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Separable Problems

References
Quantum Chemistry, D.A. McQuarrie, §6-2 - §6-11, (Chem QD462 M25).
General Formulation

A system is separable if the coordinates which fix the configuration of the system can
be divided into two groups, qi, . .. ® Q1,... (say) and there are no coupling terms in the
Hamiltonian between the two groups. That is, for a separable system, the Hamiltonian

can be written as a sum of two terms,

-~

H=Ha(q,...) + Hy(Q1,-- ),

) . (1)
=Ha(q) + Hp(Q)-

In this case, the energy eigenfunction problem can be broken into two smaller problems. If

Hy m(q) = €m em(q)
and
I:Ib ¢n(9) =En ¢n(g),

then the functions

fmn(ga 9) = ‘Pm(g) ¢n(9) (2)

are eigenfunctions of (1) with eigenvalues
Smn = €m + En.

Since {m} forms a basis set in the g-space and {¢n} forms a basis set in the Q-space,

{ fmn(q, Q)} forms a basis set in the full space. Thus the set of eigenfunctions of the form

(2) is a complete set of eigenfunctions.

The Standard Argument

Textbooks argue for this result by starting with the assumption that the solutions to

Hf(0,Q) = Ef(a,Q) (3)
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are of the form

f(9,Q) = v(q) $(Q).

With Hamiltonian (1), (3) becomes
$(Q) Haw(a) + v(9) H3(Q) = E v(9)¢(Q)

which can be rearranged to

ﬂago(c_l) —E_ Ji*rb‘i’(@)

v(q) Q)

In this expression the variables have been “separated” because the left hand side depends
B ——

upon q alone and the right hand side on Q alone. That is, the two sides of this equation
can depend upon neither q nor Q. If £ is the actual (constant) value of this expression,
we find

A mr—

H,p(q) = E1 9(q),
Hy¢(Q) = (E - E1) p(Q)-

Degeneracy W 2 dimeamSimm5S b vt wev Wi | daninsion.

In one dimensional problems the energy eigenvalues increase as the number of nodes
(~ the quantum number ) of the eigenfunction/eigenvector increases. Each eigenvalue can

only be associated with one eigenvector. The eigenvalues are non-degenerate. The eigen-

values cannot be ordered this way, however, in greater than one dimension. It is possible

to have more than one eigenvector associated with an eigenvalue. If there are n distinct

eigenfuctions with the same eigenvalue,
Hiy = Ey. fork=1,...,n,

the eigenvalue (level) £ is described as being n-fold degenerate.

Applications

The energy eigenfunction problems for which explicit analytic solutions are known all
have Hamiltonians for which the initial N _dimensional problem can be “separated” into
N one-dimensional problems. It is experience with problems of this type which forms the

basis of our image of real three-dimensional problems.
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The separability of a problem is a property of the coordinate system used: A coordi-
nate transformation q,Q@ — q', Q' usually destroys the separability in (1). There are of-
ten more than one coordinate systems in which a problem can be separated, however. For

these problems we have more than one image of the solutions.
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Problem Set #6

1. The simple harmonic oscillator in one dimension has

2
P 1 99
H=— 4+ —mw*z"“.

2m+2 o

The energy eigenvalue problem H1y = E1 has solutions

b= e (25 ()

1

forn = 0,1,2,...in which Hn(2) is the nt® Hermite polynomial.

If you ask Mathematica for the solution to the energy eigenvalue problem for the
SHO (if you give the second order differential equation to DSolve) you get the

“answer”

Y[z) —)e"m""mzlzr‘C’[l] HermiteH [28 _ hw’ ‘/";iw:r]

2hw
mwmz/‘Zh . _28—&&1 l mw o
+e C[2] HypergeometriclF'1 { T ]

o
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The HermiteH|[n,z| are the Hermite polynomials,

Hy(z) =1

Hy(z) =22

Hy(z) =—2 +42°

H3(z) = — 12 2 +8 2

Hy(z) =12 — 48 22 4+ 16 2*
Hg(z) =120 2 — 160 2° + 32 2°

eic,

but a complete identification of the “allowed” solutions requires a knowledge of

the asymptotic form for the functions HermiteH and HypergeometriclF1 as z —

+0o0 for all £. This is a somewhat more sophisticated question!

Note that the argument of the Hermite polynomial in this solution is dimensionless.

What is the physical dimension of ¥n(z)?

An isotropic oscillator in two dimensions has

2 2
+ 1
Ps ¥ Dy -+ —nu.uz(:r:2 + y2) (4)

H =
2m 2

in Cartesian coordinates. Show that (4) is separable. Determine the energy eigenfunctions
and eigenvalues for this problem. Turn in a level diagram (showing the eigenvalues of H)

on which the degeneracies of the energy eigenstates are marked.
2. In cylindrical coordinates,

az2 " 8y? ~ AR? ' ROR R2%80%

Show that the eigenvalue problem for the isotropic two-dimensional oscillator can also be
separated in the R, 8 coordinate system. What are the solutions to the #-subproblem?

What do the eigenvalues of the §-subproblem correspond to physically?

]
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The R-dependent factor is determined by the ordinary differential equation

) 2 2,2 p2
F’(R)+—;;F'(R)+F(R) (—E— mb  mw R ) =0

R?2 "~ p? K2

with £ =0, £1,£2,.... If, for £ > 0, we set
F(R) = Rte-™ R /2hg (—”"‘” R2)
ﬁ, ]

then G(z) is determined by

2@ (z) + (+1-2)C () + % (% - 1) G(z) = 0.
Use Table 22.6 of Abramowitz and Stegun to identify polynomial solutions to this dif-
ferential equation. Turn in plots of ¥/(R, #) and |(R, 8)|? for all the eigenfunctions associ-
ated with the three lowest energies of this system. [Recall that bound state eigenfunctions

can always be made real.] Turn in an explicit representation (i.e., a formula) for these

eigenfunctions in terms of the solutions found in problem (1).

An image of a surface in 3D is constructed by Plot3D. If f[z,y] = exp[—(z? +32)],
for example, Plot3D{f[z,y], {z, -2, 2}, {y, —2, 2}, PlotRange — All,PlotPoints—
25] will produce a plot of this function.

3. Show that
P2+pd 1 2,2, 2 2
H=——-—y+-mw(:r: +y°)+mAzy
2m 2

is separable in a Cartesian coordinate system which is rotated w/4 radians. Turn in a for-

mula for the energy eigenvalues and an energy level diagram for the A = 0.1w case.
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