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HANKEL VECTOR MOMENT SEQUENCES AND THE
NON-TANGENTIAL REGULARITY AT INFINITY
OF TWO VARIABLE PICK FUNCTIONS

JIM AGLER AND JOHN E. McCARTHY

ABSTRACT. A Pick function of d variables is a holomorphic map from II¢ to
II, where II is the upper halfplane. Some Pick functions of one variable have
an asymptotic expansion at infinity, a power series > >° | ppz~ ™ with real
numbers p, that gives an asymptotic expansion on non-tangential approach
regions to infinity. In 1921 H. Hamburger characterized which sequences {pn }
can occur. We give an extension of Hamburger’s results to Pick functions of
two variables.

1. INTRODUCTION

A Pick function of one variable is a holomorphic map from the upper half-
plane, which we shall denote by II, into II. A Pick function of two variables is
a holomorphic map from II? to II. The purpose of this note is to extend to two
variables certain well-known results about the asymptotic analysis of Pick functions

in one variable.

1.1. One variable results. In 1922, R. Nevanlinna showed that a Pick class func-
tion of one variable that decays at infinity is the Cauchy transform of a finite
measure on R.

Theorem 1.1 ([13]). If F: II — II is analytic and satisfies
(1.2) limsup |yF(iy)| < oo,
y—00

then there exists a unique finite positive Borel measure i1 on R so that

(1.3) F(z) = /d“—(t)

t—z’

We shall say that a set .S in II approaches oo non-tangentially, .S uld 00, if oo is
in the closure, and there is a constant ¢ such that |z| < ¢ Im(z) for all z € S. If F/
has a representation as in (1.3), then

F(z) = £+ 0(1/]2)
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1380 JIM AGLER AND JOHN E. McCARTHY

as z % 0o, where p = —|lp]]. If u has more moments, then there is a higher order
asymptotic expansion at co. H. Hamburger proved the following two theorems
[8, 9]. For a proof of Theorem 1.4 as stated, see [17, Thm. 2.2] or [5, Thm 3.2.1].

Theorem 1.4. Let real constants pi,...,pan—1 be given. There exists a Pick
function F satisfying

P1L | P2 P2N -1 _(2N—
(1.5) F(z) = ;+Z_2_|_..._|_ N1 + o(|7| (2N 1))

as z 2 oo if and only if there is a measure p on R whose first 2(N — 1) moments
are finite and satisfy

(1.6) [t = —pesr 0=k -1,
Moreover, in this case F has a representation as in (1.3) for some measure p
satisfying (1.6).

Hamburger gave an alternate equivalent condition. There is also a proof in [17,
Thm. 1.2], and see [12, Thm. 3.3] for an alternative formulation (but without a
proof).

Theorem 1.7. Let p1,...,pan—1 be given real numbers. There exists a Pick func-
tion F satisfying (1.5) if and only if the N-by-N Hankel matrix

P1 P2 cee PN
P2 P3 <o PNH1

PN PN+1 --- P2N-1

is positive semi-definite and has the property that whenever (¢, ¢, ..., ¢N—1, O)t 18
in the kernel of H, then (0,c1,ca,...,cn_1)" is also in the kernel.

In 1881, L. Kronecker proved the following theorem [11] (see [14, Thm. 1.3.1] for
a modern treatment).

Theorem 1.8. The infinite Hankel form

pPL P2 P3
P2 pP3 P4

pP3 P4 Ps

is of finite rank if and only if

| S

e = 3%
n=1

s a rational function.

1.2. Two variable results. A two variable version of Theorem 1.1 was proved in
[4]; see also Theorem 8.4 below. Before stating it, let us introduce some notation.
If Y is an operator on a Hilbert space, and z = (z1, 22) is a point in C?, we shall
use zy to denote the operator

y = 2’1Y—|-2’2(I—Y).
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HANKEL VECTOR MOMENT SEQUENCES 1381

Theorem 1.9 ([4]). Let h: 11> — II be a Pick function of two variables. Then

limsup [sF(is,is)] < o0
§—00
if and only if there is a Hilbert space H, a self-adjoint densely defined operator A
on H, a positive contraction Y on H, and a vector a in H, such that

(1.10) hz) ={(A—2zy) 'o,a), zell

We shall say that h has a type I Nevanlinna representation if it has a represen-
tation as in (1.10).

In one variable, the Poisson integral of any finite positive measure on R is the real
part of a Pick function that decays like (1.2), so the study of asymptotic expansions
(1.5) and solutions to the moment problem (1.6) for arbitrary measures are tightly
bound. In two variables, their study diverges. The infinite Hamburger moment
problem in several variables is studied in [16] and [18]; for an algorithm for solving
the problem in two variables, see [19]. For the truncated problem, see for example
the memoir [7] and subsequent papers. Our objective is to study the two variable
analogue of (1.5).

If one restricts z to the diagonal {z; = 22}, then (1.10) becomes (1.3), where
is the scalar spectral measure of A for the vector o. Saying that an even moment
~Yor, exists in this case is the assertion that t*=1 is in the domain of A. We shall
generalize this idea to two variables.

We shall let m and n denote ordered pairs of non-negative integers. We set
er = (1,0) and e; = (0,1). If n = (ny,n2), we set |n|= ny + ne2, and for a pair
z = (#1, z2) we follow the usual convention of letting 2™ = 27 252. For N a positive
integer we set Iy = {n|1 <|n|< N}.

We now define an object that we shall call a finite Hankel vector moment se-
quence, or for short, a finite HVMS. For simplicity, we take N > 2; see (2.1) for
general N.

Definition 1.11. For a fixed positive integer N > 2, a finite Hankel vector moment
sequence is a 3-tuple, ({an},cr., Y, A), where: {an}, o, is a sequence of vectors
in some Hilbert space H; Y is a positive contraction acting on H, satisfying for
eachl=1,...,N

(1.12) Yaep)=0=(1-Y)age =0;
A is a partially defined symmetric operator on H with the property that
(1.13) {an |1 < |n| < N -1} C Dom(A);
and for each n € Iy _1,
(1.14) Aan, =Yanie, + (1 =Y)nte,-
Here is the main result of this paper.

Theorem 1.15. A Pick function h of two variables satisfies

(1.16) h(z) = Pro i o]z =Ny

Zn
n€lan_1
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1382 JIM AGLER AND JOHN E. McCARTHY

nt . o .
as z — o0, for some real numbers p,, if and only if it has a representation as
in (1.10) and there is a finite HVMS ({on} Y, A) with o = a0y + a(o,1)-
Moreover, pi is given by the formula

neln?

P = — Z{(an,Aam> :my+ny =k1, mo+ng=ka, mi +mao=[]k|/2] }.

When k = 1, one interprets the right-hand side of the inner product as « (so

¢
p,0) = —{a,0), @) and p,1) = —(a(0,1),@)). By 2 ™% 00 we mean that ||z|| — oo,
while z stays in an approach region

{z €Tl : ||z|| < ¢ min{Imz;, Tmzy}}

for some c. The notation |M /2| stands for the greatest integer less than or equal
to M/2.

The forward implication of (1.15) is Theorem 4.2; the converse is Theorem 3.10.
To relate Theorem 1.15 to Theorems 1.4 and 1.7, think in one variable of «,, as
t"~1in L?(u), and A as multiplication by ¢ on L?(u). Then py, is given by a single
term, —(t[k/21=1 ¢lk/2]),

Theorem 1.7 also has a two variable analogue, which we give in Theorem 5.7.
This justifies our nomenclature of Hankel vector moment sequence. The last con-
dition in Theorem 5.7 is an analogue of the last condition in Theorem 1.7; for an
explanation of it, see Section 5.

Theorem 5.7. Let a = (a',a?) be a pair of matrices on Iny. Then there is a finite

HVMS ({an},ery: Y, A) such that
a11nn = <Ya’ﬂ7 Oém>,
a?rm = <(1 - Y)OL,“ am>

if and only if the following four conditions obtain:

at and a® are positive semi-definite,

1 1

2 _ 2
tern T Cmtesn = Cmonter T Gmntes whenever m,n € In_1,

a%oyl)_’(ovl) = a%lﬁo)v(ho) =0 fOT = ]., ey N,

supp(f) € In—1 and (a1 + az)f =0= (a151 + a25’2)f =0.

In Section 6, we discuss infinite sequences. One multi-variable generalization of
Kronecker’s Theorem 1.8 was proved by S. C. Power [15]. In Theorem 6.6, we prove
another.

Theorem 6.6. Let h have non-tangential asymptotic expansions of all orders at
infinity. Then there is an infinite HVMS ({an},Y, A) with o = o109y + a0,1), and
h(z) = ((A - zy)~ta,a). The sequence can be chosen with rank{a,,, a,,) < oo if
and only if h is a rational function.
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HANKEL VECTOR MOMENT SEQUENCES 1383

In Section 7, we give an example of a construction of functions in the Pick class
that have asymptotic expansions. In Section 8, we give some technical results on
models.

2. FINITE HANKEL VECTOR MOMENT SEQUENCES

Definition 2.1. For a fixed positive integer N, a finite Hankel vector moment
sequence is a 3-tuple, ({an}, o7, Y; A), where: {ay}, o, is a sequence of vectors
in some Hilbert space H; Y is a positive contraction acting on H, satisfying for
eachl=1,....N

(2.2) Yap:)=0=(1-Y)aqe =0;

A is a partially defined symmetric operator on H with the properties that, if N > 2,
(2.3) {an|1< |n| <N —1} C Dom(A);

and, for each n € In_1,

(2.4) Aoy =Yapie, + (1 = Y)apqe,-

When N =1 conditions (2.3) and (2.4) are dropped.

Every symmetric operator has a self-adjoint extension on a possibly larger Hilbert
space, so there is no loss in generality in assuming A is self-adjoint.

If ({an},ery:Y,A) is a finite HVMS, we shall frequently abuse the notation
somewhat and refer to the entire tuple by simply {a,}. If {a,} is an HVMS as
above, we refer to N as the size of {«, }, Y as the Hankel weight of {c,}, A as the
Hankel shift of {a,}, and finally the vectors, a,, are called the vector moments of
{on}.

Our first proposition gives a simple yet fundamental property of HVMS’s. If
z € C? and Y is a positive contraction on a Hilbert space #, we define zy =
21Y 4+ 29(1 = Y). As Y is a positive contraction, the spectral theorem implies that
z;,l is a well-defined analytic operator valued function on the set {z € C?| 2 #
0,21/22 ¢ (—00,0]}. If {a,} is an HVMS with shift A and weight Y, and [ is a
positive integer, we shall adopt the notation

Ri(2) = 2y (Azy ) h

Note that if z € {z € C?|22 # 0, 21/22 ¢ (—00,0]}, then the domain of R;(z) is all
of H if I =1 and for [ > 2 it is inductively defined by

Dom((Ri(2))) = {a € H| (25" A) 2y a € Dom(A), i =0,...,1—2}.

Note also that
Ri(2) C Ri(2)".

Proposition 2.5. Let {ay,} be an HVMS of size N and let

(2.6) a = a1,0) T @0,1)-
If1<I< N, then
(2.7) a € Dom(R;(z))
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1384 JIM AGLER AND JOHN E. McCARTHY

and

(2.8) Ri(z)a = Z ian

for all z in {z € C?*| 22 #0,21/29 ¢ (—o0,0]}.

Proof. We induct on N. If N = 1 and [ = 1, then trivially (2.7) holds. Also, by
(2.2), Ya(,1) = 0= (1 = Y)a g = 0. Hence,
Ri(2)a =2t
=2y o) 2y 00
1 L
= Zlo‘(LO) ZQO‘(LO)

1

= —ay,.
Zn
In|=1
Now assume that the proposition holds for HVMS’s of size N. Fix an HVMS,

{an},ery,,s of size N+ 1. The case when | = 1 is handled as in the previous
paragraph. If 2 <1 < N+ 1, as {a,} is an HVMS of size N, the inductive

neln
hypothesis implies that
1
~1 ~1
(2.9) Ri(z)a =2y AR_1(2)a = 2y, A| Zl 1 —n Qe
As {an},ery,, s of size N+ 1 and [ —1 < N, (2.3) implies that o, € Dom(A)

whenever [n|=1 — 1. Hence, (2.9) implies that o € Dom(R;(z)). Also, using (2.2)
and (2.4) we see via (2.9) that

1
Ri(z)a=2"4 Z preel

In|=l-1
. 1 . 1
Y e Y L0 Ve
|n|=l—1 In|=l-1
1 _ z1
== zl—lya(w) + a2y Z z_myam
1 |m|=l

_ z 1 1
+ 257 Z 21 =Y)om + Zlez_—1(1 - YY),

Z'HL
|[m|=l 2
m#£(1,0),(0,1)
1 _ z
= Z—la(w) + Zyl Z Z—TlrLYO[m
! |m|=
m#(1,0),(0,1)
_ z 1
tat Y 21 -Y)am + o0
|m|=l 2
m#(1,0)(0,1)
1 . 1 1
= 7oty Z (21Y + 22(1 - Y))Z—mam + %00
1 =l 2
m#(1,0)(0,1)
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HANKEL VECTOR MOMENT SEQUENCES 1385

1 1 1
R TNt

m##(1,0)(0,1)

O

The property described by (2.7) in Proposition 2.5 arises as an issue in many of
the applications of HVMS’s that we have in mind. Accordingly, we introduce the
following definition.

Definition 2.10. Let H be a Hilbert space, a € H, and assume that Y is a
positive contraction on H. If A is a symmetric operator on H, we say that A has
finite complex vector (Y, @)-moments to order N if for each z € {z]| 22 # 0,21 /22 ¢
(—00,0]}, a € Dom((Azy')!) for I =1,..., N. We say that A has finite real vector

(Y, a)-moments to order N if for each b € R+* a € Dom((AbyH)!) forl =1,...,N.

The following converse to Proposition 2.5 provides a useful criterion to verify that
a given symmetric operator and positive operator are associated with an HVMS.

Proposition 2.11. Let ‘H be a Hilbert space, let o € H and assume that A and
Y are operators acting on H, with A symmetric and'Y a positive contraction. The
following conditions are equivalent.
(i) There ezists a sequence {ay,}
({an}, A)Y) is an HVMS.
(ii) A has finite complex vector (Y, «)-moments to order N — 1, and for each
Il=1,...,N there exist vectors a,, |n|=1, such that

nely W H such that a = a0y + a,1) and

Ri(z)a = —ay,

In|=l

whenever z € {z ]z #0,21/22 ¢ (—00,0]}.
(iii) A has finite real vector (Y, a)-moments to order N — 1, and for each l =

1,..., N there exist vectors cu,, |n|=1, such that
1
(2.12) Ri(b)a = Eljl T

whenever b € RT2.

Proof. That (i) implies (ii) follows from Proposition 2.5. Obviously, (ii) implies
(i)

Assume that (iii) holds. To show that (2.2) holds when [ = 1 and that o =
a(1,0) + @(0,1), equate coefficients in the following equation obtained from (2.12)
when [ = 1:

o= byb{,la

= byR1 (b)Oé

1 1
— (bly + b2(1 — Y))(_Q(LQ) + —a(071)).
by by
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1386 JIM AGLER AND JOHN E. McCARTHY

Now assume N > 2. Note that the moment condition implies that for 1 <1 < N—1,
R;(b)a € Dom(A). Hence by (2.12),

Z bino‘" € Dom(A4),
n|=l

for all b € RT%. As

1
span{ Z i b e RT*} = spanf{ay, | |n|= 1},

In|=l

it follows that (2.3) holds.
Now fix [ with 1 <1 < N — 1. Noting that by R;+1(b) = AR;(b), we compute
using (2.12) that

1 1
Z b—mAOém:A Z b—mOém

Im|=l |m|=l

b1 1
= —b12+1 Yap+1) + Z b—m(Yam+€1 + (1 =Y)amte,)

|m|=l

ba
+ bllﬁ(l = Y)aqt1,0)-

Equating terms in this formula yields that (2.4) holds for 2 <1 < N — 1 and that
(2.2) holds for 2 <1 < N. O

We now turn to a much more subtle characterization of the HVMS’s given in
Theorem 2.21 below. Suppose that {c,,} is an HVMS of size N with weight Y and
shift A and let « be as in (2.6). Let Rt = {t e R|t > 0}. For 1 <k <2N —1

define functions ry : R S R by the formulas

(2.13) ri(b) = (Ri(b)a,a) = (by'a,a) if k=1,
(2.14) ri(b) = (Ri(b)a, AR;_1(b)ax) if3<k=20-1,
(2.15) rp(b) = (Ri(b)a, AR;(b)ar) if2<k=2I

where the expressions R;(b)a make sense by Proposition 2.5. Computing 74 (b)
using (2.8) yields the qualitative information that for each k with 1 <k < 2N —1,
7,(b) is a homogenous polynomial in § = (%, %) of degree k. To formalize these
properties of «, Y, and A we introduce the following definition.

Definition 2.16. Let H be a Hilbert space, a € ‘H, and assume that Y is a positive
contraction on H. Assume that A is a symmetric operator on H with finite real
vector (Y, a)-moments to order N — 1. For 1 < k < 2n — 1 we define the k*" scalar
(Y, a)-moment of A by equations (2.13) to (2.15).

Before continuing, we remark that ontologically the scalar (Y, «)-moments of A

are functions on (R*)Q. However, if these functions happen to be given by homoge-
nous polynomials (as e.g. occurs in the case of an HVMS), then there is an obvious
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HANKEL VECTOR MOMENT SEQUENCES 1387

way to extend the moment functions to all of C2. Concrete formulas for this case

would be

(2.17) ri(2) = (Ri(2)a,a) = (25 a,a) if k=1,
(2.18) re(z) = (Ri(2)a, AR;_1(2)* ) if3<k=20-1,
(2.19) re(z) = (Ri(2)a, ARi(2)" ) if 2<k=2I

Remark 2.20. If ({a,}, A,Y) is a finite HVMS, then by Proposition 2.11 the k'P
scalar (Y, a)-moments of A are given by

Tl(b) = %<a(170)a a> + %<a(0,1)a Oé> if k = 1;
(D) = X izt n=t g (@ns Y Qmey + (1= Y)ame,) i3 <k=20-1,
Tk(b) = Z|m|:ls|n|:l #@m,Y&m.,_el + (1 — Y)()ém+62> lf 2 S I{i = 2[

In particular, they only depend on the Gram matrices a' = (Ya,, a,,) and a® =
(1 =Y)an, am)-

Theorem 2.21. Let ‘H be a Hilbert space, a« € H, and N > 1. Assume that'Y is
a positive contraction on H and A is a symmetric operator on H. There exists an
indexed sequence {an}, o of vectors in H such that ({an}, A,Y) is an HVMS of
size N and

(222) o = a(lyo) + 06(170)

if and only if A has finite real vector (Y, a)-moments to order N — 1, and for each

k < 2N —1, the k" scalar (Y, a)-moment of A is a homogeneous polynomial in %
of order k.

Proof. The necessity of the homogeneity condition follows by the discussion leading
up to Definition 2.16. To prove the sufficiency we proceed by induction on N.
When N =1, there is only one scalar moment given by

ri(b) = (by'a, ).

If r1 is homogenous of degree one, then there exist constants a; and as such that

1 1
(2.23) (by'a,a) = ay— +ag—.
by ba
We analyze (2.23) by making the substitutions
t
(2.24) by=x and by = et
Noting that in the new variables z and t,
t—1 _
(2.25) byl = —@t-Y) ",
x
one computes that (2.23) becomes
_ ap a2
2.26 t—Y) 'a,a) = =2,
(2.26) (= ¥) a0y = 2 4

Now, (2.26) implies that the scalar spectral measure of Y w.r.t. « is supported in
the set {0, 1}, which in turn implies that Y (1 — Y)a = 0. Letting a0y = Ya and
a(,1) = (1 = Y)a, we see immediately that (2.22) holds. As

(1 — Y)Oé(lﬁo) = (1 — Y)YO[ =0

Licensed to Washington Univ. Prepared on Tue Dec 31 10:54:32 EST 2013 for download from IP 128.252.66.80.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1388 JIM AGLER AND JOHN E. McCARTHY

and

YO((L()) = Y(l — Y)Oé = 0,
we see that (2.2) holds. Finally, as (2.3) and (2.4) are both vacuous when N = 1,
the theorem is proved for the special case when N = 1.

Now suppose the sufficiency of the homogeneity conditions whenever A has finite
vector (Y, a)-moments to order N—1 and 2N —1 homogenous scalar (Y, «)-moments.
Fix A,Y, and « with the properties that A has finite real vector (Y, a)-moments
to order N and 2N + 1 homogenous real scalar (Y, «)-moments, r,(b). We need to
show that there exists an indexed sequence {an},, ¢, ., in H such that ({an}, A,Y)
is an HVMS of size N + 1 and such that a = a9y + a(1,0). By Proposition 2.11

this will be accomplished if we can construct an indexed set {c, },,c Ins, I ‘H such
that
(2.27) {an}t,er, C Dom(A)
and
1
(2.28) Ri(b)a= > pran for l=1,.., N +1.

By the induction hypothesis, there exists an indexed set of vectors in H,
{an},erys such that (2.22) holds and such that ({an},c;,,4,Y) is an HVMS
of size N. By the homogeneity of rony1(b), there exist scalars p,, |n|= 2N + 1,

such that
Pn

(2.29) ronia(b) = > =

In|=2N+1
On the other hand, by the definition of the odd scalar moments, (2.14),
(2.30) ron+1(b) = (by' ARN(b)o, ARN (b)),
Finally, Proposition 2.5 implies that

1

(2.31) Ry(b)a= > FCn-

In|=N

The remainder of the proof consists of employing the substitutions, (2.24), to make
various deductions from (2.29), (2.30), and (2.31) pertinent to establishing (2.27)
and (2.28). To facilitate our calculations we shall employ the notation,

="t — 1)
Making the substitutions, (2.24), in (2.31), we obtain that

(2.32) Ry(b)a = (to)™ Y t"ay.
In|=N

As A is assumed to have finite real vector (Y, a)-moments to order N, the left side
of (2.32) is in the domain of A for all b € (R+)2. Hence, the right side of (2.32)
is in the domain of A for all t € RT. Noting that the set {t"| |n|= N} is a basis
for the polynomials of degree less than or equal to N, it follows that «,, € Dom(A)
whenever |n|= N. On the other hand, as ({an}, ;. 4,Y) is an HVMS of size N,
it follows from (2.3) that a,, € Dom(A) whenever |n|< N. Thus, we have shown
that (2.27) holds.
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In order to verify (2.28) we must first explain how ., is defined when |n|= N +1.
Substitute (2.31) into (2.30) and then equate the right-hand sides of (2.29) and
(2.30) to obtain

(b2) NS pat”

|n|=2N+1
_t—=1 “1,, \-N m N m
= T((t—Y) (tx) Z t" Aa, (tz) Z t" Aagy,),
|m|=N |m|=N
which simplifies to
p(t) -1

2. ={t-Y mA ™A
(23 T (e 3 e, 3 o)

where p is the polynomial of degree less than or equal to 2N + 1 defined by
(2.34) p(t) = Z pnt™.
In|=2N+1

For m a multi-index, we define Q,,(¢), an operator valued polynomial of degree
|m| —1, by the formula
tm_ym
m(t) = —F/——
Qnlt) = =

Computing with the right side of (2.33) yields that

(t=Y)"" > ™A, Y t"Aay)

Im|=N |m|=N

(t=Y)"" D (E=Y)Qm(t) + Y™ Ao, Y t"Aay,)

|m|=N |m|=N
= (> Qut)Aam, Y t"Aay)
|m|=N |m|=N
+<(t_Y)71 Z YmAam, Z tham>
|m|=N |m|=N
= (Y Qut)Aam, Y t"Aay)
|m|=N |m|=N
H(D . YA, (t-Y)TH Y " Aay)
|m|=N [m|=N
= ( Z Qm(t) Aam, Z "™ Acun) + Z Y™ Aam, Z Qm(t)Aam)
|m|=N |m|=N |m|=N |m|=N
H(D YA, (t-Y)TH ) Y™ Aay).
|m|=N Im|=N

As the first two terms of this last expression are polynomials of degree less than
or equal to 2N — 1 and N — 1 respectively, recalling that p has degree less than or
equal to 2N + 1, we see that the third term in the above expression must have the
form

(2.35) (> Y™y, (t-Y)"" Y Y™ Aa,,) = Ct_1+
|m|=N |m|=N

C1
t—1

+q(t),
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where ¢; and ¢ are scalars and ¢ is a polynomial of degree less than or equal to
2N — 1. (2.35) implies that if we set

8= Z Y™ Aoy,
|m|=N

and E is the spectral measure for Y, then dEj3 g is supported in {0,1}, which in
turn implies that

(2.36) Y(Y —1)8 =0.
Now observe in light of (2.36), that
tt—1)t=Y) '"B=(t+Y —1)8.
Hence,
t(t—1)( Z t" Acy,
lm|=N

tt—1)(t=Y)"" D [(t=Y)Qm(t) + Y™ Ao,

Im|=N
= tt—1) Y Qut)Aay +tt—-1)(t-Y)"" > Y™Aay,
|m|=N |m|=N
= tt—1) Y Qmt)Aam +tt-1)(t-Y)'8
[m|=N
= tt—1) Y Qm(t)Aam +(t+Y —1)8.
|m|=N

As Q. (t) has degree N — 1, this implies that
tt—1)t—-Y)"" > " Ao,
[m|=N

is a vector valued polynomial of degree N + 1. But the set {t"| |n|= N + 1} forms
a basis for the polynomials of degree less than or equal to N 4+ 1. Hence, there exist
vectors oy, € H, |n|= N + 1, such that

(2.37) tE-1D)E-Y)" > t"Aam = > "o,

Im|=N [n|=N+1
Unraveling the substitutions, (2.24) and (2.37) become

by ARy (b)a = Z binozn

In|=N+1
or
1
(2.38) Rypi(ba= Y F Q-

In|=N+1
In addition, recalling that ({an},c;,,A4,Y) is an HVMS of size N, we see from
Proposition 2.5 that
1
(2.39) Ri(ba= Y pran for L =1,...,N.
In|=l

Taken together, (2.38) and (2.39) imply (2.28). O
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3. FroMm HVMS’s To LOEWNER FUNCTIONS

We let II? denote the set {z € C?|Im(z;) > 0,Im(22) > 0}. We let P denote
the Pick class on II2, i.e. the set of holomorphic functions on II? that have a
non-negative imaginary part. If D C R?, we define the Loewner class, £(D), by

L(D) = {h € P|h is analytic and real valued on D}.

L(D), which captures a semi-local version of the notion of inner, arises in a variety
of problems involving interpolation, the real edge of the wedge theorem, and the
analysis of operator monotone functions; see e.g. [3]. In this section we wish to
consider a fully local version of £(D). To that end we shall require a number of
definitions. Let J, = I}, U {(0,0)}.

Definition 3.1. For z € R? and S C II? let us agree to say that S approaches z
non-tangentially, S ¢ x, if z € S~ and there exists a constant ¢ such that

|z — z|] <cmin{Im(z)Im(22)}
for all z € S.
Definition 3.2. Let h € P and = € R%. We say that x is a C*-point of h if h is
“non-tangentially C* at z” i.e. there exists an indexed set of scalars, § = {6, }
such that if § C 12 and S % x, then

h(z) — 0, 2"
(3.3) lig 12 = 2nes, =0
z k
Zes 121l

neJy’

Evidently, if h € £(D), x € D, and = is a C*-point of h, then §, as uniquely
determined by (3.3), has the property that d,, is real whenever n € Ji. This suggests
the following definition as a reasonable localization of the Loewner class.

Definition 3.4. Let k > 0 and « € R2. If h € P, we say that h is Loewner to
order k at x if = is a C*-point of h and if §, as uniquely determined by (3.3), has
the property that d,, is real for all n € Ji.

We introduce in Definition 3.9 below a class of functions, £V, obtained by adding
three extra minor provisos to the notion in Definition 3.4. First we shall assume
that £ = 2N — 1 is odd. Secondly, we wish to consider regularity as z approaches
infinity non-tangentially rather than as z approaches a finite point 2 € R2?. Finally,
we shall normalize h to have the value zero at infinity.

To formalize regularity at co, we introduce the following two definitions.

Definition 3.5. If {2,,} is a sequence in 112, we say 2z, — oo if 2, = (An, fin)
and both A, = oo and u, — oco. For S C II? we say that S approaches co non-
tangentially, S ™% oo, if there is a sequence {zn} in S such that z, — oo and a
constant ¢ such that

(3.6) Iz]l < ¢ min{Im(z1)Im(z2)}

forall z € S. If § ™% oo, we let adj(S) denote the smallest constant such that (3.6)
holds for all z € S.

Definition 3.7. Let Q be a metric space, w € Q, and F : II> — Q be a map. We
say
F(z) > was z 2% oo
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1392 JIM AGLER AND JOHN E. McCARTHY

if for each S C II2 such that § 2% 00,
lim F(z2) = w.

Z—r00
z€S

We now can extend the notion of a C*-point to co.

Definition 3.8. If h € P we say oo is a C*-point of h if there exists an indexed

set of scalars, p = {pn},c 7,.» referred to as residues, such that

12" (h(z) — Z Z—Z) —0as 22 .
neJy
Finally, notice that the residue, p(o,0), when it exists, is the limit of h(z) as
z — oo non-tangentially, and hence we denote it by h(oc). Our third proviso is to

normalize h by requiring that h(cc) = 0.

Definition 3.9. For N a positive integer, let £V denote the set of all h € P such
that oo is a C?N~1point for h with real residues and h(oo) = 0.

Let us note that Theorem 1.9 implies that any function in £' must have a
representation as in (1.10). In previous work [3], we required Y to be a projection.
This was inspired by representations on the bidisk, as in [6] and [2]. Here, we do
not require Y to necessarily be a projection. But, in order for ({an}, ¢, Y, 4)
to be an HVMS of size N, the operator Y'(1 —Y') annihilates o gy and a (g for
1 <1 < N. So these vectors “think” Y is a projection.

We now can formulate the main result of this section.

Theorem 3.10. Suppose that H is a Hilbert space, A is a densely defined self-
adjoint operator on H, a € H, and h € P is defined by the type I Nevanlinna
representation,

(3.11) h(z) = (A= 2y) 'a,a), zell

If {an}, A)Y) is a of size N and a = a0y + 0,1y, then h € LY. Furthermore, if
r; are the scalar (Y, a)-moments of A (as given by the formulas (2.18) and (2.19))
and py, are the residues of h (as given in Definition 3.8), then

(3.12) g—: = —r(b)
In|=l
forl=1,...,2N —1.

The remainder of the section will be devoted to the proof of Theorem 3.10.
Accordingly, fix an HVMS of size N, ({an}, A4,Y), with the property that A is
densely defined and self-adjoint, set o = a1 o) + (0,1), and assume that h is given
by (3.11). The point z will always lie in I1?, so (A — zy) is invertible.

Observe that as
(3.13) AA—zy) ' =(A—zy +2v)(A—2y) " =142y (A—2y) 7},

the operator A(A —zy)~" is bounded. Likewise, the operator (A —zy) ‘A is
bounded. Also, we have the following simple identities involving these operators:

(3.14) 2y(A—2y) TA= A(A = 2y) 2y,
(3.15) (A—2y) = =25t + 251 A(A - 2y) 71,
(3.16) (A—zy) h = =25t + (A —2y) Azt
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Claim 3.17.
2N—-1
(A=2y)laya) == ) mi(2) + (A(A - 2v) "2y Ry (2)a, Ry (2)"a).
k=1

Note that as ({a,}, A4,Y) is an HVMS, condition (ii) of Proposition 2.11 guar-
antees that & € Dom(Ry(z)) and, in addition, that the residues, ri(z), k =
1,...,2N — 1, are well-defined by equations (2.17) to (2.19). Thus, the expres-
sion that appears on the right side of the claim is well-defined.

To prove Claim 3.17 we proceed by induction. Note that when N = 1 the claim
follows immediately from (3.15). Suppose the claim holds for HVMS’s of size N. If
({an}, AY) is an HVMS of size N + 1, then as ({a,}, A4,Y) is also an HVMS of
size N, the inductive hypothesis yields that

IN—1
(3.18) ((A- zy)_la, a) =— Z re(z) + (A(A - 2y)_1zyRN(z)a, Ry(2)*a).
But, -
(A(A - 2y) " zy Rn(2)a, Ry(2)"a)
(i) = ((A=2zy) "2y Rn(2)a, ARN(2)" )
(i) = ((—2y" + (A—zy) 'Azy" )2y Rv(2)o, ARN(2)" )
= —(Rn(2)o, ARN(2)*a) + ((A — 2y) "ARN(2)a, ARN(2)" )
(1ii) = —(Rn(2)a, ARy(2)* @)

)

)

+ (=2 + 25T A(A — 2y) D ARN(2)e, ARN(2)" @)

= —(Rn(2)a, ARN(2)*a) — (25 ARN(2)a, ARN(2)* )
+ (23" A(A — 2v) ' ARn(2)a, ARy (2)"a)

= —(Rn(2)a, ARN(2)*a) — (25 ARN(2)a, ARN(2)* )
+ (A(A - 2y)_1zyz;1ARN(z)a, 2y ARN(2)" @)

(iv) = —(Rn(2)a, ARN(2)"a) — (Rn+1(2)a, ARN(2)* )
+ <A(A — Zy)_lzyRN+1(Z)()é, RN+1(Z)*04>
(v) = —ran(z) = ran+1(?)

+(A(A - zy) ey Ryvi1(2)a, Ry (2)" ).
Here, the following facts were used.
(1) as ({an},A,Y) is an HVMS of size N + 1, Ry(2)*a = Ry(2)a € Dom(A),
(i) (3.16),
(iii) (3.15),
(iv) Rny1(2)a = 2y ' ARN(2),
(v) (2.18) and (2.19).

Combining the result of this calculation with (3.18), we deduce that
2N+1

(A=2yv)'oya) = = Y mi(2) + (A(A — 2v) " 2y Ry (2)a, Ry (2)"a),
k=1
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which is (3.18) with N replaced with N + 1. This concludes the proof of Claim
3.17.

Now observe that both of the facts we need to prove to establish Theorem 3.10,
that h € LY and (3.12), will follow from Claim 3.17 if we can show that

(3.19) 122V HA(A = 2y) P2y Ry (2)a, Ry (2)*a) - 0 as 2 % oo,
On the other hand, we claim that (3.19) will follow if we can show

Claim 3.20. If 8,y € H, then

(3.21) (A(A—2y) 'B8,9) =0 as =z ™ .

To see how Claim 3.20 implies (3.19) we use the following simple property of sets
that approach oo non-tangentially.

Lemma 3.22. If n is a multi-index, S C 112 and S 4 oo, then
! eyl —In
el = (adj(5)) ™ |=] g
forallze S.

Proof. If z € S, then Definition 3.5 implies that
lIzIl < adj(S) min{Im(z;)Im(z2)}
< adj(S) Im(z)

< adi($) |z
Hence,
|z~ < adj(S)™ 2] 7
Likewise,
22| 7" < adj(5)™ |27
The lemma follows by multiplying these last two inequalities together. O

Now, using Proposition 2.5, if N > 2,
(A(A = zy) "2y Ry (2)o, Ry (2) @)
= (A(A—2y) "ARNn_1(2)a, Ry (2)*a)

— AA-z) A Y zimam, 3 Zinan>

Im|=N-1 |n|=N
1 _
= Z g (A(A = 2zy) " Aam, o).
|m|=N-1
|n|=N

Thus, using Lemma 3.22, we see that if S ™ 50 and z € S, then
[{A(A = 2v) "' 2y Ry (2)a, Ry (2)" @)

< Y ol HAGA = ) e, )

zm+tn
Im|=N-1
|n|=N
<adj(S)N 2TV YT (A(A = 2y) T Aag, an).
Im|=N-1
|n|=N
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When N =1, we get
[(A(A = 2y) 2y Ri(2)a, Ra(2) @)

= | Z Z%(A(A—ZY)_la,anH

< adj(S)lzl 7" Y KA = 2v) o an).

In|=1

So we see that Claim 3.20 does indeed imply (3.19).

There remains to prove Claim 3.20. For this we shall require three lemmas.
These lemmas involve the notion of a proximity estimate, an idea which we make
precise in the following definition.

Definition 3.23. Let Q be a metric space and F : II? — Q a map. We say that I

is proximal (or more precisely, proximal at co) if for each S C II? such that S ¢ 0,
there exists a constant ¢ such that

(3.24) d(F(2), F(w)) < c%

for all z,w € S. We refer to the inequality (3.24) as a proximity estimate.

It turns out that frequently, as a consequence of various forms of the Schwarz
Lemma, quantities that are formed from holomorphic functions satisfy proximity
estimates. In such cases, the following lemma greatly simplifies the analysis of
non-tangential regularity.

Lemma 3.25. Let Q be a metric space, let w € Q and let F : TI? — Q be a prozimal
map. F(z) > w as z ™ o0 if and only if for each § € 112,

(3.26) Sllg)lo F(sd) =w

Proof. Clearly, if F(z) — w as z ui¢ oo, then (3.26) holds. To prove the converse
we argue by contradiction. Suppose (3.26) holds. If it is false that F\(z) — w as

PR 00, then there exist € > 0, S C 12, and a sequence {2} in S such that S ¢ 0,
z; — 00, and
(3.27) d(F(z),w) > €
for all positive I. By compactness, there exist § € C? and a subsequence 21, such
that ||z;,[| "'z, — & as j — oo. In fact, § € II*. To see this, let § = (d1,d2) and
21, = (A1, ;) and observe that
Im(\;. in{Im(\;)I v 1

(3.28)  Im(oy) = fim 2O 5y, min{im ImGuy )}

imoe Nz |l T d=ee (A adj(S)

> 0.

Likewise, Im(d3) > 0 and we conclude that & € I12.
Now, let w; = 2, and s; = ||z, ||. By construction we have that w; —s;6 = o(s;)
so that the proximity estimate gives that

(3.20) d(F(w;), F(s;6)) < CW 0.
i

Also, (3.26) implies that

(3.30) d(F(sj0),w) — 0.
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Given (3.29) and (3.30), the triangle inequality gives that
d(F(w;),w)) = 0,
contradicting (3.27). O

Lemma 3.31. Let L(H) denote the algebra of bounded operators on H equipped
with the operator norm. F : 112 — L(H), defined by

F(z)=A(A—zy)™",  zell?
s proximal.
Proof. Fix S C II? with S ™ . For z € I12 we have that
(3.32) 2y || < max{|z1], [z} < V2] 2.
Also, as Im(A — zy') = —Im(zy) < —min{Im(z;)Im(z2)}, we have that if, in addi-
tion, z € S, then
1 < adj(.S)

(3.33) 1A =2v) "l < min{Im(z;)Im(z2)} = |||

Now, using (3.13), we get
F(z) = F(w)
—AA—zy) = A(A—wy) !
:(L+a4A—zﬂ*5-w1+uW@4—wyr5
=zy(A—zy)} -
= (zv —wy)(A—2y)  Hwy(A—2zy) " = (A=wy) ™)
=(zy —wy)(A—2y) " +wy(A —wy) Nzy —wy)(A—2zy)

Hence using (3.32) and (3.33),

— wy(A — wy)

IF() — F(w)]
< oy —wyll 1A = 2) 7+ oyl 1A = wy) ™ llzy =yl (A = 2)7")
< VE Je -] 2+ vl 2 VB s - 2
— (V2 adi(s) + 2 adis) E

which is (3.24) with ¢ = v/2adj(S) + 2adj(S)2. O

Lemma 3.34. If 3,7 € H and 6 € 112, then
lim (A(A—tdy) "B,7) = 0.

Proof. We claim that for each vector u € H,
(3.35) Sy (€A —dy) 'u — —u  weakly in H

as € — 0. To prove this claim, first notice that as Im(dy) > min{Im(d;)Im(d2)},
we have both that dy is invertible and that (eA — §y)~! is uniformly bounded. In
particular, as A is densely defined, M = dy Dom(A) is dense in H. If u = jyv € M,
then as v € Dom(A) and (eA — dy) ™! is uniformly bounded,

(€A —dy) teAv — 0
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as € — 0. Hence,
(€A —by) tu = (eA — dy) oy
= (€A = 0y) M ((0y — eA) +eA)v
= v+ (€A —dy) tedv
— —v
= —5{,1u.

Applying the bounded operator dy yields that (3.35) holds whenever u € M. As
M is dense and dy (eA — §y) ™! is uniformly bounded, it follows that (3.35) holds
for all w € ‘H. This proves the claim.

Now notice that if in the claim we substitute € = s~
u € H,

L we deduce that for all

80y (A — s0y) " 'u = —u  weakly in H
as s — oo. Hence, for all u € H,
1+ 86y (A — s0y)'u — 0 weakly in H
as s — 0o. The lemma now follows by observing that from (3.13)
1+ 58y (A—sdy) "' = A(A —s6y) .
(]
Armed with the above lemmas it is a simple matter to prove Claim 3.20 and
thereby complete the proof of Theorem 3.10. If 8,y € H, then by Lemma 3.31
F(z) = (A(A — zy) "' 8,7) is proximal. As Lemma 3.34 gives that lim,_, .. F(s8) =

0 whenever § € II1?, Lemma 3.25 yields that F(z) — 0 as z ¢ 00, as was to be
proved.

4. FROM LOEWNER FUNCTIONS TO HVMS’s

In this section we shall formulate and then prove a converse to Theorem 3.10,
using Theorem 2.21. If h € £V, then it is easy to check that h is type I and
accordingly has a Nevanlinna representation of the form
(4.1) hz) = ((A=zy) ta,a), zell?
where A and Y are operators acting on a Hilbert space H, A is densely defined and

self-adjoint, Y is a positive contraction, and o € H.

Theorem 4.2. If h € LY and A, Y, and o are such that (4.1) holds, then A has
real vector (Y, a)-moments to order N — 1 and homogenous scalar (Y, «)-moments
to order 2N — 1. Furthermore,

(4.3) Pr — —ri(b)

whenever 1 <[ <2N —1 and b € (R+)2, where p, are the residues of h.

Proof. We proceed by induction. Let N = 1 and assume that h € £V has a
Nevanlinna representation as in (4.1). As N = 1, the assertion that A have real
vector (Y, a)-moments to order N — 1 is vacuous. To see that A has homogenous
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scalar (Y, a)-moments to order 2N — 1, first note that since oo is a Cl-point for h
with real residues, we have that there exist p(q ), p(0,1) € R? such that

(14) (A= 2) " aa) = h(z) = P02 4 PO o2 7,

non-tangentially at co. Fixing b € (R+)2 and setting z = isb in (4.4) gives that

Pa0) | P01
b1+b2

as s — oo in RT. Noting that for b € (R"‘)Q7 by is strictly positive definite and
hence, invertible, we define a self-adjoint operator, X, by the formula

(4.6) Xy = by ? Aby 2.
Noting that

(4.5) is((A—isby) 'a,a) —

1 1 —1
is((A—isby) o, a) = is (b3 (Xp —is)b) «,a)

MI»—A

(Xp — is)_lb;%a, a)

=is{(Xp —is)” 1b;,%a b;%a>

(

= is(by
(
(

X _1
=15 Xgiszy%y bY2a>

—s2+isX, _1
:<7X§+ 5 byza byza>

we see upon taking real parts in (4.5) that
2

S -1 -1 Pa,0) , P(0,1)
4.7 —(==—=by 2, by - —— 4 —
(4.7) <X§+52yaya> by - ba
as s — oo in RT. Now, the Lesbesgue Dominated Convergence Theorem guarantees
that
$° ho b

— —

XZ+s2Y “ v
as s — oo in RT. Hence,

11

(4.8) bty ) = — (b5 e, byta) = PO | PO

by b

As (4.8) holds for all b € (R*)?, we conclude that A has homogenous scalar (Y, a)-
moments to order 1 as was to be shown. Also note that (4.8) implies that (4.3)

holds.
We now turn to the inductive step of the proof. Accordingly, assume that
(4.9) A has real vector (Y, a)-moments to order N — 1,
(4.10) A has homogenous scalar (Y, a)-moments to order 2N — 1, and
2 pn
(4.11) 1<I<2N-1,be (RT) = ) e =)

In|=l

whenever h € £V and has a representation as in (4.1). Fix h with a representation
as in (4.1) and assume that h € £LNT1. We need to show that (4.9), (4.10), and
(4.11) hold with N replaced with N+1. However, as h € LNT1 C £V the inductive
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hypothesis implies that 4.9, 4.10, and 4.11 hold for N. Therefore, the induction
will be complete if we can show the following three conditions:

_1\N
(4.12) o € Dom((Abyh) ),
_ Pn +)2
(4.13) ronpa(b) =— > oo bER),
|n|=2N+1
and
(4.14) ron(b) = — O e ®T)
|n|=2N

First note that as h € £LV*! and (4.1) holds, there exist scalar residues, p,,
n € Isny1, such that

(4.15) (A= 2y) 'a,a) = ——-+oﬂ|H (BN
ne€lan41

as z — oo non-tangentially in II1?. Fixing b € (R+)2 and setting z = isb in (4.15)
we deduce that

2N+1
. —1 . . Pn —(2N+1)
(4= b)) = 3 (0™ 30 kom0

as s — oo in R™, which, upon taking the imaginary parts, yields that

N+1 k
(

; -1 _1) Pn _
(4.16) Im({(A —isby)” a,a)) = Z = o +ols (2N+1))
k=1 In|=2k—1
as s — oo in RT. Finally, upon multiplying (4.16) by the factor sV 1, we deduce
the limit,
. N1 Pn
(4.17) Jlim Gy(s) = (1) >

|n|=2N+1

where for s € R* and b € (RT)?, G, (s) is defined by

(@18) Gyfs) = 2V Um(((A —isby) e = 37 (-DF2NRD 3 P
k=1 In|=2k—1
We now compute Gy(s) using the substitution of (4.6). We set
1

(4.19) Y = by 2.

Note that (4.9) implies that 75, € Dom(X}) for { = 1,..., N — 1. Using (4.11) and
(2.14) we see for k=1,..., N, that

Z Z—: = —7ro_1(b)

|n|=2k—1

k—1 1

= — (b (A" e, (A"
= —((X)" e, (X0)" ).

@)
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1400 JIM AGLER AND JOHN E. McCARTHY

Also, just as in the calculation leading up to (4.7), we compute that

(A —isby) ‘a,a) = <§;’12§b;5ab o),

so that

. —1 s 1 1
Im({(A—isby) a,a)) = (mby2a,by2a>

= (o )
- Xl%_i_sQ’Yba’Yb'

Hence we have that

N
G - g2N+2 k 2N k+1) X k—1 X k—1
b(S)—<W%,% +Z ((Xp)™ 70, (X))
k

=1

We claim that the above sum telescopes. Indeed, using the fact that
()" M, (X))

=(( b + a )(X)" o, (X0)" )
Xl? + 52 Xb2 + 52 ’

() () ) (s () (X))
Xb2 + 52 ’ Xf + 52 ’ ’

we compute that
$2N+2
X
§2N+2
= <m%, Vo)

N
Gu(s) = 370 + (=)D ey, (X))
k=1

oN X2 52
- S (<X2+ Q’Yba’Yb> <m’}/b’%>)

s2

X2
b Xy, Xo 1) + (=

2N -2
t+s (<X§+S2 X2_|_ 2

Xu v, Xovp))

Xy
X2+ 52
2

+ <Xb2 + 52
N X7
= (-1 32<&2—411§(Xb)N_17ba(Xb)N_l“Yb)-

+ ()Y s2(( (X)), (X))

(Xo)N M, (Xo)Y "))

This last calculation makes sense since
X
X2+ 42

is a bounded operator and v, € Dom(X;') for i =1,...,N — 1.
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Now recall (4.17). From the formula for Gy (s) just derived, we see that

2vy2

s° X _ Pn
(420) SILI&<X2 1 52 (Xb) ’ybv (Xb)N 17b> = - Z b_n
In|]=2N+1

As X is self-adjoint and ~;, € Dom(XbN_l), we can apply the spectral theorem
to X, and thereby obtain the scalar spectral measure of 73, p. Analyzing the very
existence of the limit on the left side of (4.20) in the space L*(u) yields via the
Lesbesgue Dominated Convergence Theorem that
(4.21) v € Dom(X,N).
Unraveling (4.21) via (4.6) and (4.19) gives that
o € Dom((AbyH)Y),
which is (4.12). Note also from (4.20) we have that
2 N-1 N-1 7 Pn
(Xo)"(Xo)" "0, (X)) = — Z o
In|=2N+1
which unravels to
_ Pn
(4.22) rona(b)=— > o
In|=2N+1

which is (4.13).

There remains to check (4.14). This is done by following the same line of reason-
ing that led from (4.15) to (4.20). One starts with (4.15) but with 2N 4 1 replaced
with 2N:

(4.23) (A=2y)aa)= Y 2 Pt o(]|2]| =M.

’ILGI2N

Proceeding as before, for a fixed b € (R+)2 and s € RT we set z = isb in (4.23).
However, unlike before, where we took imaginary parts to obtain (4.16), we now
take real parts. This results in

o - al 1)k Pn —2N
(4.24) Re({(A —isby) ', a) Z o o7
k=1 |n|=2k

as s — oo in RT. Finally, upon multiplying (4.23) by the factor sV (rather than

$2NVHL a5 before), we deduce the limit,
. _ N Pn
(4.25) Jm Ry = (-)¥ 3 o
|n|=2N

where for s € R* and b € (RT)?, Fy(s) is defined by

(126)  Fils) = SVR(((A — ishy) ) = 37 (<120 3 L

k=1 |n|=2k
Carrying out the telescoping argument, one computes that
X5

Fy(s) = (—1)N_152<m

(X0) 2y, ()Y ),

Licensed to Washington Univ. Prepared on Tue Dec 31 10:54:32 EST 2013 for download from IP 128.252.66.80.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1402 JIM AGLER AND JOHN E. McCARTHY

which implies via (4.25) the existence of the limit

@) ) R, () = - Y
. P Xb2 T s2 b ey b b p
In|=2N
As (4.21) holds, (4.27) implies that
2 N—2 N—1_\ _ Pn
(Xp)"(Xo)" "0, (X)) = — Z mE
|n|=2N
As this last equation unravels via (4.6) and (4.19) to
ran (b) = — p—Z,
In|=2N
the proof that (4.14) holds is complete. O

5. FINITE HANKEL PAIRS

In this section we give an alternate matrix theoretic treatment of HVMS’s based
on the fact that it is possible to cleanly characterize the Gram matrix formed from
the moment vectors of an HVMS.

For X a set, we let 2(X) denote the Hilbert space of square summable complex
valued functions on X. If f € £2(X), we let supp(f), the support of f, denote the
subset of X defined by

supp(f) = {z € X[ f(z) # 0}.

By a matriz on X we mean a square array of scalars, doubly indexed by the
elements of X. If a = [as,] is a matrix on X, then a induces a densely defined
linear operator, also denoted by a, on the finitely supported functions in ¢2(X) by
the formula

@h)@)= > asyfy)

yesupp(f)
If a = [ag,y] is a matrix on X, then we say that a is symmetric if
Qgzy = Gy o for all z,y € X,

and we say that a is positive semi-definite if for each (finite) choice of elements,
r1,Ta,...,2; € X, and each choice of scalars, ¢q,cs,...,¢ € C,

l
E axi,ijjEi > 0.

ij=1

In this section we shall be exclusively interested in the case where X = I, for
N a positive integer. Note that naturally, if M < N, then ¢?(Ijs) C ¢*(Iy), and in
addition, that there is a pair of shift operators, S, Sy : £2(In_1) — £(Iy), defined

by
(S1H)(n) = { (J;(n—eﬂ ;lls;el e In_1,
(Saf)(n) = { g(n — e3) ne € In_1,
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If {an},A,Y) is an HVMS of size N, then we may define a pair of matrices
a= (a',a?) on Iy by

(5.1) Uy = (Y, o) and ap, = (1= Y)an, oaun) for m,n € Iy.

Definition 5.2. We say that a = (a',a?) is a finite Hankel pair of size N if a' and
a? are matrices on Iy and there exists an HVMS of size N such that (5.1) holds.

In Theorem 5.7, we give a characterization of when a pair of matrices is a finite
Hankel pair. To see how this is a two variable version of Theorem 1.7, let us restate
that theorem more abstractly. Let S : £2({0,1,..., N —2}) — ¢2({0,1,..., N —1})
be the shift defined by Sf(j) = f(j —1),7 > 0, and Sf(0) = 0.

Theorem 5.3. Let H be an N-by-N matriz. There is a self-adjoint operator A
and a vector o with o € Dom(A¥) for 1 <k < N — 1 such that

Hij = (Ao, A'a),  0<i,j<N-1,

if and only if the following three conditions obtain:

(5.4) H is positive semi-definite,
(5.5) Hi1; = H;jqa, 0<4,7<N-=2,
(5.6) supp(f) €{0,...,.N =2} and Hf =0= HSf =0.

Here is our two variable version of Hamburger’s Theorem 1.7.

Theorem 5.7. Let a be a pair of matrices on In. Then a is a finite Hankel pair
of size N if and only if the following four conditions obtain:

(5.8) a' and a® are positive semi-definite,

(5.9) a1177,+61,n + a,2n+€2)n = a}nm%l + afnm%z whenever m,n € In_1,
(5.10) aloy (o) = A0y o) =0 for 1=1,...,N,

(5.11) supp(f) € In_1 and (a' +a®)f = 0= (a'S; + a®Ss)f = 0.

Proof. (Necessity). Assume that ({an}nery,Y,4) is an HVMS and (5.1) holds.
Then (5.8) holds because Y and 1 — Y are positive operators. (5.9) holds because
the left-hand side is

<Yan7am+el> + <(1_Y)an7am+e2> = <an>Aam>u

by (2.4). But the right-hand side of (5.9) by a similar calculation is (Aay, o),
which is equal to (@, Aay,) because A is self-adjoint and oy, o, are in its domain
for m,n € In_;. Condition (5.10) follows from (2.2).

Finally, if supp(f) € In_1 and (a' + a?)f = 0, this says that

( Z f(n)an, am) = 0

neln_1
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for all m € Iy. But

(alsl + QQSQ)f(m) = Z f(”)(YO‘n+el + (1 - Y)O‘n+eza0‘m>
nely_1
= (A( Z f(n)an), amm)
neln_1
= 07

so (5.11) holds.
(Sufficiency). Assume (5.8) — (5.11) hold. Choose vectors a, in a Hilbert space
H so that their Grammian equals the matrix a' + a?:

<04m am> = a}n,n + a?n,n'

Since a! < (ay,, o), there is a positive operator Y satisfying (5.1). Equation (2.2)
follows from (5.10).

If N =1, we can define A arbitrarily, e.g. by A = 0.

If N > 2, we define A on the span of {a, }nery_, by

Aay, = Yanie, + (1 =Y)ante,-

To check that this is a well-defined linear operator, we need to know that if

Z chay, = 0,

n€ln_1
then
Z en(Yanie, + (1 =Y)apte,) = 0.
n€ly_1
This follows from (5.11). It follows from (5.9) that A is symmetric. O

6. INFINITE SEQUENCES

As in one variable, passage from the finite to the infinite case is straightforward
and leads to some simplifications. Let Z denote the set of pairs of non-negative
integers, excluding (0, 0).

Definition 6.1. An infinite Hankel vector moment sequence is a 3-tuple, ({a, }nez,
Y, A), where: {a,}nez is a sequence of vectors in some Hilbert space H; Y is a
positive contraction acting on #H, satisfying for each { > 1

YO[(OJ) =0= (1 — Y)a(l,o) = O;
A is a densely defined self-adjoint operator on ‘H with the property that
{an |n € I} C Dom(A);

and for each n € Z,
Aay =Y ante, + (1 = Y)pqe,-

Theorem 1.15 becomes a description of functions in £°.
Theorem 6.2. A Pick function h of two variables has an asymptotic expansion

Pn
n€l
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nt . p o . .
as z — 00, for some real numbers p,, if and only if it has a representation as in
(1.10) and for every such representation there is an infinite HVMS ({a tnez, Y, A)
with o = oy 0y + v o,1y. Moreover, {p,} are given by

= —ri(b)

In|=l
whenever 1 > 1 and b € (RT)”.

Sufficiency of the condition follows from Theorem 3.10; necessity follows from
the constructive proof of Theorem 4.2.
We define an infinite Hankel pair by

Definition 6.3. We say that a = (a',a?) is an infinite Hankel pair if a! and a?
are matrices on Z and there exists an infinite HVMS such that

(6.4) Gy = (Y, ) and a7, ,, = (1 = Y)an, o) for m,n € L.

If (5.9) holds for all N, then (5.11) holds automatically. So the infinite Ham-

burger Theorem becomes

Theorem 6.5. Let a be a pair of matrices on Z. Then a is an infinite Hankel pair
if and only if the following three conditions obtain:
a' and o* are positive semi-definite,

1
m-+te1,n

1

2 _ 2
a tOmtesn = Umonte, T Omopte, whenever m,n €L,

1 2
a(o,0),(0,0) = 1,0),,0) = 0 for 1=1.
Here is a two variable version of Kronecker’s theorem.

Theorem 6.6. Let h € L. Then there is an infinite HVMS ({on fnez, Y, A) with
a = a0y + 1), satisfying rank(a! + a?) < 0o and
(6.7) h(z) = (A - 2v)ava)
if and only if h is a rational function.
Proof. If his rational of degree (d1, d3), then by Theorem 8.12 h has a representation
(6.7) on a Hilbert space H of dimension at most d = d; + do. Since h € L, by
Theorem 6.2 there is an infinite HVMS ({ay, nez, Y, A) on H. So

(al + az)m,n = <04n7 am>’H

has rank at most d.

Conversely, suppose there is an infinite HVMS ({an }nez, Y, A) with a = oy 0y +
(0,1, satisfying rank(a' + a®) = d < 0o and (6.7). Then one can choose vectors
Br in a space H of dimension d such that

(68) <6n> ﬁm>7~[ = <anu am>

and so that the vectors {3, } span H. Define a positive contraction X on H by
(69) <X5naﬂm> = <Yanaam>~

Define B by

Bﬁn = XﬁnJrel + (1 - X)Bn+62~
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We claim that B extends by linearity to a well-defined linear operator on H. Indeed,
suppose Y ¢, 8, = 0. Then by (6.8),

<chan,20mam> = <ch6n,zcm5m> = 0.

So > epay, = 0, and therefore by (6.9),
<Z cn[XBrver + (1 = X)Brtes] Bm) = <Z enlY nge, + (1= Y)ne,], cim)
= <A Z CnCQn, am>

0.

As {8} span H, this means Y ¢, [X Bnte, +(1—X)Bnte,] = 0; so B is well defined,
and hence ({3, }nez, X, B) is an infinite HVMS on H. Let 8 = B(1,0) + B0,1)-

By Remark 2.20 the scalar (X, ) moments of B agree with the scalar (Y, «)
moments of A to all orders. Therefore by Theorem 6.2, the rational function g of
degree at most d in each variable given by

(6.10) 9(2) = ((B—2x)"'8, B)n

has the same asymptotic expansion at co as h. By Lemma 6.11, we are done. [J

Lemma 6.11. Let g, h be in L% and have the same asymptotic expansion at co.
Assume in addition that g is rational. Then g and h are equal.

Proof. For each fixed w in R, the functions g(z, z+w) and h(z, z+w) are in the one
variable Pick class and have the same asymptotic expansions at oo. By Theorem 1.4,
they must be Cauchy transforms of measures with the same moments. Moreover,
g(z,z + w) is rational. Therefore by [17, Thm. 1.2], the one variable moment
problem is in this case determinate, so the two measures must be equal. Therefore
g(z,z + w) = h(z,z +w) for all z € II, w € R, and so the two functions are

identically equal. |
Corollary 6.12. Let h € LN have an asymptotic expansion
hz) = Y B+ o(llal M)
|n|<2N -1 &

as z 2% 0. Then there is a rational function g in L% that has the same asymptotic
expansion to order 2N — 1.

Proof. Let ({an},ery,Y,A) be a finite HVMS corresponding to h as in Theo-
rem 4.2. Choose vectors {8, }nery in a finite dimensional space H so that (6.8)
holds, and define X and B as in the proof of Theorem 6.6. Then ¢ given by (6.10)
has the same asymptotic expansion. (Il

7. AN EXAMPLE

Let {w;}52; be a summable sequence of non-negative numbers, and let {);}22;
be a sequence of real numbers. Let ¢; be numbers in the interval [0, 1]. Define

A0
4= EB( 0 fM)’
vy - @ t3 ti /113

2 2
tiJ1—t2 11—t
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tj

\/1-1 ’
&0,1) = @\/@( Vl_t_t32>

J

awe = PV

If oo = 1,0y + 0,1y and h(z) = ((A — zy) 'a, ), then h(z) is given by

4tj 1—t?>\j+21+22
—Aj(2t7 = 1)(21 — 22) — 2120

(7.1) h(z) = Z Wi 13

If ij)\? < 00, then one can extend the HVMS by

tj

)
2
/112
ty— 13+ 15, /1 -3

a(l,l) = @2,/11}]' )\j 5

ty— 13 —t5,/1 -2
\J1—12
a(O,Q) = @1/’[1}.]' )‘j (1 — 2t§) ( : J > .
—t

Calculating, one gets that

ne = (Sw) s+

01(270) = @ \ Wy )\j (2t3 - 1)

21 Z9
262 - 1 4“¢Tjg 1 - 2t2
= )\ J ¥
D D e N
(2) S w2 (2t2 —1)? N 4(t§—t?)+4tj(2t?—1)\/1_7t?
r3(2 = Wis
3 7% Zig z%22
A2 — 1) + 4t;(1 - ztg)m (262~ 1)?
+ 2 + 3
2122 22

These are (up to a minus sign) the first three terms in the asymptotic expansion of
(7.1) at infinity. If one assumes that > wj)\? < o0, then one gets two more terms,

and so on.
In the special case that every t; =1/ V2, the formulas simplify. Then
2)\ ;4 Z1 —+ Z9
h _ . J
(Z) Z Wi /\? — Z21%9
. N\ AL+ 22
7’1(2’) o (Z ’LU]> zZ122 ’
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2
(Z wj/\j) 2129
2 21+ 29
(ij)\J) 2222

8. MODELS

r9(2)

r3(z)

A model for h is a reproducing kernel space M on II? and a positive contraction
Y on M so that, if the reproducing kernel K for M is written as

(8.1) K(z,w) = (v, 00) M

with v, analytic in 2, then

(8.2) h(z) — h(w) = (21 — 01) (Y02, 00) + (22 — @) (I — Y)vs,v).
Using our earlier notation zy = z1Y + z2(f —Y), (8.2) becomes

(8.3) B() = B0) = ((oy — W} )os, ).

The existence of models for functions in the Pick class was proved in [1]. Indeed,
it was shown there that for every h in the Pick class, there are analytic functions
v!(z) and v?(z) taking values in Hilbert spaces M! and M? so that

h(z) = h(w) = (z1 —@1) (v (2), 0 (W)an + (22 — 2) (v (2), 0° (W) a2
Let
K(z,w) = (0'(2),0 (w)ar + (0¥(2), 0% (w)) -

This is a kernel, so it can be written as in (8.1) for some other Hilbert space M,
and there is a positive contraction Y on M so that

(W' (2), v (whae = (Yvs,v0).

This yields (8.3).
Write i for the point (i,i) in C?. The equivalence of (ii) - (iv) in the following
theorem was first proved in [4].

Theorem 8.4. Let h: 112 — 11 be in the Pick class, and not identically zero. The
following are equivalent.

(i) For some/every model with reproducing kernel as in (8.1), there is a vector
o in M such that

(8.5) h(z) = (v,,a).

(i1) There exists a self-adjoint operator A on a Hilbert space H and a vector a
in H such that

(8.6) h(z) = ((A—2y) o, ).
(i1i) There exists ¢ > 0 such that
(8.7) SILH;O sh(si) = ic.

(iv) We have

(8.8) liminf [sh(si)] < i.
§—00
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Proof. (i) = (ii): Define B by
B:v, — zyv, + .
Equations (8.3) and (8.5) imply that
(8.9) (Bu,,vy) = (vy, Buy).
Extend B to finite linear combinations of vectors v, by linearity, and (8.9) says that

B is well defined and symmetric. Indeed, if some linear combination ) cjv., =0,
then for every w we have

O ei((z)vvs, + )yve) = O vz, wyvw +a) = 0,

so B(cjv.;) = 0.

If the defect indices of the closure of B match, then B can be extended to a
self-adjoint operator on M. If not, B can be extended to a self-adjoint operator on
a superspace of M. In either event, we can assume that there is a self-adjoint A
on H O M such that

A:v, = 2yv, +a.
Therefore v, = (A — zy) " 'a, and (8.6) follows from (8.5).
(#4) = (#it): By the spectral theorem,

shisi) = [ = r-du(o)

where p is the finite measure that is the scalar spectral measure of A for a. As
the integrand is bounded by 1 in modulus and tends pointwise to ¢, the dominated
convergence theorem implies

. N 2
Sl;rgosh(81) = illaf.
(#i) = (iv): Obvious.
(iv) = (i) By (8.3),
(8.10) 2Imh(si) = 2is{vsi, vsi)-

By (8.8) and (8.10), there is a sequence s, such that —is,vs ; has a weak limit.
Call this limit o. By (8.3) we have

(8.11) h(z) — h(spi) = (2yvs,vs,1) + (U2, —iSpUs,i)-
Take the limit in (8.11) as s, — 0o to get (8.5). O

Theorem 8.12. Let h be in the Pick class of two variables, and assume h satisfies
(8.8). There exists a representation as in (8.6) with H finite dimensional if and
only if h is rational and real-valued on the complement in R? of its polar set.

Proof. If h has a representation as in (8.6) with H d dimensional, it is clear that h
is rational of degree at most d in each variable, and that A is real on R? of its polar
set.

For the converse, let

14+ A
A) =1
o) =i
be a linear fractional map that maps the unit disk D to II, and let
zZ—1
Blz) = z+1
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be its inverse. Let
?(A1,A2) = Boh(a(A),a(Az)).

This is a function in the unit ball of H°(D?), the space of bounded analytic func-
tions on the bidisk. Moreover, ¢ is rational if and only if A is, in which case they
have the same bidegree, and ¢ is inner if and only if & is real valued a.e. on R2.

Assume h is rational and non-constant of bidegree (di,ds). By a result of
G. Knese [10], there are Hilbert spaces M! and M? of dimension d; and ds respec-
tively, and analytic functions u! : D> — M?! and u? : D? — M? so that

(813)  1=06(No(Q) = (1= MG){u'(\),ul(Q) + (1= Aal)(W?(N), u*(())-
Define functions v" : 1> — M" for r = 1,2 by

. h(z)+i .,
v'(z) = 1 B

Then an algebraic manipulation transforms (8.13) into
(8.14)  h(z) = h(w) = (2 —@1)(v'(2),0" (w)) + (22— W2)(v?(2),v*(w)).
Let

K(zw) = (v'(2),v" (w)hae + (v(2),0°(w)) re2.
This has rank less than or equal to d = dy + ds, so it is the reproducing kernel for
some Hilbert function space M on II? of dimension less than or equal to d. By
(v) = (i) of Theorem 8.4, we have a vector « such that (8.5) holds. Now follow
the proof of (i) = (i¢), and observe that since B is defined on a finite dimensional

space, its defect indices must match, and so it can be extended to a self-adjoint
operator A on M. O
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