
Figure A.14: Annual Trend of Changes
in Corporate Savings for Each Country
Since 2004 (Data is Collected from OECD,
PWT8.1, and Masulis et al. (2011))

Figure A.15: Annual Trend of Changes
in Corporate Savings for Each Country
Since 2004 (Data is Collected from OECD,
PWT8.1, and Masulis et al. (2011))

I assume that the degree of financial frictions has been decreased since 2004 as the global

capital markets have been expanded. I also assume that each country has its own prevalence

of business groups because of country specific environment such as government regulations.

Given the assumptions, the model predicts that corporate savings in a country with the

higher prevalence of business groups grow faster than those in a country with the lower

prevalence of business groups do.

Figure A.14, in which the prevalence of business groups is measured by the relative

number of family and non-family business-group firms, shows that countries with more than

20% of the prevalence tend to have corporate savings growing faster. The average growth

rate of corporate savings in countries with above 20% of business-group firms is 0.15%, and

that in countries with below 20% of business-group firms is almost 0%. Figure A.15, in

which the prevalence of business groups is measured by the relative number of family-group

firms only, shows that there is no strict association between the prevalence of family groups

and the growth rates of corporate savings. The average growth rate of corporate savings in

countries with above 10% of family-group firms is 0.12%, and that in countries with below
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10% of family-group firms is 0.076%.

Second, the model shows that the consumption level of an economy with business groups

is significantly lower than that of an economy without business groups unless financial fric-

tions are too severe. Figure A.16 and Figure A.17 show that the share of household con-

sumption has negative association with the prevalence of business-group firms within the

group of countries above $30,000 real GDP per capita. Note that the negative correlation

disappears if real GDP per capita is less than $30,000.

Figure A.16: Share of Household Consump-
tion (2004, Current PPPs, Collected from
PWT8.1 and Masulis et al. (2011))

Figure A.17: Share of Household Consump-
tion (2004, Current PPPs, Collected from
PWT8.1 and Masulis et al. (2011))

Because the model predicts significant lower aggregate consumption if an economy dom-

inated by business groups produces higher aggregate output, I divide countries into two

groups, one with real GDP per capita greater than or equal to $30,000 and the other with

real GDP per capita less than $30,000.3 The data of real GDP per capita and the share of

household consumption is collected from Penn World Table 8.1 for 44 countries. I use the

year of 2004 data points because Masulis, Pham, and Zein (2011) collect the prevalence of

business groups as of 2004.

Lastly, the model predicts that the consumption of fixed capital is significantly higher in

3Out of 44 countries in the sample, the number of countries with above $30,000 real GDP per capital is
17, and the number of countries with below $30,000 real GDP per capital is 27.
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an economy with business groups than that in an economy without business groups unless

financial frictions are too severe. Figure A.18 and Figure A.19 show that the consumption

of fixed capital is positively associated with the prevalence of business groups and that the

association is stronger within the group of countries above $30,000 real GDP per capita.

Note that the model employs a stationary equilibrium and so that investment in the

model is equivalent to the consumption of fixed capital or capital depreciation. Given that

the model predicts significantly higher investment rates of an economy with business groups

if it produces higher aggregate output, countries are divided into two groups, one with real

GDP per capita greater than or equal to $30,000 and the other with real GDP per capita

less than $30,000.4 Consumption of fixed capital as a share of GDP for 23 countries in 2004

is collected from OECD and real GDP per capita in 2004 is collected from Penn World Table

8.1.

Figure A.18: Consumption of Fixed Capi-
tal (2004, Per Cent of GDP, Collected from
OECD and Masulis et al. (2011))

Figure A.19: Consumption of Fixed Capi-
tal (2004, Per Cent of GDP, Collected from
OECD and Masulis et al. (2011))

4$30,000 real GDP per capita is the median of the sample.
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A.4 Proof of Proposition 1

Let’s define φ ∈
[
φ, 1

]
and ν ≤ 1 such that

kC = φa, kD = 1− τ
1 + r

ν inf
z′,δ′

[π(z′, δ′|z, k)] . (A.3)

Then, a stand-alone entrepreneur running a publicly held corporation solves the following

problem.

L(z, a) = u ((1− φ)a− s)+βEz′,δ′ [V (z′, a′)|z]+λss+λφ(φ−φ)+λν(1−ν)+λσ(σ̄−σ) (A.4)

where

a′ = (1 + r)s+ τπ(z′, δ′|z, k) + (1− σ)(1− τ)
{
π(z′, δ′|z, k)− ν inf

z′,δ′
[π(z′, δ′|z, k)]

}
k = φa− kF + 1− τ

1 + r

{
σEz′,δ′ [π(z′, δ′|z, k)] + (1− σ)ν inf

z′,δ′
[π(z′, δ′|z, k)]

}
φ = kF

a
.

(A.5)

To simplify notations, let’s suppress arguments of functions and operators unless there is

ambiguity. The corresponding Kuhn-Tucker conditions are as follows. For the optimal

private saving, s,
λss = 0,

λs = u′ ((1− φ)a− s)− (1 + r)βEVa

≥ 0.

(A.6)
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For the optimal private finance, kC = φa,

λφ(φ− φ) = 0,

λφ = a [u′ ((1− φ)a− s)− (1 + r)βEVa]︸ ︷︷ ︸
=λs

−aβE [Va · {−(1 + r) + AB}]

≥ 0

(A.7)

where

A ≡
[
1− 1− τ

1 + r

{
σEz′,δ′

[
d

dk
π(z′, δ′|z, k)

]
+ (1− σ)ν inf

z′,δ′

[
d

dk
π(z′, δ′|z, k)

]}]−1

B ≡ τ
d

dk
π(z′, δ′|z, k) + (1− σ)(1− τ)

{
d

dk
π(z′, δ′|z, k)− ν inf

z′,δ′

[
d

dk
π(z′, δ′|z, k)

]}
.

(A.8)

For the optimal external debt finance, kD = 1−τ
1+r ν inf π,

λν(1− ν) = 0,

λν = (1− σ)1− τ
1 + r

inf πβE [Va · {−(1 + r) + AB}]

= (1− σ)1− τ
1 + r

inf πA︸ ︷︷ ︸
= dk
dν

·

 βE [Va · {Eπ′ − (1 + r)}]︸ ︷︷ ︸
Marginal Value of Expected Return

− (1− σ + στ)βE [Va · {Eπ′ − π′}]︸ ︷︷ ︸
Marginal Cost of Risk

︸ ︷︷ ︸
Marginal Expected Value of Investment

≥ 0
(A.9)

where

π′ ≡ d

dk
π(z′, δ′|z, k).
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Lastly, given σ > 0, the optimal external equity finance, kE = σ
1+r

{
(1− τ)Eπ − (1 + r)kD

}
,

satisfies the following conditions.

λσ(σ̄ − σ) = 0,

λσ = (1− τ)βE [Va · {Eπ − π}]︸ ︷︷ ︸
=βE

[
Va· da

′
dσ

∣∣∣
dk(ν,σ)=0

]
>0

Marginal Value of Risk Sharing
Given the Fixed Amount of Capital k

+ 1− τ
1 + r

(Eπ − ν inf π)A︸ ︷︷ ︸
= dk
dσ

·βE
[
Va ·

{
Eπ′ − (1 + r)− (1− σ + στ)(Eπ′ − π′)

}]
︸ ︷︷ ︸

=|J |·λν where |J |=| dνdσ |dk(ν,σ)=0= Eπ−ν inf π
(1−σ) inf π>0

≥ 0

(A.10)

Proof. From the Kuhn-Tucker condition for λφ,

λs = 1
a
{λφ + |J |λν} where |J | =

∣∣∣∣∣dνdφ
∣∣∣∣∣
dk(φ,ν)=0

> 0.

Given the assumption that a firm is allowed to invest in a risk-free asset, the external debt

finance kD is only bounded above such that λν ≥ 0. If λν > 0, λs > 0 and the optimal private

saving is bounded below such that s = 0. If λν = 0, λs = λφ
a

and the optimal private saving

and the optimal private finance are undetermined because the marginal costs of them are

aligned such that 1λs>0 = 1λφ>0. Thus, the zero private saving, s = 0, is weakly preferred

and the optimization can be achieved by choosing {φ, ν, σ} with s = 0.

Given Condition 1 and λν ≥ 0, the marginal value of external equity finance is always

greater than zero such that

λσ = (1− τ)βE [Va · {Eπ − π}] +
∣∣∣∣∣dνdσ

∣∣∣∣∣
dk(ν,σ)=0

· λν

> 0.

101



Thus, given σ > 0, the optimal external equity finance is bounded above such that σ = σ̄.

Figure A.20 shows that the optimal external equity finance is binding. Given the en-

trepreneur’s managerial talent and wealth, (z, a), there is a downward sloping curve on which

the marginal expected value of investment is zero such that λν(σ, k(σ, ν), a′(σ, ν)|s, φ) = 0.

From the Proposition 1, the marginal value of external equity finance is always positive on the

curve such that λσ|λν=0 = βE
[
Va · da

′

dσ

∣∣∣
dk=0

]
= (1− τ)βE [Va · {Eπ − π}] > 0 because of the

positive marginal benefit of risk sharing through external equity finance. The entrepreneur,

thus, sells her firm’s shares as many as possible until the constraint for the external equity

finance is binding such that σ = σ̄SA.

Figure A.20: Risk Sharing and Binding External Equity Finance

Second, Figure A.21 shows how the optimal private saving becomes zero. The risk-

free investment opportunity keeps the marginal opportunity cost of private saving greater

than or equal to that of private finance such that aλs ≥ λφ ≥ 0. Given aλs ≥ λφ, the

indifference curve V = V (φ, s) cuts from below the line of constant marginal opportunity

cost of private saving, λs = λs(c, a′), which is achieved by dc(s, φ) = da′(s, ν(s, φ), k(φ, ν)) =

dk(φ, ν(s, φ)) = 0. Thus, the indifference curve is pushed down until the borrowing constraint

of an entrepreneur is binding such that s = 0.
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Figure A.21: Non-Negative Marginal Expected Value of Investment and Binding Private
Borrowing

A.5 Proof of Proposition 2

Let’s define φ ∈
[
φ, 1

]
, ν1 ≤ 1, and ν2 ≤ 1 such that

kC1 = φa,

kD1 = 1− τ
1 + r

ν1

[
inf
z′1,δ
′
1

[π(z′1, δ′1|z1, k
∗
1)] + (1− σ2)

{
(1− τ) inf

z′2,δ
′
2

[π(z′2, δ′2|z2, k2)]− (1 + r)kD2
}]

,

kD2 = 1− τ
1 + r

ν2 inf
z′2,δ
′
2

π [(z′2, δ′2|z2, k2)] .

(A.11)

Then, given (z2, w
M), a business-group entrepreneur with (z1, a) solves the following problem.

L(z1, a|z2, w
M) = u ((1− φ)a− s) + βEz′1,z′2,δ′1,δ′2 [V (z′1, a′)|z1]

+ λss+ λφ(φ− φ) + λkC2

(
kC2 − kF − wM

)
+ λν1(1− ν1) + λν2(1− ν2) + λσ1(σ̄ − σ1) + λσ2(σ̄ − σ2)

(A.12)
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where

a′ = (1 + r)s+ τπ(z′1, δ′1|z1, k
∗
1)

+ (1− σ1)(1− τ)π(z′1, δ′1|z1, k
∗
1)

− (1− σ1)(1− τ)ν1

{
inf
z′1,δ
′
1

[
π(z′1, δ′1|z1, k

∗
1)
]

+ (1− σ2)(1− ν2)(1− τ) inf
z′2,δ
′
2

[
π(z′2, δ′2|z2, k2)

]}

+ τπ(z′2, δ′2|z2, k2) + (1− σ1 + σ1τ)(1− σ2)(1− τ)
{
π(z′2, δ′2|z2, k2)− ν2 inf

z′2,δ
′
2

[
π(z′2, δ′2|z2, k2)

]}

k∗1 = φa− kF − kC2 + 1− τ
1 + r

{
σ1Ez′1,δ′1

[
π(z′1, δ′1|z1, k

∗
1)
]

+ (1− σ1)ν1 inf
z′1,δ
′
1

[
π(z′1, δ′1|z1, k

∗
1)
]}

+ (1− τ)2(1− σ2)
1 + r

σ1

{
Ez′2,δ

′
2

[
π(z′2, δ′2|z2, k2)

]
− ν2 inf

z′2,δ
′
2

[
π(z′2, δ′2|z2, k2)

]}

+ (1− τ)2(1− σ2)
1 + r

(1− σ1)ν1(1− ν2) inf
z′2,δ
′
2

[
π(z′2, δ′2|z2, k2)

]
k2 = kC2 − kF − wM + 1− τ

1 + r

{
σ2Ez′2,δ′2

[
π(z′2, δ′2|z2, k2)

]
+ (1− σ2)ν2 inf

z′2,δ
′
2

[
π(z′2, δ′2|z2, k2)

]}
.

(A.13)

The corresponding Kuhn-Tucker conditions are as follows. Let’s suppress arguments of

functions and operators for simplicity unless there is ambiguity. For the optimal private

saving, s,
λss = 0

λs = u′ ((1− φ)a− s)− (1 + r)βEVa

≥ 0.

(A.14)

For the optimal private finance of Firm 1, kC1 = φa,

λφ(φ− φ) = 0

λφ = a [u′ ((1− φ)a− s)− (1 + r)βEVa]︸ ︷︷ ︸
=λs

−aβE [Va · {−(1 + r) + A1B1}]

≥ 0

(A.15)
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where

A1 ≡
[
1− 1− τ

1 + r

{
σ1Ez′1,δ′1π

′
1 + (1− σ1)ν1 inf

z′1,δ
′
1

π′1

}]−1

B1 ≡ τπ′1 + (1− σ1)(1− τ)(π′1 − ν1 inf π′1)

π′1 ≡
d

dk∗1
π1(z′1, δ′1|z1, k

∗
1).

(A.16)

For the optimal external debt finance of Firm 1, kD1 = 1−τ
1+r ν1 [inf π1 + (1− σ2)(1− ν2)(1− τ) inf π2],

λν1(1− ν1) = 0

λν1 = (1− σ1)1− τ
1 + r

{inf π1 + (1− σ2)(1− τ)(1− ν2) inf π2} · βE [Va · {−(1 + r) + A1B1}]

= (1− σ1)1− τ
1 + r

{inf π1 + (1− σ2)(1− τ)(1− ν2) inf π2}A1︸ ︷︷ ︸
=
dk∗1
dν1

·

 βE [Va · {Eπ′1 − (1 + r)}]︸ ︷︷ ︸
Marginal Value of Expected Return

− (1− σ1 + σ1τ)βE [Va · {Eπ′1 − π′1}]︸ ︷︷ ︸
Marginal Cost of Risk

︸ ︷︷ ︸
Marginal Expected Value of Investment through Firm 1

≥ 0.
(A.17)

For the optimal external equity finance of Firm 1,

kE1 = σ1

1 + r

[
(1− τ)Eπ1 + (1− τ)(1− σ2)

{
(1− τ)Eπ2 − (1 + r)kD2

}
− (1 + r)kD1

]
,
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λσ1(σ̄ − σ1) = 0

λσ1 = (1− τ)βE [Va · {Eπ1 − π1}] + (1− τ)2(1− σ2)βE [Va · {Eπ2 − π2}]︸ ︷︷ ︸
=βE

[
Va· da

′
dσ1

∣∣∣
dk∗1(σ1,ν1)=0

]
>0

Marginal Value of Risk Sharing Through Firm 1 Given Capital (k∗1 ,k2)

+
[

1− τ
1 + r

{Eπ1 − ν1 (inf π1 + (1− σ2)(1− τ)(1− ν2) inf π2)}+ (1− τ)2

1 + r
(1− σ2) {Eπ2 − ν2 inf π2}

]
A1︸ ︷︷ ︸

=
dk∗1
dσ1

·
{
βE

[
Va ·

{
Eπ′1 − (1 + r)

}]
− (1− σ1 + σ1τ)βE

[
Va ·

{
Eπ′1 − π′1

}] }︸ ︷︷ ︸
=|J |·λν1 where |J |=

∣∣∣ dν1
dσ1

∣∣∣
dk∗1(σ1,ν1)=0

≥ 0.
(A.18)

For the optimal internal equity finance from Firm 1 to Firm 2, kC2 ,

λkC2 (kC2 − kF − wM) = 0

λkC2 = βE [Va · {A1B1 − A12A2A1B1 − A2B2}]

≥ 0

(A.19)

where

A12 ≡
(1− τ)2(1− σ2)

1 + r

{
σ1

(
Ez′2,δ

′
2
π′2 − ν2 inf

z′2,δ
′
2

π′2

)
+ (1− σ1)ν1(1− ν2) inf

z′2,δ
′
2

π′2

}

A2 ≡
[
1− 1− τ

1 + r

{
σ2Ez′2,δ′2π

′
2 + (1− σ2)ν2 inf

z′2,δ
′
2

π′2

}]−1

B2 ≡ τπ′2 + (1− σ1 + σ1τ)(1− σ2)(1− τ)(π′2 − ν2 inf
z′2,δ
′
2

π′2)

− (1− τ)2(1− σ1)(1− σ2)ν1(1− ν2) inf
z′2,δ
′
2

π′2.

(A.20)
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For the optimal external debt finance of Firm 2, kD2 = 1−τ
1+r ν2 inf π2,

λν2(1− ν2) = 0

λν2 = 1− τ
1 + r

(1− σ2) inf π2 {τ + (1− τ)(1− σ1)(1− ν1)}A1︸ ︷︷ ︸
=
dk∗1
dν2

∣∣∣
dk2(kC2 ,ν2)=0

→0 as τ→0 with ν1=1

· βE
[
Va ·

{
(Eπ′1 − (1 + r))− (1− σ1 + σ1τ)(Eπ′1 − π′1)

}]︸ ︷︷ ︸
Marginal Expected Value of Investment through Firm 1

−1− τ
1 + r

(1− σ2) inf π2︸ ︷︷ ︸
=
dkC2
dν2

∣∣∣∣
dk2=0

·βE [Va · {A1B1 −A12A2A1B1 −A2B2)]︸ ︷︷ ︸
=λ

kC2

≥ 0.

(A.21)

For the optimal external equity finance of Firm 2, kE2 = σ2
1+r

{
(1− τ)Eπ2 − (1 + r)kD2

}
,

λσ2(σ̄ − σ2) = 0

λσ2 = βE

[
Va ·

1− τ
1 + r

(Eπ2 − ν2 inf π2)

·
{

(−1 +A12A2)A1B1 +A2B2 + {τ + (1− τ)(1− σ1)(1− ν1)} {−(1 + r) +A1B1}
}]

︸ ︷︷ ︸
=|J |·λν2 where |J |=

∣∣∣ dν2
dσ2

∣∣∣
dk2(ν2,σ2)=0

=Eπ2−ν2 inf π2
(1−σ2) inf π2

+ (1− τ)2

1 + r
(1− σ1)ν1(Eπ2 − inf π2)A1︸ ︷︷ ︸

=
dk∗1
dσ2

∣∣∣
dk2(ν2,σ2)=0

·βE
[
Va ·

{
(Eπ′1 − (1 + r))− (1− σ1 + σ1τ)(Eπ′1 − π′1)

}]︸ ︷︷ ︸
Marginal Expected Value of Investment through Firm 1

+ βE [Va · (1− τ)(1− σ1 + σ1τ) {Eπ2 − π2}]︸ ︷︷ ︸
=βE

[
Va· da

′
dσ2

∣∣∣
dk∗1=dk2=0

]
Marginal Value of Risk Sharing Through Firm 2 Given Capital (k∗1 ,k2)

≥ 0.
(A.22)
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Proof. From the Kuhn-Tucker condition for λφ,

λs = 1
a
{λφ + |J |λν1} where |J | =

∣∣∣∣∣dν1

dφ

∣∣∣∣∣
dk∗1=0

> 0.

Given the assumption that firms are allowed to invest in a risk-free asset, the external debt

finance of Firm 1 is only bounded above such that λν1 ≥ 0. If λν1 > 0, λs > 0 and the

optimal private saving is bounded below such that s = 0. If λν1 = 0, 1λs = 1λφ and the

optimal private saving and the optimal private finance are undetermined unless they are

binding together. Thus, the zero private saving is weakly preferred and the optimization can

be achieved with s = 0.

From the Kuhn-Tucker condition for λν2 ,

λν1 = C · λkC2 +D · λν2 , C,D > 0 given τ > 0.

Since firms are allowed to invest in a risk-free asset, the external debt finance of Firm 2 is

only bounded above such that λν2 ≥ 0. If λν2 > 0, λν1 > 0 and the optimal external debt

finance of Firm 1 is bounded above such that ν1 = 1. If λν2 = 0, 1λν1
= 1λ

kC2
and the optimal

external debt finance of Firm 1 and the optimal internal equity finance are undetermined

unless they are binding together. Thus, the full external debt finance of Firm 1 is weakly

preferred and the optimization can be achieved with ν1 = 1.

Given Condition 2 and λν1 , λν2 ≥ 0, the marginal values of external equity finance of

Firm 1 and Firm 2 are always greater than zero such that,

λσ1 ≥ βE

Va · da′
dσ1

∣∣∣∣∣
dk∗1=0

 > 0,

λσ2 ≥ βE

Va · da′
dσ2

∣∣∣∣∣
dk∗1=dk2=0

 > 0.

108



Thus, the optimal external equity finance is binding such that (σ1, σ2) = (σ̄, σ̄).

The intuition of Proposition 2 is similar to that of Proposition 1. Given the non-negative

value of investment, the risk sharing motive makes an entrepreneur to sell both her shares

of Firm 1 and Firm 1’s shares of Firm 2 as many as possible. Thus, the constraints for the

external equity finance of Firm 1 and Firm 2 are binding.

Moreover, the risk-free investment opportunity of firms makes an entrepreneur to take

advantage of external debt finance of Firm 1 and carry it over into Firm 2. It is entrepreneur’s

relegated saving in the sense that the risk-free cash flow of Firm 2 is diverted out to the

entrepreneur due to financial frictions. Note that financial frictions are required to link λν1

and λν2 . If τ = 0, the Kuhn-Tucker conditions are collapsed into λν2 = λkC2 = 0 regardless

of λν1 and the full external debt finance of Firm 1 is not guaranteed anymore.

The following Figure A.22 shows that the borrowing constraint for Firm 1 is binding. The

risk-free investment opportunity of Firm 2 keeps the marginal value of external debt finance

of Firm 1 is greater than or equal to the marginal opportunity cost of internal equity finance

such that λν1 ≥ CλkC2 ≥ 0. Given λν1 ≥ CλkC2 , the indifference curve V = V (ν1, k
C
2 ) cuts

from above the curve of constant marginal value of external debt finance of Firm 1, λν1 =

λν1(k∗1, a′), which is achieved by dk∗1(ν1, k
C
2 , ν2(ν1, k

C
2 ), k2(kC2 , ν2)) = dk2(kC2 , ν2(ν1, k

C
2 )) =

da′(ν1, ν2(ν1, k
C
2 ), k∗1, k2) = 0. Thus, the indifference curve is pushed up until the borrowing

constraint of Firm 1 is binding such that ν1 = 1.
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Figure A.22: Non-negative Marginal Expected Value of Investment and Binding External
Debt Finance of Firm 1

A.6 Some Algebra

The following algebra is omitted in the above entrepreneur’s problem for brevity.

A Stand-Alone Entrepreneur’s Problem

From λν ≥ 0,

−(1 + r) + AB = A
[
−(1 + r)A−1 +B

]
= A

[
− (1 + r) + (1− τ) {σEπ′ + (1− σ)ν inf π′}

+ (1− σ + στ)π′ − (1− σ)(1− τ)ν inf π′
]

= A [Eπ′ − (1 + r)− (1− σ + στ)(Eπ′ − π′)]

(A.23)
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where
A ≡

[
1− 1− τ

1 + r
{σEπ′ + (1− σ)ν inf π′}

]−1

B ≡ τπ′ + (1− σ)(1− τ) {π′ − ν inf π′} .
(A.24)

From λσ ≥ 0,

A−1dk(ν, σ) = 1− τ
1 + r

(1− σ) inf πdν + 1− τ
1 + r

(Eπ − ν inf π) dσ

dν

dσ

∣∣∣∣∣
dk(ν,σ)=0

= −Eπ − ν inf π
(1− σ) inf π

(A.25)

and

da′(ν, σ)|dk=0 = −(1− σ)(1− τ) inf πdν − (1− τ)(π − ν inf π)dσ

da′(ν, σ)
dσ

∣∣∣∣∣
dk=0

= −(1− σ)(1− τ) inf π · dν
dσ

∣∣∣∣∣
dk=0
− (1− τ) (π − ν inf π)

= (1− τ)(Eπ − ν inf π)− (1− τ)(π − ν inf π)

= (1− τ)(Eπ − π).

(A.26)

In the proof of Proposition 1,

A−1dk(φ, ν) = adφ+ 1− τ
1 + r

(1− σ) inf πdν

|J | =
∣∣∣∣∣dνdφ

∣∣∣∣∣
dk(φ,ν)=0

= a
1−τ
1+r (1− σ) inf π .

(A.27)

The line of constant marginal opportunity cost of private saving,

λs = λs(c(s, φ), a′(s, ν(s, φ), k(φ, ν))|σ),
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is derived by solving for the following system of equations

dc(s, φ) = −ds− adφ = 0

A−1dk(φ, ν) = adφ+ 1− τ
1 + r

(1− σ) inf πdν = 0

da′(s, ν)|dk=0 = (1 + r)ds− (1− σ)(1− τ) inf πdν = 0

(A.28)

such that

adφ = −ds = −1− τ
1 + r

(1− σ) inf πdν. (A.29)

Note that da′ = 0 is redundant with dc = dk = 0.

A Business-Group Entrepreneur’s Problem

From λσ1 ≥ 0,

A−1
1 dk∗1(ν1, σ1)

∣∣∣
dk2=0

=
{

1− τ
1 + r

(1− σ1) inf π1 + (1− τ)2(1− σ2)
1 + r

(1− σ1)(1− ν2) inf π2

}
dν1

+
{

1− τ
1 + r

(Eπ1 − ν1 inf π1) + (1− τ)2(1− σ2)
1 + r

(Eπ2 − ν2 inf π2)− (1− τ)2(1− σ2)
1 + r

ν1(1− ν2) inf π2

}
dσ1

da′(ν1, σ1)
∣∣
dk∗1=dk2=0 =

{
−(1− σ1)(1− τ) inf π1 − (1− τ)2(1− σ1)(1− σ2)(1− ν2) inf π2

}
dν1

+
{
−(1− τ)(π1 − ν1 inf π1) + (1− τ)2(1− σ2)ν1(1− ν2) inf π2 − (1− τ)2(1− σ2)(π2 − ν2 inf π2)

}
dσ1.

(A.30)

Adding to the bottom equation the upper equation multiplied by (1+r) with taking dk∗1 = 0,

da′|dk∗1=dk2=0 =
{

(1− τ)(Eπ1 − π1) + (1− τ)2(1− σ2)(Eπ2 − π2)
}
dσ1

da′

dσ1

∣∣∣∣∣
dk∗1=dk2=0

=
{

(1− τ)(Eπ1 − π1) + (1− τ)2(1− σ2)(Eπ2 − π2)
}
.

(A.31)
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From λν2 ,
A−1

2 dk2(kC2 , ν2) = dkC2 + 1− τ
1 + r

(1− σ2) inf π2dν2

dkC2
dν2

∣∣∣∣∣
dk2(kC2 ,ν2)=0

= −1− τ
1 + r

(1− σ2) inf π2

(A.32)

and

A−1
1 dk∗1(kC2 , ν2)

∣∣∣
dk2=0

= −dkC2 + (1− τ)2(1− σ2)
1 + r

inf π2 {−σ1 − (1− σ1)ν1} dν2

dk∗1(kC2 , ν2)
dν2

∣∣∣∣∣
dk2=0

= −A1
dkC2
dν2

∣∣∣∣∣
dk2=0

− (1− τ)2(1− σ2)
1 + r

inf π2 {σ1 + (1− σ1)ν1}A1

= 1− τ
1 + r

(1− σ2) inf π2 {τ + (1− τ)(1− σ1)(1− ν1)}A1.

(A.33)

From λσ2 ,

A−1
1 dk∗1(ν2, σ2)

∣∣∣
dk2=0

= −(1− τ)2(1− σ2)
1 + r

{σ1 + (1− σ1)ν1} inf π2dν2

− (1− τ)2

1 + r
{σ1(Eπ2 − ν2 inf π2) + (1− σ1)ν1(1− ν2) inf π2} dσ2

A−1
2 dk2(ν2, σ2) = 1− τ

1 + r
(1− σ2) inf π2dν2 + 1− τ

1 + r
(Eπ2 − ν2 inf π2)dσ2.

(A.34)

Adding to the upper equation the bottom equation multiplied by (1 − τ) {σ1 + (1− σ1)ν1}

with taking dk2 = 0,

A−1
1 dk∗1(ν2, σ2)

∣∣∣
dk2=0

= (1− τ)2

1 + r

[
(Eπ2 − ν2 inf π2) {−σ1 + σ1 + (1− σ1)ν1}

− (1− σ1)ν1(1− ν2) inf π2

]
dσ2

= (1− τ)2(1− σ1)ν1

1 + r
(Eπ2 − inf π2)dσ2

dk∗1(ν2, σ2)
dσ2

∣∣∣∣∣
dk2=0

= (1− τ)2(1− σ1)ν1

1 + r
(Eπ2 − inf π2)A1.

(A.35)
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By adding up the following two equations with taking dk∗1 = dk2 = 0,

dk∗1(kC2 , ν2, σ2) = −dkC2 −
(1− τ)2

1 + r
{σ1(Eπ2 − ν2 inf π2) + (1− σ1)ν1(1− ν2) inf π2} dσ2

+ (1− τ)2(1− σ2)
1 + r

{−σ1 inf π2 − (1− σ1)ν1 inf π2} dν2

dk2(kC2 , ν2, σ2) = dkC2 + 1− τ
1 + r

(Eπ2 − ν2 inf π2)dσ2 + 1− τ
1 + r

(1− σ2) inf π2dν2,

(A.36)

we can derive

dν2

dσ2

∣∣∣∣∣
dk∗1=dk2=0

= −(1− σ1 + σ1τ)(Eπ2 − ν2 inf π2) + (1− τ)(1− σ1)ν1(1− ν2) inf π2

(1− σ2) inf π2 {τ + (1− τ)(1− σ1)(1− ν1)} .

(A.37)

Then, by substituting for dν2
dσ2

∣∣∣
dk∗1=dk2=0

,

da′(ν2, σ2)
dσ2

∣∣∣∣∣
dk∗1=dk2=0

=
{

(1− τ)2(1− σ1)ν1 − (1− σ1 + σ1τ)(1− τ)
}

(1− σ2) inf π2 ·
dν2

dσ2

∣∣∣∣∣
dk∗1=dk2=0

+ (1− τ)2(1− σ1)ν1(1− ν2) inf π2 − (1− σ1 + σ1τ)(1− τ)(π2 − ν2 inf π2)

= −(1− τ)2(1− σ1)ν1(1− ν2) inf π2 + (1− σ1 + σ1τ)(1− τ)(Eπ2 − ν2 inf π2)

+ (1− τ)2(1− σ1)ν1(1− ν2) inf π2 − (1− σ1 + σ1τ)(1− τ)(π2 − ν2 inf π2)

= (1− σ1 + σ1τ)(1− τ)(Eπ2 − π2).
(A.38)

Lastly, the curve of constant marginal value of external debt finance of Firm 1,

λν1 = λν1(k∗1(ν1, k
C
2 , ν2(ν1, k

C
2 ), k2(kC2 , ν2)), a′(ν1, ν2(ν1, k

C
2 ), k∗1, k2(kC2 , ν2))),
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is derived by solving for the following system of equations with taking dk∗1 = dk2 = da′ = 0

A−1
1 dk∗1(ν1, k

C
2 , ν2) = −dkC2 + 1− τ

1 + r
(1− σ1) {inf π1 + (1− σ1)(1− τ)(1− ν2) inf π2} dν1

+ (1− τ)2(1− σ2)
1 + r

inf π2 {−σ1 − (1− σ1)ν1} dν2

A−1
2 dk2(kC2 , ν2) = dkC2 + 1− τ

1 + r
(1− σ2) inf π2dν2

da′(ν1, ν2) = −(1− σ1)(1− τ) {inf π1 + (1− σ2)(1− ν2)(1− τ) inf π2} dν1

− (1− σ2)(1− τ) inf π2 {(1− σ1 + σ1τ)− (1− σ1)(1− τ)ν1} dν2

(A.39)

such that
dkC2 =

1−τ
1+r (1− σ1) {inf π1 + (1− σ2)(1− ν2)(1− τ) inf π2}

τ + (1− σ1)(1− ν1)(1− τ) dν1

= −1− τ
1 + r

(1− σ2) inf π2dν2.

(A.40)

Note that da′ = 0 is redundant with dk∗1 = dk2 = 0.
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