zj|7

J (1 g( )g( / 1 /2)) T 1 2'/T|q(21)‘2
for |j] < mg:=n —deg, g. Set

-1
Vi = (Ch=5)5 kelo,no]

and then we can construct

no
21) =Y 10,54/vA00
j=0
(up to a unimodular multiple) by one variable theory.
Hence, we have constructed p as p(z) = q(z1)g(2).

9. APPLICATIONS

9.1. Autoregressive filters. A direct application of the above work is to two
variable autoregressive models [23].

We consider (wide sense) stationary processes X = (X, ),ezz depending on two
discrete variables defined on a fixed probability space (2,4, P). We shall assume
that X is a zero mean process, i.e. the means E(X,) are equal to zero. Recall
that the space L%(€, A, P) of square integrable random variables endowed with the
inner product

(X,Y) = B(XY™)
is a Hilbert space. A sequence X = (X,,)mezz is called a stationary process on 72
if for m,n € Z? we have that

E(XmX}) = E(XpmiuXiy,) = Rx(m —n), for all u € Z°.

It is known that the function Ry, termed the covariance function of X, defines a
positive semi-definite function on Z2, i.e.

Zaa]RX (ri —rj) >0,

3,j=1
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forall k € N, a1,...,a5 € C,ri,...,r; € Z?> and Bochner’s Theorem states that
for such a function Rx there is a positive regular bounded measure px defined for
Borel sets on the torus [0, 27]? such that

Rx(u) = /67i<"’t>dux(t)7

for all two tuples of integers u. The measure px is referred to as the spectral
distribution measure of the process X. The spectral density fx(t) of the process X
is the spectral density of the absolutely continuous part of px, i.e. the absolutely
continuous part of px equals

dtydts
(2m)?

Let H = {(k,1) : —00 < k < 00,] > 0} U{(k,0),k > 0} and let A, = {(k,1) :
0<k<mn0<1<m}c HU{0,0)} be a finite set. A zero-mean stationary
stochastic process X = (X,),ezz2 is said to be extended autoregressive or eAR(n, m),

if there exist complex numbers ay, k € Ay, ;, with a(; ) # 0 for some 0 < ¢ < n, so
that for every u

(91) Z apXy_r = gu, u e 227
k€An, m

Ix(t1,t2)

where {£, :u € Z?} is a white noise zero mean process with variance 1. The
eAR(n,m) process is said to be acausal (in z) if there is a solution to equations
(9.1) of the form

Xu = Z (bkgu—k)u € Z27
k€ HU{(0,0),(—1,0),...}

with > |pr] < oo and it is said to be causal if there is a solution
ke HU{(0,0),(—1,0)...}
of the form

Xu = Z ¢k£’u—k7u € Z27
k€ HU{(0,0)}
with > |pr| < oo. From the general theory of autoregressive models it

keHU{(0,0)}
follows that if (9.1) has a causal (acausal (in z)) solution then

(9.2) p(z,w) = Z a,z w2,
VEA,, m
is stable on D? (T x D).
The bivariate extended autoregressive (eAR) model problem concerns the fol-
lowing. Given autocorrelation elements

cr =E(XoX.), k€ Anm —Aum

determine, if possible, the coefficients a;,! € A, ,, of an acausal autoregressive
filter representation. In [11] necessary and sufficient conditions were given for the
autocorrelation coefficients in order for the eAR(n,m) to have a causal solution.
Here we give necessary and sufficient conditions in order for an eAR(n,m) model
to have an acausal solution.

If we begin with a polynomial that is nonzero for (z,w) € T xD then choosing the
autoregressive filter coefficients as in equation (9.2) give an eAR(n, m) model whose
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Fourier coefficients give a linear form that is positive and satisfies conditions in
Theorem 2.2. Conversely, we can use the conditions in Theorem 2.2 to characterize
the existence of acausal (in z) solution.

Theorem 9.1. Given autocorrelation elements cx, (k,1) € Apym — Apm there
exists an acausal (in z) solution to the eAR(n,m) problem if and only if the linear
form T determined by the Fourier coefficients ¢y, is positive and satisfies one of the
equivalent conditions of Theorem 2.2

Corollary 9.2. With the hypotheses of the above Theorem there exists a casual
solution to the eAR(n,m) problem if and if the linear form T determined by the
Fourier coefficients cy, is positive and A = 0.

9.2. Full measure characterization. We now identify which measures dyu are of

the form
1

———do
p(z, w)|?
where p € C[z, w] has no zeros on T x D.
Corollary 3.6 provides necessary conditions which can be encoded as

(9.3) Ennr =Enyjm
for all j > 0 and M > m — 1. By performing the reflection operation, it follows
that
P Frm = Favjn
forall j >0,M >m — 1.

It turns out that conditions (9.3) for M = m — 1,m are sufficient to show
that the moments [ Zlwkdy agree with the moments of a Bernstein-Szegd measure
when j € Z and |k| < m (i.e. on a strip). It is then another issue to prove that the
Bernstein-Szegé measure obtained with a particular m agrees with other choices.

Fix m and define Ay = ngﬁ;,mflepg}vfl,m’ Ty = PS}V—l,mMZPE}lV—lnn’ and
By = P511\7—1,mP“’-7:12v,m—1'

Lemma 9.3. Assume (9.3) holds for j > 0 and for M = m — 1,m. Then,
ANT{\“,BNzofoern, k> 0.
Proof. Let P = P, + P» be the projection onto the space

k

PNtin © WPN-1-1 = EX—1.m €D Firssm
§=0
where Py, P, are the projections onto 5}\,_17m, EB?:O F +j.m respectively.
Noting that 2@ o F3_ i = Do FZ 4 41m by (9.3), we have P M. Py = 0.
Then, Ty = PPM, Py = PLM, (P, + P») = PM,P. Therefore, for k > 1 we have
Tk = PLM.(PM.P)*~1P.
Similarly, Ay = ngfv _1MZP1 =P €2, _1MZP, so that

ANTE = ngleHMZ(PMZP)’“P.

Next, PPyy2 =

2
N,m—1 w]:N,mfl

PM.P, 52

while

=P, r M,P, r
+j,m—1 WER irtm s 2 WER G jme
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since 2WFR 1 = WFRyjt1.m—1 Dy (9:3) so that inductively we have

k—1

VB = 11
ANTNBN - Pw'g?\/,nL—lePw]:?\Ii»k,mfl (MZPWffz\rJFj,?nfl)
j=0

where the product is multiplied from right to left as j goes from 0 to k — 1 (if
k =0, the product is I). But, Pyez =~ M.P,z =0 as 2WFR o1 =
wFJZ\H»knLl,mfl 1 wEJQV,m—l' U

Therefore, assuming (9.3) for M = m,m — 1 and j > 0, the matrix condition
holds for the positive linear form on Ly, for N > n. So for each N, there is
a py € C[z,w] of degree at most (N, m) with no zeros on T x D such that the
Bernstein-Szegé measure for py matches the moments of du on Ly .,. We can
further assume that each py has been normalized so that py (z, w) = gy (2)gn (2, w)
where gy is stable in z and gy has no factors involving z alone. By Theorem 5.5
and (9.3),if weset z=C €T, w e C,n=0, we get

pn(z, w)pn('z? O) = Pn+j (Z7 w)anrj (zv 0)
for j > 0. This implies g, = gn+; for each j > 0 (after absorbing constants into ¢’s
if necessary) and then by stability of each g, gn = ¢n4; for each j > 0. Therefore,
the moments of du on the strip {z/w”* : j € Z,|k| < m} are matched by those of
1/Ipal2do.

Theorem 9.4. Let du be a positive Borel measure. If
5721,m = 572z+j,m 5’1’27/,777471 = 52+j,m71

for j >0, then there exists p € Clz,w] of degree at most (n,m) with no zeros on

T x D such that
. 2wk
zjwkdu = / ———do
/ Ip(z, w)|?

To get the full measure characterization, we note that for a Bernstein-Szegd
measure (and recalling G, from Section 3)

GO(Z7 w) = p(Z, w)z"ﬁ(l/z, O)

is an element of the one dimensional space H,, defined in (2.10), but by all of the
orthogonality relations for Bernstein-Szegé measures it is also in Hy; for M > m.
Therefore, a set of necessary conditions is

Hp = Hmj for j > 0.

for j € Z and |k| < m.

Theorem 9.5. Let du be a positive Borel measure on T? satisfying

for M >m —1 and j > 0. Then, there exists p € Clz,w] of degree at most (n,m)
with no zeros on T x D such that
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Proof. The conditions on 52 imply that for each M > m, there exists py; € C[z, w]
of degree at most (n, M) with no zeros on T x D such that the moments of do/|pas|?
match those of du on the strip {z/w” : j € Z, |k| < M}. We normalize py(z, w) =
qm (2)gm (z,w) where gp; is stable and gps has no factors involving z alone.

Using the assumption H,, = Hys for m > M, it follows that for each m > M

P (2, w)2" P (1/2,0) = Cpar(z,w)z"par(1/2,0)
for some constant C. We then must have that g,, and gj; are constant multiples
and then since g¢,,, gy are stable, they too must be constant multiples of one an-
other. Therefore, p,, and pp; must be constant multiples. The constant must be

unimodular since p,,, and pys have unit norm. Therefore, the measures 1/|p,,|?do =
1/|par|?do match all of the moments of du. Hence, 1/|p,,|*do = du. O

9.3. Concrete expression for the full measure characterization. The con-
ditions

8,217 = &2 g and Hp = Hyy
for M > m—1 and j > 0 given above can be written directly in terms of the Fourier
coefficients of u

Cy = /z*“d,u u = (u1,uy) € Z*

as follows. Similar to Section 8 it is useful to write z = (21, 22) for an element of
C? as opposed to (z,w) and we will use multi-index notation z* = 2| 252. Also,
[0, N] = {0,1,...,N}; there should be no confusing this with a closed interval of
real numbers.
Let
(Yaro uweio N x(0.01 = (Co—u)y wefo,vxfo.1)-

A basis for £ 5, consists of
NM [,y _ NM v
Y@= 2 et
v€[0,N]x[0,M]

for j =0,1,..., M. In order for 512v+1 M= ]2\, a to hold we need the coeflicients of

2Ntk for k=0,1,..., M to vanish in EXr 1.0+ Looking at fN+1 M
to

this amounts

N+1,M _
V0.0, (N+1,k) = 0
for j,k=0,1,..., M.
Therefore, the conditions &2, = Eﬁﬂ-’M for j > 0 and M > m — 1 can be

expressed as
N+1,M —0
7(0.5).(N+1,k) =

for- N>n, M>m-—1,5k=0,1,..., M.
Next we turn to the conditions

Hp = Hpmj; for j > 0.
Recall
Har = Panar © V{2125 :0<j < 20,0 <k < M, (j,k) # (n,0)}
so that a nonzero element of the one dimensional space H ;s is given by

w€[0,2n]x[0,M]
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where we define
M _ —1
fu,v - (CU*u)ufue[OQn] x[0,M]"

The condition Hjy; = Hps—1 can then be expressed as

5%’0)7(%1\4) =0 ]:0,1,7277,
Let us summarize everything.
Theorem 9.6. Let p1 be a positive, finite measure on T? with moments c, for

u € Z2. There exists a polynomial p € Clz,w] of degree at most (n,m) with no
zeros on T x D such that

if and only if
(1) for all N,M >0,

det(cvfu)u,ve[O,N]x[O,M] 7é 0
(2) forN>n, M>m—1, j,k=0,1,...,. M

N+1,M _
V0,50, (N+1,k) = 0

and

3) forM>m, 5=0,1,...,2n

Eln0),Gar) =0
where
(o Daweto.Nx(0,0] = (Cou)yveio,N1x[0,M]

M —1
gu,v - (Cv_u)u,ve[O,Qn]X[O,M]'

10. GENERALIZED DISTINGUISHED VARIETIES

10.1. Construction of the sums of squares formula. Here we use Kummert’s
approach as in [20] to give a different proof of the sums of squares formula Theorem
2.4. One advantage of this approach is that it works for p with no zeros on T x D
and no factors in common with p (rather than assuming no zeros on T x D). This
approach is also useful because it shows how to compute the reproducing kernels
in the decomposition of p using only one variable theory.

Theorem 10.1. Suppose p € Clz,w| has degree (n,m), no zeros on T x D and
no factors in common with p. Let ny be the number of zeros of p(z,0) in D and
ny = n—ny. Then, there exist vector polynomials E € C™[z,w], A € C™[z,w],B €
C™[z,w] such that

Ip(z,w)[* = [p(z, w)|* = (1 = [w*)|E(z,w)|* + (1 = |2[*) (| A(z, w)[* = [B(z, w)[*).

e E has degree at most (n,m—1) and A and B have degree at most (n—1,m),
and
e the entries of A and B form a linearly independent set of polynomials.
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The last two details are needed in Section 10.2.
Consider for z € T

p(z,w)p(z,m) — p(2z,w)p(2,n)
1—wn

=(1,7,..., ﬁm_l)T(z)(l,w7 e ,wm_l)t

where T'(z) is an m X m matrix valued trigonometric polynomial which is positive
definite for all but finitely many values of z € T. This is because T'(z) is positive
definite for each value of z such that p(z,-) has no zeros in T. There can only
be finitely many zeros on T? or else p and p would have a common factor. Let
S={z€T:detT(z) =0}.

By the matrix Fejér-Riesz theorem in one variable, we may factor

T(z) = E(2)"E(2)
where F is an invertible matrix polynomial on D of degree at most n. Let
E(z,w) = E(2)(1,w,...,w™ 1)
so that

=

p(z,w)p(z,n) — p(z, w)p(z,1) = (1 —wn)E(z,1)"E(z,w)
for z € T. We are using both the notations E(z) and E(z,w), but no confusion
should arise.
Then, for fixed z € T\ S, the map which maps

(fé@%)) - <§((2zfu))>

extends to a unitary U(z) which we can explicitly solve for. Write

p(zw) =Y piw!,  plzw) = (2w
=0 =0

U<z>:<ﬁm<z> i i (2) %éz)) (poéz) p(2) i pm<z>>1

which is unitary by construction for z € T\ S, but clearly extends to a matrix ratio-
nal function with poles in D at the zeros in D of py(z). Moreover, any singularities
on T must be removable because U is bounded on a punctured neighborhood in T
of each singularity.

Set ny to be the number of zeros of p(z,0) in D and n; = n — ny. Theorem 10.4
and Section 10.1.2 below prove that

1-U(Q)U)
1-¢z
where Fis ny X (m+1) and G is ng X (m+1), and the rows of F' and G are linearly

independent as vector functions; meaning there is no non-zero solution (vy,ve) € C*
to

(10.2) 1 F(2) + v2G(2) = 0.

(10.1) — F(Q)"F(2) - G(0)" G(2)

Accepting all of this for now, we rearrange (10.1) to get

I+ CF(Q)2F(2) + G(0)*G(2) = U(¢)"U(2) + F(Q)"F(2) + CG()"2G(2)
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and so there exists an (m+1+n) X (m+ 1+ n) unitary (with two indicated block
decompositions)

(Cm+1 (Cn (Cl Cm+n
(10.3) V=Ccmtt (v v\ = C! i W
Ccnr ‘/3, V4/ (Cm-i-n V3 V4
such that
1 U(z)
(10.4) VI zF(z)| =| F(2)
G(z) 2G(z)
. . . . | p(z,w) .
Multiplying both sides of this equation by X (z,w) = <wE(z, w)) gives
p(z,w) p(z,w)
wE(z,w) _ E(z,w)
(10.5) VP xew) | = | Fe)IX(w)
G(2) X (z,w) 2G(2) X (z,w)

Let A(z,w) = F(2)X(z,w) and B(z,w) = G(z)X(z,w). The entries of A and B
are linearly independent, because if v; € C™ vy € C" and

0=v1A(z,w) + v2B(z,w) = (11 F(2) + 12G(2)) X (2, w)

then since
1
_(po(2) pi(z) o pm(2)) | W
xterw) = (g B(2) z
wm
we have

0= (FE) +ucE) (M) PO ),

The matrix on the right is invertible in D except at possible zeros of pgy, so we get
v1 F(2) + v2G(z) = 0 which implies v1 = 0 and vy = 0.

Taking the norm squared of both sides of (10.5) gives the following formula since
V' is a unitary

p(z, w)? + [w]*| E(z,w)|* + |2[*| A(2, w)[* + |B(2, w)|”
= [p(z,w)* + |E(z,0)* + |A(z,w)|]* + |2*| B(z, w) >
If we rearrange we get the desired sum of squares formula
[p(z,w)[* = [p(z,w)[* = (1 = [w*)| B(z,w)|* + (1 = [2*) (|A(z, 0) [ = |B(z, ) ).

One final technicality is that while E has entries that are polynomials, it is not clear
that the same holds for A and B. To show they are polynomials we go through a
longer process of proving the following “transfer function” representation which is
interesting in its own right.
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Set
wl,, 0 0
Alzyzw)y=1 0 =z2I,, 0
(10.6) 00 I
I, O 0
Fzawy=10 I, O
0 0 =z,

Theorem 10.2. Suppose p € C[z,w] has no zeros in T x D, degree (n,m), and no
factors in common with p. Then, there exists a (1+m +n) x (1 +m + n) unitary
matriz V' such that

p(z,w) 1
10.7 = Vi + VeA(z,w)(I'(z,w) — VaA(z, Vs.
(10.7) v T (z,0)(F(z,w) = VaA(z,w)) " V3
Here we use the block form indicated in (10.3) and again no is the number of zeros
of p(2,0) in D and ny =n — na.

A technicality we must address is whether the matrix we invert above is non-
degenerate. The fact that the rows of F' and G are linearly independent is used to
show this.

By (10.5), the map sending

p(z,w) p(z,w)
wE(z,w) . E(z,w)
zA(z,w) Az, w)
B(z,w) zB(z,w)
extends to the unitary V. Then,
E
B
E E
Vap+ ViA(z,w) | A =T(z,w) | A
B B
which implies
E
pVs = (I(z,w) = ViA(z,w)) | A
B
We would like to invert the matrix on the right, so we need to make sure
(10.8) det (I'(z,w) — V4A(z,w))
is not identically zero. This is equivalent to
wl, 0 0
det 0 zly, 0 a7

0 0 2z,

being non-trivial by simple matrix manipulations. The coefficient of w™ will occur

as
zlp, 0 ,
w((5 ) -)
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where V is the lower right n x n block of V as in (10.3). We shall show this
determinant is non-vanishing for z € T. If it does vanish for some z = ( € T, then
there exists a nonzero v = (v, v2) € C" = C™ "2 guch that

(01,02) (Cgm E? ) = (U17U2)V4/~

This implies that ||v]| = ||[vV}]| and since V is a unitary vV4 = 0. Then, by (10.4)

I ) T U(2)
(0,v1,v2)V | 2F(2) | = (0,Cv1,Cua) | 2F(2) | = (0,v1,v2) | F(2)
G(z) G(z) 2G(z)
so that
V12 F (2) + v2lG(2) = v1F(2) + v22G(2)
and then

(2¢ — D1 F(2) + (¢ — 2)v2G(2) = 0.
This implies
v F(2) — CvaG(2) =0

contradicting (10.2). Therefore, the determinant in (10.8) is not identically zero,
and

E(z,w)
A(z,w)
B(z,w)

(109) p(Z,QU) (F(va) - V4A(z,w))71 VS =

which in turn yields (10.7). Examining (10.7) we see that since p has degree (n, m),
since

I, O 0 wl, 0 0
det [0 I, o |-wi| 0o =21, o0
0 0 ZIn2 O O I’n,g

has degree at most (n,m), and since p and p have no common factors, we must have
that p is a constant multiple of the above determinant else (10.7) could be reduced
further. This implies that the left hand side of (10.9) is a vector polynomial and
finally we see that the entries of E, A, B are polynomials. By Cramer’s rule the
entries of F have degree at most (n, m — 1) and the entries of A and B have degree
at most (n — 1,m).

10.1.1. Unitary valued rational functions on the circle. The following is undoubt-
edly well-known material from systems theory; however, we were unable to find a
suitable reference so we include a detailed explanation.

Theorem 10.3 (Smith Normal form [15]). Let R be a principal ideal domain and let
A be an N x N matriz with entries in R. There exists a unique (up to units) diagonal
matriz D € RN*N | called the Smith Normal form, with entries D1|Ds| . ..|Dx such
that

A=5DT

where S, T € RN*N and S~1,T~1 € RN*N_ The matriz S is formed through the
row operations of (1) multiplying a row by an element of R and adding the result
onto another row, (2) switching two rows, and (3) multiplying a Tow by a unit in

R.
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The entries D; may also be computed as
o ged; (A)
! ngjfl(A)

where ged, (A) represents the greatest common divisor of determinants of all j X j
submatrices of A (gedy :=1).

Let U € C(2)V*¥ be a rational N x N matrix function of one variable which is
unitary valued on the unit circle. Let R be the ring of fractions C[z]S~! where S is
the multiplicative set S = {¢q € C[z] : ¢(z) # 0 for z € D}. We may write U = %Q
where ¢ € C[z] has all zeros in D and Q@ € R¥*N. Let D be the Smith Normal
form of @ in R. Write

D; _ d;
q q;
in lowest terms and define
N
Ny = Z # zeros of d; in D counting multiplicity
j=1

N
Ny = Z # zeros of ¢; in D counting multiplicity.

j=1
Theorem 10.4. With U as above, there exist an N1 X N matriz function F and
an No X N matriz function G such that

1-UQ)UG)
1—2C¢

The rows of F and G together form a linearly independent set of vector functions
on D.

= F(O)"F(2) = G(O)"G(2).

Proof. We shall use H? to denote the vector valued Hardy space H?(T) @ CV for
short. Now UH? is a reproducing kernel Hilbert space with point evaluations in D
except at the poles of U in D. In L? = L?(T) @ CV, if f € H? and v € CV

w1, 558 o = (1.5 = 0010 )
which shows UH? has reproducing kernel
U)U©)*
1-— zf '

Notice UH? is not necessarily contained in H?. The space U H? v H? is therefore
a reproducing kernel Hilbert space containing both spaces.

Consider the kernel
I-UR)U)*
K(e:) = TV
— 2

which is not necessarily positive definite but is rather the difference of two repro-
ducing kernels

K = Kg> — Ky o
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We shall in general use K3 to denote the reproducing kernel of a space H in
UH?V H?. We can decompose H?> = (H?NUH?)® (H? © (H> NUH?)) so that

Kg» = Kpganpge + Kgog ey a2
and similarly
Kz = Kgaep iz + Ky pzgdznuiiz):
Therefore,
K=K; - K

H20(H2NUH?) UH20(H2NU H?)
The spaces H2 & (H2NUH?),UH? & (H2 N UH?) are actually finite dimensional.
We can compute their dimensions as follows.

Write U = %Q where g has all zeros in D and @ has entries in R. Note that
since U is unitary on the circle, U has no poles on the circle (U is bounded near
any potential singularities). Therefore, the entries of Q) belong to the smaller ring
Ry = C[2]S; ! where Sy is the multiplicative set Sy = {q € C[z] : ¢(2) # 0 for z €
D}. By Theorem 10.3, we may write Q = SDT where S,T are matrices with
entries in Ry whose inverses have the same property, and D is the Smith Normal
form of @ in Ry. The elements D; € Ry have no zeros on the unit circle since
det U = det Q/q" = det Sdet T T[(D;/q) has no zeros on T and ¢ has no zeros on
T. So, @ has the same Smith Normal form D in R by the gcd characterization of
the Smith Normal form.

Now, H2& (H2NUH?) is isomorphic as a vector space to the quotient H2/(H2N
UH?), and since TH? = H? = SH? we see that

L . e a1 4
H?/(H*NUH?) = H*/(H* N -DH?)
q
which breaks up into the algebraic direct sum of the spaces
D
H?/(H* N —LH?).
q

Any zeros of D; or ¢ in C\ D can be absorbed into H? so that %HQ = %HQ for
some d; and ¢; with all zeros in D and no common zeros (after canceliné). The
space
H?N @HQ =d;H?
495
and H?/d;H? has dimension equal to the number of zeros of d; in D. Therefore,
H?/(H? N UH?) has dimension equal to

N
Ny = Z # zeros of d; in D counting multiplicity.
j=1
A similar analysis shows that UH?2/(H2? N UH?) has dimension equal to
N
Ny = Z # zeros of ¢; in I counting multiplicity.
j=1

If {f1,..., fn,} is an orthonormal basis for H? o (H2NUH?) and {91,---, 9N, } 18
an orthonormal basis for UH? & (ﬁ2 N UﬁQ) then

K(z0) =Y fi()fQ" =Y gi(2)g(0)"
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which if we form an N x Ny matrix F = (f1,...,fn,) and an N x Ny matrix
G=(q,-..,9n,) can rewrite as
I-U(z)U(¢)"

T~ FRFQ) -GG
— 2
Since H? © (H2 N UH?) and UH? & (H% N UH?) have trivial intersection, the
columns of F' and G form an independent set of vector functions.
Of course, applying the above work to U! instead would yield a formula of the
o 1-UQU()
- * z * *
Ty =F(Q)"F(z) — G(¢)"G(z)
after switching z and ¢ and taking conjugates, where now F' and G are N1 x N
and No x N valued respectively. Note we are not saying they are the same F' and
G as before, but the dimensions N; and N, are preserved because the transpose
does not change the diagonal term in the Smith Normal form. The rows of F' and
G form an independent set of vector functions just as above. O

10.1.2. A particular choice of U. Recall the matrix function U from Section 10.1

U<z>:<5m<z> o i (2) 5032’) (poéz) p(2) i pm<z>)1

U:lel(ﬁm S Dy 230) (1 —(pl pm)E_1>
Do Do E 0 0 pOE*1

where @ has entries in R since det E may have zeros on T while py(z) = p(z,0) has
no zeros on T. We now show how to compute the Smith Normal form of @ in R.
Now,

Q(l 0><ﬁm o %) (1 (o - pm>> (1 o>
0 E I 0)\0 pol 0 E-1)°

It is not hard to see that the product of the inner two matrices can be converted
to the diagonal matrix D with entries 1,pqg,...,po, popo using row and column
operations in R, which is the Smith Normal form of (). The entries of p%D are then

1/p07 la ceey 17@%
This proves that for ny equal to the number of zeros of pg in D and ny =n —ny

TP RO - GlOGEe)
where F' is ny x (m+ 1) and G is ng X (m + 1).

Note

10.2. Generalized distinguished varieties and determinantal representa-
tions. Distinguished varieties are a class of curves introduced in Agler-McCarthy
[2] because they play a natural role in multivariable operator theory and function
theory on the bidisk (see [18], [16], [1]). The zero set Z, of a polynomial p € C[z, w]
is a distinguished variety if
Z, c D*UT? UE?

where E = C\ D. Notice the curve Z, N D? exits the boundary of D? through the
distinguished boundary T?; hence the name distinguished variety. This area is part
of a larger topic of understanding algebraic curves and their interaction with T2.

See [3], [4].
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The sums of squares theorem, Theorem 2.4 or Theorem 10.1, naturally leads to
the study of a more general class of curves using the methods of [18]. We say that
the zero set Z, of p € C[z,w] is a generalized distinguished variety if it satisfies

(10.10) Z,c(DxC)UT?*U(E x C) or

Z, C (CxD)UT?U(C x E).
That is, Z, does not intersect the (relatively small) set (T x D) U (T x E) in the
former case above. We shall show that generalized distinguished varieties share
much of the structure of distinguished varieties, and in particular they possess a

determinantal representation generalizing one of the main theorems in [2]. We use
the notation (10.6) below.

Theorem 10.5. Suppose p € C[z,w| has degree (n,m), has no factors involving z
alone, and satisfies (10.10). Then, there exists an (m-+n) X (m+n) unitary matric
U such that p is a constant multiple of

det (UA(z,w) — T'(z,w)),
where ng is the number of zeros of p(z,0) in D and n1 = n — na.

If Z, is a distinguished variety then no = n and we get the representation

e {iman(o( 2)-(5 4) 0}

A

If we write U = (C’ D

), then the above zero set can be written as

det(®(w) — 2I,) =0
in terms of the matrix rational inner function
®(w) = D +wC(I —wA)"'B

at least outside of the poles of ®. This is how the characterization of distinguished
varieties is stated in [2].

Lemma 10.6. Suppose p € C[z,w] has degree (n,m), has no factors involving z
alone, and satisfies (10.10). Then, p = up for some p € T.

Proof. For each z € T, p(z,-) has all zeros in T—as does p(z,). Since z € T, we
see that p(z,-) and p(z,-) have the same roots (counting multiplicity, since they
approach zero at the same rate near a root because |p| = |p| on T?). Therefore, if
we write

plzw) =Y pi(w!,  plaw) =) puj(z)w’
Jj=0 j=0

then for all z € T, pm(2)p(z,-) = po(2)p(z,-) since these polynomials have the
same roots and same leading coefficient. Hence, p,,(2)p(z,w) = po(z)p(z,w) for
all (z,w) € C2. By assumption p has no factors involving z alone, and therefore p
divides p. Similarly p divides p, so that p = Cp for some constant C. Since |p| = |p]|
on T2, C must be unimodular. ([l

Because of this lemma we can assume p = p by replacing p with an appropriate
constant multiple.
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Lemma 10.7. Suppose p = p € Clz,w] has degree (n,m) satisfies (10.10) and is
wrreducible. Then

o mp = aw + w 2 and

. 35) has no zeros in T x D and no factors in common with g—g
We reflect Op/Ow at the degree (n,m — 1).

Proof. The identity mp = g—i + wg—fj is straightforward assuming p = p.
For t < 1, let ps(z,w) = p(z,tw). Then, p; has no zeros in T x D and
‘pt(zﬂw)|2 - |ﬁf(sz)|2 > 0
for (z,w) € T x D. Therefore,

t 1 1—¢2

but the above limit equals

mlp(z, w)? ~ 2Re(w oz w)) > 0

for (z,w) € T x D. Now, since mp = @ + w@

Op

Op—
2 2 2
m=|p(z,w)| QmRe(waw p(z,w)) = \ | = |w 0

> >0.

Therefore, any zero of g—ﬁ in T x D is a zero of wg—fj and hence will be a zero of p,

which by assumption has no zeros in T x D. So, 8” has no zeros in T x D.

Now, gp can have no factors in common Wlth 50,5 else wg—f; and p have a common
factor. As p is assumed to be irreducible, this is 1mpossible. O

Proof of Theorem 10.5. Tt is sufficient to prove the theorem for irreducible p = p
since we can write the determinantal representation in terms of blocks corresponding
to each irreducible factor of p. With this assumption g—g) has no zeros on T x D
and no factors in common with ngz;» and mp(z,0) = (%(z, 0) has ngy zeros in D.
The proof of Theorem 10.1 says there are vector polynomials A € C™[z,w|,B €
C™z,w],C € C™[z,w] such that

dp dp _Op Ip

equals

(1 = wi)A(¢,n)" Az, w) + (1 = 20)(B(¢,n)* B(z,w) — C(¢, 1) C(z,w)).
By Theorem 10.1 we can choose A, B,C so that A has degree at most (n,m — 1)
while B, C have degree at most (n — 1,m). Furthermore, the entries of B and C
together form a linearly independent set of polynomials.

p
70 T w proves

The identity mp =
m?pp —m(w —p) — mp J 2 O op w2 O
ow Tow = 8w ow Tow ow’



POLYNOMIALS WITH NO ZEROS ON A FACE OF THE BIDISK 41

On the zero set Z, we get the formula

0= (1= wiA(Cn) Alz,w) + (1 = 20)(B(¢,n)"B(z,w) = C(¢, )" Oz, w)).
A lurking isometry argument now produces the formulas we want. First, we rear-
range B
wiA(C,n)" A(z,w) + 2¢B(¢,n)" B(z,w) + C(¢,n)*C(z, w)

= A(¢,m) Az, w) + B(¢,1)* B(z,w) + 2(C(¢, 1) C (2, w)
for (z,w), (¢,n) € Zp. Then, the map

wA(z, w) A(z,w)
2B(z,w) | — | B(z,w)
C(z,w) 2C(z,w)

extends to a well-defined unitary on the span of the elements on the left (as (z,w)
varies over Z,) to the span of the elements on the right. Since the ambient spaces
have the same dimension we can extend to an (m + n) x (m + n) unitary U such
that

wA(z,w) A(z,w)
U\l z2B(z,w) | = | B(z,w)
C(z,w) 2C(z,w)
on Z,. Then,
A
(UA(z,w) —T(z,w)) | B| =0
C
and since A, B, C vanish at only finitely many points in Z,, we get
(10.11) det (UA(z,w) = T'(z,w)) = 0.

The polynomial on the left has degree less than or equal to that of p and vanishes
on Z,. Since p is irreducible, it must either be a nonzero multiple of p or it must
be identically zero.

Claim: The determinant in (10.11) is not identically zero.

The explanation is similar to before. If the determinant is identically zero, then
by simple matrix manipulations

wl, 0 0
det 0 21,
0 0 2z,

The coefficient of w™ is
21y, 0 _
dEt(< 0 Z_lln2> 7U4) =0

where Uy is the lower-right n x n block of U. The above determinant cannot vanish
for any z = ¢ € T, since if it does there exists a non-zero vector v = (v1,v9) such
that
(C’Ul, C’UQ) = (’Ul,UQ)U4.

Then, on Z,

wA(z,w) wA(z,w) A(z,w)

(0,Cvy,Cva) | 2B(z,w) | = (0,v1,v2)U | 2B(z,w) | = (0,v1,v2) | B(z,w)
C(z,w) C(z,w) 2C(z,w)
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and so (zvy B(z,w) + (voC(2z,w) = v1 B(z,w) + 205C (2, w) which implies

(Cz — 1)1 B(z,w) + (¢ — 2)v2C(z,w) =0

which in turn implies

Cui1B(z,w) — v2C(2,w) =0 on Z,

since z = ( for finitely many (z,w) € Z,. Since p is irreducible, p divides (v1 B—v2C.
Since B and C have degree at most (n — 1, m), we see that (vi B —voC = 0, which
is not possible unless v; and vy are zero vectors, which they are not.

So, the determinant in (10.11) is not identically zero. It follows that p is a
multiple of the determinant in (10.11).

(1
2]
(3]

(4]

(5]

(10]

(11]

(12]

(13]
(14]
(15]

[16]

O

REFERENCES

Jim Agler, Greg Knese, and John E. McCarthy, Algebraic pairs of isometries, J. Operator
Theory 67 (2012), no. 1, 215-236. MR2881540 (2012m:47034)

Jim Agler and John E. McCarthy, Distinguished varieties, Acta Math. 194 (2005), no. 2,
133-153, DOI 10.1007/BF02393219. MR2231339 (2007¢:47006)

Jim Agler, John E. McCarthy, and Mark Stankus, Toral algebraic sets and function theory on
polydisks, J. Geom. Anal. 16 (2006), no. 4, 551-562, DOI 10.1007/BF02922130. MR2271943
(2007j:32002)

, Local geometry of zero sets of holomorphic functions near the torus, New York J.
Math. 14 (2008), 517-538. MR2448658 (2010a:32014)

Jim Agler, John E. McCarthy, and N. J. Young, Operator monotone functions and Léwner
functions of several variables, Ann. of Math. (2) 176 (2012), no. 3, 1783-1826, DOI
10.4007/annals.2012.176.3.7. MR2979860

Mihaly Bakonyi and Hugo J. Woerdeman, Matriz completions, moments, and sums of Her-
mitian squares, Princeton University Press, Princeton, NJ, 2011. MR2807419 (2012d:47003)
Joseph A. Ball, Cora Sadosky, and Victor Vinnikov, Scattering systems with several evolutions
and multidimensional input/state/output systems, Integral Equations Operator Theory 52
(2005), no. 3, 323-393, DOI 10.1007/s00020-005-1351-y. MR2184571 (2006h:47013)

Brian J. Cole and John Wermer, Ando’s theorem and sums of squares, Indiana Univ. Math.
J. 48 (1999), no. 3, 767791, DOI 10.1512/iumj.1999.48.1716. MR1736979 (2000m:47014)
Jeffrey S. Geronimo and Plamen Iliev, Fejér-Riesz factorizations and the structure of bivariate
polynomials orthogonal on the bi-circle, J. Eur. Math. Soc. (JEMS) 16 (2014), no. 9, 1849—
1880, DOI 10.4171/JEMS/477. MR3273310

Jeffrey S. Geronimo, Plamen Iliev, and Greg Knese, Orthogonality relations for bivariate
Bernstein-Szegé measures, Recent advances in orthogonal polynomials, special functions,
and their applications, Contemp. Math., vol. 578, Amer. Math. Soc., Providence, RI, 2012,
pp. 119-131, DOI 10.1090/conm/578/11473, (to appear in print). MR2964142

Jeffrey S. Geronimo and Hugo J. Woerdeman, Positive extensions, Fejér-Riesz factorization
and autoregressive filters in two variables, Ann. of Math. (2) 160 (2004), no. 3, 839-906, DOI
10.4007 /annals.2004.160.839. MR2144970 (2006b:42036)

, Two variable orthogonal polynomials on the bicircle and structured matrices, SIAM
J. Matrix Anal. Appl. 29 (2007), no. 3, 796-825 (electronic), DOI 10.1137/060662472.
MR2338463 (2008m:42041)

Henry Helson and David Lowdenslager, Prediction theory and Fourier series in several vari-
ables, Acta Math. 99 (1958), 165-202. MR0097688 (20 #4155)

Henry Helson and Gabor Szego, A problem in prediction theory, Ann. Mat. Pura Appl. (4)
51 (1960), 107-138. MR0121608 (22 #12343)

Kenneth Hoffman and Ray Kunze, Linear algebra, Second edition, Prentice-Hall Inc., Engle-
wood Cliffs, N.J., 1971. MR0276251 (43 #1998)

Michael T. Jury, Greg Knese, and Scott McCullough, Nevanlinna-Pick interpolation on
distinguished varieties in the bidisk, J. Funct. Anal. 262 (2012), no. 9, 3812-3838, DOI
10.1016/j.jfa.2012.01.028. MR2899979




POLYNOMIALS WITH NO ZEROS ON A FACE OF THE BIDISK 43

[17] Greg Knese, Bernstein-Szegd measures on the two dimensional torus, Indiana Univ. Math.
J. 57 (2008), no. 3, 1353-1376, DOI 10.1512/iumj.2008.57.3226. MR2429095 (2009h:46054)

(18] —, Polynomials defining distinguished varieties, Trans. Amer. Math. Soc. 362 (2010),
no. 11, 5635-5655, DOI 10.1090/S0002-9947-2010-05275-4. MR2661491 (2011f:47022)

, Polynomials with no zeros on the bidisk, Anal. PDE 8 (2010), no. 2, 109-149, DOI
10.2140/apde.2010.3.109. MR2657451 (2011i:42051)

[20] Anton Kummert, Synthesis of two-dimensional lossless m-ports with prescribed scattering
matriz, Circuits Systems Signal Process. 8 (1989), no. 1, 97-119, DOI 10.1007/BF01598747.
MR998029 (90e:94048)

[21] H. J. Landau, Mazimum entropy and the moment problem, Bull. Amer. Math. Soc. (N.S.)
16 (1987), no. 1, 47-77, DOI 10.1090/S0273-0979-1987-15464-4. MR866018 (88k:42010)

[22] H.J. Landau and Zeph Landau, On the trigonometric moment problem in two dimen-
stons, Indag. Math. (N.S.) 23 (2012), no. 4, 1118-1128, DOI 10.1016/j.indag.2012.09.003.
MR2991936

[23] M. Rosenblatt, Stationary Sequences and Random Fields, Birkhauser, Boston, 1985.

[24] Barry Simon, Orthogonal polynomials on the unit circle. Part 1, American Mathematical
Society Colloquium Publications, vol. 54, American Mathematical Society, Providence, RI,
2005. Classical theory. MR2105088 (2006a:42002a)

[25] N. Wiener and P. Masani, The prediction theory of multivariate stochastic processes. I. The
regularity condition, Acta Math. 98 (1957), 111-150. MR0097856 (20 #4323)

19]

JG, SCHOOL OF MATHEMATICS, GEORGIA INSTITUTE OF TECHNOLOGY, ATLANTA, GA 30332—
0160, USA
E-mail address: geronimo@math.gatech.edu

PI, SCHOOL OF MATHEMATICS, GEORGIA INSTITUTE OF TECHNOLOGY, ATLANTA, GA 30332
0160, USA
E-mail address: iliev@math.gatech.edu

GK, DEPARTMENT OF MATHEMATICS, WASHINGTON UNIVERSITY IN ST. Louis, ONE BROOKINGS
Drive, St. Louls, MO 63130-4899, USA
E-mail address: geknese@math.wustl.edu



	Washington University in St. Louis
	Washington University Open Scholarship
	5-1-2016

	Polynomials with no zeros on a face of the bidisk
	Jeffrey S. Geronimo
	Plamen Iliev
	Greg Knese
	Recommended Citation


	tmp.1462220011.pdf.eFEOj

