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Hyperfine interactions in the Hydrogen atom

The H atom’s Hamiltonian

Let ¢ locate the electron and 7 locate the proton in the H atom. If m (M) is the
mass of the electron (proton), the contributions of the kinetic energy to the H-atom'’s

Hamiltonian are
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R locates the center of mass of the atom while r gives the position of the electron relative
to that of the proton.

The coordinate transformation: re, 7p — 7, R maps fig into
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Hy is separable into a center of mass contribution and an internal contribution. We will
focus on the internal contribution, adding the Coulombic interaction between the electron
and proton to the second term in (2) to get
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The ground state wave function associated with Hy is
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The p is very close to the electronic mass m and a is very close to the Bohr radius

ag = 0.52918 A



The angular momentum

The description in (3) is incomplete: The electron and the proton in hydrogen are
spinu% particles. In the ground state (4) all the angular momentum of the atom is asso-
ciated with these spins. Thus there are two spin angular momentum operators, the spin of
the electron S, and the spin of the proton Qp. Because of the rotational invariance of the
hydrogen atom, fIl commutes with the total angular momentum,

S=Se+|§p,

and we can construct states that are simultaneously eigenfunctions of Hy, §. and 52.

Since each spin can be represented in terms of an «, 8 basis set, the atom’s spin state
can be represented in the basis set

"/)TT = CQelp, "»Dﬂ = aefp, l{’” = Beap, ¢H = fBeDp- (5)
While S is diagonal in the basis set (5), 52 is not.

Magnetic interaction

The electron and protons have a magnetic moment. It has the same orientation as the
intrinsic spins of these particles and is hence chacterized by giving a gyromagnetic ratio v,
(< 0) and -y so that

e =Ye Se
Hp =Tp Sp

The interaction between the two magnetic moments (a typical dipole-dipole interaction)
contributes a term

2
o po 3pe ) (pp ) — T e 1y
Virks=2; o

_ HQ Ye Tp 3(5'6 ) r)(Sp : T) o 7'2 ge S Se 6)
- T an 5 (

to the Hamiltonian of the system.t

1 N.B.: The pg in (6) is one of the SI constants used in EM courses.



The orbital average

In the ground state, the expected value of the contribution of the magnetic interac-
tions to the energy of the atom will be
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Evaluation of this integral is tricky. Details are presented in the Appendix.

The term in (7) is diagonal in the basis set that diagonalizes 52 and 52. The the inter-
action (7) splits the ground 15 state of the hydrogen atom into two levels.

Spectroscopic Observation

The first calculation of AE was made (in 1944) by a graduate student at Leiden Uni-
versity, H. C.Van de Hulst. The frequency of the radiation associated with this transition
is ~ 1420.405M H z (the wavelength is ~ 21cm). Radiation at this frequency from inter-
stellar matter was reported simultaneously in the Netherlands, in the U.S., and in Aus-
tralia in 1951.



Appendix

Consider the evaluation of the integral
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The integral in (7) can be recovered by proper choice of f(r) and contraction with the spin
operators

Se,ilijSp,j

The evaulation of this integral is tricky if f(r)} is spherically symmetric, for if the inte-
gration is performed on spherical shells, the integral over a shell of radius r gives

1
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and hence makes no contribution to I;;. A non-zero result is only possible because of the
singularity in the integrand of (Al) at r = 0.

If we expand f(r) in r about r = 0, the argument about the spherical averages leading

to zero says
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If i # j, the integrand in (A2) will be odd in each of two directions and so the integral will
be zero. Thus a non-zero result can only arise when ¢ = j. Since all { = j values give the
same result,

Iij = 318 £(0) (43

with I the sum of the I;; values over i = 1,2, 3.
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I=f(0) jdvv2%.

Now

so the I in (A3) is just
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has an orientational average of zero at all r > 0 but is singular at r = 0. Since
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we identify

Thus

A coupling of two vectors of the form A - B is often referred to as a scalar coupling. As it

was E. Fermi who first recognized that I;; would have a non-zero value associated with the

probability of finding the two magnetic moments on top of each other, the term is usually

referred to as the Fermi contact term.



Problem Set #8

Show that the expression in (2} follows from that in (1) and identify what the con-
stants ;2 and M are.

2. Show that the Hamiltonian in (2) is separable. Describe the two separated problems in
simple physical terms.

3. Explain what the terms in H; (Eqn.(3}) represent.

4. Determining the results of applying 52 to the basis vectors in (5) is facilitated by recalling
that
52=5,5_ +82-18;
=S'—S'+ + gg + hS’z
Show that the basis vectors in (5) do not diagonaize 52. In what basis set are both S, and
52 diagonal? Characterize this basis set physically.

5. Show that )
Qe g2 _ @2 _ &2
Se-§p=5(57-52-5})

and use this to show that the basis vectors that diagonalize S; and 52 also diagonalize the
energy in (7).

6. Show that the splitting of the 1.5 level is
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