Washington University in St. Louis

Washington University Open Scholarship

Topics in Quantum Mechanics Chemistry

Spring 1-30-2013

Scattering States

Ronald Lovett
Washington University in St. Louis

Follow this and additional works at: https://openscholarship.wustl.edu/chem papers
& Dart of the Chemistry Commons

Recommended Citation

Lovett, Ronald, "Scattering States" (2013). Topics in Quantum Mechanics. 22.
https://openscholarship.wustl.edu/chem_papers/22

This Classroom Handout is brought to you for free and open access by the Chemistry at Washington University Open Scholarship. It has been accepted
for inclusion in Topics in Quantum Mechanics by an authorized administrator of Washington University Open Scholarship. For more information,

please contact digital@wumail.wustl.edu.


https://openscholarship.wustl.edu?utm_source=openscholarship.wustl.edu%2Fchem_papers%2F22&utm_medium=PDF&utm_campaign=PDFCoverPages
https://openscholarship.wustl.edu/chem_papers?utm_source=openscholarship.wustl.edu%2Fchem_papers%2F22&utm_medium=PDF&utm_campaign=PDFCoverPages
https://openscholarship.wustl.edu/chem?utm_source=openscholarship.wustl.edu%2Fchem_papers%2F22&utm_medium=PDF&utm_campaign=PDFCoverPages
https://openscholarship.wustl.edu/chem_papers?utm_source=openscholarship.wustl.edu%2Fchem_papers%2F22&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/131?utm_source=openscholarship.wustl.edu%2Fchem_papers%2F22&utm_medium=PDF&utm_campaign=PDFCoverPages
https://openscholarship.wustl.edu/chem_papers/22?utm_source=openscholarship.wustl.edu%2Fchem_papers%2F22&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:digital@wumail.wustl.edu

Scattering States
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If the probability of finding an electron in a volume v at time £ is
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|W(r,t)|? is the probability density. As ¥(r,t) changes in time,
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the probability density changes in time and there is an associated probability fluz
¥
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If ¥(r,t) = e~ Bt Ry(r),
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Bound versus unbound states

A bound state of energy E is a solution to

2
~ 2= V2(r) + V(r)b(r) = E(r) (3)

for which ¥(r) — Oas|r| — oo. For such states 1(r} can always be normalized, i.e.,
scaled so that
dr[y(r)? =1,
all space
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as a probability interpretation requires, If 1(r) /4 0 as |r| = oo, ¥(r) is an unbound state.
Such states are called scattering states for there is an associated non-zero probability flux
J.

In one-dimension, the state
() = Ce*®

has a well-defined momentum p = £k and thus represents a ‘beam’ of particles with veloc-
ity hik/m. |C|? is the density of the particles in the beam, this interpretation replacing the
probabilistic interpretation. A solution to (3) that looks like

{ e 4 Ae T asz - —oo,
Dettr , 88 T = 400,

is interpreted as representing a stationary scattering experiment: A beam of particles with
velocity £h/m starts from the left and is reflected with probability [A|2 or transmitted
with probability | D|2.
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Problem Set #2

1. Bound states can be made real.

Show that a bound state with J(r) = 0 can always be taken as a real function. That
is, identify how the phase of a state with J(r) = 0 varies with r.

2. Scattering off a barrier.

Consider scattering off the one-dimensional potential barrier

0, =<0,
V(z)=<V, 0<z <L, (1)
0, L<z,

with V = 1 and L = 5. If state functions are assumed to have the form
(1+ A)coskz +i(l — A)sinkz, =<0,
W(z) = { Bel® + Ce~ 2, 0<z<IL, (2)
D(cos kx + isinkz), L <z,

calculate |A[2, |D|? and |A|2 + | D|2.

While Mathematica has Abs| ] and ComplexConjugate[ ] functions, these are
not useful with symbolic expressions because Mathematica doesn’t know that the
symbols (like k, £ and L) stand for real numbers. Thus |A|2 must be calculated
“by hand”. While this can be done literally with paper and pencil, you might also
succeed with this devious approach: First use J in place of the square root of mi-
nus one in the definitions of the wavefunction. [Mathematica won’t know what J
is, of course.] Then if you carry out the determination of A you will get an expres-
sion which has a J in it. Let ‘aj’ represent this expression. To find Abs[}"2, you
can form (aj/.J—> I)*(aj/.J—> —I) and hope that Simplify[] will succeed in re-
moving all the symbolic I’s.

Note that (2) gives the correct form for f(z)in0 < z < Lonly if 0 < E < 1. Another

representation will have to be used when E > 1.
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Make a plot of the transmission probability as a function of E for 0 < E < 3. Make
a similar plot for the reflection probability. Turn in a single plot that shows both these
curves.

3. Scattering off a well.
Consider scattering off the potential well (considered in Problem Set #1)
V, <0,
Viz)=40, 0<z<L,
V, L<az,
with V' =1 and L = 5;.5. If state functions are assumed to have the form
(1+ A)coslz +i(l - A)sinlz, =z<0,
P(r) =< (B+C)coskz +i(B—C)sinkz, 0<z <L,
Dlcosé(z — L) +isinf(z - L)), L<uz,
calculate |A|2, | D|2 and |A]2 + | D|2.

In this case the energy of the incident electron must be > 1. Plot the transmission
probability T'(F) as a function of E for 1 < E < 7. Identify the first 3 energies at which
the transmission probability is 1. For scattering with these energies, what is the ratio of
the value of [1/(z)|? inside the well to the value outside the well?
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