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ON THE IMAGE CONJECTURE

ARNO VAN DEN ESSEN, DAVID WRIGHT, AND WENHUA ZHAO

ABSTRACT. The Image Conjecture was formulated by the third author, who showed that
it implied his Vanishing Conjecture, which is equivalent to the famous Jacobian Con-
jecture. We prove various cases of the Image Conjecture and show that how it leads
to another fascinating and elusive assertion that we here dub the Factorial Conjecture.
Various cases of the Factorial Conjecture are proved.

1. INTRODUCTION

The notion of a Mathieu subspace was introduced by coauthor Wenhua Zhao in [7],
inspired by a conjecture of Olivier Mathieu ([3]), which was shown by Mathieu to imply
the famed Jacobian Conjecture. The third author then formulated the Image Conjecture
(Conjecture 2.1]) upon noticing the resemblance of Mathieu’s conjecture with his own Van-
ishing Conjecture, which he had shown to be equivalent to the Jacobian Conjecture ([6]).
He proved that the Image Conjecture, for characteristic zero, implies the Vanishing Con-
jecture. This connection makes the Image Conjecture a matter of intrigue. The reader is
referred to [I] for more details on this story.

We begin by defining a Mathieu subspace. Let k& be a field and A a commutative k-
algebra. Consider the following two conditions relating to a k-vector subspace M of A and
an element f of A:

(M1) f™eMforall m>1,
and
(M2) for any g € A, we have f™g € M for m > 0.

We will refer to these conditions by their labels (M1) and (M2) throughout this paper.

Definition 1.1. A sub-k-vector space M of A is called a Mathieu subspace if, for all f € A,
(M1) implies (M2).
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It is not difficult to verify that in the definition of Mathieu subspace the condition (M1)
can be replaced by

(M1) f™eM for all m > 0,

and although (M1) appeared in the original definition of Mathieu subspace given in [7], the
authors have of late been stating the definition using (M1’), for the purpose of comparison
with the definition of an ideal. A proof of the equivalence of the two definitions has been
given in Proposition 2.1 of [9].

We list some basic facts about Mathieu subspaces, which we leave to the reader to verify:

(1) A and {0} are Mathieu subspaces.

(2) If M is a Mathieu subspace and 1 € M, then M = A.

(3) Any ideal in A is a Mathieu subspace.

(4) The sum M + N of two Mathieu subspaces is not necessarily a Mathieu subspace.
(Hint: Use basic facts 2 and 3. Or, see Example 4.12 in [7].)

In the next section we will state the Image Conjecture, for which the notion of a Mathieu
subspace is needed, and prove some special cases. Before we proceed, one more definition
is in order.

Definition 1.2. For any ring A and variables z1,...,z2,, let £ : A[z1,...,2,] — A be the
A-linear map defined by £(2%) = i! (meaning L(zfl coezby =)0,

Many of the results surrounding the conjecture involve this curious map £, which will
be at the heart of the Factorial Conjecture, introduced and discussed in Section [l

2. THE IMAGE CONJECTURE
The Image Conjecture, formulated by the third author in [8]@, goes as follows:

Conjecture 2.1 (Image Conjecture). Let k be a field and A be a k-algebra, and let B =
Alz1, ..., 2n] be the polynomial ring in n variables over A. For ay,...,a, € A a reqular
sequence, the image of the A-linear map B" — B defined by D = (0,, — a1,...,0,, — ap)
1s a Mathieu subspace in B.

We will begin by showing the Image Conjecture is true when k has positive characteristic.
We are most interested, though, in the case when k has characteristic zero, from which
the Jacobian Conjecture would follow. For the characteristic zero case we have only a
partial result for n = 1 (Theorem 2.8 below); beyond that the Image Conjecture remains
a mystery.

Theorem 2.2. Let A be an Fy-algebra, and let B = Alz1,. .., 2] be the polynomial ring in
n variables over A. For ai,...,a, € A a regular sequence, the image of the A-linear map
B"™ — B defined by D = (0., — ax,...,0z, — a,) is a Mathieu subspace in B.

1The formulation in [8] assumes A is a Q-algebra; however it is more general in its assumption about D.
See Conjecture 1.3 in [§].



ON THE IMAGE CONJECTURE 3

Remark 2.3. The theorem fails if we drop the hypothesis that aq,...,a, forms a regular
sequence. This can be seen in the case n =1, A =F, (or any field of characteristic p), and
a; = 0. In that case 1 = 0.z € Im D, but 2~ ¢ Im D, so Im D is not a Mathieu subspace
by item [2 in the Introduction. (This is Example 2.7 in [§]).

Before proving Theorem we need some preliminary results, the first of which is a
well-known fact about regular sequences.

Lemma 2.4. Let A be a ring and let aq,...,a, be a reqular sequence A. If g1,...,9n € A
are such that Y ;" a;g; = 0, then for each pair (i,j) with 1 < i,j < n and i # j there
exists an element g;; € A such that g;; = —g;; for each pair and g; = Zj# 9ijQj.

Proof. This follows from the exactness of the Koszul complex for the sequence (aq, ..., a,)
(see [4], §18.D). O

For the rest of this section A, B, aq,...,ay,, and D will be as in Theorem 2.2] and a will
denote the ideal Aa; + --- + Aa,, of A. We will write 2" for the monomial z{* --- z/». For
the very next result A does not need to be an IF,-algebra.

Lemma 2.5. Let g € B = Alz] be of degree d, with g4 its degree d homogeneous summand.
If g € ImD, then all coefficients of gq belong to the ideal a.

Proof. Being in the image of D, g has the form

n

(1) g=> (0, — ai)h;

i=1
for some hy,...,h, € B. For 1 <i <n and any integer m > 0 we will denote by h; ,, the
degree m homogeneous summand of h;. Let e be the maximum of the degrees of hy, ..., hy,.

Since deg g = d, it is clear from (] that not all of hq,..., h, can have degree strictly less
than d, so we have e > d. If e = d it follows from (IJ) that g4 = — > ; a;h; 4, and hence
that all its coefficients belong to a, and we are done.

If e > d then it follows from (II) that > " ; a;h; . = 0. We appeal to Lemma[24], replacing
A with B (which is innocent, since aq,...,a, is a regular sequence in B as well), which
asserts the existence of polynomials p;;. € B, for ¢ # j, such that p;;. = —pj;. and
hie = 2j¢ipij7eaj. Since each h; . is homogeneous of degree e, we can replace p;;. by its
degree e homogeneous summand and assume p;; . homogeneous of degree e as well.

More generally, we claim that for m > d + 1 we have, for each pair i,j with ¢ # j, a

polynomial p;; ,,, homogeneous of degree m and 0 if m > e, such that p;;,, = —pj;m and
(2) him = Y _(Dijma; — 0= Pijm1) -
J#i

Note that the preceding paragraph established exactly this for m = e, with p;j .41 = 0 as
required. Suppose inductively that the polynomials have been found for larger values of
m. Reading equation () in degree m gives

n
(3) 0= Z:(azZ hi,m-l—l - aihi,m)

i=1
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= 0z, Z(pij,m+laj — 0,pijm+2) | — @ihim
i=1 j#i
n
= azl Zpij,m—i-laj - aihi,m - Z azl aijij,m-‘,-2
i=1 J#i i#]
n
= azl Zpij,m—i-laj - aihi,m (Since 8ziaszij,m-‘,-2 = _8Zj azipji,m-‘,-2)
i=1 JF#i
n
(4) = — Z 73 hi,m + Z aszij,m—i-l (thiS uses pij,m—i-l = _pji,m+1) .
i=1 G
From this equation, Lemma [2.4] provides polynomials p;;,, € B with p;;m = —pjim such

that R, + Z#i 02 Dijm+1 = Z#i Pijma;, which, solving for hj ,, yields (2).

Finally, we complete the proof by reading (I) in degree d, which gives g4 as the right
side of ([B) with m = d, and hence (following the same reasoning) g, is equal to (), with
m = d. This shows the coefficients of g4 lie in a. (]

We now will need to assume that A is an Fj-algebra.
Corollary 2.6. Let f =Y ¢,2" € B withc, € A. If f € ImD, then & € a for all r.

Proof. The proof will be by induction on the number d of non-zero homogeneous summands
of f. Write f = f1 +--- + fq where f; are non-zero homogeneous summands with deg f; <
deg f; when i < j. Then fP = f{ +---+ f¥, and since f? € ImD Lemma 27 says that all
coefficients of ffl’ belong to a, and this proves the case d = 1. In any case ffl’ is the sum

of monomials of the form ca;zP" with c € A, r = (r1,...,7m), r1 + -+ + 14 = deg fy4. Since
ca;?’" = (0; — a;)(—cz"?) € Im D, it follows that f} € ImD, so fP— fi =1+ +f €
Im D, and the proof is complete by induction. O
Lemma 2.7. For all 7 = (r1,...,7,) we have az" € ImD.

Proof. Since 87 = 0 on B, we have (—a;)Pz" = (9; — a;)P2z" € ImD. O

With these facts the proof of Theorem follows quickly.

Proof of Theorem [2Z.2. We will show, more strongly, that if f € B with fP € Im D, then for
any g € B we have f™g € ImD when m > p?. Let f = 3 ¢,2" be such that f? € ImD. By

Corollary 2.6l we have & € a, hence c’r’2 € Aal +---+ Adb, for all r. Since f”2 =) c’r’2 zpzr,

it follows that for every g € B all coefficients of f™g belong to Aal + --- + Aal, if m > 2.
Therefore f™g € ImD by Lemma 2.7 O

For characteristic zero, the Image Conjecture is not even completely solved in the case
n = 1. However, the theorem below solves a weak version of this case. Here z represents
only one variable.
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Theorem 2.8. If A is a Q-algebra and if a € A is a non-zero-divisor such that Aa is a
radical ideal, then the image of D = 0, — a is a Mathieu subspace in B = Alz].

Remark 2.9. The proof of this theorem will appeal to a result from Section d] namely
Theorem 9] which says that if f € C[z] (z representing one variable) and £(f™) = 0 for
all m > 0, then f = 0. An easy use of the Lefschetz principle shows that the same holds
replacing C by an arbitrary field of characteristic zero.

In the case where a is a unit in A it can be shown rather easily that ImnD = B,
hence is a Mathieu subspace. Just note that 0, — a has the inverse map (9, — a)™! =
[—a(l —a™10,)]7t = —a™1 3" ™!, which makes sense because 9, is locally nilpotent.

Therefore we make some preparations in the case a is not a unit, in which case I =

% Aa® # A. For ¢ € A—I there exists a unique integer m > 0 such that ¢ € Aa™—Aa™*1.
Setting m = oo if ¢ € I, we call m the a-order of ¢ and denote it by v,(c). Since a is a
non-unit in B as well, v, extends to elements of B which do not lie in N2, Ba'. It is clear
that an element f of B of the form cz?, then v,(f) = v4(c).

In the following proposition D is as in Theorem 2.8 Here A can be any commutative
ring, not necessarily a Q-algebra.

Proposition 2.10. Let a € A be a non-zero-divisor. Let f = by +byz +--- + bgz? € Alz].
i) If f € Im D, then by =0 mod a and

(5) dbg + (d — 1)bg_1a + (d — 2)lbg_2a® + --- + bpa® =0 mod a?t?t.

ii) Conversely, let A be either a Q-algebra or an Fy-algebra such that d < p. If f
satisfies (Bl), then f € ImD.

Proof. For i) we can assume by # 0. If d = 0 the two statements coincide and are easy to
prove. Assume d > 1 and g € ImD, so that f = (9, — a)(co + c12 + -+ + cq2?). (Note
that the polynomial on the inside must have the same degree as that of f, since a is not a
zero-divisor.) In particular by = —acy, establishing the first assertion of i), and therefore
f=(0. —a)(cgz®) = by + -+ bg_22972 4 (bg—1 — dcg)z** € ImD. By induction on d we
have (d — 1)!(bg—1 — dcg) + (d — 2)!bg—sa + - - - +boa® ' =0 mod a?. Multiplying by a and
using by = —acy gives (0.

For 4i), note that the hypothesis and (Bl imply that by = —acy for some ¢y € A. If d =0
allis clear. If d > 1 we again have f— (9, —a)(cg2%) = bo+- - -+ bg_029 "2+ (bg_1 —dcg) 2% 1,
so f € ImD if and only if by + - - - + bg_22%"2 + (bg_1 — dcg)2?~! € ImD. By induction it
suffices to show (d—1)!(bg_1 —dcg)+(d—2)bg_ga+- - -+boa® ' =0 mod a?, or equivalently
(since @ is a non-zero-divisor), that (d — 1)!(bg_1a — dacg) + (d — 2)!bg_sa> + - - - 4+ bga® =
mod a%t!. Since acy = —by, this is precisely the hypothesis. O

Now we return to our assumption that A is a Q-algebra.

Lemma 2.11. An element of B of the form cz' lies in the image of D if and only if
vg(c) > i+ 1.

Proof. This is immediate from Proposition 2101 O
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Corollary 2.12. Let f = co+c1z+ -+ cqz? € B. Ifva(c;) > i+ 1 for 0 <i <d, then
for each g € B we have gf™ € ImD for m > 0.

Proof. Let N = degg and let m > N + 1. Note that each term ¢z in f™ satisfies
vg(c) > j+m. Hence each term cz’ of gf™ satisfies v,(c) > j+m— N > j+ 1. By Lemma
211 each term of gf™, and hence g f™ itself, lies in Im D. O

Lemma 2.13. Let f =cg+c1z+--- +~cdzd € B be such that v,(c;) > i for 0 < i < d,
and, for some t <d, va(e) >t+ 1. Let f = f—ci2t. If f € ImD for some m > 1, then
fmeImD.

Proof. Writing f™ = f™ + h one easily sees that the terms of h satisfy the hypothesis of
Lemma 2.17], and so we have h € ImD. Since f™ € Im D, it follows that f™ € ImD. O

Proof of Theorem[Z.8. Let f = co+ c1z + --- + cqz® € B be such that f™ € ImD for all
m > 1. We will show that vg(c;) > i+ 1 for 0 < i < d, which implies Im D is a Mathieu
subspace by virtue of Corollary

Suppose, to the contrary, that v,(c¢;) < ¢ for some i. Let ¢ be the maximum of the
numbers i — v,(¢;), which, by our assumption is non-negative. Let h = a’f. Then for each
term ¢z’ of h we have v,(c;) > 4, and equality holds for at least one i. Clearly ™ € Im D
for all m > 1. Using Lemma [2.13] to remove the terms for which equality does not hold, we
arrive at a polynomial f = cg+c1z2+ - - 4+ cgz® € B with f™ € ImD for all m > 1 having
the property that v,(c;) = i when ¢; # 0. We have ¢; = a'b; with b; € A, and when b; # 0
we have b; ¢ Aa. Letting p = >_ b;2" we then have f = p(az).

For any g(z) € B, if g has degree < N for some integer N > 0, it follows from Propo-
sition Z.I0] that g(az) € ImD if and only if aV£L(g) = 0 mod a™*! (£ as in Definition
M2). Noting that f™ = p™(az) and degp™ < md we thereby conclude a™L(p™) = 0
mod a™*! for all m > 1. Since a is not a zero-divisor, we get £(p™) = 0 mod a for all
m > 1. Let s be the smallest of all ¢ such that b; # 0. Then bs ¢ Aa. We are assuming Aa
is a radical ideal, hence it is the intersection of the prime ideals containing it. Therefore
there is a prime ideal P in A containing Aa but not containing bs. Letting p be the image
of p in k[z] where k is the fraction field of A/P, we have p # 0 and L£(p") = 0. But this
contradicts Theorem [£.9] (see Remark [2.9)). O

3. SPECIFIC VERSION OF THE IMAGE CONJECTURE RELEVANT TO THE VANISHING AND
JACOBIAN CONJECTURES

The following specific version of the Image Conjecture, from [§], is of special interest. For
this we let £ = (&1,...,&,) and z = (21,...,2,) be two sets of commuting indeterminates,
and we consider the commuting operators D; = §; — 0,,, 1 < i < n, on the polynomial ring
A = CI[¢, z]. We consider the map D = (Dq,...,D,): A" — A.

Conjecture 3.1 (Special Image Conjecture). The image of D is a Mathieu subspace.

In [8] it is shown that the above conjecture implies the Jacobian ConjectureE More
specifically, it is shown that it suffices to show that

20ne has to prove the conjecture for all n > 1, which then implies the Jacobian Conjecture for all n > 1.
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Theorem 3.2 ([8], Theorem 3.7). The following two statements are equivalent:
(1) For any f € C[¢, 2] of the form (2 +---+&2)P with P € C[2] and P is homogeneous
of degree four, then f™ € ImD for all m > 1 implies that, for each g € Clz],
fMg e ImD for all m > 0.
(2) The Jacobian Conjecture holds in all dimensions n > 1.

We now give a realization of the image of D that is established in [8]. Let € be the
C-linear map from C[¢, z] to C[z] defined by sending a monomial & - - - &5 zlﬁ Loz to
o --'82‘52161 . 25” Then:

Theorem 3.3 ([8], Theorem 3.1). ImD = Ker €.

This obviously makes it much easier to determine whether an element lies in Im D, as € is
easy to apply.

We now set M = Im D (= Ker £) and make a number of observations, letting A = CI[¢, 2]
as above, first noting that, by Theorem B3] condition (M1) coincides with

E(f™)=0forallm>1

in this context.
We define a multi-grading on the polynomial ring C[¢, z] by setting the multi-degree of a

monomial 5? o fin z{l -+ 20" to be (j1—11,---,Jn—1in). We also have the ordinary grading
on C[¢, z] by which &1, ..., &, each have degree —1 and zq, ..., 2z, each have degree 1. The
motivation for these choices is the map &, which preserves z1, ..., z, but converts &, ...,&,

to operators which lower degree by one. In the discussion below, “multi-degree” refers to
the former; “degree” refers to the latter. With C[z] viewed as a subring of A = CI[¢, 2],
these gradings restrict to give a multi-grading and a grading on C[z]. Note that the map
€ : A — CJz] preserves both the multi-degree and the degree of a monomial.

(1) Condition (M2) is satisfied if it holds whenever g is a monomial in A.

(2) We can write any f € A as a sum of terms of the form z{*---2/"Q where Q
has multi-degree (0,...,0), and (r1,...,7r,) € Z™. These terms are just the multi-
homogeneous summands of f. Any Q(&, z) of multi-degree (0, ...,0) can be written
in the form ¢(Uy,...,U,) where U; = &z; fori =1,...,n.

(3) If f is multi-homogeneous of multi-degree (r1,...,7,), in other words if f has the
form z7*--- 2lnq(Un,...,Uy,), then:

(a) If r1,...,7 > 0 then E(f) = cz}'--- 2z} for some ¢ € C (since € preserves
multi-degree).
(b) If r; < 0 for some i then E(f) = 0.

Note that if (b) holds for f then it holds for f™ for any m > 1, hence (M1)
holds for f. Moreover it’s easy to see that, for any g € A, (b) holds for all multi-
homogeneous terms of f™g, for m > 0, so (M2) holds for f as well.

(4) For any f € A, let Ny be the convex polyhedron (Newton polyhedron) in R™
determined by the finite set of points (r1,...,r,) which are multi-degrees of the

nonzero terms z1' - -+ z;7q(U) (as above) appearing in f.
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(5) Note that if f € A is such that there exists i such that the multi-degree of all
multi-homogeneous summands of f have negative i-coordinate, then again we have
E(f™)=0forallm > 1and E(f™g) =0forallg € A,m > 0, hence f satisfies (M1)
and (M2). This condition simply says that Ny lies in the half space {(z1,...,z,) €
R™|z; < 0}.

(6) More generally, if there exists a hyperplane H C R™ through the origin such that
the strictly positive n-tant {(z1,...,2,) € R"|z1,...,2, > 0} and Ny lie strictly
on opposite sides of H, then E(f™) = 0 for all m > 1 and L(f™g) = 0 for all
g € A;m > 0, hence f satisfies (M1) and (M2). This can be seen as follows: There
is a nonzero vector v = (vy,...,v,) € R™ such that vq,...,v, > 0 and such that
H = {z € R"|(z-v) = 0} (usual inner product). Then (v-7) < 0 for all r € Ny.
It follows that for all terms z7' --- 257q(Uy, ..., Uy,) of f™, where m > 1, we must
have (v -s) < 0, where s = (s1,...,5,) (in other words all points on the Newton
polyhedron of f™ lies below H). Therefore we must have s; < 0 for some 4, from
which it follows that E(f") = 0. Similarly, if g € A then for sufficiently large m,
all points in the Newton polyhedron of f™g are below H, so that E(f™g) = 0.

(7) If f € A and Ny has an extremal point (ri,...,7,) corresponding to the term
2'q(U) = 21" -+~ zinq(Un, . .., Uy), then the point (mry, ..., mry,) lies on the Newton
polyhedron of f™ (from the term z""q(U)™ = z{""* --- 2" q(Uy, ..., Uy)™), and in
fact is an extremal point. Thus if f satisfies (M1), so does the multi-homogeneous
summand z2"q(U).

(8) We suspect that it cannot happen that a nonzero multi-homogeneous element
2"q(U) with r1,...,r, > 0 satisfies (M1). If this suspicion is true, then by the
last item, the Newton polyhedron of an f € A satisfying (M1) cannot have an
extremal point in the closed positive n-tant {(z1,...,2,) € R"|x1,...,z, > 0}.

(9) To address the problem in the previous item, note that if a multi-homogeneous
element f = 2" ---2;7q(Uy,...,U,) satisfies (M1), i.e., E(f™) = 0 for all m > 1,
then so does £1* -+ - &7 f = Uyt - - - U q(U), which has multi-degree (0,...,0). Thus
we need to show that if h € C[Uy,...,U,] and if E(A™) = 0 for all m > 1, then
h = 0. This will be Conjecture below.

Recall that U; = &2;. One sees that for a monomial U¢ = Ufl - Ul we have E(UY) =
00 = 4!+ ¢,!. Thus the map €& restricted to C[Uy,...,U,] is precisely the map £ of
Definition In the conjectures below U = (Uy,...,U,) can be taken to be any system
of variables (forgetting ¢ and z for the moment), and £ : C[Uy,...,U,] — C the C-linear
map sending U* to £!.

4. THE FACTORIAL CONJECTURE

It follows from the discussion of the preceding section that the following assertion, which
draws interest merely by virtue of its simplicity, is necessary for the Image Conjecture to
hold.

Conjecture 4.1. The kernel of £ : C[Uy,...,U,] — C is a Mathieu subspace.
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As per items[Rand[@ above, we propose the stronger assertion, which we dub the Factorial
Conjecture:

Conjecture 4.2 (Factorial Conjecture). Let f € C[Uy,...,U,] be such that L(f™) = 0
for allm > 1. Then f =0.

As seen above, this conjecture would imply that the Newton polyhedron of any f € A =
C[¢, z] satisfying (M1) has no extremal points in the closed positive n-tant.

The Factorial Conjecture looks innocent on first glance; one would think it is either easy
to prove or else a counterexample should be findable. However no proof or counterexample
has yet been given. The authors believe it to be true and will devote quite a bit of effort
below in showing that the condition £(f™) = 0 for all m > 1 implies f = 0 in various
situations. In this case we say “the Factorial Conjecture holds for f”.

As a first observation, let us note that the Factorial Conjecture holds for f = ¢M where
c € C and M is a monomial in C[U], since the condition £(f) = 0 obviously implies ¢ = 0.
More strongly we have:

Proposition 4.3. The Factorial Conjecture holds for f € C[Ux,...,Uy,] of the form c; M+
caMsy, where My, My are monomials and cy,ca € C. More strongly, L(f) = L£(f?) =0
implies f =0 in this case.

The proof will involve the following observation.

Remark 4.4. The one-variable formula fooo Uke=UdU = k! (easily proved inductively using
integration by parts) leads to the multi-variable formula

/ Uke=Vau = k!

where UF = Ufl e Uff” and k! = kq!--- k!, dU = dUy - - - dU,, and D, is the non-negative
n-tant Uy > 0,...,U, > 0in R™. It follows that for f € C[Uy,...,U,], £L(f) can be realized
as

(6) L(f) = i fU)e "dUu

(which, incidentally, gives a way to calculate £(f) using a symbolic algebra program such
as Maple). Letting (, ) be the Hermitian inner product defined on C[U] by

(7) (f.9) = A fO)gU)e~YdU
we note that this restricts to a positive definite form on R[U], and that L£(f2) = (f, f),
which must be strictly positive if f € R[U] and f # 0.

Proof of Proposition [{.3. We have L(f) = ¢1Ly + coLy = 0 with Ly,Ly € Z — {0}, so
cg = —c1L1/Ly and f = c¢1h where h = M; — (L1/L2)Ms € QU] — {0}. From Remark
@4 we have 0 = £(f?) = (f, f) = c1é1(h, h), which shows ¢; = 0, since (h,h) > 0. By
symmetry we have co =0, so f = 0. O
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Now we make two remarks that will be important in several of the proofs that follow [
The first remark shows that to prove the Factorial Conjecture we may assume f has
coefficients which are algebraic numbers.

Remark 4.5 (Algebraic reduction). Given a collection of monomials My, ..., My € C[U]
(where U represents Uy,...,U,), we consider whether there exists f # 0 of the form
Z?Zl ¢;M; which satisfy L(f™) = 0 for all m > 1. Thinking of of ¢i, ..., ¢4 as indetermi-
nates, we note that £(f™) is a homogeneous polynomial of degree m in Z[ecy, . .., ¢4]. By the
Nullstellensatz, the existence of a nonzero solution is equivalent to saying the polynomials
L(f™) generate a homogeneous ideal in Q[ey, ..., c4] whose radical is strictly contained in
the ideal generated by the indeterminates cy,...,cq, which, in turn, is equivalent to the
existence of a nonzero solution over Q, the algebraic closure of Q. Similarly, if f has the
form h + 2?21 ¢; M; where h is a nonzero polynomial in Q[U] not involving the monomi-
als My, ..., My, then consider the ideal generated by the (non-homogeneous) polynomials
L(f™) in Q[ey, . .., cq). The existence of a solution over C is equivalent to saying this ideal
is not all of Q[cy, ..., cq], which is equivalent to the existence of a solution over Q.

Remark 4.6 (Extension of primes). Given any c1,...,cq € Q, the ring Q[cy,. .., cq4] has
a ring extension O in Q which is integral over Z[1//], for some ¢ € Z, and we can take O
to be a Dedekind ring (replacing O by its integral closure). Hence for all but finitely many
primes p € Z (specifically, those primes not dividing ¢), pZ extends to a prime ideal of O,
or, equivalently, O has a (not necessarily unique) valuation v, which has positive value at
p. We will say “v, is a valuation lying over p”. For k € Z it will then be the case that
vp(k) > 0 if and only if p divides k in Z.

Proposition 4.7. The Factorial Conjecture holds for f € C[Uy,...,U,] having the form
f = Mh where M is a monomial and h has nonzero constant term.

Proof. Suppose such an f has the property £(f™) = 0 for m > 1. We can assume the
constant term of h is 1, and that h # 1 Then f = M +cy My +- - -+ cqMy where My, ..., My
are monomials properly divisible by M. For any prime p € Z we have

d
(8) FP=MP+> M +p) gjler,... ca)lN;
i=1 j
where, for each j, gj(ci,...,cq) € Zlci,...,cq) and Nj is a monomial divisible by M?.
Write M = U My =U*, ..., Mg =U%, and N; = UPB. Applying £ to () yields
d
(9) L) = () + 3 pad) +p > giler, )y = 0.
i=1 j

We make two observations: Since M properly divides M;, we have o < «;, so (pa)! divides
(pa;)! in Z and moreover, p divides (poy)!/(pa)! in Z. Secondly, since MP divides Nj, (pov)!

31t should be acknowledged that the technique of making reductions using these ideas is due to Mitya
Boyarchenko.
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divides (pB;)! in Z. Dividing (@) by (pa)!, we get

1+§d:c’-’(pai)!+p§:g-(c cd) Bt =0
< 7 (pa)' - g\C1ly---5Cd )

(pav)!
which shows that p divides 1 in Z[cy,...,cq]. However, only finitely many primes can be
units in Z[ey, . . ., ¢q], so choosing p to avoid this finite set brings us to a contradiction. [

Proposition .7 has these two immediate consequences:

Proposition 4.8. The Factorial Congecture holds for f € C[Uy,...,U,] having nonzero
constant term.

Proof. Apply Proposition 4.7 with M = 1. O

Theorem 4.9. The Factorial Conjecture holds for n = 1.

Proof. Any nonzero polynomial in one variable has the form f = Mh of Proposition[d. 7. O
The following says something a little different from Proposition .71

Proposition 4.10. The Factorial Conjecture holds for f € C[U,...,Uy] of the form
cMy + Z?:l c; M; where My = U{“"'U,’f" with k1 > 1 and k1 > k; fori = 2,...,n,
¢, C1y...,¢q € Cwith ¢ #0, and My, ..., My are monomials each divisible by U{“H.

Proof. Assume such an f has the property £(f™) = 0 for m > 1. We may assume ¢ = 1
and that ci1,...,cq € Q, by Remark Choose a Dedekind overring O of Zcy, - - , ¢cq] as
in Remark Writing

d
fm= Mo+ eiMy)™
i=1

_ m i1 id 3\ £90 1 fi1 id
= E (Z ; Z->Cl"'CdMOM1"'Md
io-4i1 4 tig=m 0y01y.-+5%d

m
— m E E 1 Zdz\[m—z 7 1q
—MO + ',' ,'Cll'”cd 0 11"']\4-[17
et C (m= )iy
=1 i14+-+ig=t

we have

= m! X - o )
10) 0= L(f™) = L(M*) + _ M AL (MM L MY
(0 0= = CORI+Y. S e M)

Let us note that, by our assumption about My, mk; + 1 does not divide L(M[") in Z
if mky + 1 is prime. Also, by our assumptions about Mj,..., My, mk; + 1 does divide
each of the terms L(Mgr"_iMli1 -+« M;*) appearing in (I0). Using Dirichlet’s prime number
theorem] we can select a prime number p of the form mk; + 1 for which O has a valuation

4which asserts that for any two positive coprime integers a and b, there are infinitely many primes of
the form a + nb, where n > 0. See Theorem 66 and Corollary 4.1 in [2].
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vp over p. Viewing (I0]) as an equation in O, we see that v, takes on positive values at each
summand £(M""'M]* - M'*). For the first term, however, we have L(MJ") = ki!--- k!,
which is not divisible by p in Z by our assumption, and hence v,(£L(M{*)) = 0. This gives
a contradiction, since the sum is 0. O

Proposition 4.11. The Factorial Conjecture holds for f € C[Uy,...,U,] a power of a
linear homogenous form.

Proof. We have f = ¢g" where g = >, ¢;U;. We concern ourselves with g for a mo-
m )i Uin, Thus

i1+ Ain=m (11“

my _ m! (51 in g . _ (51 i
L(g™) = Zi1+m+in:m i sl iy = ml Zil—i----—i-in:m ci' -+ - ¢, Let us denote

ment. For m > 0 an integer we have ¢"" =)

by Ay, the polynomial > c’f -..cin viewing ci,...,c, as indeterminates for the
moment.

The polynomials hy, ha, ... € Cle,. .., ¢,] are related to the elementary symmetric poly-
nomials s1,...,s, (where s, = > 1o; i <, Ciy ** " Ci,,) in the following way: Let T be
an indeterminate, and set S(T) = [[,;(1 — ¢T) = 1 — ;T + soT?% — -+ + (—1)"s, T
In Cley,...,e))[[T]] we have S(T)~! = [[L, (1—71027“) = I, +eT +ET? + ) =
14+ mT + hoT? + ---, and we let P(T) be the latter power series. Now we specialize to
€1y...,¢n € Cand view S(T) and P(T') as elements of C[T'], C[[T7], respectively.

Returning to f = g", we see that our hypotheses £(f™) = 0 for m > 1 says that A, =0
for m > 1. By Theorem [£13] we must have S(T') = 1, i.e., s1,..., s, vanish at (c1,...,¢cy).
It is well-known (and easily seen) that the only zero of sq,...,s, is (0,...,0), so we must
have g = 0. (]

i1+ Fip=m

Remark 4.12. In the case where f itself is a linear form one can easily see from the proof
that, more strongly, £(f) = £(f?) =+ = L(f™) = 0 implies f = 0.

Theorem 4.13 (N. Mohan Kumar). Let S(T) € C[T| with constant term 1, and let
P(T) =14 aiT + agT? + - -+ be it’s multiplicative inverse in the power series ring C[[T]].
If there exists an integer r > 0 such that apy, =0 for all m > 1, then S(T) = 1.

Proof. We note that C[[T]] is a free module over B = C[[T"]] with basis {1,T,--- , 771},
and that C[T] is free over A = C[T"] with the same basis. Accordingly, we write P(T') =
Bo+BiT+---+B, 1T"and S(T) = Ag+ AT +---+ A, _T""! with By, ...,B,_1 € B,
and Ag,...,A,—1 € A. Our assumption about P(T') clearly shows By = 1, since the
constant term is the only power of 7" that has non-zero coefficient. Now we tensor C[T]
and C[[T]] with the rational function field K = C(T™"), which is the field of fractions of A.
This gives the containment C[T|®4 K C C[[T]]®4 K. The first ring is the field C(T") (since
T is algebraic over C(T")), which is free over K = C(T") with basis {1,T,--- ,77"'}; the
second ring is the field of Laurent power series ring C[[T]][T~!], which is free with the same
basis over L = C[[T"]] ® 4 K = C[[T"]][T"~"], which is the field of Laurent power series in
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T". So we have:

S(T) = Ao+ AT+ + AT} 1+BT+---+B,_,T77' = P(T)
M m
A®AT®---®AT""!  C BeBT®---&BI"™!

N N

C(T) = KOKT® - @ KT ! C LoLT®- - LT !

Since S(T) lies in the field C(T) = K @ KT @ --- ® KT" ™!, so must its inverse P(T'), and
this shows that By,...,B,_; liein K = C(T"). Let @Q € C[T"] be a common denominator
for Bi,...,B,_1 as rational functions in T". Then

Q=QP(T)S(T) = (Q+ QBT+ +QB,,T"")S(T).

Since Q,QB1,...,QB,_1 all lie in C[T"] there is no cancellation amongst summands of
Q+ QBT+ -+ QB,_1T"'. Hence its degree is at least the degree of . This shows
the degree of S(T) is zero, i.e., S(T) = 1, as desired. O

We have not succeeded in proving that the Factorial Conjecture holds for more general
homogeneous polynomials, except in a few situations given below.

Proposition 4.14. The Factorial Conjecture holds for f € C[Uy,Us] a quadratic homoge-
nous form in two variables.

Proof. Writing f = 620U12 4+ 11U Us + 602U22 we have

! . e
m. ;

m ) k rr2i+j5777+2k
I = E —,0200{1002(/1 Us

T
i+j+k=m itjlk
so that
m m! i ik . NN |
L(f™) = Z ikl ~,k,c20‘7{1002(22 +)(j + 2k)!
i+j+k=m e
_ m! ik m—i—k : | . '
" i o<gz;<m Tom i =Ry 0t (m+i = R)im =i+ k)l =0.

Let M be the sum of the terms in above where k = 1, i.e.,

m) .
M=} m(m!)z(@o%z)lcﬁ 2
0<2i<m ’

By the integrality reduction (Remark [£.5]) we can assume co, 11, ¢p2 lie in a ring O which
is Dedekind and integral over Z[1//] for some ¢ € Z, ¢ # 0. Let p = 2r + 1 € Z be an
odd prime which corresponds to a valuation in O, and consider the above equations with
m = 2r. Let us note that p divides all of the summands of (Il except those comprised
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by M, i.e., those for which k # i (for if, say, i > k, then p|(m +1i — k)!). Thus we have
L(f™) =M mod p. From Lemma [£.15] below we get

T
r Y .
0=M= Z <Z>C%§ ?(—4eoco2)’ = (cfy — deancee)”  mod p
i=0

Hence p divides (c%l — 4egocpz)” in O. This shows that d = c%l — 4eopcpe has a positive
valuation for infinitely many valuations of O, which shows that d = 0. Since d is the
discriminant of f, we conclude that f is the square of a linear form in C[Uy, Us], so we
are in the situation of Proposition @11l and the proof is complete, modulo the lemma
below. O

Lemma 4.15. Forp=2r+1 &€ Z an odd prime, we have, setting m = 2r,

m!)3 T i
o = () e
for0<i<r.

Proof. We have m! = —1 mod p by Wilson’s TheoremE so it remains to prove that

(12) il(2r — 2¢)!ﬁ(—4)" =-1 mod p.

To see this, we begin with the expression on the left:

il(2r — 20)———(—4)" = i!(2r — 20))lr(r — 1) --- (r — i + 1)24(=2)¢

= il(2r — 20)!12r(2r — 2)--- (2r — 2i 4 2)(—2)°

_ i!(2r)! i
T @2r—1)(2r—3)---(2r —2i + 1)(—2)
il(p —1)!

R e A
S
e R

(going mod p and again appealing to Wilson’s Theorem)

O
Proposition 4.16. The Factorial Conjecture holds for f € C[Uy,...,Uy] of the form
clUf 4+ 4 cnUnd where d > 1.

SWilson’s Theorem: An integer n > 1 is prime if and only if (n—1)! = —1 mod n. See [5] for a very
nice survey on this.
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Proof. The case d = 1 is covered in Proposition 4LI1] so we assume d > 2 and each of
Cl,...,Cy is non-zero. Here we only need to assume that L(f™) = 0 for m > 0. We
consider the powers f™ of f:

|

nm __ (nm) k1 knrrk1d knd

D S Loy L BRLRL AL AR U
ki1+-+kn=nm L n

which yields
!
= % (nm)! g () -- - (knd)!

C
kil kp! !

kid)! (knd)! g,

ki+-+kn=nm

One term of ([I3]), we’ll call it the special term, occurs when ky = --- = k,, = m. For all
other summands we have k; > m for some i (since ) k; = nm), and we now examine one
of these other summands. Without loss of generality, suppose k1 > m and write

...(2d+1)27d(2d_1)...(d+1)17j(d_1)...1‘

From this one easily sees that (kklf?! is an integer divisible by p = (m + 1)d — 1, which, by

Dirichlet’s prime number theorem, is prime for infinitely many values of m. As in previous
arguments, we apply the algebraic reduction (Remark [£5]) and let O be the Dedekind ring
chosen as in Remark For all but finitely many such p, O has a valuation v, lying over
p. The above observation shows then shows that v, is positive at all the terms of (I3)
except the special term, and since £(f™") = 0 it must be positive at the special term as

well. Since p = (m + 1)d — 1 does not divide (kkl—ff)! e % when k; = -+ = k, = m, we

must have v, (c]"--- ') = 0, and since this holds for infinitely many valuations of O, we

conclude cf" - - - ¢J* = 0. Therefore ¢; = 0 for some ¢, contradicting our assumption. O
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